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ABSTRACT. We show that nuclear norm-attaining operators (resp. polynomials) are always w*-
dense in the space of integral operators (resp. polynomials). Besides, the denseness is in norm
if the predual space does not contain any isomorphic copy of £1. We also show that there are
reflexive spaces for which the set of projective norm-attaining elements does not coincide with the
whole projective tensor product (which is indeed also reflexive here). Next, we show that if Y is
a Il-polyhedral space, then every nuclear operator from an arbitrary space X to Y™ attains its
nuclear norm. As a consequence, if X* or Y* has the approximation property, then the set of
norm-attaining operators from X* to Y** is dense. Finally, we study proximinality results of a
natural subspace of the projective tensor product and obtain an application to integral projective
norm-attaining tensors which solves a proposed open question.

1. INTRODUCTION

Let X and Y be Banach spaces over the scalar field K, where K is either R or C. All topological
notions in the paper refer to the norm topology unless explicitly indicated. The space of all bounded
linear operators from X to Y is denoted by £(X,Y"), and we write X* = £L(X,K) for the topological
dual of X. The closed unit ball and the unit sphere of the space X are denoted, respectively, by
Bx and Sx. An operator T € L(X,Y) is said to attain its norm if there exists an element z € Sx
such that ||Tz|| = ||T||. Such an operator T is referred to as a norm-attaining operator, and the set
of all norm-attaining operators from X to Y is denoted by NA(X,Y"). More generally, the question
of whether the supremum or infimum defining a given norm is actually achieved, arises naturally in
many contexts throughout Banach space theory, and the study of norm-attaining (linear) operators
is one of the earliest and most fruitful instances of this philosophy.

In this context, one of the definitive results is James’s theorem [19], which establishes that a
Banach space X is reflexive if and only if every element in its dual space X* attains its norm.
Furthermore, the Bishop—Phelps theorem [4] guarantees that for every Banach space X, the set of
norm-attaining functionals is always norm-dense in X*.

These results naturally lead to the investigation of the abundance of norm-attaining operators.
In his seminal work [22], Lindenstrauss demonstrated that the Bishop—Phelps theorem cannot be
extended to vector-valued operators, that is, NA(X,Y") is not always dense in £(X,Y’). However,
he proved a major positive counterpart: if the domain X is reflexive, then it has property A that
means NA(X,Y) remains dense in £(X,Y) for any Y, and the same happens, for instance, if
X = {1. On the range space side, it is shown in the same paper that NA(X,Y) is dense if Y is a
finite-dimensional polyhedral space or a subspace of /., containing the canonical copy of ¢y, among
many other examples. A striking result was achieved by Bourgain [5], who proved that every Banach
space with the Radon—Nikodym property (RNP) has property A, and conversely, if every equivalent
renorming of X has property A, then X has the RNP (this last result needs a refinement due to
Huff [18]). Since then, the interplay between geometric properties of unit balls (such as dentability,
extreme point structure, and polyhedrality) and the abundance of norm-attaining operators has
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remained a central theme in Banach space theory. We refer the reader to the paper [1] for an
account of all classical results and to [21] and references therein for more recent ones.

An effective framework for studying the spaces of bounded linear operators between Banach
spaces is provided by the theory of tensor products. Given Banach spaces X and Y, the projective
tensor product X®,Y and the injective tensor product X®.Y are the completions of the algebraic
tensor product X ® Y under two natural norms:

n n
[2]|7 = inf {Z lzillllyill: 2= i ® yz}
i=1 i=1

and

n n
I2]le = SHP{ Zx*(xi)y*(yi) 12" € Bx+, y* € By+, and z = sz ®yi} )

i=1 i=1
respectively. Here, the infimum and supremum are taken over all possible representations of z €
X ®Y. These two constructions encode operators in dual ways. On the one hand, the dual space of
the projective tensor product (X @WY)* is isometrically isomorphic to the space of bounded linear
operators L£(X,Y™*) [27, Chapter 2.2]. On the other hand, every elementary tensor z ® y induces
a rank-one operator z* — z*(z)y from X* to Y, and this identification extends to an isometric
embedding of X®.Y into £(X*,Y) whose image coincides with the closure of the set of all finite-
rank operators [27, Chapter 3.1]. Consequently, under the above point of view, || - || is nothing but
the operator norm.

One may ask the same question for a tensor as classical theory asks for an operator. Following
[10], we say that an element z € X®,Y attains its projective norm if the infimum defining ||z||, is
realized by some representation; that is, if there exist sequences (x;); in X and (y;); in Y such that

o0 o0
lolle = 3 il and 2=z .
=1 =1

We write NA (X @WY) for the set of all such elements. This is the exact tensor product counterpart
of classical norm-attainment.

Far from being a merely formal analogue, this notion has direct consequences in the classical
theory. Indeed, it was shown in [10, Corollary 3.11] that if every element of X ®.Y attains its
projective norm, then NA(X,Y™) is dense in £(X,Y ™). The same circle of ideas admits a counterpart
for symmetric tensor products and homogeneous polynomials; we defer the precise formulations to
Subsection 1.1.

The question of how abundant norm-attaining tensors are has been studied from two complemen-
tary angles: density and full-attainment. On the density side, Dantas, Jung, Roldan, and the last
author [10, Theorem 4.8] proved that NA (X @WY) is dense in X®,Y whenever both spaces have the
metric m-property or one of them has the metric m-property and the other is uniformly convex. Since
L, (u)-spaces, Li-preduals, and spaces with a monotone finite-dimensional decomposition all satisfy
the metric w-property, this covers most classical spaces. They also exhibited Banach spaces X and
Y, both failing the approximation property (AP), for which NA (XQ%ﬂY*) is not dense in X®,Y*,
demonstrating that the AP plays an essential role in these density results. In a related direction,
Dantas, Garcia-Lirola, Jung, and the last author [9, Theorem 4.7] proved that NA (X *<§>,TY*) is
w*-dense in X*®,Y* whenever X* or Y* has the RNP and X* or Y* has the AP.

