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Our aim in this article is to obtain efficient estimators of the parameters of the bivariate Kotz type
distribution considering a particular matrix-variate joint dependence between the sample random
vectors. As the normal law is a particular Kotz type distribution, it seems reasonable, taking into
account the known results about the normal law, to search such estimators inside the family of unbiased
linear estimators. However, we have proven that it is not possible to obtain efficient linear estimators.
Then, we have focused our interest on determining the best unbiased linear estimators in the sense
of minimizing the distance to the Cramér-Rao lower bound. The results theoretically obtained are
illustrated in a numerical simulation example.
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1. Introduction

The elliptically contoured distributions have been in the last years the object of a wide research.
This fact is justified for several reasons: on the one hand, this kind of symmetric distributions
models a large number of practical situations and, on the other, the family of elliptically con-
toured distributions includes some of the better known probability distributions (such as the
normal law, the uniform one, the stable and logistic laws, Kotz and Bessel distributions and
Pearson laws, among others) and it also preserves some of the most important and useful prop-
erties of the normal distribution under dependence assumptions between the sample random
vectors.

We will specially mention the works presented by Fang and Zhang [1] and Gupta and
Varga [2], who collected the most important results on the theory of elliptically contoured
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distributions available in the literature and organized them in a unified manner. Another more
specific properties of these distributions have been also approached. In this sense, Shapiro and
Browne [3] and Sutradhar [4] generalized the analysis of covariance valid for the normal law
to the case of elliptical distributions; Golan Kibria and Safiul Haq [5] studied some inference
problems in the linear model with errors having an elliptical distribution; Chu [6] and Girén
and Rojano [7] approached the estimation problem in stochastic systems assuming elliptically
contoured errors, etc.

Our aim in this article is to study the efficiency property of the estimators of the parameters
of the bivariate Kotz type distribution inside the family of unbiased linear estimators. For
this purpose, we assume that the sample random vectors are jointly distributed as a specific
matrix-variate distribution (justified by the form of the bivariate marginal distributions of a
Kotz type random matrix). A similar dependence has been recently used by Gutiérrez and
Jiménez [8, 9] to study the efficiency property in the bivariate Pearson type II and type VII
distributions.

Firstly, the Cramér-Rao regularity conditions are analyzed by using the properties of matrix
differential calculus [10]. Secondly, from the analogy with the normal distribution, and taking
into account the results about efficient estimation in the normal law [11], we construct the
family of unbiased linear estimators of the parameters of the bivariate Kotz type distribution.

First of all, it would be reasonable to think that this class of estimators might contain efficient
estimators. However, it is proven that this is not true in general. Then, our study is focused
on the search of unbiased linear estimators which minimize the distance to the Cramér-Rao
lower bound, concluding that the sample mean and the sample covariance matrix, affected by
an unbiasedness weighting, satisfy this minimum condition.

2. Cramér-Rao regularity conditions

Let us consider Zy, ..., Z, random vectors identically distributed as a bivariate Kotz type
distribution denoted by K>, (i, X, ¢, r, s) with ¢, r, s € R™, that is, the probability density
function of each Z; is given by

sr@’s)

W[(zf —W'E @ — w1 expl—rlz — w)'T (@ — W)

f@) =
We are interested in estimating the unknown parameter vector 6 = (u’, vec’(X) where vec(-)
denotes the vec operator. As X is a symmetric matrix, vec (X) contains repeated elements; so,
in order to simplify the calculus, we have taken v(X) (vector formed by the different elements
of vec(X)) and, hence 8 = (', v/(X)) is the parameter considered to be estimated.

Let U be a random variable independent of (Z,, ..., Z,) such that U 2 is distributed as
a beta distribution B(1,n — 1). Let us assume that X = (Xy,...,X,) = UZy,...,UZ,)
is distributed as a matrix-variate Kotz type distribution K., (n1, X ®L,,g —n+1,r,s)
where 1" = (1,...,1) of dimension 1 x n, ® denotes the Kronecker product and I, the
n x n identity matrix. Then, the joint likelihood function is

sr4/T (n)
T (q/9)|Z]"?

x exp{—r(tr((x — p1) =7 (x — p1)))’}. €]

L(x|0) = (tr((x — p1)Y T (x — p1')))7™"

