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Abstract

We consider the problem of the existence and multiplicity of periodic solu-
tions associated to a class of scalar equations of the form 2" + f(¢,z) = 0.
The class considered is such that the behavior of its solutions near zero and
infinity can be compared two suitable piecewise linear systems. We show
how a rotation number approach, together with the Poincaré-Birkhoff the-
orem and the phase-plane analysis of the spiral properties, allows to obtain
multiplicity results in terms of the gap between the rotation numbers of the
referred piecewise linear systems at zero and at infinity. These systems may
also be resonant. In particular, our approach can be used to deal with the
problems without both global existence of the Cauchy problems associated
to the equation and the sign assumption on f. The typical example is a par-
tially superlinear second order equation. Our main result generalizes some
classical results of Jacobowitz and Hartman, among others.
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1. Introduction

We are interested in the existence and multiplicity of periodic solutions
of the equation

"+ f(t,x) = 0. (1.1)
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We assume that f : RxR — R is continuous, 2n-periodic with respect to first
variable and locally Lipschitz-continuous with respect to the second variable,
in order that uniqueness for the associated Cauchy problems is guaranteed.
Weaker conditions could be assumed as well, see [9, 11].

The second order differential equation (1.1) is the canonical model for the
motion of a periodically forced nonlinear oscillator without friction effects. In
this context, the study of the existence and multiplicity of periodic solutions
has a long history, with methods ranging from variational methods [1, 2],
Poincaré-Birkhoff twist theorem [9, 19, 20|, to Leray-Schauder continuation
method [5, 6] or many other techniques based on fixed point theory and
topological degree.

As a result of the absence of friction and the underlying hamiltonian
structure, the Poincaré map of (1.1) is an area-preserving homeomorphism.
Following a suggestion by Moser, Jacobowitz [20] first applied the celebrated
Poincaré-Birkhoff twist theorem to prove the existence of infinitely many pe-
riodic solutions for superlinear second order equations. His result was refined
one year later by Hartman [19]. To apply the Poincaré-Birkhoff theorem one
needs to estimate the rotations of solutions of (1.1) around the origin. If a
solution z(t) exists in [to, tp + 27| and the solution curve (z(t),2'(t)) in the
phase plane never passes through the origin, the associated rotation number
can be defined as
6(275, Zo) — 9(0, Z())

2r
where 6(t; zp) is the polar angle function of the solution curve z(¢;29) =
(x(t),2'(t)) with the initial value condition z(tp; zg) = 2o. In the cited classi-
cal references, the following sign condition is assumed to estimate the rotation
number

(fo) sgn(z)f(t,z) >0 for || > 1 and t € R.

On the other hand, to assure that Poincaré map is well-defined, it is com-
monly assumed conditions for the global existence of the solutions.
When (1.1) is of Duffing type,

2"+ g(x) = p(t), (1.2)

rots(z9) =

)

the sign condition reads as

() sem(x)g() > max|p(r)] for |o] > 1.
From (go) it follows that all the “large” solutions x of the autonomous equa-
tion 2" + g(x) = 0 are periodic and the orbits of the equivalent system define
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a global center in the phase plane R? (except for a compact neighbourhood
of the origin). Thus, (1.1) is a case of perturbation of a center and the global
existence of the solutions of (1.1) is guaranteed by using the Grownwall in-
equality. Moreover, one can use the fundamental periods 7,(M) of solutions
satisfying maxx = M for M — +oo to estimate the rotations behaviour
of solutions of (1.1). Using this approach, Ding and Zanolin [9] applied a
generalized version of the Poincaré-Birkhoff theorem by Ding [8] to prove the
existence of infinitely many periodic solutions for the Duffing equations with
superquadratic potential. We also refer to [13, 23, 24, 25, 26, 28] and the
references therein for other related papers on this line.

When (1.1) is not of Duffing type, the case is relatively more complex.
The continuity of f and the sign condition are not enough to guarantee the
global existence of solutions of (1.1). In fact, it was shown in [7] that there
are positive continuous 2m-periodic functions ¢(t) such that the differential
equation z” + ¢(t)z® = 0 has a solution which does not exist on [0,27].
Thus the Poincaré map may not be well defined. To overcome this difficulty,
besides assuming the uniqueness for the initial value problems, Jacobowitz
[20] considered the successor map, instead of the Poincaré map. However,
in order to have this map well defined, he needed to assume a stronger sign
condition on the nonlinearity, namely (fy) for any x # 0. One year later,
Hartman [19] was able to avoid this additional condition. His approach
consists in modifying the nonlinearities and making use of some a priori
estimates for the solutions with a prescribed number of rotations in the phase
plane. Recently, Fonda and Sfecci [15] develop this idea and use the so-called
admissible spiral method, a tool introduced by the same authors in [14], to
prove the existence of infinitely many periodic solutions for weakly coupled
superlinear second order systems by using a higher dimensional version of
the Poincaré-Birkhoff theorem recently obtained by Fonda and Urena [16].
In [15], a sign condition similar to (fp) is also used to construct admissible
spiral curves.

In what concerns the use of Poincaré-Birkhoff theorem without the sign
condition, one can mention the paper of Boscaggin, Ortega and Zanolin [4] for
multiplicity of subharmonic solutions of the forced pendulum equation. We
also refer to [14, 22, 29] for recent results for planar systems. A different line of
research considers (1.1) under asymptotically linear conditions. For instance,
Zanini [30] analyses a relation obtained in [18] between rotation numbers and
eigenvalues of Hill’'s equation and multiplicity results of periodic solutions
are obtained using this relation. More recently, Margheri, Rebelo and one



of the authors [21] consider the equation (1.1) with an asymptotically linear
property at the origin and at infinity. Then, a rotation number approach
together with the Poincaré-Birkhoff theorem and a recent variant of it [22],
allows to obtain multiplicity results in terms of the gap between the Morse
indexes of the referred linear systems at zero and at infinity. More precisely,
consider for i = 0, oo the following assumptions

(Hy) f: RxR — Ris continuous, 2n-periodic with respect to the first
variable and locally Lipschitz-continuous with respect to the second variable,
f(t,0)=0.