On the full-attainment side (that is, on the question of when every element in a projective tensor
product attains its projective norm), the major contribution was done by Garcfa-Lirola, Guerrero-
Viu, and the last author in [16] (even though there are previous examples in the literature as [10,
Propositions 3.5, 3.6, and 3.8] and [9, Theorem 4.1]). They proved that if X is a subspace of
an f1-predual space, and Y is l-complemented in Y** (in particular, if ¥ is a dual space), then
NA (X*@,FY) = X*®,Y, provided that X* or Y** has the AP.
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The projective and injective tensor products provide the appropriate setting to introduce nuclear
and integral operators on Banach spaces, to which we now turn. An operator T € L(X,Y) is called
nuclear if it admits a representation 7' = >, 2f @ y; with 27 € X* and y; € Y for every i € N
satisfying that >, ||7||||v:]| < oo. The nuclear norm of T is defined by

oo (o)
[T | = inf {Z =5 lllyll: T =) a; ®yi} ;
i=1 i=1

where the infimum is taken over all such representations. We write N'(X,Y") for the space of nuclear
operators equipped with || - ||ny and NA,,(X,Y") for those nuclear operators for which the infimum
above is actually a minimum. The natural map J: X*®,Y — N(X,Y) defined by

o0 (o)
J (fo ®yi> DT fo(x)yl Vo e X,
i=1 i=1

is a norm-one quotient map, and induces an isometric isomorphism N(X,Y) = (X *@WY) /ker(J)
[27, Chapter 2.6]. Grothendieck showed that J is an isometric isomorphism (equivalently, ker(J) =
{0}) if and only if one of the spaces X* or Y has the AP (see [27, Proposition 4.6]). In such a
case, statements phrased in terms of the projective tensor product and in terms of nuclear operators
coincide. Let us comment that, being ker(J) = 0 or not, all the positive results about density of
projective norm-attaining tensors from [9, 10] have a corresponding counterpart for the density of
nuclear operators which attain their nuclear norm which are actually stated in the same papers.

In a dual way, the injective tensor product embeds isometrically into a space of continuous
functions. To be more precise, the map ®: X®.Y — C (Bx+ X By, w* x w*) defined by

P (Z i ®yi> (@*,y") =Y _a*(x:)y"(y:) V(az",y") € Bx+ x By~
=1 =1

is an isometry. Since the dual of the space C'(K) of continuous functions on a compact Hausdorff
space K is the space M(K) of Radon measures on K, every bounded functional on X ®.Y extends
to integration against one such measure. (By a Radon measure on K, we mean a regular Borel
measure, with total variation norm |u|ry, which we identify with an element of C'(K)* via the Riesz
representation theorem.) Accordingly, an operator T' € L(X,Y™) is called integral if there exists a
Radon measure p on (Bx+ X By«,w* x w*) such that

(Tx,y) :/B . " (2)y*(y) du(z™, y*) Y(z,y) € X x Y.

In this case, we say that the measure u represents T'. The integral norm of T is defined by ||T||z =
inf |p|Tv, where the infimum is taken over all measures u representing 7. We write Z(X,Y™) for
the space of integral operators, equipped with || - ||z. The integral operators are precisely the
bounded functionals on the injective tensor product: one has the canonical isometric identification
I(X,Y*) = (X@EY)* [27, Chapter 3.5]. Every nuclear operator is integral with ||T']|z < [|T|nu,
in other words, we have that N(X,Y*) C Z(X,Y™*) contractively. At the end of this introduction,
Subsection 1.1 contains analogous definitions to the above ones for the multilinear and polynomial
case.

Let us observe that in each of the results exposed above, the conclusion is obtained under a
structural hypothesis as the metric w-property, the RNP or the AP. It is natural to ask how far
such hypotheses can be weakened. Our aim in this paper is to establish more general density and
full-attainment results with minimum requirements.

Let us outline the content of the paper. The results on denseness are contained in Section 2.
The main tool to get the results here is an abstract density principle valid for every Banach space
and dealing with extreme points (Lemma 2.1). Applying this result to tensor products via the
description of the extreme point structure of the dual unit ball, we get that the set NA,,(X,Y) of
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nuclear norm-attaining elements is w*-dense in the dual Z(X,Y™) of the injective tensor product
X®.Y for arbitrary Banach spaces X and Y (Theorem 2.3). Besides, they are norm-dense as soon
as X®.Y does not contain any isomorphic copy of ¢; (Theorem 2.3 again). If, in addition, either X*
or Y* has the AP, it follows that the set of projective norm-attaining tensors is dense in X *QpY*
(Corollary 2.6). The results above improve previous ones from [9] and [23]. Analogous statements
hold for symmetric tensor products (Corollary 2.4) which also improve results from [9, Section 3].
Finally, we also show that €p<§>ﬂ€q contains a non projective norm-attaining element for 1 < p,q < co
with % + % < 1 (Example 2.7), being the first example of this kind involving reflexive spaces.

The second line of results of this paper, contained in Section 3, is related to the study of a
geometric condition under which every element of the projective tensor product attains its projective
norm. Recall that a Banach space X is II-polyhedral if there is 0 < r < 1 such that the w*-cluster
points of the set Ext(Bx~) lie in rBx- (see [15] and references therein for background). The
main result of the section (Theorem 3.4) shows that given a II-polyhedral Banach space X and an
arbitrary Banach space Y such that one of the spaces X™* or Y* has the AP, then NA (X*@TFY*) =
X*®,Y*. As a consequence, using [10, Corollary 3.11], we get that NA(X*, Y **) = £(X*,Y**) and
NA(Y*, X**) = L(Y™*, X**) under the same hypotheses (Corollary 3.5), providing new examples
on which norm-attaining operators are dense. The proofs in this section are based on a measure-
theoretic decomposition that reduces an arbitrary representing measure to an atomic one supported
on the extreme points, and the argument extends to the multilinear setting (Theorem 3.3).

Finally, in Section 4 we examine structural consequences of nuclear norm-attainment for ker(J)
when viewed as a subspace of the projective tensor product. On the one hand, for general Banach
spaces X and Y, the subspace ker(J) is proximinal in X®,Y whenever NA,,(X,Y) = N(X,Y)
(Proposition 4.1). On the other hand, if X* and Y* are separable, then ker(.J) is automatically
proximinal in X*®,Y* (Theorem 4.4). As a by-product, we obtain an improvement of [2, Propo-
sition 3.2] on integral projective norm-attaining tensors (Corollary 4.7). This last result, taken
together with Example 2.7, gives a negative answer to [2, Question 2.2].