In order to study the Cramér-Rao regularity conditions, next we present some useful results
to prove these conditions.
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LEMMA 1 Let us consider Y = (Y1, ..., Yr) ~ Koxi (0,1, ® Iy, g, 1, s) and A a2 x 2 posi-
tive definite matrix. Then, if X = AY?Y (where A'/? denotes the symmetric square root of
matrix A), the moment of order | of X, forl = 1,2, 3, 4, denoted by

=,(X) = EvecX®ved X® --- ® vec X} if 1is even
= T EfvecX®@ved X® - - @ vec X} if lisodd
is given as follows
)
E1(X) = 01
(ii)
_ T'((g +k)/s)r=1/9
220X = W/ L ®A)
2kT(q +k — 1)/s
(iii)
E3(X) = Og2 0%
(iv)

- F(®T (g +k+ 1D/s)r=
E4(X) = o +q2)F(q n k/ T/ I @ A2 @ T, @ AV?)(2Ny + veckyvec' )

x (L @ A2 QL @ A?)

with N, = (1/2)(I,2 + C,) being C, the a® x a* commutation matrix.

Proof Firstly, from the properties of the Kronecker product [10], the following relations
between the moments of X and those of Y are deduced

E1X) = I @A) E((Y) 2
E2X) = L @A E (V)T © A'?) 3)
X)) = L A @ L @ AVHE;(Y) (I, A7) 4)
E4X) = i @A’ QL @A) Es (V) (I, A? @I, @ A'/?) (5)

Secondly, by using the properties of the matrix differential calculus [10], it is obtained that

. 8'yY(T) .
5vecToved T - . 9vec'T if [ is even,
- vecTovecT - - - dvec'T |1
g(Y) = 9! (T) T=0 (6)
! idd if 1 is odd,
ovecTovec'T - - - dvec'Tovec T |1

where Yy (T) denotes the characteristic function of Y, which can be expressed as
Yy (T) = ¢ (tr(T'T))

since it is the characteristic function of a elliptically contoured random matrix [2]. Then,
differentiating successively ¥y (T) by using the properties of the matrix differential calculus,
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we obtain
oY
= 2¢'vecT 7
dvecT ¢ vec 7
P = 4¢"vecTvec'T + 2¢'1 8)
dvecTovec'T 2
83170 8¢///( T® /T® T)+4¢”[( T®I )
= vec vec vec vec
ovecTdvec'TovecT 2
+ (Iyx ® vecT)] + 4¢" vecly,vecT 9)
3ty

= 169" Tvec'T Tvec'T) + 8¢ Tvec TR I
advecTavec'TavecTovec'T ¢ (vec TvecT® vecTvecT) + 8¢ (vec Tvec T @ In)

+ (vec'T ® veclyy ® vec'T) + Iy ® vecTvec'T]
+ 8¢ (vecT ® vec' Iy ® vecT) + 4¢" Coi + 49" Ly
+ 8¢" (Iox ® vecTvec T + 4¢"veclyvec'In;)

+ 4¢" [(vec'T ® I; ® vecT) + (vecT ® Iy ® vec'T)].
(10)

By using equations (6)—(10), the moments &;(Y),! = 1, ..., 4 are obtained. Finally, from
them and equations (2)—(5), the required results are derived, taking into account that —2¢’(0) =
E[Y121] and 4¢” (0) = %E[Yl“l] being Y1, the (1, 1)-element of Y.

LEMMA 2 Let us consider X = (Xq, ..., X)) ~ Koxn (WU, X2 ® 1, q, r,) such that g +n >
1 and r,s € R, Let h: R>*P — R**V pe a function with p,u,v €N, and iy, ...,i, €
{1,...,n}, p different values. Then

(i) Ex{th(E7'Xi, =), ..., Z7'(X;, — )} = Exy{h(Z7'2Y,,, ..., 2712Y; )

(i) Ex{h(Xi, =), ..., X, —w)} = Ey{h(Z'2Y;,, ..., Z'Y;)}

where Y = (Y;,, ..., Y;,) = UZ, being U and Z independent with U? ~ B(p,n — p) and
7= (Zila-“inl,) ~ K2><p(0,12®1p,q+”—P»V,S)-

Proof We show the proof of the first property as the second one is obtained in an analogous
way. From equation (1), it is clear that