(H!) there exists a function a; € L'([0,7T]) such that

a;(t) < liminf ft2)

T—1 X

uniformly a.e. in ¢ € [0, 7T].
(H!) there exists a function b; € L'([0,T]) such that

b;(t) > limsup fit.o)

T—1 X

uniformly a.e. in ¢ € [0, T].

The main result of [21] gives multiplicity of periodic solutions if either (H))
or (H}) holds and both (H')) and (HZ.) hold. In fact, although for each i
only one of the two assumptions (H!), (H?) is used at a time to estimate the
rotations of the solutions of (1.1) at zero and at infinity, assumptions (H' )
and (H.)) together are needed to guarantee that all solutions of Cauchy
problems associated to (1.1) are defined globally on [0, 2%]. So, it is natural
to ask if (HZ,) can be removed.

The main aim of this paper is to provide a rotation number approach to
deal with the problem without both global existence and sign assumption.
The model example is a partially superlinear second order equation, that is
for (1.1) we assume that

(f1)  f(t,z)/z > 1(t) for |x| > 1 and t € [0, 2w|, moreover,

lim f(t,)

|| =00 X

g —i—OO’ fOI‘ t E [ C [07 QTC],

where I[(t) € L' and T is a set of positive measure. A similar condition was
used in [3] (see condition (f2) therein).

If compared to [21], we will consider a more general piecewise linear set-
ting, that is we assume that



(H!)) there exists functions a. € L'([0,7T]) such that

a(t) < liminf f(t,z)

r—+o00 x

uniformly a.e. in t € [0, T,
(H})'  there exists a function by € L(]0,T]) such that

b (t) > limsup f(t,2)

x—0E 'y

uniformly a.e. in t € [0,7].

The following is the main result of this paper. The usual notation 2+ =
max{z,0}, = = max{—=z, 0} for the positive and negative part of a number
is used.

Theorem 1.1. Suppose that (1.1) satisfies (Hy), (Hy)' and (H.)). Let us
define pso, po the rotation numbers of the piecewise linear equations x" +
ar(t)xt —a_(t)z= = 0 and 2" + by (t)xt — b_(t)z~ = 0, respectively. If
Poo > po, then for any n/m € (p(by), p(as)), equation (1.1) has two 2mm-
periodic solutions. Moreover, such 2mm-periodic solutions make exactly n
turns around the origin in the time [0,2mm].

This theorem improves the main result of [21]. As a consequence, it is not
difficult to prove the following result, that generalizes the classical results of
Jacobowitz and Hartman, among others.

Corollary 1.1. Suppose that (1.1) satisfies (Ho) and (f1), then for any m €
N, there exist infinitely many 2mm-periodic solutions for equation (1.1).

The rest of the paper is organized as follows. In Section 2, the funda-
mental notion of rotation number is introduced together with some auxiliary
lemmas. Section 3 is devoted to the proof of Theorem 1.1. Finally, some
applications and examples are exposed on Section 4, including the proof of
Corollary 1.1, which is presented as a particular case of a more general result
(see Corollary 4.1).

2. Definition and properties of the rotation number

Consider the first order planar system

¥=—y, v =f(tx). (2.1)



associated to (1.1). Let z = (z,y) € R? and the solution z(t;tg, z9) of
(2.1) such that z(t;to,20) = z0. We will write it simply as z(¢; z9) when
no confusion can arise. Under condition (Hp), from the uniqueness for the
associated Cauchy problems we know that z(t; zg) # 0 if zg # 0. Passing to
polar coordinates

xr=rcosf, y=rsinb,

we have

[ ft,x)
{ 0" = sin” 6 + — = cos?, (2.2)

r' = —rsinf cosf + @sin&.

If z(t; 2) exists in [0, 2@], we can define the 2m-rotation number associated
to z(t; zo) as

0(275; Zo) — 9(0, ZQ)
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where 0(t; zp) is the argument function of z(¢; zp). Accordingly, rot(zy) rep-
resents the total algebraic count of the counterclockwise rotations of the
solution z(t;zp) around the origin during the time interval [0,2w]. When
(2.1) is a piecewise linear system

)

rots(z9) =

v =—y, Y =qi(t)aT — (), (2:3)
the argument function 0(¢; zo) satisfies
0'(t) = q+(t)((cos 0)™)? 4 g_(t)((cos §)7)* + sin 6. (2.4)

Thus, 6(t; z9) only depends on the initial time t, and the argument value
6o € S' = R/(2nZ). In this case we can write the 2T-rotation number of
2(t; z0) as roty(wy), where wy = 2o/|29|. Moreover, the function

4+ (1) (c0s8)*)? + q_(t)((cos B) )2 +sin’ 8

is 2m-periodic in ¢ and 2n-periodic in #. In other words, (2.4) is a differential
equation on a torus. Therefore the rotation number of (2.4)

p(q> — lim e(tﬁo) - 60

t—o0 t

(2.5)

exists and it is independent of (¢, 6p).
In analogy to Propositions 2.1-2.3 in [18], we have the following relations
for the rotation number p(¢) and 2m-rotation number rot,(wp) of system

(2.3).