1.1. Notation for multilinear forms and polynomials. All the framework we have presented
in the linear case extends to the multilinear setting as follows. For N € N and Banach spaces
Xi,...,X N, let ®Y ;X; denote their N-fold algebraic tensor product, spanned by the elementary
tensors @N s, ; € X;. Tts completion under the projective norm

n N n
I2]lx = inf & > [ laill: 2 =Y @ 2
J=1i=1 J=1

. . . ~N . . .. .
is the N-fold projective tensor product @, ;4 X;, and its completion under the injective norm

n
lz]l == sup Z

n
P(zij)| s wf € Bx: and z = E N i
i=1

||::2

. o ~N ~ ~
is the N-fold injective tensor product ®. ;_1X;. Just as ®, and ®. encode operators, these encode

N-linear forms: writing B (Hfil XZ-) for the space of bounded N-linear forms on X X -+ X Xy,
one has the canonical isometric duality (®7]:[,i:1Xi) =B (Hf\il Xl->, while ®£,[i:1Xi embeds iso-
metrically into C (Hi\il Bxx, va:l w*) via
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Similarly to integral operators, we consider the space 7 (Hfil X¢> of integral multilinear forms

. . . . . ~N * . .
on vazl X,; with the canonical isometric equivalence (®s,i:1Xi> =7 (Hivzl Xi). This space is
endowed with the integral norm || - ||z, which is defined as the infimum of the total variations over

all measures representing the multilinear form.

Restricting to X; = -+ = Xy = X we can consider the symmetric counterpart, in which N-linear
forms become homogeneous polynomials. Let ®; yX C ®Y ;X be the symmetric N-fold algebraic

tensor product, spanned by =%V =z ® x ® « for every z € X. Here, the roles above are played
by polynomials: writing P (N X ) for the space of N-homogeneous polynomials on X, the projective
side gives the isometric isomorphism (®W,S,NX)* =P (NX), while the injective side embeds iso-
metrically into C' (Bx~,w™*), so that (@a&NX)* =Pr (NX), the space of N-homogeneous integral
polynomials on X with the integral norm || - ||z [6].

An N-linear form M € B (Hf\il Xi) is said to be nuclear if there exists a functional 7 ; € X7
for each (4,j) € {1,..., N} x N such that

[ee]
ZH||$”|<OO and M ((z;)N, :Z

=11:=1 j=1z

::]z

N
ai(x) V()i € HXi,
i=1

and its nuclear norm [|M ||y, is the infimum of 3772, Y, |7 ;|| over all such representations. In

1

the symmetric case, a polynomial P € P (N X ) is nuclear if there exist sequences (¢;); in Sx- and
(A\i); in K| such that

Z\A|<oo and P(x Z)\Z% W Vz e X,

i=1
and the nuclear norm ||P||,, is the infimum of Y ;2  |\;| over all such representations. We write
N (Hf\il Xi> and Py, (VX) for the corresponding spaces.
In both settings, every nuclear element is integral, with || - ||z < || - |lnu. We say that an element
of N (Hi:l Xi) or Py (NX) attains its nuclear norm if the infimum defining || - |4, is realized

by some representation. We denote by NA,, (Hivzl Xi) and NA,, (N X ) the corresponding sets of
nuclear norm-attaining elements.

Grothendieck’s result on when J is injective has an analogous form in the multilinear setting: if
all but one of X7,..., X} have the AP, then ®7T i Xi =N (Hf\; le) isometrically and, in the
symmetric case, if X* has the AP, then Pnu( ) = QA@,F’S,NX* isometrically [6, p. 20]. Then, as

happens in the linear case, all the statements on nuclear elements and on symmetric tensors coincide
under this hypothesis.

2. DENSITY OF NUCLEAR NORM-ATTAINING OPERATORS

Let X and Y be two Banach spaces. In this section we will examine the following two problems:

e When is NA,,(X,Y) w*-dense in Z(X,Y)?
e When is NA,, (NX) w*-dense in Pz (NX)?

Our motivation goes back to [9, Theorems 3.11 and 4.7]. On the one hand, it is proved in [9,
Theorem 4.7] that NA,,(X,Y™) is w*-dense in Z(X,Y™) if X* has the RNP. On the other hand, it
is proved in [9, Theorem 3.11] that NA,,, (NX) is w*-dense in Pz (NX) if @aS,NX does not contain
any isomorphic copy of £;.
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To begin with, we will improve the above results by showing that the w*-density above always
holds. Moreover, this density can be replaced by the norm-density whenever X®.Y and @675, NX
does not contain any isomorphic copy of ¢1, respectively. The result will follow from the following
principle which is valid in a more general context. This also slightly improves the fact that the closed
unit ball of the dual of a Banach space coincides with the w*-closed convex hull of its extreme points
which is an application of the Krein-Milman theorem.

Lemma 2.1 (Main technical lemma). Let X be a Banach space, and let

{ZAe el € Ext(Bx-), Z)\e :i)\izl, )\i>0}.
=1

i=1
Then A is w*-dense in Sx«. Moreover, if X does not contain any isomorphic copy of {1, then A is
norm-dense in Sx-.

To prove the second part of the above lemma, we invoke [17, Theorem 3.3] of Haydon (Lemma
2.2 in the following). Although this result is originally stated for real Banach spaces, it holds for
complex ones as well, since if a complex Banach space contains no isomorphic copy of ¢;, then
its underlying real Banach space does not contain any isomorphic copy of ¢; as well. This fact
follows directly from Rosenthal’s ¢; theorem and its complex counterpart established by Dor, see
[12, Chapter XI] for instance.

Lemma 2.2. If X is a Banach space that contains no isomorphic copy of £1, then every w*-compact
convex subset of X™* is the norm closed convex hull of its extreme points.

