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Abstract

In this paper we study the existence and multiplicity of solutions of
the Lorentz force equation

!
/
<q> = B(t,q) + ¢ x B(t,q)
Vi=lg|?
with periodic or Dirichlet boundary conditions. In Special Relativity, it
models the motion of a slowly accelerated electron under the influence of
an electric field E and a magnetic field B. We provide a rigourous crit-
ical point theory by showing that the solutions are the critical points in
the Szulkin’s sense of the corresponding Poincaré non-smooth Lagrangian
action. By using a novel minimax principle, we prove a variety of exis-
tence and multiplicity results. Based on the associated Planck relativistic
Hamiltonian, an alternative result is proved for the periodic case by means
of a minimax theorem for strongly indefinite functionals due to Felmer.
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1 Introduction

In the relativistic regime with the velocity of light in the vacuum and the charge-
to-mass ratio normalized to one by simplicity, the motion of a slowly accelerated
charged particle under the influence of an electromagnetic field is modeled by
the Lorentz force equation (LFE)

i
q/
(W) FW(,0) = Ela.d) - T,V (L), )
where V : [0,7] x R® — R and W : [0,T] x R® — R3 are two C'-functions and
E:[0,T] x R? x R?® — R3 is given by

E(t,q,p) = (p- Dy W(t,q),p- D, W(t,q),p- Dg; W(t,q)).

By a solution of the above equation we mean a function ¢ = (g1, g2, g3) of class
C? such that |¢/(t)| < 1 for all ¢, and which verifies the equation. In what follow
R3 is endowed with the Euclidean scalar product “-” and the Euclidean norm
“l|”. Denoting by

ow
E:—VQV—W, B:CU.I'qu

the electric and magnetic fields respectively, the equation above is written as

V1—=1q?

which is the classical form of the Lorentz force equation that can be found in
many textbooks and monographies on Classical Mechanics and Electrodynam-
ics, see for instance [16, Chapter 12] or [18, Chapter 3]. Historically, the Lorentz
force equation dates back to Poincaré [26] and Planck [24].

(‘1'> = E(t,q) + ¢ x B(t,q),

A deeper understanding of the dynamics of charged particles induced by
external electromagnetic fields is of primary importance, not only from the
theoretical point of view but also for applications like particle accelerators, where
the consideration of relativistic effects becomes essential. In spite of being one
of the fundamental equations of Mathematical Physics, most of the studies on
the dynamics of Lorentz force equation are limited to the identification of exact
solutions for particular cases of simple electromagnetic fields (uniform and static
fields [18], circular, linear or elliptically polarized electromagnetic waves [1, 3, 29]
and other variants). One of the main reasons of the lack of qualitative results is
that a neat and rigorous variational approach is not available up to the date. It



is well known that (1) is formally the Euler-Lagrange equation of the relativistic
Lagrangian

L(t,q,p) =1—/1—p2+p-W(t,q) - V(tq).

See [18] or Feynmann 19th lesson [15]. More precisely, observe that the second
part
L(t,q,p) =p-W(t,q) = V(t,q), (t.q,p) € [0,T] x R* x R’

is a smooth function that accounts for the effect of the fields on the particle,
while the term 1—4/1 — |p|? is only defined for |p| < 1 and it is not differentiable.
This means that the corresponding action functional

T
I(q) := / L(t,q.q')dt

is not of class C! and the usual critical point theory [4, 28] is not applicable.
Historically, the relativistic Lagragian 1 — /1 — |p|? dates back to Poincaré and
the pioneering papers [25, 26] (see [11] for a detailed discussion). More than one
century after this crucial contribution, a detailed study of the related literature
reveals that the mentioned lack of regularity has supposed a serious obstacle for
an adequate development of a proper critical point theory for the LFE.

This lack of regularity of the action functional is a typical situation inherent
to problems involving the relativistic acceleration. It was solved for the first
time by Brezis and Mawhin in [10] for the case of a forced relativistic pendulum
with periodic boundary conditions. In this paper, the authors suceeded to prove
that the global minimizer of the action functional is in fact a solution by means
of a suitable variational inequality. The problem considered in [10] is scalar and,
in addition, W = 0 in it. Later, in [9] the action functional is identified for the
first time as the sum of a proper convex lower semicontinuous functional and
a C'-functional in the space of the continuous functions, then Szulkin’s critical
point theory from [30] is applicable. Indeed, when W = 0, the smooth part

fOT L(t,q,q")dt = — fOT V (t,q)dt of the action functional can be defined in the
space of continuous functions and then it is not difficult to prove that every
Palais-Smale sequence (in a suitable sense) admits a subsequence converging in
that space; i.e., the Palais-Smale condition required in [30] holds. In our case,
the presence of a magnetic potential requires a complete reformulation from the
very beginning, since now the functional is not properly defined in the contin-
uous functions space (as in [9]). We are forced to define the action functional
in the Sobolev space VVOI’Oo (resp. W%’Oo), the set of functions ¢ = (¢1,¢2,¢3)
such that the components ¢; are Lipschitz functions with Dirichlet (resp. pe-
riodic) boundary conditions. By the definition in WO1 "°°. we cannot expect the
convergence in this space of a subsequence of every Palais-Smale sequence. As
a consequence the Szulkin’s critical point theory is not directly applicable. To
overcome this technical difficulty, observing additionally that the action func-
tional is continuous in its domain, we have developed in Section 2 some new
results that do not need any compactness assumption and rely essentially on



the geometry of the functional, in the spirit of [5, 20]. From a theoretical point
of view, such results may be interesting by themselves. Once the Palais-Smale
sequence is obtained, we discuss (see Lemma 5) what convergence is satisfied by
a subsequence of it and we show that “its limit” is a critical point of the action
functional.

In Section 3, we state the precise functional framework for the Dirichlet
problem, and we prove rigourously that a critical point of the action functional
in the sense of Szulkin is a solution of the Dirichlet problem. Once it is proved
that the Lagrangian action is bounded below and attains its infimum, we can
state a principle of least action for the Lorentz force equation with Dirichlet
conditions. In this way, we give a positive answer to Hilbert’s 20th problem for
the Lorentz force equation with Dirichlet boundary conditions (see Theorem 3).
This is a type of “universal” existence result in the spirit of the known result
by Bartnik-Simon [6]. As a matter of fact, the mere existence result for the
Dirichlet problem can be deduced from the main result in [21], or more simply
from a basic application of Schauder’s fixed point theorem [8, Section 9]. The
advantage of our approach is that, once the critical point theory is settled on a
solid ground, one can look for critical points that are not the global minimum
by a suitable minimax theorem, giving rise to multiplicity results.

The consideration of the periodic problem is very natural as well, once it is
observed that a constant uniform magnetic field supports circular trajectories
in the plane perpendicular to the field (see for instance Chapter 2.21 in [18]).
Section 4 is dedicated to the periodic problem. Based on the functional setting
given in [9, 19] for W = 0, we show in Section 4.1 that ¢ is a T-periodic solution
of (1) if and only if it is a critical point of the relativistic Lagrangian action Z. By
means of such characterization of the T-periodic solution set, we give a principle
of the least action for Z in Section 4.2. The very special case W = 0 was proved
in [9, 19]. Using this principle we provide sufficient conditions on V and W
for the existence of T-periodic solutions. Our second objective for the periodic
problem has been to develop a minimax principle for the Lagrangian action,
by using again the Minimax Principle for non-smooth functionals developed in
Section 2. Section 4.3 is devoted to this purpose.

As it is explained in many texbooks (see for instance [22, Chapter 1.2, Exam-
ple 5]), from the Lagrangian of the problem we can easily find the corresponding
Hamiltonian, that turns out to be

H(t,p,q) =1+ p—W(t,q)2 -1+ V(tq).

Historically, it seems that this hamiltonian was formulated for the first time by
Planck in [24]. Since (1) is the Hamilton-Jacobi equation of the above relativis-
tic Hamiltonian, an alternative method consists in studying the critical points
of the associated Hamiltonian action. The difficulty in this case is that the
action functional is strongly indefinite. Section 5 is dedicated to develop this
Hamiltonian approach for the periodic problem. We use a minimax theorem for



strongly indefinite functionals due to Felmer [14] for the Hamiltonian action as-
sociated to a modification of H in order to prove the existence of a nonconstant
T-periodic solution. Felmer’s result is a generalization of the minimax theorem
given in [7] which is applied to study superquadratic Hamiltonian systems. The
main result of Section 5, Theorem 5.1, is new even for the case W = 0. The
conditions upon the electric potential V' were introduced by Rabinowitz in [27]
to deal with the existence of T-periodic solutions of second order Hamiltonian
systems.

Notation The letter C' denotes a positive constant which will not necessarily
be the same at different places in the paper and which may sometimes change
from line to line.

