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Mathematics Teachers’ knowledge and practices

Introduction

In education, the study of teachers and teaching has been an active field for a long time. In the 1980s, as PME was developing as an organization, new perspectives of teachers’ knowledge had become prominent, notably those of Elbaz (1983), Shulman (1986), and Schön (1983), which influenced the direction of research on teachers. Elbaz (1983) focused on identifying what teachers know that others do not, which she called practical knowledge, and how teachers encapsulate that knowledge. She contended that this knowledge is based on first hand experience, covers knowledge of self, milieu, subject matter, curriculum development and instruction, and is represented in practice as rules, practical principles and images.


Shulman (1986) proposed seven categories of knowledge that make it possible for teachers to teach and deal with more than practical knowledge – knowledge of content, general pedagogical knowledge, curriculum knowledge, pedagogical content knowledge [PCK], knowledge of students, knowledge of educational contexts and knowledge of educational ends, purposes and values. He emphasized PCK as a key aspect to address in the study of teaching.


Schön’s (1983) work distinguished between reflective practice and technical rationality, attributing the former to practitioners. When action is required, practitioners act on the basis of what they know, without separating the intellectual or formal knowledge from the practical. For a teacher, this means that reflecting-in-practice has to do with content and content-related pedagogical knowledge. It takes place when teachers deal with professional problems and therefore can be seen as a key part of their knowledge. In this sense, the teachers’ knowledge is not only “knowing things” (facts, properties, if-then relationships…), but also knowing how to identify and solve professional problems, and, in more general terms, knowing how to construct knowledge. These perspectives of teachers’ knowledge also include notions of teachers’ beliefs and conceptions, which we consider to be relevant constructs to understand what teachers know. 


The preceding notions of teachers’ knowledge formed the theoretical background we considered to define the activity of the teacher, the focus of this chapter. In order to examine such activity, we assume that two main constructs are required: teacher knowledge and teacher practice. These constructs are not independent of each other, but we treat them separately to highlight their unique features. Our intent, then, is to identify and discuss studies reported to the PME community that focus on teacher knowledge and practice in terms of issues, perspectives, results and possible directions for future work.


In order to set a boundary on the studies we identified for this chapter, we also considered the different contexts in which the activity of teachers can be situated. These include: (i) The classroom. This may be considered as a natural setting, in which the teacher and students interact, when there is no external intervention (e.g., from a research project). It becomes a different setting with external intervention, such as teachers or researchers who act as observers. (ii) The school. Teachers are active participants of the school as an institution, which is another natural community setting. Their activities can be based on the school’s own in-house projects, or its participation in wider projects that focus on curriculum innovation or action-research. (iii) Inservice courses and preservice courses. Teachers participate in formal preservice courses, when preparing to become teachers. Later, they may participate in formal inservice courses, in their schools, in a neighboring school, or in a teacher education institution. (iv) Other professional settings. Outside their schools, teachers can participate in formal or informal groups, associations and meetings. In all of these settings, the teacher acts, thinks and reflects. Thus, they offer opportunities to access teachers’ knowledge and teachers’ practices. But they also embody other elements of the activity of teachers, in particular, teacher development/education, which is outside the scope of this chapter. In this chapter, then, we focus on the activity of the teacher (interpreted in a broad sense to include preservice and inservice) by him/herself or working cooperatively with other teachers or researchers in all of these settings, but will include teacher education settings only when the focus of the study is on the teachers’ knowledge or practice and not on the teacher education program. 


Our review of research reports produced by the PME community revealed that, in the early years, researchers focused on students’ learning with little attention on the teacher; only a few studies related the activity of the teacher to students’ learning. However, beginning in the 1980’s there was growing attention on the teacher. This provided us with a substantive list of studies on teacher knowledge and practice. Guided by the theoretical background we discussed earlier, we classified the papers based on the objectives of the studies. This produced four major categories: (i) teachers’ mathematics knowledge; (ii) teachers’ knowledge of mathematics teaching; (iii) teachers’ beliefs and conceptions; and (iv) teachers’ practice. Categories (i), (iii) and (iv) each has over 60 papers while category (ii) has 35. We consider categories (i) and (ii) to be significantly different as knowledge of mathematics has a referent in an academic discipline – mathematics, one of the most formalized and sophisticated fields of human though – whereas knowledge of mathematics teaching is in the realm of professional knowledge, being highly dependent of evolving social and educational conditions and values, curriculum orientations and technological resources.