Lemma 2.1. Letn € Z, then
(i) p(q) > n < rot,(wo) >n, ¥V wy € S;
(ii) plq) <n < roty(wy) <mn, ¥V wy € S';

(1ii) p(q) = n if and only if there is at least one nontrivial 2n-periodic
solution 0(t;6y) of (2.4) with 6(2mw;0y) — Oy = 2nm.

Similarly, for m € N, we can define

6(277175, 90) — 90
21 '

roty" (wo) =
Then, the following lemma holds.
Lemma 2.2. Letn,m € Z, then
(1) mp(q) >n < rot) (wy) > n, V wy € S';
(11) mp(q) <n < roty'(we) <n, V wy €S

Next, we discuss a comparison result associated to the 2r-rotation number
for the nonlinear system (2.1). Then the behavior of its solutions near zero
and near infinity can be compared with two suitable piecewise linear systems,
one considered near zero and the other near infinity. Similar to that in [11],
we can prove the following lemma.

Lemma 2.3. Let f: [0,2n] Xx R — R be a Carathéodory function and let

q+ € L'([0,27w],R) be such that

f(t, z)
x

lim inf
T——+00

> q+(t)  uniformly a.e. int € [0,2m)].

Then, for each ¢ > 0, there is R. > 0 such that, for each solution z(t) of
(2.1) with |z(t)| > R., Vt € [0,2m)|, it follows that

rots(zg) > roty(wo) —e, fort e |0,2n], with wy = =2

[z0]"

Respectively, if

flto) _

lim sup < q+(t) wuniformly a.e. int € [0, 2x],

T—+00 €



then, for each € > 0, there is R. > 0 such that, for each solution z(t) of (2.1)
with |2(t)| > R., Vt € [0,2m)], it follows that

rots(zo) < roty(wo) +¢, fort e [0,2n], with wy = 2%

|20 *

Furthermore, if we assume that

lim inf AGED)
r—0 x

> q+(t) uniformly a.e. int € [0, 2m],

then, for each € > 0, there is r. > 0 such that, for each solution z(t) of (2.1)
with 0 < |z(t)| <., Vt € [0,2m|, it follows that
rots(zg) > rot,(wo) —e, fort € |0,2n], with wy = 2>

EN

Respectively, if

limsup ——= < g4 (t) wniformly a.e. in t € [0, 27w,
z—0 €

then, for each € > 0, there is r. > 0 such that, for each solution z(t) of (2.1)
with 0 < |z(t)| < re, Vt € 0,2m|, it follows that

rots(z) < rote(wo) +¢, fort € [0,2m], with wy = 2.
Remark 2.1. As remarked in [11], Lemma 2.3 does not require the glo-
bal continuability of the solutions on [0,2m] (which may fail, for example, if
f(t,x) has superlinear growth in ). Hence, the claims of this lemma have to
be considered only in regard to those solutions z(t) of (2.1) defined on [0, 27|
and such that z(t) # 0 for all t € [0, 2m|.

3. Spiral property, modified Hamiltonian systems and the exis-
tence of periodic solutions

If there is no global existence of the solutions z(¢; zy) in [0, 2] for the non-
linear system (2.1), the 2n-rotation number rot ¢(zp) is not well-defined. Thus
the global existence is a crucial requirement for applying Poincaré-Birkhoff
twist theorem. Although the assumptions (Hy), (H. ), (Hp) alone are not
enough to guarantee the global existence, we will find that the solutions of
nonlinear system (2.1) have a spiral property under (Hy), (H. ) and (Hp),
that is if z(¢;to, z0) is defined in [tg,t1], and Ar = |r(t1;to,600,70) — 70| > 1
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then A0 = |0(ty;t0,00,70) — 00| > 1, where (0(t;to,00,70),7(t;t0,60,70))
are the polar coordinates of z(¢;tg, 20). This idea is similar to that used
in [10, 12, 15], but in our case a more delicate phase plane analysis is needed.
More precisely, the following lemma is crucial.

Lemma 3.1.  Let f(t,x) satisfy (Hy), (H..) and (Hf). Then for any fived
m, Ny € N and sufficiently large r,, there are two strictly monotonically
increasing functions &y, &y ¢ [rs, +00) = R, such that

&y, (1) = o0 <= r = +o0. (3.1)

Moreover, for any ro > 1., the solution (6(t;6o,70),7(t;00,70)) of (2.2) satis-
fies that either

5&0(7“0) ST(t) Sf}{—fo(’ro), t e [to,t0+2mn],
or there exists ?No € (to, to + 2mm) such that
9(%\]\[0; 90, 7’0) — 90 = 2N07I.

Proof. For simplicity, we assume m = 1, Ny = 1 and ¢y = 0, but in the
same manner the conclusion can be proved for any ¢, € [0,2n], Ny > 1 and
m > 1. The first, second, third and fourth quadrant are respectively denoted
by Dy, Dy, Dy and Dj (see Fig. 1).

Let z(t) = (x(t),y(t)) be the solution of (2.1) satistying (x(0),y(0)) =
(0,y0) with yo = ry large enough. We will describe the behaviour of the
solution in the following steps.

Step 1. We will prove that there exists fﬁom) (r9), with
51:50(2)(7”0) — 400 <= 1y — +00,
such that either
2(t) € D1 U D, {&0(2) (ro) <7r(t) < 5;{,0(2) (ro0)

for t € [0, 27|, or there exists to € (0,27) such that the latter inequality holds
for t € [0,t2) and, moreover,

z(ty) =0, y(ta) <0, 2'(t2) >0 and x(t) > 0 for t > t3 and ¢ near ¢y,



see Fig. 1.