2 Non-smooth functionals without compactness

Szulkin proved in [30] suitable versions of some well known minimax theorems
by a combination of geometrical and compactness conditions, to handle convex
lower semicontinuous perturbations of C! functionals in Banach spaces. Here,
following [5, 20], we emphasize the role of the geometrical assumptions of those
minimax theorems to deduce the existence of a suitable Palais-Smale sequence
without assuming any compactness hypothesis.

Theorem 1 Assume that E is a Banach space and that the functional T : E —
(=00, +00] is the sum of two functionals T = U + F where

(i) ¥ : E — (—o0,+0] is a convex and proper functional with a closed do-
main Dom¥ = {v € E : ¥(v) < oo} in E and ¥ is continuous in
Dom V.

(ii) F: E — R is a C'-functional.

Let also K be a compact metric space, Ko C K a closed subset and vy : Ko — E
a continuous map. Consider the set

I'={y:K — E :v is continuous and vk, = Yo} -

If
c1 1= sup Z(v(t)) < ¢:= inf sup Z(v(t)) < oo, (2)
teKo vel ek

then, for every e > 0 and v € I' such that

>
< < —
¢ <maxI(y(t)) <c+ g, (3)

there exist ¥, € I' and q. € 7.(K) C E satisfying

€
< 8% < < —
¢ < maxI(7(t)) < maxI(y(t)) < c+ 3,

max |17, (1) = (1)l < Ve,



cf»SSI(qs)Schg,
and

V(p) — U(ge) + f/(QE:)[SD - QE} > _\/5”50 —qel| forallp€ E.

Remark 1 Notice that the continuity of ¥ in its closed domain implies that ¥
is lower semicontinuous in £. A similar theorem of mountain-pass type is proved
in the very recent paper [2] without the continuity condition (see Theorem 3.1
therein). We are grateful to an anonymous referee for pointing out this analogy.
Since our aim is to apply the result to the LFE, we prefer to keep the continuity
condition and to provide an independent proof.

Remark 2 Observe that every v € I" such that sup,c; Z(7(t)) < oo satisfies
that v(t) € Dom ¥ for every t € K. Hence, the continuity of ¥ implies that Zo~y
is continuous in the compact K for every v € I' such that sup,cx Z(v(t)) < oo
(and then the previous supremum of Z o v is attained). Similarly, since we are
assuming that sup,cx, Z(70(t)) < oo, we also have ¢; = maxex, Z(y0(t)). It
should be observed that if the convex functional W is only lower semicontinuous
in F (instead of continuous in Dom W), then it is not true in general that Z o~y
be continuous (see [23, Example 3]).

Proof. Clearly, I is a complete metric space endowed with the uniform distance
dr(y1,72) = max () =@ (1,72 €l).

Consider the functional T : I' — (—o0, +00] given by

T(y) = fQEIW(t))’ (yel),

which is lower semicontinuous by [30, Lemma 3.1]. By Remark 2, for every v in
the domain of T, that is T(v) < 400, we have

T(y) = Igg;gl(v(t))-

By (2) the functional Y is proper and bounded from below by ¢;. Fix ¢ > 0
that, without loss of generality, can be assumed less than ¢ — ¢;. Applying the
Ekeland variational principle [13], we deduce that for every v € T verifying (3),
there exists 7, € I' satisfying

c<Y(F) S Y() St

dr(ﬁm’y) = Itléa}%( ”75@) - ’Y(t)H < \67

and
Y(7.) <TW)+vedr(¥.,9) forallyeT. (4)



Consider
T:={te K:I(%.(t)>c—e}.

Notice that T is compact and nonempty. To conclude the proof it suffices to
show the existence of ¢, € T such that, if g. =7.(t.), then

\I/(QO) - \P(Qe) +]:/(QE)[§0 - Q5] > _\/5”90 - QE” for all p € E.

Indeed, assume by contradiction that for every ¢t € T there exists p: € E\{7.(¢)}
such that

V() = V(A1) + F ()l — 7 ()] < —Vellor =7 (D).

Since ¥, F’" and 7, are continuous, for each ¢t € T there exist §; > 0 and an
open ball B; in K with ¢t € B; such that

o #75.(s) for all s € By,

and

V(o) = U (Te(s)) + F'(7=(5) + @)loe = Fe(8)] < —Veloe =7e(s)l - (5)

for every s € By and ¢ € F such that ||g|| < d;. Since the set T is compact,
there exist By, Bi,, -+, By, such that T C U;’?:lBtj. Take also 0 < § <
min{ds,, d¢,,- - , 0, } and consider functions n,n; € C(K, [0,1]) satisfying

L if e <Z(7.(s))

n(s) =
0, ifZ(H.(s)) <c—e¢
and dist (s, K\ B
= (s, K\ By,) if s € By,
ni(s) = ;dist(s,K\Bti)
0, if s € K\ By,.

Define v* : K — E by

Y (t) =7.(t) + on(t 27”% ft)

75( )”((ptj _Wa(t)) Vi e K.

Taking into account that £ < ¢ — ¢, we deduce that 7(t) = 0 for every t € Kj
and thus v*(t) = 7.(t) = vo(¢). Hence v* € T. Observe that if ¢ € K, then

~v*(t) can be written as a linear combination of the points (), ©¢, - ., ©t,-
Indeed, for every t € K,

VE) = 1=t ant )+ on(t ant

(ptj'
( |

- 75 ” - ’Ys



In addition, using that 7;(t) = 0 for every ¢t ¢ B;, we deduce that there exists
M > 0 such that

Z ||<Ptj

k

1; (t)
< In(t - — <oM VteK.
= 0] "0 2 ST, 0]

Thus, if § < 1/M, the above linear combination is also a convex combination.
Therefore, by the convexity of ¥, we obtain

R B Zn%—v Ol R

+on(t U(py,) VteK. 6
ant—vg o) ©)

On the other hand, by the mean value theorem, for every ¢t € K there exists
€ (0,1) such that

£) + 71 (1],
ron(t Znsot—vg e = 70

satisfies that
k
FOr () = F.0) = 0n(6) Y 2 () oy, ~ 700

and, by (6),
Z(v* () =¥ (v*(¥)) +7"( (1)

<[1-suc Z”% ) v + Ao
UM ey [P A GTRLED

k
ol Z |<Pt -
=T(7.(¢ ))

( )” l (w‘l’) [(pt]‘ - Ws(t)]

+ onle) Zu%—m ||[ (1) = ¥(A=(1) + F' (wr) [or, —7=(1)]]-

Using that

Ton(t Z”% _% alen 70l <8




and (5) we obtain

Z(y*(t) <Z(7:()) + on(t Z ||90 - (—Veller, =701

% )l
i.e.

k
Z(v* (1) < Z(7.(t) Z (Ve VteK.

In particular,
I(v*(t)) < Z(7(t) = on(t)v/e, for all t € T(C Uj_1By,).

Observing also that v*(t) = 7.(¢) for every t € K \ T (since n(t) = 0), we get
I(v*(t)) =Z(F.(t)) <c—e for every t € K \ T. Thus, the maximum of Z o v*
is attained at some sg € 7. Since v* € I', we have

¢ < T(y") =Z(v"(s0)) < Z(7c(s0)) — on(s0)ve < Z(7.(s0))

which implies that 7(sg) = 1 and thus
YT(v*) =Z(v"(s0)) <Z(Vc(s0)) = 0ve < Y(F.) — Ve

Taking into account that

d (’7 75) - maX 67] || (‘Ptj - ie(t)) S 4
we deduce that
T(y") <T(F.) = Vedr(v",72)-
This contradicts (4) and completes the proof. |

Remark 3 Choosing € = ¢, — 0 as n tends to infinity, the previous theorem
implies the existence of a suitable Palais-Smale sequence, i.e. a sequence ¢, =
e, in E satisfying

lim Z(g,) = ¢

n—oo
and
U(p) — ¥(gn) + F'(an)le — an] = —VEnlle — anll;
for all ¢ € E, or equivalently for all ¢ € Dom W.

Some particular hypotheses in which the “linking” condition (2) holds cor-
respond to the geometrical assumptions of either the mountain pass theorem
of Ambrosetti and Rabinowitz [4, Theorem 2.1], or the classical saddle point
theorem of Rabinowitz [28, Theorem 4.6].

Specifically, we can derive the non-smooth version of the mountain pass
theorem (without requiring any compactness condition) by applying Theorem 1
(with K =1[0,1], Ko = {0,1}, 7(0) =0 and (1) = e), as follows.



Corollary 1 If there exists e € E \ {0} such that

max{Z(0),Z(e)} < ¢ = inf sup Z(y(t)),
V€L te(o,1]

where T' = {v : [0,1] = E : ~ is continuous and v(0) = 0, v(1) = e}, then
there exists a sequence (qn,) C E such that lim,, . Z(qn) = ¢ and there exists
0 < €, — 0 such that

U(p) = U(gn) + F'(qn)l — an] > —€nlle — qull (7)

for all positive integer n and for all ¢ € Dom V. [ ]

Similarly, if the Banach space F is split into £ = E @ E with dim E < 00,
then applying Theorem 1 with K the closed ball B, in E of center zero and
radius p, Koy the boundary in E of this ball and 7 the identity function in Ky,
we obtain the following corollary.

