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Approximate eigenvalues given by the Rayleigh-Ritz
variation method for handling linear differential equations
are examined and relations are established between the dis-
crete eigenvalues obtained in successive approximations.
These relations should be of use in practical computations.

A method for fixing upper bounds to eigenvalues is given
and a procedure previously employed by the writer to
simplify determinant calculations is adapted for use in the
present theory.

HE variation method! of Rayleigh and Ritz has found frequent application in the determina-

Con-

tion of approximate solutions for differential equations arising in physical problems.
siderations of ‘‘eits” and “‘eifs”’ (Bateman’s? useful abbreviations for ‘Eigenwerte’” and ‘‘Eigen-
funktionen’’) for excited wave mechanical systems have indicated that there are points which
require study. This note is a result of such investigation. Certain aspects of the behavior of eits in
successive approximations are examined here but no attempt is made to consider convergence or
approximate eits for continuous ranges.
For definiteness our equations are summarized. A linear differential equation® in variables x;, %3, - - -,
xy is considered:

CH(x1y * -+, x5, 0/9%x1, = -+, 8/0xxn) — W ¥o(x1, -+, xn)=0=[H— W ]¥.=0. (1)

W, is a correct eit associated with a correct eif ¥,. Corresponding approximations W, and ¥, are
given by the following equations:

v,= chq)n(xh "'7xN)y (2)
n=1
f VA dr=1, b f W F W A7 =0, f VA dr = W, 3)

In these equations &y, - - -, ®,, are m linearly independent known functions which satisfy the boundary
conditions.? The § refers to a first variation applied to the ¢,’s. The volume element of the x;, - - -,
xn-space is dr. The assumed properties of H and of the &'s give

I‘Iﬁ( =f‘i’i*Hq)de) =H7‘i*; we shall use 5ij=f‘13i*q>7d’r= 6ji*.4 (4:)

Egs. (2), (3) and (4) give

1See: N. Kryloff, Mem. des Sci. Math. fasc. XLIX
(1931); also, K. Hohenemser, Die Methoden sur Angenaher-
ten Losung von Eigenwertproblemen in der Elastokinetic,
pp. 27-30, Berlin, Springer, (1932); also, Kemble, Rev.
Mod. Phys. 1, 206 (1929).

2 Bateman, Partial Differeniial Equations of Maithe-
matical Physics, preface, Cambridge (1932).

3 Self-adjointness is assumed together with quadratic
integrability of the solutions concerned, and the vanishing
of the “bilinear concommitant” on the boundary. See:
E. L. Ince, Ordinary Differential Equations, p. 123, Long-
mans (1927); also H. Weyl, Math. Ann. 68, 220 (1910).

¢ This 8:;;=5(3, /)= ¥ if the @'s form a normalized or-
thogonal set, otherwise 8;;5(¢, 7).
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f@i*(H—Wa)‘I’adT=O=Z(H;j—-Waai;;)Cj, ’i=1, 2, s, M, Z zci*55j6j=1, (5)
=1 i=1 j=1
whence the m-rowed determinant
Do(Wa) = (Hij— Wadi;) =0 (6)
From (6) we may obtain the m real roots® Wo= W1, W, *++, Wan with corresponding ¥,= ¥,,;,
Way - +y Voum. For the latter, Wpp= Y. " 1Cmr, » P» where the ¢’s are determined by (5) with Wo= Wy
It should be noted that the approximations ¥, - -+, ¥,un, like the correct ¥,’s, form an orthogonal

set. This orthogonality follows from (4) and (5) thus:
f[\lllni*(}[* Woni) Vi — Vi (H — Wini) ¥ Wi Jdr = 0= (Wpni— Wmi)f‘llmi*\ijdT
f‘I/mi*‘I’mde= 5(1, ]) i,j: 1,2, -+, mb (7)

The “next approximation’’ in which is included another independent function ®,41 will be con-
sidered now. For convenience ¥,.1, -+, ¥, and &,41 will be used as our independent functions.
®,,,1 is formed by the usual processes’ to be normalized and orthogonal to ®y, - - -, ®,. The new deter-
minant analogous to (6) is