We discuss the estimates of z(¢) in the following cases.
Case 1. Let z(t) € Dy for t € (0,t;), where t; < 2m. Define an energy
2

function v(z,y) = % + G (), where

Garle) = [ anr(s)ds, gar() = sgn(e) max{a. ma (8, 2)] + 1}
0 t€[0,2n]
Then,
Gu(zr) — 00 as  |z| — oo.

Moreover,
d
—0
dt

It follows that

(z(t),y(t) = yy' + gu(x)z’ = (f(t,x) — gu(z))y > 0.

v(z(t),y(t) = v(x(0),y(0)) = =, for t € (0,t].

Denote by I'y, the curve v(z,y) = 50, then
r(t) = Eyyy(ro),  for ¢ € (0,1], (3.2)

where £y ) (o) = min{\/2* + y* | (z,y) € D1 N T} > 0 for ro sufficiently
large.
On the other hand, we have

d ,  dr dy
pril —2xa+2y%— 2xy + 2y f(t, ).

From (H!.), there exists g, such that f(¢,z) < (ay(t) —&o)z, where a, (t) €
L'([0,2m]). Then

d
Erz < —2zy + 2zy(ar(t) —ep) < r?(2 4 a4 (8)]),

Taking integrals on both sides of the above inequality, it gives

[ o< [Cr e

10



It follows that
/r'(t) S roefot(1+|a+(t)|/2)dt‘ (33)

1
Denote by &3, (o) = roe™**, where M = 3 027: lay (t)|dt. Then from (3.2)

we have
Enony(10) S 7(1) < EJy(ro),  for ¢ € [0,44]. (3.4)

If t; = 2m, the discussion is completed. If ¢; < 2w, z(¢) will meet y = 0
entering into Dy at t = ;.

kffvo(ro)

S
f
>

Figure 1: The spiral property

Note that now we are not assuming the sign condition ¢y = f(t,z) < 0
for —x large enough. Thus z(¢) could eventually return back to D; again.
Without loss of generality, we assume that there are t),ts € (t9,2n| such
that:

(1) 2(t) € Dy for t € [0,t1), y(t1) = 0;

(2) z(t) € D1 U Dy for t € [ty,t5], y(th) =0

(3) 2(t) € Dy for t € [th, ta), ta = 21 or x(t2) = 0.

The estimate of (1) has been given in Case 1. Since we can obtain an
estimate of z(t) for ¢t € [t} t5] only dependent on r(t}), we will discuss the
estimate of (3) firstly, then give the estimates of (2).

11



Case 2. Let z(t) € Do, t € (t},t2), then z(t) < 0, y(t) < 0. In this case,
d
—v
dt

It follows that

(@(t),y(t) = yy' + gu(@)2’ = (f(t, ) — gu(x))y < 0.

v(z(t),y(t) < vlz(ty), y(ty)) = Gule(ty)), for € [ty ta).
Denote by I'yy the curve v(z,y) = Gy(2(ty)), then

r(t)gétz, for t e [th,ty), (3.5)

where £;g = max{\/2? +y? | (v,y) € Dy Ny} is dependent on r(t5).
On the other hand, we have

d , dz dy
P 2x$ +2y—= = —2zy + 2y f(t, x).

From (H'.), there exists gy, such that f(¢,z) < (ay(t) — g¢)z. Then

d 2
d_Tt > 22y + 2zy(ar(t) — o) > —1*(2+ |ap(t)]).

Using the Gronwall inequality we have

r(t) > r(ty)e T O po e Tt ). (3.6)
We note that (3.5) and (3.6) give estimates of z(t) for t € [t}, t2] dependent
on r(t).

Case 3. We proceed to the estimation of z(t) for ¢t € [t1,t,]. We will prove
that

Enozy(T0) S 7(1) <&y (ro),  for ¢ € [t 1y, (3.7)
where
5&0(2)0"0) = 5]?[0(1)<T0>e_(2n+M)
and

6]—\%(2) (o) = max{\/2? + y2|(v,y) € Do N},

where 'y, is the curve v(z,y) = GM(QJ{,O(D(TO)).

12



From the uniqueness for the associated Cauchy problems and the vector

field constraint condition 2’ = —y, the nonzero solutions can never perform
clockwise rotations at y-axis. Then there is dy > 0, such that z(t) < —d for
t € [t1,t]. Let f,(t,x), n=1,2,---  be analytic functions satisfying

lim f,(t,z) = f(t,x) uniformly for z € [—5;0(2) (ro), —do/2], t € [0, 2m).

n—oo

Let z,(t) be the solution of 2" + f,(t,z) = 0 satisfying the initial conditions
xn(t1) = z(t1), «/,(t1) = 0. Then, by using the theorem for the dependence

on initial conditions and parameters we know that z,(t) = (x,(t), —2,(t))

exists for t € [t,t,]. Moreover,

lim z,(t) = 2(¢t) uniformly for ¢ € [ty,1]. (3.8)

n—00

Without loss of generality, we let x,,(t) < —dy/2 for t € [ty,t})].
Ya

&x, (10)

Figure 2: A solution turning back to region D;.
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Next, we will prove that
Eno2)(10) S alt) = [2n(t)] < X ) (10),  for ¢ € [ty ). (3.9)

Therefore, (3.9) and (3.8) implies (3.7).

Since f,(t,x) is analytic, so is 2, (t). Thus y,(t) has only a finite number
o zeros in [ty, t5]. Without loss of generality, we let t},t] € (t1,t}) such that
Yn(t) = yu(t]) = 0 and z,(t) € Dy for t € [t1,t]], z,(t) € Dy for t € (t},t]]
(see Fig. 2).