Corollary 2 Assume that E = E ® E with dimﬁE < 0o. If there exists p > 0
such that the boundary 0B, of the ball B, in E of center zero and radius p
satisfies that

supZ < infZ,
a8, E

and I' = {y € C(B,,E) : v(z) = x, Vo € OB,}, then there exists a sequence
(gn) C E such that

lim Z(gy) = ¢ := inf sup Z(y(z)), (8)

T—00 ~yel ZDEEP

and there exists 0 < €, — 0 such that (7) holds for all positive integer n and
for all p € Dom V. [ |

Remark 4 Both corollaries state the existence of sequences (¢,) C E and
0 < €, — 0 such that (7) holds for all positive integer n and for all ¢ € Dom ¥.
We remark explicitly that this inequality is trivially verified for all ¢ ¢ Dom ¥
as well.

3 Relativistic Lagrangians and Dirichlet prob-
lems

3.1 The functional framework

Let T > 0 be fixed. If W1°°(0,T') denotes the space of all Lipschitz functions in
[0, T (or equivalently the absolutely continuous functions in [0, T'] with bounded
derivatives), we consider the Banach space

Wl,oo — [Wl,oo(o’ T)]3

10



endowed with the usual norm || - 1,00 given by

lall1.c0 = lldllse + gl (g€ W1’°°)7

where [|qllc = maxcpo,r)[q(t)| and ||¢'[|cc = maxep,r g . Consider also
two C'-functions V : [0,T] x R?* = R and W : [0,T] x R® — R?’ which give the
“smooth” part L of the relativistic Lagrangian E that is

L(t,q;p) =p-W(t,q) = V(t,q)  ((t,.q,p) €[0,T] x R® x R?).
One has that
D, L(t,q,p) =p-Dg,W(t,q) — Dy, V(t,q), i =1,2,3
and
VpL(t,q,p) = W(t,q),

for every (t,q,p) € [0,T] x R?® x R3. Consider also € : [0,T] x R3 x R® — R3
given by

g(t7q7p) = (p : DQ1W(ta q)vp : Dq2W(t7q)7p : D%W(t?q)) (9)

The action functional associated to L is F : W1 — R given by

F(a) :=/0 L(t,q,q’)df:/0 [ - W(t,q) = V(t,q)ldt,  VgeWh™.

Tt is standard (see for instance [20]) to prove the differentiability of F.
Lemma 1 The functional F is of class C* in Wh>° ie. F € CHWhH® R),
with
T
F@lel= [ ViLlta.d) ¢+ VyLit.a.) -/l
0

T T
- / (E(tq,q) — VoV (t ) - pdt + / Wt q) - 'dt,
0 0

for every q,p € W12,

Next, we deal with the “nonsmooth” part of the relativistic Lagrangian in
the subspace WOI’Oo of all functions ¢ € W such that ¢(0) = 0 = ¢(7).
Consider

Ko={aeWy™:|d e <1,

D(s)=1—1/1— 52 (s € [-1,1)),

and the action functional corresponding to the “nonsmooth” part of the rela-
tivistic Lagrangian, i.e., the functional ¥y : I/Vol’Oo — (—00, +00] defined by

T T
/ @(q')dt:/ 1—+/1—|¢?dt, if g€ Ko,
) = 0 0

Uo(q) =
400, if ¢ ¢ Wy™\ Ko.

11



Lemma 2 The restriction of the functional Wy to its domain Kq is continuous.

Proof. Let (¢,) C Ko a sequence converging in W1°° to q. Necessarily, q € Ko
(Ko is closed in W1>°). Then, using the convergence of (¢, (t)) to ¢'(t) for
a.e. t € [0,T] and the continuity of the function ® we deduce the pointwise
convergence

(g (1)) =1 —V1-lg () — () =1— V1= |g)F, ae te[0,T]

Taking into account that 0 < ® < 1, the sequence (®(g,)) is dominated by the
constant function 1. Therefore, the Lebesgue dominated convergence theorem
implies that (¥o(g,)) converges to ¥o(q), i.e., ¥y is continuous in Ky ]

Following the ideas of [10, Lemma 1 and the proof of Theorem 1] (see also
[9, equation (7)] or [19, Lemma 12]) it is not difficult to prove the following
properties of g and Wy.

Lemma 3 (i) The set Ko is convexr and closed in C([0,T],R3) and thus in
Wol’oo. Moreover, if (¢,) is a sequence in Ko converging pointwise in [0, T
to a continuous function q : [0,T] — R®, then q € Ko and ¢/, — ¢’ in the
w*-topology o (L, L1).

(ii) If (q,) is a sequence in Ko converging in C([0,T],R3) to q, then

Wo(g) < liminf To(gn).

n—oo

In particular, the functional Vg is weakly lower semicontinuous and convex
. 1,00
in W™ [ |

Next, consider the Euler-Lagrange action functional associated to the rela-
tivistic Lagrangian £ with zero Dirichlet boundary conditions, i.e.,
Ty : Wy™ = (=00, +od], To =¥ + Fo,

where Fj is the restriction of F to VVO1 '>°. Since Zg is the sum of the proper con-
vex lower semicontinuous functional ¥y and of the C'-functional Fy, Szulkin’s
critical point theory from [30] is applicable for Zy. According to this theory, we
have the following definition.

Definition 1 A function q € I/Vol’OO is a critical point of Zy if ¢ € Ky and
Uo () = Uolq) + Fo(@)lp —q] > 0 for all p € Wy,

or, equivalently

A(M@—¢@MHJWQW—d20ﬂWW¢GKm
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that is
T

/O WI— 1P - V1— g Fldt + / E(t,q.¢) — VoV (L, )] - (9 — g)at

T
+/ W(t,q)- (¢ —q)dt >0, forall ¢ € Ko.
0

The following lemma, which is essentially contained in [9, Lemma 1], is the
main tool to prove that the critical points of Z; coincide with solutions in VVO1 e
of the Euler-Lagrange equation associated to the relativistic Lagrangian L.

Lemma 4 For every f € L' = [L1(0,T))3, the Dirichlet problem

<\/1(117q’|2> =/ q(0) = 0= ¢q(T),

has a unique solution, which is also the unique solution of the variational in-
equality

T
Yo () — Yo(q) +/0 f-(p—q)dt >0, for all ¢ € Ky.
| ]

Theorem 2 If V : [0,T] x R® = R and W : [0,T] x R?® — R? are two C*-
functions, then a function q € I/Vol’OO is a critical point of Ly if and only if q is
a solution of the Lorentz force equation with zero Dirichlet boundary conditions
on [0,T), i.e.

(‘/) +(W(tq) =E(t,q,d)-V4V(t.a),  q(0)=0=q(T). (10)

V1—=|q?

Proof. Let q € W, be a critical point of Zy, i.e. ¢ € Ky satisfying

T T
Vo)~ Vo(@)+ | [Etad) =TVt 0] (o-a)d+ [ Wit~ >0,
0 0
for every ¢ € K. Integrating by parts one has that
T T
/ W(t.q) (¢ —¢)dt = —/ (W(t, ) - (¢ —q)dt
0 0
and thus, if we consider f, :=&(t,q,¢') — V4,V (t,q¢) — (W(t,q))" € L>, we have
T
Uole) = Vola) + [ for(p- iz, forall p e Ko,
0

By Lemma 4, this means that ¢ is the solution of

qill:q, 0) = q(T) =0
(W) f q(0) = q(T)

and therefore ¢ solves (10). The reversed implication follows similarly. |
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3.2 Principle of least action for Dirichlet problems

By Proposition 1.1 in [30], every local minimum of Z; is a critical point of Zy,
hence Theorem 2 provides the following direct consequence.

Proposition 1 FEach local minimum of Ly is a solution of the Dirichlet boun-
dary value problem (10) associated to the Lorentz equation.

The following result gives a positive answer to Hilbert’s 20th problem for
the Lorentz force equation with zero Dirichlet boundary conditions.

Theorem 3 (Principle of the least action for the Lorentz equation
with Dirichlet boundary conditions.) The Lagrangian action Iy associated
to Lorentz equation with Dirichlet boundary conditions is bounded from below
and attains its infimum at some q € Ky, which is a solution of (10).

Proof. Let (g,) be a minimizing sequence of Zy, that is

(gn) C Ko, Zo(qn) — inf Zy =infZy as n — oo.
Wy e Ko

We split the proof in three steps:
Step 1: The sequence (gy,,) is bounded in WOI’OO.