We used three periods – 1977-85, 1986-94, and 1995-2005 – as a basis to consider possible trends in quantitative terms (number of papers in each period) and qualitative terms (objects of study, theoretical emphases, methodological approaches, other issues). As we expected, in the first period, there are very few papers dealing with teachers’ knowledge. In the second period, there are a great number of papers dealing with aspects of teachers’ knowledge (mathematical and mathematics teaching), beliefs and conceptions. Studies on teachers’ practices first appear in the second period and grew at an amazing rate in the third. Trends involving the qualitative parameters over the three periods will be integrated in the discussion of each of the four categories as appropriate.


For our discussion of the four categories of studies, we consider our guiding questions to be: (i) What do mathematics teachers know, believe, conceptualize, think and do in relation to mathematics and its teaching and learning? (ii) What methods, theoretical perspectives and assumptions about knowledge, mathematics and curriculum did researchers adopt in studying the teachers? These questions will be addressed by identifying themes based on theoretical and methodological foundations and findings of the studies and discussing particular studies in the context of these themes. Thus, while many of the papers presented at PME conferences may appear to be relevant to this chapter, only those that we select to exemplify each theme are included here. The remainder of the chapter discusses the four categories and ends with our reflection of them collectively.

Teachers’ Mathematics Knowledge

Mathematics knowledge is widely acknowledged as one of the critical attributes of mathematics teachers, thus, it is not surprising that studies of teachers’ mathematics knowledge is a significant focus of the PME community. Beginning in 1980, studies in this area were reported in almost every year. However, there was less focus in the 1980s than later. These studies, directly or indirectly, dealt with a variety of mathematics topics with greater attention to geometry, functions, multiplication and division, fractions, and problem solving. The themes we identified to discuss this category of studies are based on the following questions: What are the deficiencies in teachers’ mathematics knowledge? How do teachers hold their knowledge of mathematics? What are the implications for teaching mathematics and mathematics teacher education?

Deficiencies in teachers’ mathematics knowledge

Most of the studies over the three decades of PME conferences, directly or indirectly, focused on the difficulties or deficiencies teachers exhibited for particular mathematics concepts or processes. For example, addressing knowledge about numbers and operations, Linchevsky and Vinner (1989) investigated the extent to which inservice and preservice elementary teachers were flexible when the canonical whole was replaced by another whole for fractions of continuous quantities. They found all of the expected misconceptions and confusions associated with canonical representations of fractions and the teachers’ visual representations of fractions incomplete, unsatisfactory and not sufficient to form a complete concept of fractions. In a later paper, Llinares and Sánchez (1991) studied preservice elementary teachers’ pedagogical content knowledge about fractions and found that many of the participants displayed incapacity to identify the unity, to represent some fractions with chips and to work with fractions bigger than one.


A few of the studies addressed teachers’ knowledge in arithmetic in relation to a particular theoretical model. For example, Tirosh, Graeber and Glover (1986) explored preservice elementary teachers’ choice of operations for solving multiplication and division word problems based on the notion of primitive models in which multiplication is seen as repeated addition (with a whole number operator) and division as partitive (with the divisor smaller than the dividend). The findings indicated that the teachers were influenced by the primitive, behavioral models for multiplication and division. The teachers’ errors increased when faced with problems that did not satisfy these models. Greer and Mangan (1986) used a similar notion of primitive models. Their study included preservice elementary teachers and focused on the results on single-operation verbal problems involving multiplication and division. They also found that primitive operations affected the participants’ interpretation of multiplicative situations.


Another theoretical framework used in some of these studies was the distinction between “concept image”, the total cognitive structure that is associated with a concept, and “concept definition”, the form of words used to specify that concept (Vinner and Hershkowitz, 1980). For example, Pinto and Tall (1996) investigated seven secondary and primary mathematics teachers’ conceptions of rational numbers. Findings indicated that three of the teachers gave formal definitions containing implicit distortions, three gave explicit distorted definitions and one was unable to recall a definition. None consistently used the definition as the source of meaning of the concept of rational number; instead they used their concept imagery developed over the years to produce conclusions, which were sometimes in agreement with deductions from the formal definition, but often were not. Whole numbers and fractions were often seen as “real world” concepts, while rationals, if not identified with fractions, were regarded as more technical concepts.