When z,(t) € Ds, we use the similar argument as in (3.5) and (3.6) to
obtain

ra(ty)e Fa OHacOI2d oy < e for ¢ e fty, 8], (3.10)

where & = max{y/2% + y?| (z,y) € DoNT'ay, } and Ty, is the curve v(z, y) =
Gur(z(t1)). Moreover, since x,(t) = —y,(t) > 0, we have

— 20 (t)) < —an(ty) = ra(ty). (3.11)

When z,(t) € Dy, using the argument in Case 1, and from the analogous
estimation of (3.3), we find

ro(t) < o (t,)elA T OUDE - p e ). (3.12)

Moreover, since z/,(t) = —y,(t) < 0, we have —x,(t) > —z,(t]) = r,(t)).
Thus,

ra(t) > —x,(t) > 1, (t)), for te [t t]]. (3.13)

In particular, we get the following estimates related to the zeros t,¢] of
Yn(1): /
t
ro(ti)e” Joi Atlas @/2)dt 2, ()] < Ta(ts).

and
a(ty)e O OV < g (1)) < (1)l Ol /200

In general, assume that tgk) is the k-th zero of y,(t), then it satisfies

(k) (k)
r(th)e” S (lay (0] /2)dt < ]mn(t(k))| < rn(tl)efttll (1+]a4(8)|/2)dt

14



Then for the k + 1-th zero tgkﬂ)

first one is z,(t) € D for t € (tgk),tgkﬂ)), then using the similar argument
for (3.12) and (3.13) we have

, if it exists, we have two possibilities. The

(D)
Jay Qtlar@)/2)dt
[n ()] < (8] < (e - B
The second option is z,(t) € D for t € (%, ¢ In this case, using the
similar argument for (3.10) and (3.11), we have

(k+1)
f(k) (I+|a+()]/2)dt (k+1)
ralti)e < Jan(t )] < Joa(t)] (3.15)
Inequalities (3.14) and (3.15) imply that
k+1) J(B+1)

(
rn(tl)e_fttll (Itlat(®)/2)dt |$n( (k+1) )| < ro(ty)e ftl (1+lat(@)|/2)dt

Therefore
rn(tl)e_ftt1(1+|a+(t)|/2)dt S ‘ZE ( )| < Tn( ) ftl 1+]a4(t)|/2)dt (316)

holds for any t € (t1,t}) such that y,,(t) = 0.

Now we can give the estimate of z,(t) for t € (¢1,t,). If 2,(t) € Dy, then
there exists t; € (t1,t,) with y,(t;) = 0, such that z,(s) € D; for s € (ty,1].
Using the similar argument for (3.12) and (3.13) we have

20 ()] = T(f1) < 7a(t) < rn(a)effl(lﬂw(t)l/?)dt
which recalls (3.16) and (3.3) to get

_ [2® a (1+]a 2)d
(r0)e Jo (I+|aq ()]/2)dt < ra(t) < rplty)e ftl +la (t)]/2)dt < €N (1)< ro).
N _ (3.17)
If 2,(t) € Dy, then there exists ty € (t1,15) with y,(f2) = 0, such that
zn(8) € Dy for s € (tg,t]. Then, reasoning as in (3.10), we have

51:70(1)

o (fp)e T 0l @Ol gy o &, (3.18)
2

where fg = max{\/z? +y?|(z,y) € D2NI'y; } and I'y; is the curve v(x, y) =
G (z(t2)). Note that from (3.3) we have

~ 7 7
|2, (8| < 7an(tl)eftl(1+\a+(t)\/2)dt < T(O)ef(f(lﬂw(t)\/?)dt < €JJ\FIO(1)(TO)-
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Then 55; < &y (10) = max{y/a? +y? | (z,y) € D2NTp,}, where Iy, is the
curve v(z,y) = GM(@T,O(I)(TO)). Therefore (3.17) and (3.18) implies (3.9).

For t > t,, there are two possibilities. The first one is z(t) € Dy for
t € [th,2m]. In this case, the estimate (3.7) holds for ¢ € [t},2n| by using
(3.10). Thus, in view of (3.4), (3.10), estimate (3.7) holds for ¢t € [0,2n] .
Otherwise, there exists ty € (f1,2®) such that z(t3) = 0 and z(t) € Dj for
t > ty. In this case, the estimate (3.7) also holds for ¢ € [0, t5].

Step 2. Similar arguments apply to the cases of z(t) € D3 and D,. For
example, when z(t) € D3, we have z > 0 and y < 0, then we have

d
—v
dt
On the other hand, there exists gg, such that f(¢t,z) > (ay(t) — o).
Then

(2(t),y(t) = yy' + gu(x)2" = (f(t,2) — gu())y > 0.

d
ETQ < —2zy + 2zy(ay(t) —g0) <132+ |ay (t)]).

Thus the argument for z(¢) € D is similar to that for z(¢) € D;.
In conclusion, we can find ff\t,o @) (ro) with

fﬁo(@(ro) — 400 <= ryg — +00,
such that
Enoay(T0) S 7(t) < &J (o), for  2(t) € D3 U Dy
Let
En, (ro) = min{&y ;) (ro), i = 2,4}, £, (ro) = max{ﬁj{,o(i) (ro),1 = 2,4}.

Then either

or there exists ¢, € [0, 2m), such that z(t) intersects = 0 at t = ¢; and z(t)
completes one clockwise turn around the origin when ¢ € [0,¢;]. Moreover,

Eny (o) < () < 5;(,0(7’0), for te [O,tAl].