Step 2: Up to a subsequence, (g,) is convergent in L™ to some ¢q € Ko with

T T
Uo(g) < liminf ¥y(g,), lim / V(t,g,)dt = / V(t,q)dt
0 0

n— oo n—oo

and
T

T
lim @ - W(t, gn)dt = / q - Wi(t,q)dt.
0

n—o0 0

Step 3: Zp(¢) = min Zp and g is a solution of (10).
Wl,oc

0

Indeed, to prove Step 1, from ¢(t) = fot ¢ (s)ds and |¢'(s)| < 1, we deduce
that
lallse < T, Vg € Ko. (11)

and thus ||g,|l1,00 < T + 1 and the proof of the Step 1 is concluded.

To prove the second step, we observe that, by the compact embedding of
VVO1 > into C([0,T],R3), we can assume, passing to a subsequence if necessary,
that there exists ¢ € C([0,T],R3) such that ||g, — g||oc — 0. By Lemma 3 we
deduce that

T T
g€ Ko, To(q) < lin_l)inf Uo(gy), lim V(t,qn)dt = / V(t,q)dt.
n o0 O

n— oo 0

14



and also that ¢/, — ¢’ in the w*-topology o (L, L'), that is
T

lim (¢, —q')-pdt =0 forall p € L.

n—oo 0

Since W (t,q) € C([0,T],R3) C L%, it follows then that

T T
lim q, - W(t,q)dt = / q - W(t,q)dt.
0

n—oo 0

On the other hand, using that ||¢, — qllcc = 0 and ||¢},]lcc < 1 it follows also
that

T T
/ & - (Wt gn) — Wt )| < dhlloe / W (¢ 4) — W (£, g)|dt — 0
0 0

as n — 0o. Consequently

T T

lim q, - W(t,g,)dt = lim q, - (W(t,q,) — W(t,q))dt
T
+ lim q, - W(t,q)dt.
n—oo

T
=/ q - W(t,q)dt
0

proving the Step 2.
Finally, Step 3 is easily deduced because Step 2 implies that

IO(CI) = llg(f IO7

i.e., Zp attains its infimum at ¢ € Ky which is also a solution of (10) by Propo-
sition 1. m

As a simple application of the above principle we have the following result
of existence of a nonzero solution.

Theorem 4 If there exist 1 <y < min{v,2} and d > 0 such that
V(t,q) = dlg|" + V(t,0) and [W(t,q)| < d|q|”, (12)

for every (t,q) € [0,T] x R® with |q| < T, then, (10) has at least one nonzero
solution which is a minimizer of the Lagrangian action Zy.

Proof. Since W (¢,0) = 0 for every t € [0,T], we observe that

7y(0) = — /OT V£, 0)dt.
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If go € Ko \ {0}, then egy € Ky for all € € (0,1]. In addition,

T T
/ [1 —1/1= |eq6|2} dt < / legh|*dt.
0 0

By (11), we deduce from hypothesis (12) the existence of positive constants
C4,C5 > 0 such that

T
Io(er) S 01(62 + 6”) - CQEH - / V(t, O)dt
0

In particular, for € small enough we have Zy(eqo) < Zo(0), which implies that

lIllf Ty < Io(O)
Wi

0

Using the principle of least action for Dirichlet problem (Theorem 3), Z; at-
tains its infimum at some g € Ko \ {0}, which is a nonzero solution of (10) by
Proposition 1. [ ]

3.3 Solutions via Minimax critical point theory

We prove in this subsection the existence of solution of (10) via the non-smooth
mountain pass theorem (see Corollary 1). We begin by establishing the suitable
Palais-Smale condition for the functional Z.

Lemma 5 If (¢,) is a sequence in VVOLOO satisfying that
lim Zo(gn) =c€R
n—oo

and that there is a sequence (gy,) of positive numbers converging to zero such
that

Uo(p) — Wolgn) + Folan)[e — an] = —enlle — an Ve € Ko, (13)

then there exists a subsequence (qn,) of (qn) converging in C([0,T],R3) to a
eritical point g € Ko of Iy with level Zo(q) = c.

Proof. Repeating the argument of Steps 1 and 2 in the proof of Theorem 3, we
obtain, up to a subsequence, the convergence in C([0,T],R?) of (g,,) to ¢ with

q € Ko, To(q) <liminf ¥y(q,), ¢, — ¢ in w*-topology o(L>°, L"),
n—oo

and
T T
lim V t,qn)dt = / V(t,q)dt, lim q, - W(t,qn)dt =/ q -W(t,q)dt

16



Similarly, using, as in the cited Step 2, the convergence in the w*-topology
(L=, L) of (¢,) to ¢', we also deduce that

[ €ttt -5V ) -t [ € 0.0) -,V 00 (-
as n tends to co. Consequently,
lm Fo(g.) = Fola)
and
Jim 5 (gn)l = an] = Fo(@)lp — g
By taking liminf as n — oo in (13) it follows that

Uo(p) — Wolq) + Folg)le —ql 20, VYo e Ko,

which implies that ¢ is a critical point of Z.
In addition, by choosing ¢ = ¢ in (13), we get

o(gn) < Wolq) + Fo(an)[qg — an] + enllg — anl

and taking limits we deduce that

1,005 VHEN,

Uo(q) <liminf ¥y(gy,) < limsup Yo(gn) < Po(q);
n—oo

n—oo
ie.,
Uo(gq) = nh_)rr;o U(gy).
Therefore,

¢= lim Zoy(gn) = lim Wo(gn) + lim Fo(ga) = Yo(q) + Fo(q) = Zo(q)-

n—oo

In order to prove the existence of multiple solutions of (10), we introduce a
parameter A > 0 in the electric potential V'; namely, we consider the problem

<Q/> +(W(tq) =Et,q,d) = AVeV(tq),  q(0)=0=q(T).

/1 — |q/|2
(14)
Theorem 5 Assume that there exist constants p,v > 2 and d > 0 such that

V(t,q) < d|g|" and [W(t,q)| < dl|q|", (15)

for every (t,q) € [0,T] x R® with |q| < T. If there is a function qo € Ko \ {0}
satisfying IOT V(t,qo)dt > 0, then there exists \* > 0 such that for every A > \*,
problem (14) possesses at least one nonzero solution.

If in addition ¢ = 0 is solution of (14), i.e., if V(¢,0) = 0 for every t € [0,T],
then there exists also a second nonzero solution.

17



Remark 5 It will be proved that first nonzero solution of (14) corresponds to
a global minimum of the functional Zy, while the other one is obtained by the
non-smooth version of the mountain pass theorem given in Corollary 1.

Proof. We have
T T
Zo(q0) < ¥o(qo) +/ 0 - W (t, qo)dt — A/ V(t, qo)dt,
0 0

and thus, since fOT V(t,qo)dt > 0, there exists A* > 0 such that Zy(go) < 0 for
every A > A\*. In consequence,

inf Zo(q) < Zo(qo) <0, VA= A"

q€Ko
Taking into account that (15) implies that V' (¢,0) < 0 for every t € [0,7T], we
deduce that Zy(0) > 0 and using the principle of least action for the Dirichlet
problem (Theorem 3), that Zy attains its infimum at some g, € Ko \ {0}, which
is a nonzero solution of (14) by Proposition 1.

To prove the existence of a second nonzero solution for A > A\*, we observe
that necessarily Zy(0) = 0 provided that it is additionally assumed that V' (¢,0) =
0 for every t € [0,T]. Moreover, the inequality 1 — /1 — s2 > s2/2 for every
s € [-1,1] implies that

1 4 /12 1 2
Wolg) = 5 [ l¢Pdt=Gllallzy, Va < Ko
0

On the other hand, using that ||¢’[|cc < 1 and (15) we also have

T T T
/ ¢ Wt q)dt| < / W (t,q)ldt < C / lgl“dt = Clalls.
0 0 0

and 1
To(q) > §IIQII§{(§ — Cllgllze = XCllgllrns Vg € Ko.

Taking into account that H{ is embedded in L* and in L” (since u,v > 2), we
deduce

1 v
Tola) > 3lally — Cllallys —~ AClallsy. Va € Ko,
which implies the existence of 7 € (0, [|¢.|[ ;) and a > 0 such that

To(q) > a, Vg € Ko with [lq]| g =1

Let T' be the family of all continuous paths ~ : [0,1] — V[/Ol’OO joining 0 with
s, 1.e. satisfying v(0) = 0 and (1) = gq«. If v € T, then, by the embedding
of W)™ into H} and the connectedness of ([0, 1]), there exists ¢ € [0,1] such
that [|v(to)||z2 = r. Hence, the above inequality implies that

[nax Lo(v(t) 2 @ > 1o(0) = 0 > To(g«), Vv €T,
€lo,
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for every A > A*. Applying the non-smooth version of the mountain pass
theorem given in Corollary 1, we obtain the existence of a sequence (g, ) C WO1 >0
such that

lim Z =c:= inf max Zp(y(t)) > a

s 0(qn) ~eT te[0] o(v(t) >
and there exists 0 < €, — 0 such that (13) holds. By using Lemma 5 we deduce
the existence of a critical point ¢* € Ko of Zy with level Zp(¢*) = ¢ > a > 0,
which implies that ¢* is different from 0 and ¢.. Therefore, by Proposition 1,
q* is a second nonzero solution of (14). |

Remark 6 Other variants of the mountain pass theorem for non-smooth func-
tionals different from the Szulkin’s one are considered in the literature. To
apply the metric mountain pass theorem discovered independently by Degio-
vanni - Marzocchi [12] and Katriel [17] the functional Zy should be continuous
on the entire space VVO1 ' and to verify a Palais-Smale type condition. How-
ever, our functional is continuous only on its domain of definition. On the other
hand, if ¢ is not in the interior of the domain Ky of Zj, we observe that Z; is
not differentiable at ¢ through any direction ¢ € WO1 ’>°, and the main abstract
result from [5] is neither applicable.