Wii— Way Or ) 0, hy
O, Wm2_ Way ] Oy he
Dm-}—l(Wa) = * ° ° ° * = m+1(Wa) - Fm—-l(Wa) =0. (8)
Oy 0; ) Wmm_ Way hm
hl*y hZ*y ct Y km*y hm+1_ Wa

In (8)
h«r=f\1/mr*I{q)m+ldTy 7’=1: 25 T, My hm+1=fq>m+l*Hq>m+ldT;

Gm+1(Wa> = (hm+1_ Wa) H (ka"" Wa) H Fm—l(Wa) = Z | hrl2 H (ka'— Wa)-
k=1 r=1 1

ks kg1

It is convenient to name the eits in increasing sequence thus: W,=W, . =W,2="- -+ =W, for the
“m-th approximation’ eits pertaining to (6); also Wo=Wn11=Wp12=- - =Wpi1mp for the
“(m-+1)-th approximation’’ eits pertaining to (8). To determine qualitatively the positions of the
(m-1)-th relative to the m-th approximation eits consider the following:

m =0 if 7 even, =0if k<.
Dogs W) =— | 1|2 IL (Wi, — War) since (Wi — Wr)
1

o b =0 if 7 odd =0 if k>7.

$ Courant and Hilbert, Mathematische Physik I, p. 24, to have (7) hold within such a set.
Springer (1931). See also Note (8). 7 Whittaker and Watson, Modern Analysis, p. 224,
6 Strictly speaking suitable linear combinations of ap- Cambridge (1920). This procedure is, of course, only one
proximate eifs in a degenerate set must be made in order  of convenience and it will not affect the final results.
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Also

Dpii(Wo)>0 as We—>—®

and Dpy1(Wa)—>(—)mHleo

K. L. MAcDONALD

as W,—>w.

Therefore D,.1(W,) must have at least one root between each succeeding two of the following

We-values: — 0, Wi, W, -

+, Wam, . That there is only one root between each two follows from

the fact that D,,1(W,) can have only m-+1 roots. Thus there is the rule:
(1) The m-th approximation eits separate those of the (m-1)-th approximation, i.e.,

Wm+1 ISWmlf"Wm+2 2S b

= m41 mS i[/V'mmS Wm+1 m+1~8

Corollary 1.1 The p-th lowest eit, W,,, of the m-th approximation is greater than (or equal to)
the p-th lowest eit of any succeeding approximation, and therefore, assuming convergence of the
process,® greater than (or equal to) the p-th lowest correct eit Wy, i.€., Wop=Wars »= W, ¢>0.

It is “‘natural”’ to consider W, 11, - -
tol® (or arising from) W, - -
Ws and (or)! less than W, .41. Then there is:

Ty Wm+1 8y Wm+1 s+1 Wm+1 s+2y °°
“y Wmsy hm+1y Wm s+1y °

*y Wint1ms1 as corresponding
-y, Won respectively where #,,4; is greater than

Corollary 1.2 Any m-th approximation eit which is {less/greater} than f,.1 (= S &1 *HE,padr,

®,,.1 normalized and orthogonal to ®;, &, --

(m~+1)-th approximation eit, i.e., W41 ,=

-, ®,) is {greater/less} than its corresponding
it =5 and Wit 1= Wo? > 8. haqn ‘repels’” eits.

e
(2) The eit W, 41 s41 corresponding to A, is such that Wi spa — Ay if

(~>SDM+1(hm+1>[=(i— 5

r=1

r=s+1

m =0
b2 1T I(ka—km+1>l]
1 50

ky k7

since (—)*Dmi1(Wins) =0=(—)*Dps1{Wpn s+1) and since D,,11(W,) can have but one root between

Wans and W, sq1.

007’0”(”'3’ 2.11f hm+IEWml then Wm+1 1Ehm+1; or if hm+12 Wmm then Wm+1 m+12hm+1.

