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SHELDON DANTAS, MIGUEL MARTÍN, AND YOËL PERREAU

Abstract. In this note, we prove that the Daugavet property implies the poly-
nomial Daugavet property, solving a longstanding open problem in the field. Our
approach is based on showing that a geometric characterization of the Daugavet
property due to Shvidkoy, originally formulated in terms of the weak topology, re-
mains valid when the weak topology is replaced by the weak polynomial topology.
Using similar techniques, we further establish that every linear Daugavet center
is also a polynomial Daugavet center, and that the weak operator Daugavet prop-
erty implies its polynomial counterpart. As an application of the latter result, we
present new examples of Banach spaces whose N -fold symmetric tensor products
satisfy the Daugavet property.

1. Introduction

Given a Banach space X over a field K (K � R or K � C), we denote by BX

its closed unit ball and by SX its closed unit sphere. We also denote by X� the
topological dual of X and by X�� its bidual. For Banach spaces X and Y , we write
LpX,Y q to denote the Banach space of all bounded linear operators from X to Y
endowed with the operator norm. The symbol Id stands for the identity operator.
We will write Re z to denote the real part of z P K; of course, when K � R, this
simply means Re z � z.

A Banach space X has the Daugavet property (DPr, for short), if the Daugavet
equation

}Id � T } � 1 � }T } (DE)

holds for every rank-one T P LpX,Xq. In this case, we have that every weakly
compact operator T P LpX,Xq also satisfies (DE) (in fact, many others classes of
linear operators satisfy (DE), see the survey [Wer01] for more on the topic). This
property takes its name after I. K. Daugavet’s paper from 1963, in which it is proved
that compact linear operators on Cr0, 1s satisfy (DE). Examples of Banach spaces
with the DPr include CpKq-spaces when K is perfect [Dau63], L1pµq-spaces when
µ has no atoms [Lo66], Lipschitz-free spaces FpMq and Lipschitz spaces LippMq
when M is a length metric space [IKW07, GLPRZ18], non-atomic C�-algebras and
preduals of diffuse von Neumann algebras [BM05, Oik02], and some Banach algebras
of holomorphic functions on an arbitrary Banach space [Jun23, Wer97, Woj92],
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among many others. It is immediate that the DPr passes from the dual to the space
itself, while the other implication is false, as the above list of examples shows. We
refer the reader to the recent monograph [KMRZW25] for a detailed account and
background on the Daugavet property. Considerable attention has been devoted to
this isometric property of Banach spaces, which has several notable consequences on
the isomorphic structure of the underlying Banach space. For instance, a Banach
space with the Daugavet property cannot be isomorphically embedded into a Banach
space with an unconditional Schauder basis (see [KSSW00]), extending a classical
result by A. Pe lczyński for L1r0, 1s. Other important isomorphic consequences of the
DPr on a Banach space are that it cannot satisfy the Radon-Nikodým property and
that it contains (many) isomorphic copies of ℓ1 (hence, it cannot be Asplund). These
latter consequences can be proved by using a celebrated geometric characterization
of the DPr in terms of slices of the unit ball which was first obtained in [KSSW00].
This result can be restated in the following way.

Proposition 1.1 ([KSSW00, Lemma 2.2]). A Banach space X has the DPr if and
only if its unit ball BX is equal to the closed convex hull of the set

ty P BX : }x� y} ¡ 2 � εu

for every x P SX and ε ¡ 0. In other words, for every x P SX and every slice S of
BX , we have

sup
yPS

}x� y} � 2

(recall that a slice of a subset C of a Banach space X is a non-empty intersection
of C with an open half-space).

The above characterization was further refined by R. Shvidkoy in [Shv00], after he
rediscovered a geometric lemma due to J. Bourgain concerning convex combinations
of slices. In particular, the following result was established, which we shall refer to
as Shvidkoy’s Lemma.

Lemma 1.2 (Shvidkoy’s lemma [Shv00, Lemma 3]). Let X be a Banach space with
the DPr. Then, for every x P SX and ε ¡ 0, the set ty P BX : }x� y} ¡ 2 � εu is
weakly dense in BX . In other words, for every x P SX and y P BX , we can find a
net pyαq in BX such that yα Ñ y weakly and }x� yα} Ñ 2.

Following the terminology of [KMRZW25, § 2.6], two elements x, y P BX are
called quasi-codirected if they satisfy }x� y} � 2; given ε ¡ 0, we say that x, y are
ε-quasi-codirected if they satisfy }x� y} ¡ 2 � ε.