Finally, it is clear that fﬁo(ro) can be chosen as strictly increasing functions
that satisfy (3.1). O
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The geometric meaning of Lemma 3.1 is that there is an annulus depen-
ding on initial values such that the solution of (2.1) either is located in this
annulus for ¢ € [ty,ty + 2mm| or completes Ny turns around the origin when
t € [0,1y,] with tn, € (to,to + 2mm). In other words, there are two spiral
curves guiding the solutions of (2.1) in the phase plane (see Figures 1 2),
forcing them to rotate around the origin as they increase in norm.

Next, let us define a modified Hamiltonian system. Consider a Hamilto-
nian function

2
=L 4 b +92)G( ) + [1 - k(o + ),

where G(t,x) = [ f(t,s)ds, k(z*+y?) € C=(R",R) is a truncating function
satisfying that

07 $2 + 3/2 > T2
k(x? +y?) = smooth connection, r; < 2%+ y? < ry;
]-a ZEQ + 92 S .

where r1, 79 are positive parameters, whose specific value of will be given in
the proof of Theorem 1.1.
For the associated Hamiltonian system

_oH d

= =~y —2y——[G(t, ) — 7%;

dy dr (3.19)
=0 0 16 w) a4 K ) [F ) — 2] 4 2
Yy = o mdﬂ ,T) — T o4y T T x,

it is very easy to check the following lemma.

Lemma 3.2.  Assume (Hy). the initial value problem associated to (3.19)
has a unique solution. Moreover, every solution z(t; z9) = (x(t; o, yo), y(t; o, Yo))
exists for any t € R. If |2(t; z0)| < 71, 2(¢; 20) is also a solution of (2.1).

If zo # (0,0), then z(t;z9) # (0,0) for every t € R. Thus, polar coordi-
nates

x(t; xo, Yo) = r(t; 20) cosO(t; z0),  y(t;xo,y0) = r(t; 20) sin O(t; zo),

are well-defined. Moreover, when x(t; xo,yo) = 0 then z'(t; xo, yo) = —y(t; 0, Yo),
the solutions can never perform clockwise rotations at y-axis. More precisely,
for any ty > t; > 0 and any k € Z, if 0(t1; z0) > kn+ /2, then

9(752, Zo) > km+ 7[/2
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Proof of Theorem 1.1. We will divide the proof into the following steps.

Step 1. By the continuity of the solutions with respect to the initial value and
the fact that z = (0,0) is a solution of (3.19), we can find I'_ = {z : |z| = 7.},
such that if z9 € T'_ then |r(t)] = |2(t;20)] < re, for ¢ € [0,2mn], where
e <min{n/m — p(by), p(as) — n/m}. Then, by Lemma 2.3 we have

6(2mm, zp) — 0(0, z9) < 2nm, for 2z e€l'_. (3.20)

Step 2. Let I'y = {z : |2| = Rw} and choose r; = R, where

Roo > (§41)” Y(R.), > &1 (Reo)

and R. is defined in Lemma 2.3. Then, system (3.19) is equivalent to the
original system (2.1) for |z] < ry.

Now, consider the solution of (3.19) starting from zy € I'y = {2 : |2| =
R} If R. < r(t) = |2(t;20)] < R, for all t € [0,2mm], using Lemma 2.3,
we have

6(2mm, zp) — 0(0, z9) > 2nm, for zp€l'y. (3.21)
If there exists ¢, € (0,2mn) such that r(t,) > R > &' (Rx), then the
inequality
o (20]) < r(t) < €741 (120l)
doesn’t satisfy for all ¢ € [0, 2mmn]. Therefore, by Lemma 3.1, we know that
there exists t, € (0, ;] such that

O(t’; 20) — 0(0; z) = 2(n + 1)
Moreover, by using Lemma 3.2, we have

0(2mm, z) — 0(0, zo) (0(2mm, z9) — O(t,; 20)) + (0(t.; 20) — 0(0, 2))

> —n+2(n+1)x > 2nm.

Finally, if there exists t] € (0,2mm) such that »(t]) < R. < §,,,(Rx), then
the inequality
o (20]) < r(t) < &4 (120l)

doesn’t satisfy for all ¢ € [0, 2mn], the same argument as above proves that
(3.21) holds.
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Step 3. Denote by A the annulus bounded by I'_ and I',. Consider the
Poincaré map
P:R* 5 Rz 2(2mm; 20).

Using Lemma 3.2, we know that P is a homeomorphism. In fact, since (3.19)
is a Hamiltonian system P is area-preserving homeomorphism. Moreover,
(3.20) and (3.21) imply that P satisfies the boundary twist condition on .A.
Applying the Poincaré-Birkhoff twist theorem (see the generalized versions
exposed in [27], [8], [17] and [26]), we conclude that P has at least two

geometrically distinct fixed points z;, ¢+ = 1,2, which correspond to two
2mm-periodic solutions z(t; z;), ¢ = 1,2 of system (3.19) with
0(2mm; z;) — 0(0; z;) = 2nm, i=1,2. (3.22)

Step 4. We will show that z(t; 2;), i = 1,2 are in fact 2mmn-periodic solutions
of (2.1). Note that 0 < |z1],|22] < Re. If there exists ¢; € (0,2mmn) such
that |z(t1;21)| > R, and |z(t; 21)| < R, for t € [0, ], then by using Lemma
3.1 we have

O(t1;21) — 0(0;21) = 2(n + 1)7.
Moreover, by means of Lemma 3.2, we have

0(2mm, z1) — 0(0,21) = (0(2mm, z1) — 0(t1; 21)) + (0(t1; 21) — 0(0,21))

> —n+2(n+ 1)n > 2nmw,

which contradicts (3.22). Therefore, |z(t;21)| < R/ for t € [0,2mn], and
z(t; 21) is a 2mm-periodic solution of (2.1). The same arguments are valid
for z(t; z2). Besides, (3.22) and Lemma 3.2 show that z(¢;,2;), i = 1,2 are
2mm-periodic solutions of (1.1) with 2n zeros in [0,2mm). Theorem 1.1 is
thus proved.