4 Relativistic Lagrangians and periodic boun-
dary value problems

4.1 The functional framework

Now for two Cl-functions V : [0,7] x R® — R and W : [0,7] x R® — R3, we
study the boundary value problem associated to the Lorentz force equation with
periodic boundary conditions

(C/) + (W(t,q)) = E(t,q,q") = VoV (t,q),

V1-=1q?

(16)

In this case, we consider the subspace W%’OO of all T-periodic functions ¢ € W1
(i.e. ¢ € WH such that ¢(0) = ¢(T)) and the convex and closed set K, given
by

Ke={g€Wp™:l¢| <1}

The Lagrangian action Z, : W%’Oo — (=00, +00] associated to the problem (16)
is given by

T. =V, + F..
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where ¥, is defined by
T
/ 0 — VI |gPldt, ifqe K.,
U.(g)=1q 70
+o00, if q¢ W™\ K.,

and F, is the restriction of F to W%’OO. Since W, is a proper convex function
which is continuous in its closed domain /C, (similar proof to that of Lemma 2)
and F, is a function of class C', Szulkin’s critical point theory from [30] is
applicable for Z,. According to this theory, we have the following definition.

Definition 2 A function q € W%’OO is a critical point of Z, if ¢ € K. and
V() = Uu(q) + Fil)lp —a) 2 0 for all p € Wp™,

or, equivalently

T T
/O VI 0P — V1= 7 Fldt + / E(t,0,¢) - VoV (1 )] - (9 — q)it
T
+/ W(t,q) - (¢ —q')dt >0, for all p € K.
0

Given f € L', as in the Dirichlet case, a function ¢ € W%’Oo is a solution of the
periodic problem

Vi-?

if and only if it satisfies the variational inequality

(q,) — . a0) = a(D), ¢(0) = ¢(T),

T
\I’*(SD)—‘I’*(Q)+/ [ (p—q)dt >0, for all p € K.,.
0

This allows to prove the analogous result to Theorem 2.

Theorem 6 A function q € W%’oo 1s a critical point of I, if and only if q is a
solution of the Lorentz force equation with periodic boundary conditions (16). W

Remark 7 In addition, similarly to the Proposition 1, it is easy to show that
each local minimum of Z, is a solution of the Lorentz force equation with periodic
boundary conditions (16).
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4.2 The principle of the least action for periodic problems

For every q € W%’Oc we denote by

1 T
7= — dt
q T/Oq,

T
/ gdt = 0.
0

Then, by using the mean value theorem in each component of ¢, it is easy to
find

L=}
Il

(S}
|

Y

Thus ¢ = ¢ + ¢ with

lGlee <T  forall g € K,. (17)

We also denote
Ko ={q€K.:|a <p}, Vp>0.

Theorem 7 If there exists p > 0 such that

infZ, = inf Z,, (18)
K, K.

then I, is bounded from below on W%’Oo and attains its infimum at some q € KC,,
which is a solution of (16).

K attains its

o
infimum at some ¢ € KC,. Indeed, if this is proved, then the hypothesis (18)
implies that ¢ is a minimum of Z, and, by Remark 7, a solution of (16). Hence,
let (¢,) be a minimizing sequence of Z, |1< , that is

P

Proof. Tt suffices to show that for every p > 0, the restriction Z,

(gn) C Ky, Zi(gn) — ilgfI* as n — 00.

By (17) we deduce that
lanllco < 1n| + [lgnlloc < p+T, Vn €N,
and, using that ||¢,||c < 1, also that
lanllioo <1+p+T, VYneN,

that is, (g,) is bounded in W%’OO. Since W is compactly embedded in
C([0,T],R?), passing to a subsequence if necessary, there exists ¢ € C([0, 7], R?)
such that ||g, — ¢q|lcc — 0.

By a similar result to Lemma 3, we can repeat the argument of Step 2 in
the proof of Theorem 3 to deduce that (notice that g, — g and |g| < p)

q€K, V. <liminf¥.(g,), ¢, — ¢ in w*topology o(L>, L"),

n—oo
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and

lim thndt /th

n—roo 0

T T
lim [ g, - W(t,gn)dt = / q - Wt q)dt,
which implies that
q e K,, Z.(q) = inf Z,,
}CP
ie., I*‘)c attains its infimum at ¢ € KC,. [ |
P

As an application of the above principle we show that if V and W hold
convenient a relation, then problem (16) has a solution.

Theorem 8 If there exist p > v > 1 and d,r > 0 such that

for every (t,q) € [0,T] x R® with |q| > r, then (16) has at least one solution,
which is a minimizer of T,.

Proof. Let C' > 0 be such that
V(t,q) < —dlg|" +C

and
(W (t,q)| < dlg|” + C,

for all (t,q) € [0,T] x R3. For any ¢ € K., using that ||¢'||cc < 1 and (17) we
deduce that

T T T
| ¢ weaw < [ weodr<a [ japaere
0 0 0

T

< 2“*1(1/ [1G]” + |g|")dt + TC
0

<2v [Tt 4+ T|q)"] + TC.

On the other hand one has that

T T
/ V(t,q)dt < fd/ lg|tdt +TC,
0 0

and using again (17) that

T T
Tl < [ (gl +labrde <2t [ (o + T
0 0

22



It follows that there exist a constants Cy,Cy > 0 such that

T
/ lqldt > Calgl” — Co.
0

We deduce that
I*(q) Z Cl|@|” - 02 - 2U71d[TV+1 + T|Q|V] - TC,

which together with v < p imply that there exists p > 0 for which the hypothesis
(18) is satisfied. The conclusion follows from the principle of least action given
above. [ |

Another application of the principle of least action is the following one.

Proposition 2 Assume that the function W is independent of time variable,
that is, W(t,q) = W(q) and that there exists a1,a2 > 0 such that |V,V| < a1
and [VW| < aq. If

T T
lim sup/ V(t,q)dt < —T?(ay + az) — / V(t,0)dt, (19)
0 0

lgl—o00
then (16) has at least one solution which is a minimizer of ..

Proof. For any q € K, using that ¥,(¢) > 0 and

| a-w@-o
we deduce that
T T T
I.(g) > / ¢ - (W(g)— W())dt + / (V(t,9) — V(¢ q))dt — / V(t, q)d.

Reminding that ¢ = (q1,¢2,93) and W = (Wy, Wa, W3), by the mean value
theorem and the Cauchy-Schwarzt inequality, we obtain

T 3 1 T ,1 T
Z.(q) 2/ qu/ VWi((j—l—S(j)wjdsdt—/ / VqV(t,q+scj).5dsdt—/ V(t,q)dt
0 1 0 0 Jo 0

1=

2

T 3 1
Z—/ || Z[/ IVWi(q+sq~)llq~ds] dt—
0 i=1 /0

T 1 T
—/ / qu(t,ciJrsq)-qczsdt—/ V(t, q)dt
0 0 0

which, by using |¢’| < 1, (17) and the boundedness of V,V and VW, implies

that
T

T.(q) > —T%*(a1 + a3) — | V(t,q)dt, Vg e W™, (20)
0
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In consequence, the hypothesis (19) implies that there exists p > 0 such that

T

T.(q) > Z.(0)= [ V(t,0)dt,  VgeWp>\K,
0
and
infZ, = inf Z,.
Ko W
The result follows now from Theorem 7. [ ]

4.3 Solutions via Minimax critical point theory

In this subsection, we will show the existence of a solution of (16) via the
non-smooth saddle point theorem of Rabinowitz (see Corollary 2). We begin
by establishing the following compactness condition for bounded Palais-Smale
sequences of the functional Z,.

Lemma 6 If (g,) is a bounded sequence in quioo satisfying that
lim Z.(¢g,) =c€R
n—oo

and that there is a sequence (gy,) of positive numbers converging to zero such
that

\II*(SD) - \I]*(qn) + ]:i(qn)[(p - QR] 2 _EnH@ - QnHl,oo» V‘P € K*a (21)

then there exists a subsequence (gn, ) of (¢n) which is converging in C([0,T],R3)
to a critical point q € K, of T, with level Z,(q) = c.