Ex{h(Z7' X, —w), ..., 27X, — )}

n q—1
= o /R hE X =), N, — ) (Z(xi W Z % - u))

i=I

X €Xp {—r (Z(x[ - T (x — u)) } /\ dx;
i=1 i=1

sr(‘f"'"_l)/sl"(n)
il (g +n—1)/s|X|/?

begin ¢y =
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Let / be the integral appearing on the right-hand side of the earlier expression, that is,
n q-1
1= / WET O =) B, — ) (Z(xi —wW'Ex — u))
R i=1
n s n
X €Xp {—r (Z(Xi - x — u)) } /\ dx;
i=1 i=1
Foreachk € {1,...,n} withk #i;, j =1,..., p, we consider the transformation
1/2
)4
ze= (D 0, —wW'E ' —w | ZT - ).
j=1
Then, I can be rewritten as
o[ [ e )
]Rpr ]Rlx(n—p)
» q+n—p—1
x| Dok —wET N, — )
j=1
)
)
p n
x exp i —r Z(x,-l. — u)/E_l(xij — 1) 1+ Z zZ, %
j=1 k=1
kstiysnnniy
g—1
n n P
x| 1+ Z Z,7; /\ dz; /\ dx;, (11)
k=1 k=1 j=1
k#iy, ..., ip k#ip,..., ip
where ¢, = |X|"~P)/2,
Next, denoting by I; the integral below
s
s
P n
I =/ exp{—r Z(Xi/ — M)/Zfl(xi/ ) 1+ Z 7,7
R2x(n—p) j=1 k=1
ki1, iy
g—1
n n
x |1+ Z 7% /\ dz;
k=1 k=1
kiy, iy kilyenip
and considering, for each k € {1,...,n} withk #i;, j =1, ..., p the transformation given

by z; = (t; cos b, t; sin 6;) where t;, € R, 6; € (0, 27], it is deduced that I, is equivalent to
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this integral

P n
@m)"" / exp = | D0 —w'E o —w) | |1+ Y
®Fy=r =1 k=1
J
Kty i
q—1
n n n
x |1+ Z 1 H Ik /\ dr
k=1 k=1 k=1
k#ip,..., ip ki, ..., i, k#i,.., ip

Using the transformation to polar coordinates

tj, =tcosb

k—1

tjkztl_[siné’icos@ Q<k<n—p-1 teR+,9ie(0,g],

i=1

it is obtained that equation (12) can be rewritten as follows

N

P
@m)"" / (L7122 exp g —r [ 3 0, —w)'E7 i, — ) | (4420
R+

Jj=1
n—p—1 /2 ‘
< ] / sin?"=P=)=1 9. cos 6; db;
i=1 70
Consequently,
I = ﬂ (1+ t2)471t2n72p71
L(n—p) Jr+

s

p
X exp § —r Z(Xi.f - u)’Z’l(x,’j —w | A+ de

j=1
and hence, equation (11) can be expressed as

czf h(ET =), B, — 1)
Rpr

q+n—p—1
P

x| Do =W x — W) /};{ a4+ 2yt

Jj=1

s
p

P
X exp 1 —r Z(xij - u)’Z’l(xij —w | A+ }dr /\dxi/.,

j=1 j=1

i=1,....,n—p—1,

12)

dr

13)
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where
2P| X |=p)/2
=—
['(n— p)
Next, for each i;, j =1,..., p, we consider the transformation y;, = X~ 2(x;, — p); so
equation (13) can be rewritten as follows
» g+n—p—1
“ ./]RZ h(zil/zy"l’ AN zil/zyip) Zy;jYij
xp
j=1

s

P p
x [ (142 texp { —r Yoy | (1+H¢de N\ dy;,
. S, v,

Jj=1

where
27.[n7p|z|n/2
3= ———
I'(n—p)
Finally, the desired result is deduced taking into account that if Y = (Y;,);=1,..., = UZ,
being U and Z independent withZ = (Z; ) j=1,...p ~ Kyp(0,1, ®L,_,g+n—p,r,s)and
U? ~ B(p,n — p), the integral I can be expressed as

_ 7"T((g +n—D/s)[Z"?