4. Some examples

We begin with some discussions for the estimation of the rotation number
of the asymmetric oscillator

4+ qi(t)rt —qg )z =0. (4.1)

By the arguments of Section 2, the rotation number p(q) exists with the
definition (2.5), and it is sufficient to consider to just consider the limit

p(q) — lim 9(27175; to, 90)

n—00 2nm '
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where tg, 6y can be selected arbitrarily.
The following simple lemmas will be useful.

Lemma 4.1.  Let 0(t;t9,0y) a nonzero solution of (2.4) and assume that
O(t1;to,00) > kn+ /2 for some k € Z. Then 0(t;1y,0p) > kn + /2 for any
t>t.

Lemma 4.2.  Let 0(t;t9,00) and 0(t;t9,01) be two solutions of (2.4) with
the initial values 0(to; to, 00) = 0y > 01 = 0(ty; to,61). Then

O(t; to,@o) > e(t;to,el), fO?" t> 1.

Lemma 4.3.  Let 6(t; o, 0y) be the solutions of (2.4) with the initial values
O(to;to,00) = 0y and p(q) the rotation number of (2.4). Then

|0(2mm + to; to, Oo) — O — p(q)m| < 2w, for m € Z.

The proof of Lemma 4.1 relies on the fact that a nonzero solution of (2.3)
can never perform clockwise rotations at y-axis. The proof of Lemma 4.2
uses the uniqueness of the solution of (2.4) with respect to the initial value,
then since the equation is scalar the solutions are ordered. Finally, the proof
of Lemma 4.3 uses Lemma 4.2 and the definition of rotation number.

With these basic tools, the rotation number can be estimated in some
particular cases.

Proposition 1. The following statements hold
(i) If q=(t) > a® for all t € [0,27)], then p(q) > a

(ii) Assume that qi(t) > a® > 0 for t € [to,to + ] and q+(t) takes other
values for t € (to + a, to + 2n|. Then,

aq

> | —.

plq) = [m]

(11i) p(q) > 0 if and only if there exists a solution x(t;ty, xo, ) of (4.1)

such that x(t;ty, xo,x,) has at least three zeros. In particular, if there

exists a solution x(t;ty, xg,xy) of (4.1) such that x(t;ty, xo, z,) has at
least three zeros in [0, 2w) then p(q) > 1.
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Proof.
Let us begin by proving (i). By using the hypothesis,

/2’“‘ do _ 2km
o q+(t)((cos0)T)? 4+ q_(t)((cos§))2 +sin*0 ~— a

Then Af[ty,t] = 0(t,to,0p) — 0o > 2km for At =t — ty = 2kn/a. From (2.5)
we have

p(q) > lim %g’t] >a

T t—+oo

To prove (ii), we consider the solution (¢; ¢y, mw/2). Let k € ZT such that
2kn < ace < (2k + 1)w. Then 0(tg + a;tg, n/2) > 2kn + 1/2. Moreover,

O(t;to,m/2) > 2kn+m/2, for t € (ty+ a,to+ 2m

by using Lemma 4.1.
Next, denote by 6, = 0(ty + 2m; tg, ©/2). From Lemma 4.2 we have

O(to+4m; to+2m, 01) > O(to+4T; to+21, 2kT+7/2) = O(to+4T; to+27, T/2)+2kT.
Thus 0(tg + 4m; to, ©/2) = O(to + 4m; to + 27, 01) > 0ty + 27; by, T/2) + 2k >
4km 4+ /2.
Similarly, we have
O(to + 2mm; ty,m/2) > 2mkn + /2, for m € N.

Therefore, we have

. O(to + 2mm; ty, m/2)
=1
plg) = lim =

> k= |

(lOéi|
onl

Finally, we proceed to prove (iii). Indeed, let us assume that z(t) =
x(t; to, o, x,) has three adjacent zeros

Denote by 6(t) the argument value of (z(t),2'(t)), then

cosf(t;) =0, |sinf(t;)| =1, i=1,2,3,
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which implies that 6'(¢;) > 0, i = 1,2, 3, so in consequence 6(t3) —0(t;) = 2m.
Suppose that t5 —¢; < 2mzn and 6(t,) = kn + ©/2 for some k € Z, then
0(t1 + 2mn) > (2 + k)m + ©/2 by using Lemma 4.1, that is

0(, + 2mm) — 0(t))] > 2.

As a result of Lemma 4.2, we conclude that p(q) > 0.
On the other hand, if p(q) > 0 we have a sufficiently large m € N such
that
|0(to + 2mm) — O(to)| > mp(q) — 2w > 4m.

Then, there are at least three times ty, to, t5 € [to, to +2mm| such that 6(t;) =
(k+1)m+ /2 for k € Z, which follows that

z(t) = x(t2) = z(t3) = 0.