Proof. As in the proof of Theorem 7, repeating the argument of Step 2 of The-
orem 3 (using the similar result to Lemma 3), we obtain, up to a subsequence,
the convergence in C([0,T],R3) of (¢,) to ¢ with

q€ K., T.(q) <liminf¥,(q,), ¢, — ¢ in w*-topology o(L>, L"),
n—oo

and

T T T T
lim V(t,qn)dt:/ V(t,q)dt, lim q;-W(t,qn)dt:/ q -W(t,q)dt.
n—oo Jq 0 n—oo Jo 0

The rest of the proof follows similarly to the proof of Lemma 5. ]

In the following result we show again that a good connection between the
growths of V and W implies existence of solutions corresponding to critical
points obtained by min-max methods.

Theorem 9 If there exist u > v > 1 and d,r > 0 such that
V(t,q) > dlg|" and W (t,q)| < d|q|”,

for all (t,q) € R with |q| > r, then (16) has at least one solution, which
corresponds to a saddle point of Z,.
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Proof. Consider W%oo ={qe W%’OO : ¢ = 0}, which gives the decomposition
1,00 _ m3 n 1i7Ls
Wre =R> @ W™,
that is, every ¢ € W,»™ can be written as
q=q+qwith g€ R e Wh™.

Let G € K. N W™, Using [|§']|e < 1 and (17) one has that

T T
T.(3) = W.(3) + /0 7 Wt a)dt - /0 V(t,q)dt

>-T( max W[+ max _[V]),

[0,T]X[~T,T]? [0,T]X[~T,T]?
which implies that
inf Z. > -T( max |[W|+ max _[V]). (22)
W%vw [0,T)x[-T,T]3 [0,T)x[-T,T]3

On the other hand, if C' > 0 is such that
V(t,q) > Clg|" — C and [W(t,q)| < Clg|” + C, V(t,q) € [0,T] x R®, (23)

one has that
T
L@=- [ Vitoi<T(-Clg" +0),  vge R
0

which implies that
T.(q) = —o0 as |g| — oo, § € R3.
It follows that there exists p > 0 such that

supZ, < inf Z,.
dB, W™

Then, it follows from Corollary 2 (with £ = R3 and E = W%OO) that there
exist 0 < €, — 0 and a sequence (g,) € K. such that Z,(g,) — ¢ (with ¢ given
by (8)) and (21) holds true.

Using (23) and similar arguments like in the proof of Theorem 8 we deduce
that the functions ¢q,, = ¢, + ¢, satisfies for all positive integers n that

I*(Qn) < C(|qn|y - |(jn|# + 1)7

which together with > v > 1 and Z.(g,) — ¢ implies that the sequence (|g,|)
is bounded. Hence, by (17), it follows that ||gn|l1,00 is bounded.

By Lemma 6, we can assume, up to a subsequence, that (g,) is converging
in C([0,T],R?) to a critical point ¢ € K, of Z, with level Z,.(¢) = c. Then, using
Theorem 6, we deduce that q is a solution of (16). |
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A different application of the non-smooth saddle point theorem of Rabi-
nowitz (Corollary 2) is the following one.

Proposition 3 Assume that the function W is independent of time variable,
that is, W(t,q) = W(q) and that there exists a > 0 such that |V,V| < a and

[VW| <a. If
T

lim V(t, q)dt = +o0, (24)

lg|—o0 Jo

then (16) has at least one solution which is a saddle point of Z,.

Proof. As in the proof of Theorem 9 we consider again the decomposition and
we use the inequality (22). Indeed, since

T
Z.(9) = —/0 V(t,q)dt for all § € R3,

we deduce from (24) and (22) that

supZ, < inf Z,,
9B, W™

for p large enough. Then, it follows from Corollary 2 (with £ = R?® and E =
W;>°) that there exist 0 < ¢, — 0 and (g,,) € K, such that Z,(g,) — ¢ and

V() = Vi(gn) + Filan)lp — au] > —€nllp = anll1,00
for all positive integer n and for all ¢ € K,. Using that
Vi(gn) <T (n > 1)

and a similar argument to that used to prove inequality (20) in the proof of
Proposition 2, one has that for all n > 1,

T
T.(q,) <T +CT? - / V(t,qn),dt
0

and we deduce by (24) that the sequence (|g,|) is bounded. It follows by (17)
that ||¢n|l1,00 is bounded. By Lemma 6, we can assume, up to a subsequence,
that (g,) is converging in C'([0, 7], R3) to a critical point ¢ € K, of Z, with level
Z.(q) = c¢. Theorem 6 implies then that q is a solution of (16). |

5 Relativistic Hamiltonians for periodic prob-
lems

5.1 Main result

In what follows we consider a function V : R x R® — R satisfying the following
hypotheses introduced in [27]:
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(Vo) V € CHR x R3R) and V is 2n-periodic in time variable; i.e., V(t,q) =
V(t+ 2m,q) for all (t,q) € R x R3,

(V1) V(t,q) >0 for all (t,q) € R x R3,
(V) there exist constants 8 > 2 and d,n > 0 such that
V(t,q) < dlgl’,
for all (¢,q) € R x R? with |¢| <,
(V3) there exist constants g > 2 and r > 0 such that
0<uV(t,q) <q-VV(tq),
for all (t,q) € R x R3 with |g| > 7.

On the other hand, we consider a function W : R x R3 — R3 satisfying the
following hypotheses

(Wo) W e CHR x R3,R?), and W (t,q) = W(t + 2m,q) for all (t,q) € R x R3,
(W1) there exist constants o > 1 and d,y > 0 such that
(W(t,q)| < dlq|*,
for all (¢,q) € R x R? with |g| <.
(W3) there exist constants d,5 > 0 and 1 < 6 < min{y, 2a, §} such that
W (t.q)l < dlal’,
for all (t,q) € R x R3 with |¢| > 4.

The relativistic Hamiltonian H : R x R? x R® — R is given by

H(t,p,q) =1+ p—W(tq)2—1+V(tq).

If J denotes the standard symplectic matrix and z = (p,q), the Hamiltonian

system is
2= JV,H(t, z),

ie.
). P Wt q)
VIt =W(tq)
J—— P Wta
Vi+lp =Wt q)P
Observe that if (p,q) is a solution of (25), then ¢ satisfies the Lorentz force
equation (1) with £ given by (9).

p =V ,W(tq -V, V(tq),

(25)
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Theorem 10 IfV satisfies (Vo) — (V3) and W satisfies (Wy) — (W), then the
Hamiltonian system (25) possesses a nonconstant 2mw-periodic solution (p,q),
such that ¢ € C*(R,R3), |¢'(t)| < 1 for every t € R and q verifies the Lorentz
force equation (1).

The idea of the proof is to apply a suitable version proved in [14] for functio-
nals of class C'! in a Hilbert space E of the well known generalized mountain pass
theorem of Benci and Rabinowitz [28, Theorem 5.29] to obtain a 27-periodic
solution zx = (pk,qr) of the modified Hamiltonian system 2z’ = JV,Hg (¢, 2),
where for every K > 0, Hg is a suitable truncation of the Hamiltonian function.
An a priori estimate of ||gx||o Will imply that Hg (¢, zx) = H(t, 2k ) and then
for large K, zk is a solution of (25). Finally, we will also show that this solution
cannot be constant.

5.2 A modified Hamiltonian system

Assume that V satisfies (Vp) —(V3) and let us fix v € (max{2, 0}, min{y, 2«, 5}).
For any K > r +n+ ~, consider a function y € C*°(R,R) such that

o x(t)=1ift <K,

o x(1)=0ift > K +1,

e and \/(t) <0ift € (K, K +1).
If

t .
RZmaX{V( |’Q) ((t,q) e RxR3 K <|q §K+1},
qV

then we set

Vi (t,q) = x(1a)V (¢, @) + (1 = x(lq))) Rlql”, Wk(t,q) = x(lad)W (¢, q),

for every (t,q) € R x R3. Define also the associated Hamiltonian function

HK(tvpaq) = \/1 + |p_ WK(tvq)|2 -1 +VK(taq)7

for all (¢,p,q) € R x R? x R3. Recalling that .J denotes the standard symplectic
matrix, we consider the Hamiltonian system

2 = JV,Hgk(t, z). (26)

Notice that Vi satisfies (V) — (V2) and (V3) with p replaced by v. This
implies that there is a constant C' > 0 which is independent of K such that

Vi (t,q) > C(lgl” — 1) for all (¢,q) € R x R®. (27)
Moreover, there is a constant C' > 0, which depends on K, such that

Vi (t )l <CA+gl"),  [VeVk(t,)l < CA+1gl" ™), (28)
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for all (¢,q) € R x R3.
On the other hand, the function Wy is C! and satisfies (W7) with v/2
instead of a. Moreover, there is a constant C' > 0 depending on K such that