As a consequence of Shvidkoy’s lemma, it can be proved that a Banach space X
with the DPr cannot satisfy the CPCP (in fact, every relatively weakly open subset
of BX has diameter 2) and that, in the separable case, its bidual contains many
L-orthogonal elements (there is a weak-star Gδ-dense subset A of BX�� such that
}x� x��} � }x} � 1 for every x P X and every x�� P A, see [KMRZW25, Corollary
3.1.18] for this version and see [AMCRZ23, LRZ2021] for further results in this
line). Lemma 1.2 can be also used to show that operators not fixing copies of ℓ1 on
a Banach space with the DPr satisfy the Daugavet equation [Shv00, Theorem 4].

A natural extension of the DPr to polynomials was first introduced in [CGMM07],
while the name appeared in the later paper [CGMM08] (see Subsection 1.2 below
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for the necessary background on polynomials on Banach spaces). A Banach space
X has the polynomial Daugavet property (polynomial DPr, for short) if every weakly
compact polynomial P : X Ñ X satisfies the equation

}Id � P } � 1 � }P } .

This definition is in fact equivalent to requiring the same just for rank-one poly-
nomials [CGMM07, Theorem 1.1]. As bounded linear operators are, in particular,
polynomials, the polynomial DPr implies the DPr. In that same paper [CGMM07],
the following geometric characterization of the polynomial DPr was provided.

Proposition 1.3 ([CGMM07, Corollary 2.2]). A Banach space X has the polyno-
mial DPr if and only if it satisfies the following condition: given x P SX , ε ¡ 0,
and a norm-one scalar-valued polynomial p P PpXq, we can find y P BX and a
modulus-one scalar ω P K such that Reωppyq ¡ 1 � ε and }x� ωy} ¡ 2 � ε.

It was proved in [CGMM07] that the polynomial DPr coincides with the DPr in
CpKq-spaces and in some spaces of vector-valued functions, and it was observed that
a closely related property, the alternative polynomial Daugavet property, differs from
its linear version. The question of whether or not the polynomial DPr and the DPr
always coincide, while implicit in [CGMM07, CGMM08], was first explicitly posed
in [MMP10, Problem 1.2]. In that paper, the authors provide a positive answer in
the case of L1pµq-spaces and their vector-valued counterparts. This question was
since investigated in various settings, and positive answers was obtained for the
following classes of Banach spaces: vector-valued uniform algebras in [CGKM14],
representable Banach spaces in [BS16], L1-preduals, spaces of Lipschitz-functions,
and nicely embedded subspaces of some CbpΩq-spaces in [MRZ22], C�-algebras and
JB�-triples with some partial results in [San14] and a full solution in [CMP24]. We
refer to the recent survey [DGMS23] for an account in this direction.

As announced, the main goal of this paper is to provide a complete positive
solution to this problem - namely, that the Daugavet property is equivalent to the
polynomial Daugavet property.

To motivate our approach, let us observe that, in view of the above geometric char-
acterization of the polynomial DPr, it is clear that Shvidkoy’s Lemma immediately
gives the polynomial DPr from the classical DPr provided that the polynomials we
are working with are weakly continuous on BX , see [CMP24, Theorem 2.3]. However,
it is known that in infinite dimensional Banach spaces, the only weakly continuous
homogeneous polynomials are those of finite type, i.e. of the form x ÞÑ

°m
j�1 αjφ

N
j pxq

with αj P K and φj P X� (see e.g. the short paragraph following [AP80, Proposi-
tion 2.4]). Furthermore, it follows from the results in [FGGGL83] (see also [Din99,
Proposition 2.36 and its proof]) that in any Banach space that contains a copy
of ℓ1 (hence, in particular, in any space with the Daugavet property), there exist
polynomials which are weakly sequentially continuous but not weakly continuous on
bounded subsets. Therefore, a complete answer to our problem cannot be expected
as a straightforward consequence of Shvidkoy’s Lemma (see [CMP24, Section 2] for
a more detailed discussion).