Corollary 2.2 f Wor=Wppy1, r=1,2, - --

Corollary 1.1 is perhaps the most important
one from a practical viewpoint; to avoid its
misuse the following must be realized clearly. If
it is desired to fix an upper bound to the p-th
lowest correct eit it is sufficient to use at least p
independent functions in the variation process.
This condition may be regarded as wnecessary

8 The writer wishes to thank Professor H. Bateman of
Pasadena for drawing his attention to the fact that this
theorem is equivalent to one already known in algebraic
theory. The following references are relevant: Hermite,
Comptes Rendus, 41 and “Ouvres,” 1, 479; Salmon,
Higher Algebra, section 47; Burnside and Panton, Theory
of Equations, Vol. 2, p. 65; C. W, Borchardt, J. de Math. (1)
12, 50-67 (1847); a slightly more general theorem is given
by Bateman, Bull. Am. Math. Soc. 18, 179 (1912).

9 Formally the difficulty of continuous ranges of eits may
be avoided in the treatment of an eif associated with a
discrete eit as follows: assume that the ®'s are chosen so
that they ultimately form a complete enough set to give

or m—1 then Wm+1 s= hm+1.

when there is no a priori knowledge of the correct
eifs—the usual situation in practice. For example,
if a single normalized function ® were used to
determine an approximate eit W,= S ®*Hddr,
then it would not necessarily follow that W,= W,
although, of course, W,=W,; would hold true.
It is also not necessarily true that if W,=W,,,

correct expansions for a smaller set (of say, ¢ members)
of discrete, correct eifs. The ®’s will all be of the discrete
type and some of them may be formed by integration over
arange of their “‘eits.”” However it must be noted that of the
eits determined finally by the use of these ®'s only ¢ of them
will be necessarily correct.

10 Of course in such discontinuous operations as are used
here correspondences are necessarily arbitrary. In a sense
each approximate eit contains elements of all the correct
eits.

1t The “or” refers to the case #mi1> Wim Or Amy1 < Wit
The possibility of Zny1=Wyus or W, 541 is not excluded.
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n>1, then ¥,=¥,.? The necessity of using at
least p functions to fix an upper bound for the
p-th eit will lead often to determinants of five
or more rows and columns. For such many-
rowed determinants the calculation of the roots
may be prohibitively long in actual cases unless
simplified by determinant manipulation. A
many-rowed form like Eq. (6) can be replaced by
any one of a variety of few-rowed determinants
and, in this way, the calculations for certain
roots will probably be shortened. For example, a

12 This fact introduces the question of what is meant by
“best approximation.” If an approximate eit is defined by
Wa= SV *HV,dr, W, = 2 ™c,®, it is always possible (at least
in theory) to choose ¢’s and ®'s such that W,=W,, al-
though a variation process might not lead to a similar
result for a given set of fundamental ®'s. The term “best
approximation’” must refer in the final analysis to the use
to which the W, and the ¥, will be put.
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small group of u members in our set &;, ®,, - - -, P
may be ‘‘physically important’” for a certain
group of eits, which means usually that non-
diagonal terms may be small compared with
diagonal terms in the part of the m-rowed deter-
minant bordering the u-rowed ‘‘underdetermi-
nant.” The contributions of these terms for the
eits concerned may be calculated by means of an
adaptation of the perturbation method used in a
previous paper by the writer.”¥ Other methods
may be suggested by the forms of particular
determinants.

18, K. L. MacDonald, Proc. Roy Soc. (London) A138,
187 (1932). For present use the reference’s Egs. (9) and
(10) are replaced by our (2), (3) and (5). Zsat*(Hrstere
— Wabdrs)cs=0 r=1, 2, ---, uis substituted for Eq. (15).
(H g — Wabdre) and (Wabss —Hgys)/(Hye — Wadss) replace Wi,
and Qs in Eq. (16) of the reference, and ¢ ranges from
w41 to m.