Wi (t, )l + VWit <O, ((t,g) eRxRY). (29)

As a consequence of (28) and (29), there exists C' > 0 depending on K such
that
|Hg (t,2)| < C(1+|2|") for all (t,2) € R x RE. (30)

5.3 [Existence of solution z; of (26)

In this subsection, following [28, 7, 14] we consider the Sobolev space Hzlf of the
functions u in the space L? = L2((0,27), R?) whose coefficients ag, ax, B € R3
of its associated Fourier series

u(t) ~ ap + Z(ak cos kt + B sin kt),
k=1

satisfy that
oo
Zk(|ak|2 + 1Bk|?) < oo.
k=1

/2

;. is given above and v € H;T/FQ has the

. . 1
If the Fourier series of u € H,
corresponding Fourier series

v(t) = ag + Z(dk cos kt + S sin kt),
k=1

then
i ~
(ulv) :=27mayg - ap + WZ k(ag - ag + Bk - br),
k=1
defines a scalar product and H217{2 is a Hilbert space. It deserves to be mentioned
that the Sobolev space Ha, := W,.? is contained in H217/r2 and also that for each

s € [1,00), the space H21/

WQ is compactly embedded in L®; i.e., there is an oy > 0
such that

L <agllull,  Vue HYZ (31)

/

s

|

In the sequel we will use the Hilbert space E = H217£2 X H21 * endowed with

the natural scalar product (-|-).
Observe that the associated functional Ix : E — R to the Hamiltonian
system (26) is given by

2m
Ix(z) == A(z) — Hy(t, z)dt,



where A : E — R is given for every z(t) =~ ag + Z(ak coskt + by sinkt) in F,
k=1

z) = ﬂ'Zk‘Jak - by,.
k=1

by

(Notice that

27
Alz) = / pg'dt, Vz=(p,q) € Hy x Hj_.)
0

Indeed, if B : E x E — R is the symmetric continuous bilinear form defined for

every z(t) ~ ao—i—Z(ak cos kt+by, sin kt) and w(t) = do—l—Z(dk cos kt+by, sin kt)

k=1 k=1
in F by

B(z,w) := ﬂ'ZkJ(Jak b — Jby, - ag)
k=1

then A is its associated quadratic form (A(z) =

$B(z,2) for z € E) and A €
C'(E,R) with

A'(2)[w] = B(z,w), Vz,w € E.
On the other hand, the growth condition (30) implies that Ix € C*(E,R) with

27
Ik (2)[w] = B(z,w) — V.Hk(t,2) - wdt, Vz,w € E.
0

that is, if z = (p,q) and w = (p,9) in E,

=Wkt q) .
o V1+[p—Wk(tq?

27

p—Wk(t,q)

+/ VWk(t,q) -V, Vk(t,q) | -dt.
0 ( \/1+ lp — Wk(t,q)|? !

I (2)[w] =B(z,w) —

Hence z € C'(R,R®) is a 2m-periodic solution of the modified Hamiltonian
system (26) if and only if 2 € E is a critical point of the C'-functional I.

As it has been previously mentioned, the existence of a critical point of Iy
will be deduced by applying to this functional the following theorem.

Theorem 11 ([14, Theorem 3.1]) Assume that the Hilbert space E has a split-
ting E=E®F and let T : E — R a functional given by

I(z) = (Lz,2) + b(2),
where

(Zy) L: E — E is a linear, bounded, selfadjoint operator,
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(Z2) b: E — R is of class Ct in E with compact derivative V',

(Z3) there exist two linear bounded invertible operators By,Bs : E — E such
that if P : E — E is the projection of E onto E, for every T > 0 the linear
operator

B(r):= PB; Y exp(rL)By : E —» E

1s invertible.

Assume also that

(PS) any sequence (zm) C E for which (Z(zy)) is bounded and I'(zy,) — 0 as
m — 00, possesses a convergent subsequence.

Let p >0 and e € E with ||e|| =1 be fized and for i > p/| By ' Bael|, 2 > p,
we define R
S={Biz:||z| = p, z € E},

Q=DBy({re+2z:0<r <7, z€ E,|z|| <r2}),

and denotes by OQ the boundary of Q relative to the subspace Ba(span{e}® E).
Let also T be the family of all functions v € C(E x [0,1], E) satisfying

(T'1) there exist 7 € C(E % [0,1],[0,00)) which maps bounded sets into bounded
sets, and a compact operator T : E x [0,1] — E such that

v(z,t) = exp(r(2,t) L)z + T(2,t), Vze B, Vte€0,1],

(T2) v(z,t) =0, for every z € 0Q),
(T'3) ~v(2,0) = z, for every z € Q.
If there is a constant 6 > 0 such that
(i) Z(z) > ¢ for all z € S,
(i) Z(2) <0 for all z € Q,
then there exists z € E such that

I(z) = c:= inf supZ(y(z)) and I'(z) = 0.
Y€l 2eQ

In order to apply the above theorem to the functional Ix we need to split
the space E. We consider the orthogonal decomposition of E given by

E=E ®E°®E", 2=z +2"+:", VzeE,
where, if ai, b, € RS are the Fourier coefficients of z € E,

E° = {2 =ap : ap € R®},
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and
o0

BEE ={*= Z(ak coskt + Jay sinkt) : aj,as,... € R%}.
k=1

Taking into account that if ay, by € RS (respectively, ax, bx € RS) are the Fourier
coefficients of z € E (respectively, w € E), then the bilinear form B : ExE — R
satisfies

B(z,w) = ﬂZkz(Jak by — Jby - ag), Vz,we B,
k=1

we deduce for every z = 2~ + 20 + 2zt € E that
1 Lo 42 -2
A(z) = 5B(z,2) = (=717 = l=711%)-

Moreover, if z = (p,q) € E¥, then for some a; = (a},a?) € R® x R® (k > 1),
we have

z = Z(ak cos kt + Jay, sin kt),

k=1
and
o0 o0
p= Z(a,lC cos kt F af sin kt), q= Z(ai cos kt + aj, sin kt).
k=1 k=1
Hence,
oo
Ipll = llal = 7> Klarl,  l121? = 2llp]*. (32)
k=1

In order to apply Theorem 11, take
B B 2
E=E-"®E’ E=E" I=1Ig, bz = Hg(t, z)dt
0

and L : F — FE the bounded, symmetric operator given by B(z,w) = (Lz|w)
for any z,w € E. Choosing u,v > 1 such that

U 1 v

1
=< 9 < ’
2 u+v v u+v

(33)

(since 1/2 4+ 1/v < 1) we consider the linear, bounded, invertible operators
Bi1,Bs : E — FE given by

Bi(p.q) = (0" 'p.p""'q), V(p,q) € E, By =Identity.
Let P: E — E be the projection of E onto E~ @ EY and for 7 > 0 consider

B(r) = PBy'exp(7L) : E- ® E° — B~ @ E°.
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Observe that for every z € E~ @ E° with 2 = (p~,¢7) + (p°,¢°) one has
that

B(r)z=(p""" + p" exp(—1)(p™.q7) + (0", 0 7",

which implies that B(7) is invertible for any 7 > 0. Consequently, the hypothe-
ses (Z1) — (Z3) hold true in this case. In addition, (PS) is satisfied.

Lemma 7 Ik satisfies (PS) condition.

Proof. Consider (z,,) C E such that (Ix(z)) is bounded and I (z,,) — 0 as
m — 0o. We write z,, as 2, = (Pm, gm) for simplicity. Using that

B((Pms @)y (0ms 0)) = A(zm) = B((Pmr dm), (0, 4m)),

it follows that

Ty () (P 0)] — I () = / T o W g — 14 Vic(ts )t

2w
Pm — WK(tv Qm)
- : (pm - WK(ta Qm) + WK(ta Qm))dt
0 V1+Ipm — Wkt gm)?
2m 1 27
dt + Vi (t,q)dt — 2w
0 \/1+|Pm—WK(tan)|2 0
2w
m W t, m
- P K (t,gm) Wik (t, gm)dt.
0 \/1 + [pm — Wk (t, qm)|?

This together with (27) and (29) imply that

T (zm)[(Pm 0)] = T (2m) = C(llgm Iy, — 1) (34)

On the other hand, one has that

27
I;((Zm)[(o’qm)] - IK(Zm) - /0 (\/1 + |pm - WK(ta Qm)|2 -1+ VK(ta Qm))dt

27
p— Wk(t, qm)
+/ \% WK(ta Qm) : -V VK(t7 Qm) : det
0 ( 1 \/1 + |p7n - WK(t7 q’m)|2 /

This together with (28), (29) and the inequality V14 s2 —1 > s — 2 for every
s > 0 imply that

Pl < T (2m) (0, g )] = T (zm) + Cllgmll}; + 1)-

Using this inequality and (34), we deduce that for m large enough,

, 1
[pmlls + llgmlly < Sllzmll + C. (35)
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Next, writing z,, = 2, + 2% + 25 = (p,.. ¢,) + 0%,,%) + (), q), one has
that

2r Pm — WK (ta Qm)

V1+ Pm — Wi (t, gm)]?