Proof of Lemma 2.1. Let U be a w*-open subset of Bx~, which intersects Sx«. By the Bishop-
Phelps theorem, there exists y* € Sx~ N U which attains its norm at some yg € Bx. Define a
w*-closed face of Bx« by

(1) C = {2 € Bx~: 2%(yo) = 1}.

By the Krein-Milman theorem, C' = co® (Ext(C)). Since, by construction, y* € C'NU, there exists
an element in co(Ext(C)) N U. We represent this element as a finite convex combination

n
z *
)\iei,
i=1

where ef € Ext(C) and the coefficients \; satisfy Y ;" ;A\, =1 with A\; > 0foralli=1,...,n

Since C'is a face of Bx~, we have ef € Ext(Bx~). Furthermore, we have

Zn:)\ief Z)\ —Z)\e Yo) Z)\e
i=1

As these inequalities must hold as equalities, it follows that Zi:l Aier € Al

We now suppose that X does not contain an isomorphic copy of ¢;. For arbitrary x* € Sx«
and ¢ > 0, the Bishop-Phelps theorem guarantees the existence of a functional y* € Sx- with
lz* —y*|| < § which attains its norm at some yo € Sx.

Since the set C' defined in (1) is w*-compact and convex, Lemma 2.2 yields C' = ¢o(Ext(C)).
Therefore, there exists a finite convex combination

n
§ *
)\iei
i=1

with e € Ext(C) and the coefficients \; > 0 satisfying > ; A; = 1, such that

n

Y — Z i€}

i=1

<<
5"
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Thus, we have ||z* — Y"1 | \ef|| < e. We finish the proof since } ;" ; A\;e} belongs to A by the same
argument as above. Il

Taking into account [25, Theorem 1.1] which shows that
Ext (Br(xy) = Bxt (Bxz.y) ) = {" @ y": o* € Bxt(Bx-), y* € Ext(By-)},
we get the following result.
Theorem 2.3. Let X and Y be Banach spaces.

(1) NA,,(X,Y™) is w*-dense in Z(X,Y™).
(2) If X®.Y does not contain any isomorphic copy of £1, then NAL.(X,Y*) is norm-dense in
I(X,Y*").

The next consequence of Lemma 2.1 will be performed in spaces of integral polynomials. Taking
into account that the inclusion

Ext (Bp,vx)) C{A¢": ¢ € X*, |¢]| =1 and A €K, |A| =1}
holds by [6, Proposition 1], we get the following theorem.
Theorem 2.4. Let X be a Banach space and N € N.

(1) NA,, (VX) is w*-dense in Pz (VX).
(2) If <§>57S,NX does not contain any isomorphic copy of £1, then NA,, (NX) s norm-dense in
Pz (NX)

A couple of remarks are pertinent.

Remark 2.5.

(1) Theorem 2.3(1) improves [9, Theorem 4.7], which previously required the additional as-
sumption that either X* or Y* has the RNP.

(2) Theorem 2.4(1) refines [9, Theorem 3.11], where the same conclusion was obtained under
the condition that the symmetric tensor product @)573, ~nX contains no isomorphic copy of
ly.

(3) In [6, Theorem 2], it is shown that Pz (Y X) and Py, (N X) are isometrically isomorphic if the
symmetric tensor product @E’S, ~X does not contain any isomorphic copy of £1. A similar
argument allows us to prove that Z(X,Y™*) and N(X,Y™) are isometrically isomorphic
whenever X®.Y contains no isomorphic copy of /7.

(4) In [23, Proposition 5], it is proved that every integral operator in Z(X,Y™*) can be approx-
imated in norm by finite rank operators whenever X®.Y does not contain any isomorphic
copy of ¢1. Theorem 2.3(2) provides the stronger conclusion that every integral operator
can be approximated in norm by finite rank operators in NA,, (X,Y™).

To obtain the result regarding projective tensor products, we recall two well-known results. First,
if either X* or Y* has the AP, then X*®,Y* is isometrically isomorphic to N'(X,Y*) [27, Chapter
4.1]. Second, if X* has the AP, then Py, (N X ) and ®ms, NX* are isometrically isomorphic [6,
p. 20]. Consequently, the following corollary follows immediately from Theorem 2.3(2), Theorem
2.4(2), and Remark 2.5(3).

Corollary 2.6. Let X and Y be Banach spaces such that X* has the AP.

(1) If X®.Y does not contain any isomorphic copy of 1, then the set of norm-attaining elements
is morm-dense in X*@,rY*.

(2) If ®5757NX does not contain any isomorphic copy of {1, then the set of norm-attaining
elements is norm-dense in @ﬂ,s,NX*'
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Finally, we construct an element in ﬂp@)ﬂﬁq which does not attain its projective norm for 1 <
p,q < oo satisfying % + % < 1. To the best of the authors knowledge, this is the first such example
within the projective tensor product of reflexive spaces (and such that the tensor product is reflexive
too, see [27, Corollary 4.24] for instance).

Example 2.7. For 1 < p,q < oo with %Jr% < 1, let (e;); and (f;); be the canonical basis of ¢, and

i _ pq
{4, respectively. Then, for r = pig 1,

z = 22_%61‘ ® fi € ﬁp@qu
i=1

does not attain its projective norm. In particular, NA (Ep@)ﬂﬂq) #+ €p<§>ﬂ€q.

Proof. Let r', p’, and ¢’ be the conjugate exponents of r, p and ¢, respectively, and let (e); and
(f})i be the canonical basis of ¢,, and ¢/, respectively.

Consider the diagonal projection P: £,&{, — £,®.{, defined by

Pxoy) =Y ei@)ff e ® fi, Y(,y)€lyx Ly
i=1
Note that P is a projection with norm 1, and that the diagonal P (E,,@,réq) is isometrically iso-
morphic to £, by the canonical identification [3, Theorem 1.3]. Likewise, P* is also the diagonal
projection and, by the paragraph after Definition 2.1 in [8], we see that the diagonal P* (ﬁpr@)g&{)
is isometrically isomorphic to £,/ since it holds that

1 1
p>q’<:>q>p’<:>];+a<1.