In geometry, Hershkowitz and Vinner (1984) reported on a study that included comparing elementary children’s knowledge with that of preservice and inservice elementary teachers. They found that the teachers lacked basic geometrical knowledge, skills and analytical thinking ability. Using the van Hiele levels as theoretical framework, Braconne and Dionne (1987) investigated secondary school students and their teachers’ understanding of proof and demonstration in geometry, and what kind of relationship could exist between the understanding of a demonstration and the van Hiele levels. Findings indicated that proof and demonstration were not synonymous for the teachers or for the students. Proofs belong to different modes of understanding but demonstration always pertains to the formal one, teachers emphasizing representation and wording. Furthermore, there was no obvious relationship between the understanding of a demonstration and the van Hiele levels. 


Another topic studied extensively was teachers’ knowledge about functions. Ponte (1985) investigated preservice elementary and secondary teachers’ reasoning processes in handling numerical functions and interpreting Cartesian graphs. Findings indicated that many of the participants did not feel at ease processing geometrical information and had trouble making the connection between graphical and numerical data. Later, Even (1990) studied preservice secondary teachers’ knowledge and understanding of inverse function. She found that many of the preservice teachers, when solving problems, ignored or overlooked the meaning of the inverse function. Their “naïve conception” resulted in mathematics difficulties, such as not being able to distinguish between an exponential function and a power function, and claiming that log and root are the same things. Besides, most of teachers did not seem to have a good understanding of the concepts (exponential, logarithmic, power, root functions). In another function study, Harel and Dubinsky (1991) investigated preservice secondary teachers in a discrete mathematics course for how far beyond an action conception and how much into process conceptions of function they were at the end of the instructional treatment framed in constructivism. Findings indicated that the participants had starting points varying from primitive conceptions to action conceptions of function. How far they progressed depended on several factors such as (i) manipulation, quantity and continuity of a graph restrictions; (ii) severity of the restriction; (iii) ability to construct a process; and (iv) uniqueness to the right condition. Thomas (2003) investigated preservice secondary teachers’ thinking about functions and its relationship to function representations and the formal concept. Findings indicated a wide range of differing perspectives on what constitutes a function, and that these perspectives were often representation dependant, with a strong emphasis in graphs. Similarly, Hansson (2005), in his study of middle school preservice teachers’ conceptual understanding of function, found that their views of it contrast with a view where the function concept is a unifying concept in mathematics with a larger network of relations to other concepts.


Other topics and mathematics processes and understandings addressed include the following examples. Van Dooren, Verschaffel and Onghena (2001) investigated the arithmetic and algebraic word–problem-solving skills and strategies of preservice elementary and secondary school teachers both at the beginning and at the end of their teacher training. Results showed that the secondary teachers clearly preferred algebra, even for solving very easy problems for which arithmetic is appropriate. About half of the elementary teachers adaptively switched between arithmetic and algebra, while the other half experienced serious difficulties with algebra. Barkai et al. (2002) examined inservice elementary teachers’ justification in number-theoretical propositions and existence propositions, some of which are true while others are false. Findings indicated that a substantial number of the teachers applied inadequate methods to validate or refute the proposition and many of them were uncertain about the status of the justification they gave. Shriki and David (2001) examined the ability of inservice and preservice high school mathematics teachers to deal with various definitions connected with the concept of parabola. Findings indicated that both groups shared similar difficulties and misconceptions. Only a few participants possessed a full concept image concerning the parabola and were capable of perceiving the parabola in its algebraic as well as in its geometrical contexts or to identify links between them. Finally, Mastorides and Zachariades (2004), in their study of preservice secondary school mathematics teachers aimed to explore their understanding and reasoning about the concepts of limit and continuity, found that the teachers exhibited disturbing gaps in their conceptualization of these concepts. Most had difficulties in understanding multiquantified statements or failed to comprehend the modification of such statements brought about by changes in the order of the quantifiers. 

How teachers hold knowledge

A few of the studies explicitly dealt with how the teachers held their knowledge, in particular, in terms of conceptual and procedural knowledge such as defined in Hiebert (1986). For example, Simon (1990) investigated preservice elementary teachers’ knowledge of division. Findings indicated that they had adequate procedural knowledge, but inadequate conceptual knowledge and sparse connections between the two. Weak and missing connections were identified as well as aspects of individual conceptual differences. In general, they exhibited serious shortcomings in their knowledge of division, in particular connectedness of that knowledge.