A general strategy to deal with the polynomial DPr has been thus to work with
sequences instead of nets. In general, polynomials need not be weakly sequentially
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continuous (consider e.g. the polynomial x ÞÑ xx, xy on a Hilbert space), but it is
well known that if a Banach space X has the Dunford–Pettis property, then all poly-
nomials on X are weakly sequentially continuous, see [Din99, Proposition 2.34]. In
essence, for all the previously mentioned examples, the polynomial DPr was obtained
by first constructing suitable approximating sequences in the considered space or its
bidual (using Rademacher sequences for L1pµq spaces as in [MMP10], or construct-
ing some c0 sequences in the space as in [CGMM07, CGMM08] or in the bidual space
as in [MRZ22]) and then, by using the weak sequential continuity of polynomials
(or their Aron–Berner extensions) for these sequences. One notable exception is the
paper [CMP24], where a completely different topology (more precisely, the strong�

topology) was used to reach the desired conclusion. However, observe that the key
point there was again to show some sequential continuity for polynomials under this
specific topology (see [CMP24, Corollary 3.7]).

While these sequential approaches are interesting by themselves and may bring
many information on the considered spaces, there is again little hope that they would
provide a complete solution to the polynomial DPr problem, since there is a known
example of a Banach space with the DPr and the Schur property [KW04].

Our approach will follow a different route from those previously explored. In-
deed, we will be working directly with the natural topology on the unit ball induced
by polynomials, the weak polynomial topology (see Subsection 1.2 for the precise
definition). We will use “locally” the ε-quasi-codirected point argument from Shvid-
koy’s Lemma 1.2 while revisiting the construction of approximating nets for this
topology used by A.M. Davie and T.W. Gamelin in the proof of [DG89, Theorem 2]
to produce a Goldstine-type result for the polynomial-star topology of the bidual
space. As an outcome of this, we get our main result which is the following version
of Shvidkoy’s Lemma for the weak polynomial topology.

Theorem (Theorem 2.1). Let X be a Banach space with the DPr. Then, for every
x P SX and for every ε ¡ 0, the set ty P BX : }x� y} ¡ 2 � εu is dense in BX for
the weak polynomial topology of X.

As a consequence, we will obtain that the polynomial DPr and the DPr are
equivalent properties.

Corollary (Corollary 2.4). A Banach space X satisfies the DPr if and only if it
satisfies the polynomial DPr.

It was previously unknown whether the polynomial Daugavet property transfers
from the dual space to the space itself - a problem that has now been completely
solved. In particular, [CMP24, Problem 4.4] has been positively answered, estab-
lishing that the polynomial Daugavet property of the predual of a JBW�-triple (or
even of a von Neumann algebra) is equivalent to that of the JBW�-triple (or the
von Neumann algebra) itself. This is so because the equivalence is already known
for the linear DPr [BM05, Theorem 3.2].

Using similar methods, we also produce a Shvidkoy-like results for linear Daugavet
centers - see Theorem 2.8 - and for the weak operator Daugavet property (WODP,
for short) - see Theorem 2.13. We send the reader to the definitions of these two
concepts in Sections 2.1 and 2.3, respectively, and recall that the WODP implies
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the DPr. As these properties have their counterparts for polynomials (which were
formally stronger properties), what we get is the following.

Corollary (Corollaries 2.9 and 2.14.(a)). Let X and Y be Banach spaces.

(a) If G P LpX,Y q is a Daugavet center, then it is a polynomial Daugavet center.
(b) If X has the WODP, then X has the polynomial WODP.

As a consequence of the second statement of the last corollary and the result
[MRZ22, Theorem 5.12], we will get new examples of Banach spaces with the DPr.
Indeed, we have the following result.

Corollary (Corollary 2.14.(b)). Let X be a Banach space with the WODP. Then,
for every N P N, the N -fold symmetric tensor product pbπ,s,NX of X has the WODP,

hence the DPr. In particular, the following Banach spaces X are such that pbπ,s,NX
has the DPr.

(b1) L-embedded spaces X satisfying the MAP and the DPr, with denspXq ¤ ω1.
(b2) X � W1pbπW2, where W1 and W2 are L1-preduals with the DPr, or L1pµ, Y q-

spaces for µ atomless and Y arbitrary, or spaces as in (a).