We first see that ||z]|» = 1. Indeed, we have

2lle = sup ()] = sup [u(P=) = sup ()| = sup |e((277) )| =||(27%) | =1
HES nES veEP*(S) CGSI&T, v elir
where S =5, 8.0,

Assume for the sake of contradiction that there exists an optimal representation

o0
z = Z’u]‘ %] ’Uj
j=1
such that Z;‘;l luillpllvillg = I2]lx = 1 for some u; € £, and v; € ¢,. For a set

A={jeN : |lullpllvjllq # 0},
we also have the representations z = ZjeA u; ®v; and ||z]|- = ZjeA llwjllpllvgllq-

Define an element ¢ by
¢ = 227%6? ®fier’ (ép@sgq’) :
i=1
Since it holds that

IClle = H<27ﬁ)sz =1and ((2) = iQ*%*% =1,

=1
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¢ attains its norm at z as a functional on €p®ﬂ€q. Therefore, by [10, Theorem 3.1] and the (gener-
alized) Holder inequality, we have

o
l[ujllpllvslle = C(u; @ vj) = ZQ e (ug)f Z e

(2) < @], Ctes )il @l < ol
for every j € A. Since all the inequalities in (2) hold with equality, we have
lef (ug)l = 277 [lugll, and |£7 (v5)] = 27 5|yl

for every i € N and 57 € A. Indeed, together with the equality condition for the Holder inequality
[26, p. 65], the first equality in (2) implies

le7 ()| f7 (vg)| =277

and the second one gives the existence of a > 0 such that

e (ug)| = alff (v)]

for every i € N and j € A. Combining these two, we get

_ i .41 q
2 lvillg = al 5 ()2 = alf7 (v))]7

F(u)[Lf7 (vg)]

[5lq,

which leads us to get

[ @)l = (@™ luyllpllvsllg) © 275 and Jef(uy)| = (@ lugllpllvsllg) ™ 27
Consequently, we have

oo [ee]

— T _ r
loglld = D177 @)l = (@ lugllplloglle)”  and  Jugllp = > lef ()P = (@ uglpllvjllq)

i=1 i=1

which shows _ _
i (i)l =277 |lvjlly  and  fef (uy)| = 277 [Juy]l,

as desired.

Hence, the original representation Z;’il 27ve; ® fi of z and the other one

2=y uy@u =Y | D eru)fi(vy) | er @ fi

jeA (k) \jeA

with respect to the canonical basis show that

e ® fi'(z 22 Fer(ed)fi(fi) =2776u and

i=1
o0
—k_L
e, ® fi'(2) = Zek uj) fi (vs) 22 v luglpllvjllgersEry
JEA j=1

for each (k,l) € N? where d; is the Kronecker delta and €;5 is defined by
. {sign(e;(uj)) if (i,7) € N x A,
'L] — .

0 otherwise.
Note that ¢;; = sign(f(v;)) whenever j € A since e} (u;) f(v;) = |ef (u;)|| fi(v;)].
From 3772, [lujllpllvjlle = 3jen lusllpllvjll = 1, we see that Gi = (\/llusllpllvjllees;); is an

element in {5 for all i € N. Moreover, it holds that

> Eol o, . ok k.l
(G, G) = Nujlpllvllgens = 20 Taeg @ f7(2) =27 720 Tad V(k,1) € N2

=1
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which implies(G;); is an orthonormal system in ¢5. For the canonical basis (g;); of ¢5 and for any
fixed jo € A, by the Bessel inequality [13, Proposition 1.37], we have

3) > Hios Gi)l* < llgsoll = 1.
k=1

On the other hand, for every k& € N, we have

{950, Gi)| = <gjov (\/ |Uj|p||vj||q5kj) > =/ lwjollpllvolla-
JEA
Thus, the left-hand side of (3) diverges, which yields a contradiction. O

Remark 2.8. The authors were recently aware of the recent preprint [20], where M. Jung proved
that every infinite dimensional Banach space X admits an equivalent renorming for which X®,X
contains an element that does not attain its projective norm [20, Corollary BJ.

3. II-POLYHEDRAL BANACH SPACES AND NUCLEAR NORM-ATTAINMENT

Our main aim in this section is to show that NA (X*@WY*) = X*®,Y* if X is II-polyhedral
and one of the spaces X* and Y* has the AP, and to provide consequences of this result. The
methods are necessarily different from those in Section 2: while the density results there rely on
convex combinations of extreme points, full norm-attainment requires a measure-theoretic analysis
of integral representations.

Definition 3.1. For N € N, let {X;}Y, be a collection of Banach spaces, and let a subset K C
Hf\;o Bx: be compact in the product w*-topology Hz]'V:O w*. A bounded (N + 1)-multilinear form

TekB (Hfio Xi) is said to be represented by a Radon measure y on K if

N N
7 (w)o) = [ [laitedn (@) Viedo € [] By
K=o i=0

Conversely, given a Radon measure p on K, we denote by T}, the (N+1)-multilinear form represented
by .

For the measure y in Definition 3.1, we simply write du instead of du((x})Y.,) whenever there

is no risk of confusion. We denote by fi the canonical extension of y to the entire space H?LO Bx:,
defined by
A(E) = p(ENK)
for any Borel set £ C (Hio Bx:, Hi\io w*>~ It is straightforward to see that p and its canonical
extension [i represent the same multilinear form. Thus, we will freely replace fi with p whenever it
is needed, without explicit mention. It also gives that T,, € T (Hij\io XZ-).
As a technical tool, we show that the support of a given Radon measure cannot be contained in a

strictly smaller ball whenever its total variation coincides with the integral norm of the corresponding
multilinear form.

Lemma 3.2. For N € N, let {X;} ) be a collection of Banach spaces, r € (0,1) be a real number,
and p be a Radon measure on (H?LO BXI?H?LO w*) whose support is contained in (TBX:O) X

[lizi, Bxy, for some 0 <o < N. If T}, satisfies that ||T,||z = |p|Tv, then p is the zero measure.