Moreover, if z(t) = x(t; to, xo, x() has three adjacent zeros in [ty, to + 27),
that is, there are three times ¢1,tq,t3 € [to,to + 27) such that 0(t;) = (k +
i)m+m/2 for some k € Z, then we find 0(t; 4+21) —0(t1) > 27 by using Lemma
4.1, and 6(t; + 2nm) — 0(t;) > 2nm for n € Z by Lemma 4.2. Therefore, we
obtain p(q) > 1. O

Now, we can prove the following corollary for a partially superlinear dif-
ferential equation.

Corollary 4.1. Suppose that (Hy) holds and
(f2) There are ry, and ay(t) € L', k=1,2,---, such that

f(t,z)

> ag(t)z, for |x|>ry and te€|0,2n],

where the rotation number p(ay) of 2" +ay(t)xr = 0 satisfies that p(ay) — +00
as k — 0.

Then for any m € N, there exists n,N such that equation (1.1) has
two 2mm-periodic solutions x;,,(t), i = 1,2, for any n > ng,, such that
Timn(t), © = 1,2 makes exactly n turns around the origin in the interval
time [0, 2m].

Proof. From (H,), we have L,6 > 0 such that |f(¢,x) — f(¢,0)| < L|z|
for || < §, which implies (Hj) if we let by(t) = L. Moreover, p(by) = VL.
On the other hand, taking a..(t) = ax(t), condition (H')) is satisfied. Thus
Theorem 1.1 shows that, for any n/m € (p(bo), p(ax)), equation (1.1) has
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two 2mm-periodic solutions x; ,,, »(t), ¢ = 1,2. Moreover, these 2mmn-periodic

solutions make exactly n turns around the origin in the time [0,2mmn]. O
As it is seen below, it is not difficult to check that Corollary 1.1 is a

particular case of the latter result.

Proof of Corollary 1.1. It is enough to prove that (f;) implies (f2) and

apply Corollary 4.1. If (f1) holds, then for any & > 0, we have r; > 0 such

that f(t,x)/x > k for |x| > r, and t € I. Denote by

ag(t) =k, fortel and ax(t)=1(t), forte[0,2m\I.

Then from the argument used in the proof of Proposition 1 (ii), one has

plag) > [52] where v = mes([), which implies p(a;) — +00 as k — oo. The

conclusion of Corollary 1.1 is thus proved. O

Example 4.1. The typical example of a differential equation with a partially
superlinear nonlinearity, where Corollary 1.1 applies, is

"+ () =0,
with 1(t) > 0 for any t € [0,27n] and f02nl(t)dt > 0.

Nevertheless, it is possible to deal with other examples. To this purpose,
it is sometimes helpful to use the general polar coordinates

r=ucosyp, x = fusingy, (4.2)

where 5 > 0. Then

2y(t) = %<q+<t><<cos o) )2+ 4 (1) ((cos pg) ) + B2 sin? ).

Moreover,
|¢ﬂ(t7 th 00) - 0(t7 th 00)| < 7[/2, for t¢€ Ra

which follows that

. pp(2nm;ty, p(to))
-1
plg) = lim Y=

)

where tg, ps(to) can be selected arbitrarily. In this way, we can estimate p(q)
via @g. This approach is particularly appropriate in the following example.
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Example 4.2. For any sufficiently large m € N, the equation

(zt)?

1+ 22

2" + 4sint +4costr™ =0 (4.3)

has two 2mm-periodic solutions.

Proof The key point is to compute the rotation numbers p.,, po of the
equations
2" +ay(t)xt —a_(H)z” =0

and
2"+ by ()t —b_(t)x” =0,

respectively, where a;(t) = 4sint, a_(t) = —4cost, by(t) = 0, b_(t) =
—4cost. Considering the argument function @o(t;0,7m/2) via the general
polar coordinates (4.2), we have

1
0y(t;0,1/2) = 5(4 sint((cos ) T)? — 4 cost((cos py)™)? + 4sin? py),
from where
0y(t;0,1/2) > —2cost, for (o(t;0,/2) € [K/2, 7+ T/2],
©0n(t:0,1t/2) > 2sint, for o(t;0,m/2) € [R+ /2,28 + 7/2].

This implies that

n+7/2
902(75+1t/2;0,n/2)—n/2>/ —2costdt =4 > m.

/2

Moreover,
©o(t;0,m/2) >+ m/2, for t>mn+mw/2.

If po(3m;0,7/2) > 21 + 1/2 then x(t) = u(t) cos p2(t; 0,m/2) has three zeros
in [0,3m), which implies that p(as) > 0 by Proposition 1 (iii). Otherwise,
©2(3m;0,/2) < 21+ m/2. Then,

T+7/2 < po(t;0,m/2) < 2m+m/2, for ¢t € [2m,3m],

which implies that ¢} (t;0,m/2) > 2sint for ¢ € [2m,3w|. Then,

3n
©2(3m;0,1/2) — po(2m; 0, /2) > / 2sintdt = 4 > m.

21
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This is a contradiction. Therefore, p(as) > 0.

Using Lemma 4.3, it is easy to show that if p(by) > 0 then every solution
x(t; 0, zo, xy) of 2”4+ 4 costx™ = 0 has infinitely many zeros in (0, +00). Now
we observe that () = t satisfies that z(0) = 0, 2/(0) = 1 and z(t) >
0, 2”(t) =0 for t > 0. Thus z(t) = t is the solution of z” + 4 costz™ = 0 for
t € (0+ 00). But z(t) =t does not vanish on (0 + 0o). Therefore we have
proved that p(by) = 0.

From Theorem 1.1, for any n/m € (0, p(a)), the equation (4.3) has in-
finitely many 2mm-periodic solutions x; , »(t), i = 1,2, such that x; ,, ,(t), i =
1,2 make exactly n turns around the origin in the time [0, 2mmn]. O
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