2
Pm — Wk (t, gm) +
+/ V Wik (t, gm) - -V Vk(t,qm) | - gndt.
0 ( ! VIFpm - Wit a2 °

P dt

I (zm) ] = 21 —

Using (31) it follows that

°r Pm — WK (t, Qm)

+
- pydt
0 \/1 + |pm - WK(t»Qm)‘Q

<|phlli < Clpkll,

and

2m
Pm — WK(t7 Qm) +
VWk(t,qm) - gndt
/o ( Wieltsan) >|2>

< Cllgmll < Cllgy |-

+ |pm - WK(t7 dm

Using again (31), (28) and Holder inequality, we deduce that

27 27
‘/ quK(ta Qm) : qurrL‘ dt < / |quK(ta Qm)quﬂdt
0 0

< Cllgmll + Clllgml” g llx
< Cllgpll + Cligmlly ™ gl
< Cllgmll + Cllgm ™ lgz I

Then, using that I}, (z,) — 0 as m — oo, it follows that
T (zm) 2]l < [z |
for large m, and then
Izl < Uzl + Il + Nl + llam 12 gkl < CllzblI (L + lamlly ™),

which implies that

[zl < CA+ llgmlly ™). (36)
Similarly,

2l < CL+ llgmlly ™). (37)

Next, taking projection onto the space of constants and using (34), it follows
that

lam|” < Cllamlly < CA+ Ipml),
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that is
[goal < CQ+ lpmlI'7)- (38)
On the other hand, using (31), (36) and (37) it follows that

27 o | < llpmlly + o111 + o 12
< pmlls + CUlzE I+ lzmll),

and

Pl < Il + C L+ llgmlly ™). (39)
Finally, using (35), (36), (37), (38) and (39) it follows that
v v=1 1
lzmll < Clllzml"” + llzm = +1) + S ll2mll,
from where

v—1

v —|—]_)7

lzmll < Cllzml” + llzm]

and then (z,,) is bounded in E. This implies, using a standard argument, that
(zm) has a convergent subsequence. |

In order to show that hypotheses (i) and (i) of Theorem 11 hold true, define
for p>0
S={Biz:|z| =p, z€ ET},

and for fixed e € E* with ||e|| = 1, r1 > p/|| By ‘e|| and 2 > p, we also define
Q={re:0<r<r}e{zcE-0E": |z <r},
and consider 0Q) as the boundary of ) relative to the subspace
E =span {e} ® E~ @ E°.

Lemma 8 There exist 0 < p < 1 and § > 0, which may depend on K, such
that Ix(z) > 0 for all z € S.

Proof. Let (p,q) € ET and take z = (p“~'p, p""'q) for some p > 0 that will be
chosen later. One has that

UTV— 1 UTUV—
A(z) = p"t" % A(p,q) = 37" 2(p, )%,

and by (32)
I(p a)ll = V2[lp]l = v2|qll.

Using (V2) and (W) it follows that there exists C' > 0 which may depend on K
such that

|WK(t7Q)‘2 =+ VK(t7Q) < C|Q|V for all (t7q) eRx RB'
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This inequality together with

1
Vi+s2-1< 552 for all s € R,
implies that there exists C' > 0 depending on K such that
Hy (t,p,q) < C(lp|* +|q|") for all (¢t,p,q) € R x R® x R3.

Then, using this inequality we can follow the arguments in Lemma 2.3 from
[14]. Indeed, the cited inequality together with (31) implies

1 — — v(v— v
2, 012 = C* MV pl3 + o Vlally)

57 2@l = CP D pl? + p Vgl

Ik(2)

Y v
— N

Hence, if we consider ||(p,q)|| = p, then by (33) one has that

1
IK(Z) > 5pu—',-v —C(p2“+p””) >4

for some 0 < p <1 and 6 > 0. [ |

Lemma 9 If z +re € E, then Ix(z +re) — —o0, as ||z + re| — .
Proof. Given z + re € E, reminding that ||e]| = 1, one has that
Iz + rell* = r* + [l27||* + 272",

It follows that if ||z 4+ re|| — oo, then either one has that |r| — oo or one has
that |r| < M for some M and ||z~ || + [2°| — oco.

In the case that |r| — oo, if z+re = (p, q), using that \/1 +|p— Wk(t,q)]?—
1> |p—Wk(t,q)| — 2 and (29) it follows that

VI+lp =Wkt Q2 —1> [p| —cs —2.

This together with (27) imply that there exists ¢ > 0, which may depend on K,
such that

r? = Cllqlly,

N

(r? = 12717 = Clpll + lally + 1) <

N =

Ig(z+71e) <
Observing now that there exists ¢, > 0 such that

_ 1/2
gty < g™l + 6%l + llg~ +a°llw < cullallv, (Ya € HyP),
we deduce that there exists d, > 0 such that if we denote e = (eg, ea), then

lally = dulr|”[lezll7, (40)
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and hence i
Ix(z+re) < 57"2 — Cd,leallv|r)”

and, using that v > 2 implies that 172 — d, [|e2||%|r|” — —o0 as |r| — oo we get
the conclusion of the lemma in this case.

Assume now that |r| < M for some M and ||z~ || + |2°] — oo. Then, using
that an analogous inequality to (40) holds true for p instead of g, it follows that

Pl < Clplli,  14° < Cllally,

which implies that I (z 4+ re) — —oo also in the second case. [ ]

Lemma 10 For any K there exists rx > 0 such that if 1,79 > rK then
Ix(2) <0 for all z € 0Q.

Proof. Tt follows from (V1) that
Ix(z) <0forall z€ E- @ E°.

The proof is then concluded by Lemma 9. [ |

By Lemmas 7, 8 and 10 it follows that [k satisfies all hypotheses of Theo-
rem 11. Therefore, we conclude the following existence result:

Corollary 3 The modified Hamiltonian system (26) possesses a 2m-periodic
solution zx = (pr,qr) € E such that Ix(zx) > 0.

5.4 Proof of Theorem 10

Consider the 2m-periodic solution of the modified Hamiltonian system (26) given
by Corollary 3, i.e. zx = (pxk,qx) € E such that Ix(zx) > 0 and

pr — Wk (t, qx)
V1+px — Wkt qx)|?
prx — Wk(t, qx)
V1+px — Wit ax)?

We claim that there exists a positive constant C' independent of K such that
llgx|loo < C for every K. Indeed, by (27) and (29) and a similar argument to

p/K :quK(t,qK) . - quK(ta QK)>

Ik =
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the one used in (34) we obtain
2m
1
dt
o V1+Ipx — Wk(t,qx)?

2

+ VK(t,qK)dt— 2T
0

I (z6)(pK, 0)] — Ik (2x) =

27
— Wk (t
o V1+Ipxk —Wk(t qx)l
>Cliqll; =27 (1 +C)
2m
— Wk(t
_ PK K( 7QK) WK(t,qK)dt

0o 1+ px — Wkt qx)]?

From the definition of Wi and (Ws) it follows that there exists C' > 0 indepen-
dent of K such that

(Wi (t,a)l < C(lgl” +1),
for all (¢,q) € R x R®. This implies that

o pPr — Wk(t, qx)

o V1+Ipx — Wk(t, qx)P?
Then, it follows that
0 = I (z5) (P, 0)] >Cllgc Iy, = 2w(1 + C) + I (2x) — Cllaxclg + 2 C,

< Cllgxll§ + 2rC.

which together with Ix(zx) > 0 imply that there exists C' > 0 independent of
K such that (here it is important to note that 6 < v),

laxc Iy < CL+llaxcl1§) < C(L+ llaxlly),
and hence there exists C' > 0 independent of K such that
lgrll., < C. (41)

Now, for every i = 1,2, 3, choose t; € R such that the i-th component g% of gx
satisfies that

, 1 [
Gy (t;) = g/o qrdt.
Using then that
) T ) T 1 2m
die(r) = [ i) = [ Gioyae+ o [ dia,
t; t; 0

together with (41) and ||(¢%)|lcc < 1 we obtain the existence of a positive
constant C' independent of K such that

/ (gh)dt + qie(t:)| < C, VY71 eR.
t

i
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As a consequence, there exists a positive constant C' independent of K such that

laxlloo < €

proving the claim. By this, for every K > C, we have

VK(tqu(t)) = V(tqu(t))a WK(tqu(t)) = W(t’qK(t))v vt e R

and thus, zx is a solution of (25).
Moreover, if zx were constant, then using (V7) it would be deduced that

2
IK(Zk) - — HK(ZK)dtgo,
0
contradicting that Ix(zx) > 0. Therefore, zx is a 2m-periodic nonconstant
solution of (25) and the proof of Theorem 10 is complete. ]
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