P

—1/2 —12

I = =@ () /RZX,,h(Z Yoo TN f Wiy [\ dy
j=1

1
= —Ey{h(Z7'?Y,,, ..., 27'%Y; )}
Co

THEOREM 1 Under the initial conditions, let us define Y; = X~/ 2(X; — ). Then, for each
iefl,...,n}and m € N such that m < q, we have

®

Ex { (Z Y;cYk) T2y, , = 02y
k=1

(ii)

n —m

r — 1 (m—1)/s
Ex Zyzyk =12y s 2t = ((q—m+1)/s)r -

k=1 2nT(q/s)
(i)

el (Svw) w0

k=1

(iv)

Ex { (Z Y;Yk> vec (Z712Y, Y, x712) vec’():l/2Y,-Y;):1/2)}
k=1

_ T(g —m+2)/s)r" s

> 12 @ 7172 2N, + vecLvec'L) (2712 @ £71/%).
In(n + D(q/s) ( ) 2N> 2 2) ( )
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Proof Let us consider a function A: R? — R“*? Then, from Lemma 2, we have that

Ex { (Z(Xk —w)'EN X, — u)) h(E7 (X; — u))}

k=1

T((qg —m)/s)r"" _
= Ey, {n(=7'2Y)]
I'(gq/s)
being Y; = UZ; with U and Z; independent and such that Z; ~ K»,,(0, I, g —m, r, s) and
U? ~ B(1,n — 1). Then, the result is easily obtained as a consequence of Lemma 1.

THEOREM 2  Under the initial conditions, let us define Y; = E_I/Z(X[ —W). Then, ifi, j €
{1,...,n}withi # jandm € N, such that m < q. we have

()
n —m
Ex :(Z YLYk) 2_1/2Y/j):‘1/2} = 0r50
k=1
(i)
k=1
(i)
B { (Z Y;(Yk) vec' (7 ZY,-YQE“/z)vec/(z—WYjY;z—l/z)}
k=1

g —m+2)/s)r(m —2)/s
o dn(n + DI (g/s)

Proof By using a similar reasoning to that used in the proof of the previous theorem, given
a function #: R2*2 — R“*?_ from Lemma 2 we have

RETX — ), Z7NX; — ) I'((g —m)/s)r(m/s) » )
E m = Evih(Z /2Yl_, x 1/2Y'
’ { (T Xk — /Z (X — ) } vih( M)

vecX vec' T,

[[(q/s)

being Y = (Y;,Y;) = UZ with U and Z independent and such that U? ~ B(2,n—2) and
Z=(Z,7;)~ K201, ®1,,g —m —1,r,s). Hence, as a consequence of Lemma 1 the
established properties are easily derived.

The earlier results guarantee that the Cramér-Rao regularity conditions are satisfied, being
the Fisher information matrix

P 1K) ‘ 05,3
I (W, V() = ,
O | IK(V(E)

where

(n—17*+s(@— DI’

1Fuy = 2r0m D8
2

I'(q/s)
1 2
I*&'(2) = ZQ |:(—n2 + nn-’_—(fs) vecE lvec’T ! + T_T?S(Z*l ® EI)ZNZ] Q

with Q = (E;; + Ex + E3y) € R¥* (E;; denotes the elemental matrix of dimension 3 x 4
whose ijth element is the unit and the remaining elements are all zero).
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In view, if the Fisher information matrix obtained, we may remark that it presents a similar
structure to that obtained in the normal case assuming independence between the random
vectors. More specifically, the submatrices situated in the diagonal, InK (1) and InK v'(%)),
correspond to the Fisher information matrices associated with the estimators of the individual
parameters . and v (X), respectively, and the remaining ones are zero matrices. The structure
of this matrix is very useful to study the efficiency property of the estimators of the joint
parameter (i, vV/(X))’.

3. Unbiased linear estimators of minimum distance

3.1 Estimators of \

As we have previously mentioned, the normal law is a particular Kotz type distribution. For
this reason, it is reasonable to think that the sample mean, X, may be an efficient estimator
of w. However, we have proven that this estimator does not satisfy the efficiency property.
Actually, the determinant of the sample mean covariance matrix, for g > 1, is given by

L((@ + 1)/

det(Cov(X, pn)) = detX 14
et(Cov(X, b)) T (14)
Then, if g > 2, the associated efficiency equation is
I(g/s)* (=1 +5(g — 1)’

T((g —1/9)’T((g +1/s)? nt
The following result guarantees that there are not solutions of this equation.

THEOREM 3 Foralln € Nand q, s € R, with g > 2, the following inequality holds

T(g/s)? U D> +s(g—1
I'((g = D/s)T'(g +1)/s n?