Philippou and Christou (1994) investigated the conceptual and procedural knowledge of fractions of preservice elementary teachers enrolled in first semester of their studies. Findings indicated that they had a narrow understanding of the ideas underlying the conceptual knowledge of fractions. Participants had greater success on addition and subtraction and lesser on multiplication and treated multiplication and division as unrelated operations. The poorer results were on items measuring their ability to connect real-world situations and symbolic computation.


In another study, Zazkis and Campbell (1994) investigated preservice elementary teachers’ understanding of concepts related to the multiplicative structure of whole numbers: divisibility, factorisation and prime decomposition. Findings indicated strong dependence upon procedures. Such procedural attachments appeared to compromise and inhibit development of more refined and more meaningful structures of conceptual understanding.


Chazan, Larriva and Sandow (1999) explored a preservice secondary teacher’s conceptual and procedural knowledge related to teaching the solving of equation. They found that the participant had a conceptual understanding of the topic, but this was not clear-cut in relation to how it was used to support her teaching. The authors wondered about using descriptions like conceptual and procedural understanding for an examination of teachers’ substantive knowledge of mathematics. They explained, “Perhaps the difficulty is that conceptual understanding is not an ‘achievement,’ that is, something that one either has or does not have. Instead, maybe one can have conceptual understandings of different kinds, including partial, or confused, conceptual understanding” (p. 199).


Finally, Presmeg and Nenduradu (2005) conducted a case study of one middle school teacher, investigating his use of, and movement amongst, various modes of representing exponential relationships. They found that his facility in moving amongst representational registers was not matched by conceptual understanding of the underlying mathematical ideas as the teacher attempted to solve algebraic problems involving exponential relationships. They concluded that his case casts doubt on the theoretical assumption that students who can move fluently amongst various inscriptions representing the same concept have of necessity attained conceptual knowledge of the relationships involved.

Implications for teaching and teacher education

Some of the papers mentioned in the preceding sections explicitly point out implications for teaching based on the findings of the studies. For example, comparing teachers’ knowledge with students learning, Hershkowitz and Vinner (1984) investigated the processes of concept formation in children and of the factors that affect their acquisition by studying the same concepts in elementary school teachers. Findings indicated that, on the surface, the children’s concept reflected the teachers’ conception.


In another study, van Dooren, Verschaffel and Onghena (2001) found that the problem-solving behavior of the preservice teachers was strongly related to their evaluations of students’ solutions. They doubted whether the subgroup of primary school teachers experiencing great problems with algebra will have the proper disposition to prepare their students for the transition to algebra, but also whether the future secondary school teachers will be emphatic towards students coming straight from primary school and bringing with them a strong arithmetic background.


Sánchez and Llinares (1992), in their study of fractions, concluded that the elementary teachers’ understanding of subject matter influences presentation and formulation as well as the instructional representations that the teacher uses to make it understandable to students. Shriki and David (2001), based on their participants’ lack of depth in their understanding of parabola, raised concerns about teachers’ ability to implement reform recommendations. 


Based on their findings of the studies, a number of papers also explicitly point out implications for teacher education. For example, Tirosh, Graeber and Glover (1986) suggest that efficient strategies must be developed for training teachers to monitor and control the impact that misconception and primitive models of multiplication and division have on their own thinking and their students’. Simon (1990), based on his findings of the teachers’ way of holding their knowledge of division, concludes that it is important to facilitate cognitive connections much more than imparting additional information in teacher education. Philippou and Christou (1994) suggest that teachers need to be exposed to connecting conceptual and procedural knowledge of fractions in education programs. Sánchez and Llinares (1992) suggested that preservice teacher education should concentrate on the prospective teachers’ knowledge about the relationship between mathematical processes and modeling such processes as referents. Finally, Barkai et al. (2002), based on their findings of inservice elementary teachers’ justification in number-theoretical propositions and existence propositions, called for more attention of this topic in professional development programs. 


The preceding account of studies in this category of teachers’ knowledge indicates a range of findings based on a range of theoretical perspectives about mathematics and mathematics knowledge. This suggests the need to pursue the theorization of teachers’ mathematics knowledge, framing appropriate concepts to describe its features and processes, and to establish clear criteria of levels of proficiency of mathematics teachers and instruments to assess it. We further reflect on this category later in the discussion section of the chapter.
(..)
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