Proof. Without loss of generality, we may assume that ig = 0. Let H: Hf\;o Bx: — rBx; X
Hf\il Bx: be the map defined by

H(x(’g,xi,x}‘\,) = (7‘353»$T7«~~,$7V)
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for each (a5, z7, -, 2%) € [1n Bx:. We then define a measure v on (Hio Bx-, Y, w*) by

for any Borel set E C (Hl o Bx: vao w*)
We first show

/ XE (rilxz';,:c*{fu ,xf\,) du :/ Xxe (x5, ,xy) dv
I1 I1

N N
i=0 =i BX:‘

for any Borel set £ C (Hl —o Bx:, Hl QW ) where xg is the characteristic function of E defined
on rilBXG X Hivzl BX:(

Indeed, it holds that

xe (rteg, @y, ay) = xum) (25,71, TN

for any (x§,z%, - ,x%) € H?LO Bx:. Hence, we have that
/ XE (r_lxé,xl,-~- ,x*N) du:/ XH(E) (20,71, ,2N) du
[T, Bxy o Bx;y
—uHE) =vB) = [ (et k) d
ITiZo Bxy
This leads us to get
N
/ rilnzf(zi)du:/ Ha:

Hl oBX* i—0 T OBX*i 0

which is equivalent to
r T, =T,
Therefore, we see that
lplry = 1Tullz = [Tl < rlvlrv.

Since |p|rv = |[v|rv by the construction of v, we get ||T,]|; = |p|rv = 0. O

We are now ready to present the main result of this section in a general setting, from which the
main theorem will be deduced.

Theorem 3.3. For N € N, let {Xi}ﬁio be a collection of Banach spaces, and suppose Xo is 1I-
polyhedral. If

(1)

then we have

N N N N
N (H Xi> =7 (H Xz-> isometrically and N (H Xi> =NA,, (H Xi> )
i=0 i=0

i=0 i=0

N N N
T (H Xi) isometrically and N (H Xi> =NA,. (H Xi> ,

=1 i=1 i=1

Proof. By the assumption, there exists a real number r € [0, 1) such that

*

EXt(BXS)w - EXt(Bxg) @] ’I“BXS.

Define a w*-compact set
KX(T = EXt(BXBf) U TBXg~
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. ~N . . . . . . .
Since ®, ;_oX is contained in C (K Xz X Hfil Bx-, Hﬁvzo w*) isometrically, for an integral multi-

N
Tel <H Xi> = (&)

i=0

linear form

there exists a Radon measure pr on (KXS X vazl Bx-, Hfio w*) such that

Typ =T and  |pplpy = [Tz
by the Hahn-Banach theorem.

Claim 1. pr is supported on Ext(Bx;) x vazl Bx:.

Since it is clear when r = 0, we assume that r > 0. Define measures . (i = 1,2) by restrictions
1 _ 2 _
Hr = 'U’T’Ext(Bxg)fo’zl Bx: and  pg = MT’TBxg XTTY, Bxs

Note that Ext(Bx;) x Hiil Bx is open (since every point z* € Ext(Bx;) is isolated in Kx;) and
rBxs X Hf\il Bx: is closed. Since the supports of Méﬂ are disjoint, pp and |pr |y, can be expressed
as

pr = pp + p and lpr| ey = |:“1T|Tv + |“§"|TV'

This gives that
ITllz < T,

. HTu% L S ezley + 12 oy = lbrley = 1Tz

Hence, we have, for i =1, 2,
HTMT

i
I ’/‘T’TV'
Thanks to Lemma 3.2, we see that % = 0 which gives

pr = pp-

Claim 2. There exists a countable set A C Ext(Bx;) such that, for each z* € A, there exists
a Radon measure p,« on (Kxg X vazl BX;,H?LO w*) which is supported on {z*} x Hfil Bxx
satisfying

nr = Z Mz |MT|TV = Z |M:1r*

r*EA T*eEA

ove and [Ty . ll7 = [pes|py V2" €A

Since every element of Ext(Bx; ) is isolated in Kx,, the set
N
{3?*} X H BX:
i=1

is clopen in Kx; x Hfil Bx: for every x* € Ext(Bx;), and all such sets are pairwise disjoint.

Since pr is a Radon measure, |ur| is also a Radon measure (see [14, P222 Proposition 7.16] for
instance). Therefore, for each n € N, there exists a compact subset

N
K, CExt(Bx;) x || Bx:
i=1
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such that )

|HT|TV = < |pr| (Ky).

Since the set {{x*} X Hf\il Bx:: 2" € Ext(BXS)} is an open cover of K, there exists a finite set
F, C Ext(Bx;) such that

N
{{x*} X HBX? cxt e Fn}

i=1
is a cover of K,,. For a countable set A := |J Fj,, define a measure .« for every z* € A by
neN

fio- (E) = pr (Eﬂ (W} x HBX:>> ;

for each Borel set £ C (KXS x 1Y, Bx:, Y, w*) It is obvious that

lur |y = Z | <{x }x HBX*> = Z | [TV

z*EAN T*EN
Hence, we also deduce

pr=Y o= and Tz < D T lly < D e

z*eA r*EA T*EA

TV — |MT|TV =Tz

which proves Claim 2.

Claim 3. For every x* € A, there exists a Radon measure v+ on (Hf;l Bx:, vazl w*) such that

Mg = Ogx X Vg and  |Ugs

v = lHar |y
Here, 6.+ is the Dirac measure at * and the product measure d,« X v« is defined by
Oz X Ugn (E) = Vg (Ey»)
for any Borel subset E C (KXJ X vazl Bx>, H?LO w*) where
N
By = {(yz*)lj\il € HBXZ (e (W) € E} .
i=1
Before we prove Claim 3, we first note that d,« X v, is well defined in general. Indeed, for any
Borel subset F C (KXS X Hf\il BX;7HZ-A;0 w*), the intersection E N ({a:*} X vazl BX;) is again
Borel. Since the map from Hf\[:l Bx to the closed subspace {z*} x Hf\il Bx: given by
(W) = (2%, (5)ily)
is a homeomorphism, it is clear that F,« is Borel in (Hfil Bx:, vazl w*)
Define the Radon measure v,+ on (Hf;l Bxx, Hi\[:l w*) by
Ve (F) = pp- ({2} X F).
for every Borel set F' C (Hf\il BX;,HZ]-V:1 w*) Then, we get that
Opx X Vg (B) = Ve (Egr) = pig» ({2} X Eyv)