Proof Firstly, from the definition of the Gamma function due to Weierstrass we obtain

T'(q/s)? -1 ( 1 >
= l—- — 15
NCEGRPEST i § | U (1)

n=I

Secondly, if k € N, the product in the second term of equation (15) can be bounded as follows

i 1 1 k2 1
}](1 (q +sn>2> - (1 - (q+s>2> H<1 - (q+s>2n2>

n=1

( B 1 >k sinzw/(q + )
(q +s)? m(q +5)

Finally, we have proven that for each ¢ > 2 and s € R* there exists k € N satisfying

> —1 1 Ksinm/(g+s) (m—12+s(@—1)
q? <_(q+s)2> N n’ .
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As a consequence of this result, we have tried to search efficient estimators inside the family
of unbiased linear estimators of w, defined by

n -1 5
FE = ﬁ:(Zai) ZaiX,»/ozl,...,aneR (16)
i=1 i=1

but we have proven that it is not possible to find such estimators. In fact, for each i € FX,
the efficiency equation associated, for g > 2, is

4 2
L(q/s)" n? [~ ~
C((g — D/)PT((q + D/9)? (1 — D2 +s(g — DP (Z “’) (; &

i=1

and, by using Theorem 3, taking into account the following property

we can guarantee that there are not efficient linear estimators of p.

Then, we have focused our interest on determining the best unbiased linear estimators of p
in the sense of minimizing the distance to the Cramér-Rao lower bound. So, we have proven
that, for g > 2,

2.-(2)s)
{det(COV(M M))} _Tlg+D/s)r det (%)

L e FK 4n4T (g /s)?

Hence, from equation (14), we can conclude that the sample mean is an unbiased linear
estimator which minimizes the distance to the Cramér-Rao lower bound.

3.2 Estimators of

Taking again into account the analogy with the normal law, it would be reasonable to think
that the sample covariance matrix, affected by an unbiasedness weighting, defined by

. 2nT'(q/s) é . o
- X, - X)(X; — X
("= DI (g + 1)/s) Q Y=

could be an efficient estimator. However, we have proven that this estimator is not efficient in
general.

In order to prove this property, next we show a result which will be useful to obtain the
covariance matrices of the estimators.

THEOREM 4  Under the initial conditions, let us define Y; = X; — w. Then, for ¢ > 1 and
i1,12,13,i4 € {1, ..., n} we have
@

r 2 —(2/s)
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(ii)

—(2/s)
Ex{vec(Y;,Y; )vec' (Y, Y] )} = F;,icfn++2i§;)(rq/s) (Z®X)Cy, V; #ke(l,2,3,4)

(iii)
Ex{vec(Y; Y j,)vec' (YY)} = Osxas  VY(j1, j2, Jas ja) € Pin, i1, ia, i3)
(iv)
Ex{vec(Y;, Y j,)vec'(Y; ;Y )} = Ousa,  Y(j1, j2, Jas ja) € P(ir, i, i1, i)
(v)
Ex{vec(Y; Y;,)vec (Y, Y; )} = 0454
where, for eachn € N, P(ay, ..., a,) denotes the group of permutations of (ay, ..., a,).

Proof These properties are immediately deduced as a consequence of Lemma 1, taking into
account that the matrices which appear in (i), (ii) and (iii) are submatrices of E4(X'/?Y5,),
the matrix in (iv) is a submatrix of E4(X'/2Y3) and the one in (v) is a submatrix of
B4(ZV2Yy), being Y; = UZ; with U and Z; independent and such that U? ~ B@i,n—1i)
andZ; ~ K7, (0, L, ®1L;, g —i,r1,5).

From this theorem, together with Lemmas 1 and 2, we have obtained the covariance matrix
of X*, being its determinant

4n°T (q/5)°T (g +2)/5)}
(nZ = 1T((q + 1)/5)°
§ (n (= DI ((q + 1)/s)?
nT(g/$)T(q +2)/s

det (Cov(Z*, X)) =

)(det 3, g>1 (17)

Then, for g > 2, the efficiency equation associated with this estimator is given by

AN +1/9)° <n2+qs)2< n )3 (n_ (> = DI (g + 1)/s>2>
osT(@/)Tqg+2/9°  \n+1 ) \n2=1 nT(q/$)T(q +2)/s

Although, there are some particular cases in which it is possible to find ¢, s and n solutions
of this equation (being then 3* an efficient estimator of X), this does not happen in general.