= g+ <Eﬂ ({x*} X HBx;>> = fiz~ (E)

i=1
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N N . .
for any Borel subset £ C (K x; < [[;iZ1 Bxr, I1imo w*) This also clearly shows the equality

|V ‘TV = e ‘TV :

We now consider Y := @i\;:lXi as a subspace of C (Hf\;l BX;,HZ-I\; w*), and denote by T«

. N _ N
of vy« on Y. Note that Ty € Y* = T (1‘[1.:1 Xi) = N (Hizl X) By the
assumption, for each 2* € A, there exists (§7, .+ )(j.i)enx{1,..,n} © X; such that

N
= Z®i]\;1 ;,i,x* and || Tp||z = | T o = ZH ||£;z,r* .

i J =1

the restriction vg- v

Claim 4. For each x* € A, it holds that
Zx ® Jm) and  ||T),. I,

= ||T,-

For any finite sum >, @N jz; 1 € ®5 i—0Xi, we have that

T# « <Z®£\LOI’LJ€> ZT D= O‘TZ k)
k

_ i, d x*
Z~/KX*><H xx Hw " k g

= 7, d6 * x*
Z/KX*XH X;‘Hw . k a

=S | I
k | =1

Bxr i
= Zx*(xo’k) - ﬁvzﬂi,k)
k
N
= a (@or) | Y]] & e (@in)
k 7 i=1

N
:Z(Zx*(xok H sz l‘lk>
J k i=1
_Z‘T ® ]zx <Z®£\L0xl,k>
k

Hence, we deduce

N
ZH ||§;k,z,:r*

J =1

ZQ? ® jzz ) and ||T x* = HTJ?* nu
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From Claim 2 and 3, we also get the reverse inequality

= |lu’$*‘TV = |V5F* = ||T$*||nu

which gives Claim 4.

Finally, we show T € NAnu(Hi]\LO X;). From the representation in Claim 2 and 4, we have that

T= Z Z (z* @ (R1L1& 5 0v)) -

z*eEN j

Moreover, we see that

N
1T < D0 D TT0E el = D0 1Tl = D 1T llz = 1Tz < 1Tl

z*eN j i=1 z*EA T*EA
which finishes the proof. O

We are now ready to state and prove the main result of the section.

Theorem 3.4. Let X and Y be Banach spaces, and suppose X is II-polyhedral. If one of the spaces
X* or Y* has the AP, then NA (X*®,Y*) = X*®,Y*.

Proof. This corresponds to the special case of Theorem 3.3 for N = 1. O

As an application to the classical theory of norm-attaining operators, we obtain Corollary 3.5
which is immediate using [10, Corollary 3.11]. This provides new examples of pairs of Banach spaces
satisfying the density of norm-attaining operators.

Corollary 3.5. Let X andY be Banach spaces, and suppose X is II-polyhedral. If one of the spaces
X* or Y* has the AP, then the sets of norm-attaining linear operators from X™* to Y** and from
Y* to X** are dense in the corresponding space of linear operators.

4. PROXIMINALITY AND NORM-ATTAINING TENSORS

The results of the previous sections establish conditions under which every nuclear operator
attains its nuclear norm. In this section, we explore a structural consequence of this phenomenon:
the proximinality of ker(.J) in the projective tensor product. Recall that for a Banach space X and
a subspace Y C X, we say that Y is proziminal in X if, given any z € X, it follows that

dist(z,Y) = min{||lz —y|: y € Y}.
This is equivalent to the fact that the quotient map 7: X — X/Y satisfies the following: given
z+Y € X/Y there exists x € X such that n(z) = 2+ Y and |z|]| = ||z + Y. Let us comment

that, to the best of the authors knowledge, the question whether ker(J) is proximinal has not been
previously considered in the literature.

The desired connection between the phenomenon of nuclear norm-attainment and the proximi-
nality of ker(J) is described in the following proposition.

Proposition 4.1. Let X and Y be two Banach spaces. If NAL(X,Y) = N(X,Y), then ker(J) is

a proziminal subspace of X*®@,Y .

Proof. Select any
2+ ker(J) € ( (X*&,Y) /ker(J)) \ {0 + ker(.J)}.
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Observe that there exist sequences (z}); in X* and (y;); in Y such that

oo

z+ker(J) = Z(xf ®y; +ker(J)) and |z +ker(J)| = Z s 1yill-
i=1 =

It is immediate from the isometric isomorphism between N'(X,Y) and (X*®,Y) /ker(J) and the
assumption NA,, (X,Y) = V(X,Y).
For the quotient map 7: X*®,Y — (X*®,Y) /ker(J), it is clear that
m(w) = z + ker(J)
forw:=37 2; ®y; € X*®,Y.

Hence, the proof will be finished when we have proved that ||z + ker(J)|| = ||w||. On the one
hand, since 7 is a norm-one operator, the inequality ||z +ker(J)|| < |Jw|| is immediate. On the other
hand, the triangle inequality implies

[[wl] < ZII%‘ [yl = ll= + ker(J) ||,
as desired. O

Let us show that, in order for ker(J) to be proximinal, the assumption that every nuclear operator
attains its norm is not necessary.

Example 4.2. In [9, 16, 24], there are examples of Banach spaces X and Y with the AP (and,
consequently, ker(J) = {0}, which is trivially proximinal) and such that NA (X*®,Y) # X*®,Y =
N(X,Y) (for instance this happens for X = 03 and Y = ¢g, and we may also consider the new
Example 2.7).

However, under the hypothesis of full-attainment of projective tensor products, Proposition 4.1
is an equivalence.

Remark 4.3. Whenever NA (X*@WY) X*®,Y, ker(J) is proximinal if and only if NA,,(X,Y) =
N(X,Y). Indeed, if ker(J) is proximinal, for any T € N (X,Y) and any tensor T € X*®,Y with
J(T) = T, we can find a best approximation v € ker(.J) such that ||T° — v||, = dist(T", ker(.J)).
Letting u = T — v, we have J(u) = T and |lul|z = ||T|lau. By the hypothesis, u has an optimal
representation u = Y, x¥ ® y;. Therefore,

17w = ([ (w) [l < Z 27 Mlysll = llullz = [Tl
However, we do not know whether NA,, (X, Y) = N(X,Y) whenever NA (X*(@ﬁY) = X*®,Y.