For this reason, we have tried to search efficient estimators inside the family of unbiased
linear estimators of X, defined by

-1
ke 2T@/r? (N S e < _/
== o Torg e \ P i:zlﬁ'(x' X)X =X)' [ eRp (18)

i=1
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However, it is not possible to obtain such estimators. Actually, the efficiency equation
associated with the estimators of this family is given by, for g > 2,

2

k=<zﬂ> D WL

llj]
i<j

(n+DI'((g + 1)/5)2>
(2 nl'(q/)I'(q +2)/s IZIB

« _ 2 n n
+<1+(n D> (m+DI(g+1D/s)’ )22213”31'

(n—1?  al@/9T@q+2)/s ) &4
i<j
where
4 < n+1 )2<n+1>3 F'((g +1)/s)°
~gs \n+gs n ) T(q/$)’T((g +2)/s)?
and, if 81, . .., B, would be solutions of this equation, they might verify the following property
A (Z ﬁf) 23" iy =
et =i i=1 j=1
{<j
As it is not possible to find Sy, . . ., B, satisfying this condition (except for particular cases of

q, s, n), we conclude that there are not efficient linear estimators different from that indicated
earlier.

Then, our aim is focused on determining the best unbiased linear estimators in the sense of
minimizing the distance to the Cramér-Rao lower bound. For this purpose, the determinant of
the covariance matrix of the estimators in this family is given by

N det(Cov(%, ) | 4n’T'(q/s)°T((q +2)/s)°
3 e F¥ (2= DT (g + D/s)°

» (n (@ =DI((g +1/s)?
nl(q/)T'(q +2)/s
and, taking into account (17), we conclude that the sample covariance matrix, weighted by an

unbiasedness constant, is an unbiased linear estimator of minimum distance to the Cramér-Rao
lower bound.

) (det %)?

3.3 Estimators of (., X)

From the considerations made in the previous sections and the structure of the Fisher informa-
tion matrix, the joint estimator, (X, X*), is an unbiased linear estimator of minimum distance
to the Cramér-Rao lower bound.

4. Numerical simulation results

The results theoretically obtained in the previous sections are illustrated in the numerical
simulation example we next present. Specifically, our aim in this example is to show clearly
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Table 1. Unbiased linear estimations of p for different values of their weightings.
Weightings, «; Estimations, L Weightings, o; Estimations, ji
az =09 R —0.9467 azy =1 . (09342
iy =1 gl 3.981 i =2 M 3.9342
a =038 R —0.9419 az =1 R —0.9404
i) = 1 "2 3.963 it =3 Fi 3.9576
ay =07 . (09378 ar =1 N 0.9442
g1 =1 W3 =1\ 3.9476 sy =4 i = {39726
ay =06 (09342 ay =1 . (—0.9467
a1 =1 Ha=1 39342 i1 =5 13 =1 3981
az =05 . —0.931 az =1 _(-0.9484
a1 =1 W5 =1 3.9205 g1 =6 F14 =1 3.9876
ax =04 . (09283 ay =1 R —0.9509
ar =1 Ho =1 3.9122 a1 =7 1 3.9966
ax =03 . (—0.9259 axy =1 . (—0.9498
iy =1 B7 =1\ 3.9031 e =8 M6 = | 3.9926
ax =02 . (09237 ax =1 . (—0.9517
agig1 = Hs =1 3.8049 dsig1 =9 K17 =\ 3.9997
az = 0.1 R —0.9217 i = 100 R —0.8743
i) = 1 o 3.8875 @it = 0.01 His 3.7621
Table 2. Unbiased linear estimations of E for different values of their weightings.

Weightings, B;

Estimations, v (i)

Weightings, B;

Estimations, v (i)

B2i =0.9
Poiv1 =1

B2 =0.8
Poiv1 =1

Bai =0.7
Bri+1 =1

Bri = 0.6
Poriv1 =1

B2i =0.5
Poiv1 =1

poi =04
Priv1 =1

B2 =03
Briv1 =1

Bri =02
Poiv1 =1

Bri =0.1
Poiv1 =1

R 1.2363
v(E) = | —0.2681
1.1633

<

=

™M

~

NS

Il
—
— | =
kol
R
g3
\—/

1.3112
—0.3558

v(Zg) =
1.2698
1.3295
—0.3765

1.2927

V(%) =

Bai =1
Bait1 =2
Bai =1
Poriv1 =3
Bai =1
Poriv1 =4
Bai =1
Poritv1 =35
Bai =1
Pritv1 =6
Bai =1
Priv1 =17
Bai =1
Priv1 =8
Bai =1
Pritv1 =9
Bai =100
Baiv+1 =0.01