Let us prove that ker(J) is proximinal in X *®,Y* when X* and Y* are separable.
Theorem 4.4. Let X and Y be Banach spaces. If X* and Y* are separable, then ker(J) is a
proziminal subspace of X*®,Y*.

We need some definitions and preliminary results. For Banach spaces X and Y, from now on,
we write Q = (Bx» X By«,w* x w*) and consider the canonical map ¢: Q - X*®,Y™* defined by

(4) o(a*,y*) =a" @y".

Proposition 4.5. Let X, Y be Banach spaces and pu be a Radon measure which represents a nuclear
operator T € N(X,Y*) (as an integral operator). If ¢ is u-Bochner integrable, then the element

odp € X*@,Y* satisfies Ju = T. If, in addition, |ulrv = |T||z, then |lullx = |ulrv =
Q
[T |-
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Proof. For x € X and y € Y, let e, be the evaluation map on X*®@,Y* defined by

€zy(v) = (Jo(z),y)
for all v € X*®,Y*. Then, we have

(Ju(x),5) = gy (u) = /S ey (0(a*,y")) dp

- / e y(@” ® ") dpi = / *(2)y" (v) dp = (T(z), ).
Q Q

This shows that Ju =T
Moreover, thanks to the inequality ||o(x*, y*)||= < ||z*]|[|y*||, we have

= | [oau] < [ 1o @ v ledid < [ 1 < b
Q ~ Jo Q
Hence, under the additional assumption that |u|rv = ||T||z, the chain of inequalities
1T < flullx < lplev = 1Tz < [T
produces the equality ||u|lr = |¢lrv = |T||nu- O

The next lemma guarantees that ¢ is always u-Bochner integrable in our context of working with
separable dual spaces.

Lemma 4.6. Let X and Y be Banach spaces. If X* and Y* are separable, then the map ¢ is

w-Bochner integrable for any finite Radon measure p on €.

Proof. By [7, Proposition 6.5], the Borel o-algebra on (Bx-, |- ||) and the one on (Bx~,w*) coincide
(and, thus, we have the same for By+). Hence, by [14, Proposition 1.2], the Borel o-algebra on {2 is

actually the same as the one on (Bx« X By, ||+ ||x= X ||+ ||y=). Since ¢ is continuous with respect to
the norm-topology and X*®,Y™* is separable, it is y-measurable and, consequently, it is y-Bochner
integrable for any finite Radon measure p. (]

Now, we are ready to provide the pending proof.

Proof of Theorem 4.4. Let ®: X®.Y < C(€2) be the natural isometric inclusion map defined in
the introduction. Note that ®*: M(Q) — Z(X,Y™) is a quotient map and ker(®*) is proximinal.

For a nuclear operator T' € N(X,Y™*) = Z(X,Y™*) (the later isometric equivalence holds because
Y* has the RNP [11, p. 524, Corollary 1]), there is a Radon measure u representing T’ such that
leltv = ||T|lz by the Hahn-Banach theorem. By Proposition 4.5 and Lemma 4.6, an element
u € X*®,Y* defined by

u= / pdu,
Q

Ju=T and [lufz = |plvv = T O

satisfies

According to [2, Definition 2.1], given two Banach spaces X and Y, it is said that an element
u € X®,Y is an integral projective norm-attaining tensor if there exists a finite positive Borel
measure 1 on Bx X By with |u|tv = ||ul|, such that the map ¢: Bx x By — X®,Y defined by

Y(r,y) =20y

is u-Bochner integrable and u can be represented by the Bochner integral

u:/ U dp.
BX XBY
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In the case that X and Y are dual spaces, observe that 1 is exactly the same as the map ¢ given in
(4) for dual spaces. We write INA (X @WY) to denote the subset of X®,Y of all integral projective
norm-attaining tensors. It is known (and clear) that the inclusion NA (X@WY) C INA (X@,rY)
always holds, and whether it is an equality was posed as an open problem in [2, Question 2.2]. (In
Corollary 4.9, we will provide a negative answer to this question.)

More in general, the authors considered in [2, Section 3] the following notion: given a topology
7 on Bx X By, it is said that u is 7 integral projective norm-attaining if the measure pu above is
7-Borel, and denoted by INA, (X ®WY) the set of all 7 integral projective norm-attaining tensors.

From the proofs of Theorem 4.4 and Lemma 4.6 the following result is immediate.

Corollary 4.7. Let X and Y be Banach space. If X* and Y* are separable and one of the spaces
X* or Y* has the AP, then X*®,Y* = INA (X*®,Y™).

Remark 4.8.

(1) The condition in Corollary 4.7 that both dual spaces X* and Y* are separable cannot be
weakened to the separability of just one of the duals. Indeed, [2, Example 4.1] showed that
INA (C(T)*®x3) # C(T)*&rL3.

(2) Analogously, the condition in Corollary 4.7 that both spaces are dual spaces cannot be
weakened to the fact that just one of them is a dual space. Indeed, [2, Example 4.1] showed
that INA (L1(T) ®x¢2) # L1(T)®.43.

Corollary 4.7 improves [2, Proposition 3.2] in which the reflexivity of one of the spaces X and Y
is required and that the thesis of such proposition is that X*®,Y* = INA,, (X*@,TY*).

To finish the paper, we show that Theorem 4.4 and Example 2.7 give a negative solution to [2,
Question 2.2] of whether the sets NA (XQA%Y) and INA (X@)ﬁY) always coincide.

Corollary 4.9. For 1 < p,q < oo with % + % < 1, it holds that
NA (6,®nly) # lp@rly  while  INA (6,@:04) = (Rl

Remark 4.10. The authors were recently aware of the recent preprint [20], where M. Jung solved
independently the above mentioned [2, Question 2.2]. Indeed, he proved that every infinite dimen-
sional Banach space X admits an equivalent renorming for which INA(X®,Y) \ NA(X®,X) is
non-empty.
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