R 12707
v(Ep) = [ -0.3089
1.2148

R 12911
v(E = [ -03326
1.2431

R 13032
v(Ep) = [ -0.3466
1.2594

R 13112
v(E13) = | —0.3558
1.2698

R 1.317
v(Ew) = | -0.3623
1.2772

R 13213
v(Es) = [ -03672
1.2826

) 1.3246
v(E) = [ -0371
1.2867

) 1.3273
v(E) = |-0374
1.29

R 1.1188
v(Eg) = | -0.1172
1.9301
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that the sample mean and the sample covariance matrix, affected by an unbiasedness weighting,
minimize the distance to the Cramér-Rao lower bound.

By means of the method of simulating values of random matrices based on the knowl-
edge of their matrix-variate conditional and marginal distributions, we have simulated,
by using MATLAB program, a matrix value for a random matrix, X, distributed as
Kox100((—=1,4)1, I ® I100, 4, 1, 1). Next, from these simulations, by using expressions (16)
and (18), we have obtained different unbiased linear estimations of p and X, taking different
values for {o; };—1... 100 and {B;}i=1.....100, respectively; specifically, these are the values for the
sample mean and the sample covariance matrix

5= —0.9523 S 1.2298  —0.2603
T\ 4.0022 /)’ ~\—0.2603  1.1531

and the remaining estimations for ., and X are shown in tables 1 and 2, respectively. For all
of them (including X and f)*), we have also calculated the distances to the Cramér-Rao lower
bound. The results obtained are presented in figures 1 and 2.

From table 1 and figure 1, it is clearly observed that the smallest distance to the Cramér-Rao
lower bound corresponds to the sample mean. Moreover, as o; decreases taking oy, fixed
and equal to 1 (this occurs from fi; to fLg), the distances to the Cramér-Rao lower bound are
worse. The same consideration can be made from i, to fL;; (obtained taking a»; fixed and
equal to 1 and increasing ay;+1). The worst estimation corresponds to i g, obtained taking a
large value for op; and a small value for oy; .

x 10
1.5 T T T T T T T T T
L]
o
c
=1
I}
a . g
5]
2
9 L]
e .
nlf .
@ °
=
© °
(@]
Q ° °
»
[0}
2 05F . il
8
R L2
(a) °
.
. °
.
. ° Ll ¢
0 ! I ! I I L L I !
— A A A 5 N N AN N P
£ B Hy Hs H Hg H1q M3 H1s M7

Estimations of p

Figure 1. Distances to Cramér-Rao lower bound for the different unbiased linear estimations of p.
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x10°

Distances to Cramér-Rao lower bound

0 1 | L 1 1 | 1 | 1
VEME)  vE) W) vE)  vE)  vE) vE)  vEY V)
Estimations of v(X)

Figure 2. Distances to Cramér-Rao lower bound for the different unbiased linear estimations of X.

Let us note that analogous considerations can be made from table 2 and figure 2. Hence,
we can conclude that the sample mean and the sample covariance matrix, affected by an
unbiasedness weighting, are the best unbiased linear estimations of the parameters ., and X,
respectively, in the sense of minimizing the distance to the Cramér-Rao lower bound.

5. Conclusions

This work approaches the search of efficient estimators of the parameters of the bivariate Kotz
type distribution assuming a particular joint dependence between the sample random vectors.

Firstly, from the analogy with the normal law, it is reasonable to think that the sample mean
and the sample covariance matrix, affected by an unbiasedness weighting, may be efficient
estimators. As this consideration is not true, secondly we try to find such estimators inside
the family of unbiased linear estimators of the parameters but we prove that there are not
efficient linear estimators. Finally, our interest is focused in determining the best unbiased
linear estimators in this family, obtaining that these estimators are the sample mean and the
sample covariance matrix, weighted by an unbiasedness constant. From a numerical simulation
study, it is shown that both estimators are the best in the sense of minimizing the distance to
the Cramér-Rao lower bound.
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