Let us finish this introduction by mentioning that we do not know whether there
is a Bourgain-type lemma for the weak polynomial topology of the unit ball of a
Banach space X, i.e. a result saying that every non-empty relatively open subset
of BX for the weak polynomial topology contains a convex combination of slices.
Such a result would immediately provide the Shvidkoy-type result that we get in
this paper (Theorem 2.1), as in the proof of [Shv00, Lemma 3] it is actually shown
the following: let X be a Banach space with the DPr, let U � BX be a subset that
contains a convex combination of slices of BX , x0 P SX , and ε ¡ 0; then there is
z P U such that }x0�z} ¡ 2�ε (see [KMRZW25, Lemma 3.1.15] for a direct proof of
this fact). But there are several indications that this kind of result might not always
hold. On one hand, the weak polynomial topology is not always a linear topology
(see [GJGL05] and references therein for more information), so it is possible that
none of the standard geometric tools from topological vector spaces will be available
for this topology. On the other hand, there are spaces where all convex combination
of slices of the unit ball are relatively weakly open, as c0 or have non-empty relative
weak interior, as L1r0, 1s (see [LMRZ19, HKP25] and references therein), and this
could possibly conflict with the fact that the relative weak and weak polynomial
topologies on the unit ball do not always coincide. It is worth noting also that our
methods do not seem to be applicable to a possible proof that the DPr implies the
WODP. Therefore, it seems that this problem is still open (this was explicitly stated
after [MRZ22, Remark 5.3]).

1.1. Outline. The paper is structured as follows. We finish this introduction with a
short subsection containing the notation and the needed definitions related to poly-
nomials and the necessary background in order to avoid the reader jumping into
specific references very often. In Section 2 we provide our results. In Subsection 2.1,
we prove our new version of Shvidkoy’s lemma for the DPr valid for the weak polyno-
mial topology, which provides the equivalence between the DPr and the polynomial
DPr. In subsection 2.2 we consider Daugavet centers and prove that every linear



6 S. DANTAS, MARTÍN, AND PERREAU

Daugavet center is a polynomial Daugavet center. In Subsection 2.3, we establish a
Shvidkoy-type lemma for the WODP valid for the weak polynomial topology which
provides the equivalence between the WODP and its polynomial counterpart, and
we present an application of it to get new examples of Banach spaces for which the
N -fold symmetric tensor product has the Daugavet property. It is worth noting that
all the results in this paper hold for both real and complex Banach spaces.

1.2. Notation, definitions, and preliminaries. Since this paper deals with poly-
nomials on Banach spaces, it is necessary to introduce some additional machin-
ery. Let X,Y be Banach spaces over K and N P N. Recall that a mapping
P : X Ñ Y is called a continuous N -homogeneous polynomial if we can find an N -
linear bounded symmetric map F : XN Ñ Y (meaning that the following equality
F pxσp1q, . . . , xσpNqq � F px1, . . . , xN q holds true for every permutation σ of t1, . . . , Nu

and for every N -tuple px1, . . . , xN q P XN ) such that P pxq � F px, . . . , xq for every
x P X. We denote by PpNX,Y q the Banach space of all N -homogeneous contin-
uous polynomials endowed with the supremum of the norm of the images of BX

as (complete) norm. When Y is the base field, we just write PpNXq � PpNX,Kq.
A mapping P : X Ñ Y is called a polynomial if it is a finite linear combination
of homogeneous continuous polynomials (we consider the constant mappings to be
the 0-homogeneous polynomials and we note that the bounded linear operators are
the 1-homogeneous continuous polynomials). Observe that we only consider in this
paper continuous polynomials, so the word “polynomial” always suppose its conti-
nuity. We denote by PpX,Y q the set of all continuous polynomials from X to Y ,
and by PpXq the set of all scalar-valued continuous polynomials on X. A poly-
nomial P P PpX,Y q is said to be weakly compact if P pBXq is a relatively weakly
compact subset of Y ; P is a rank-one polynomial if P pxq � ppxqy0 @x P X, where
p P PpXq and y0 P Y . We send the reader to [Din99, Mujica86, HJ14] for a complete
background on this topic.

Our main tool here will be the weak polynomial topology on a Banach space X. It
was introduced in [CCG89] as the smallest topology on X which makes all the scalar-
valued polynomials on X continuous. Equivalently, it is the smallest topology on X
for which a net pxαq in X converges to a point x in X if and only if ppxαq Ñ ppxq
for every p P PpXq. Finally, let us recall that the polynomial-star topology of X��

is the topology defined in [DG89] as the smallest topology on X�� for which a net
pxαq in X�� converges to a point x in X�� if and only if pppxαq Ñ pppxq for every
scalar-valued polynomial p on X, where pp denotes the Aron–Berner extension of
p to X�� [AB78]. It is shown in [DG89, Theorem 2] that BX�� is equal to the
polynomial-star closure of BX in X��, providing a polynomial-star analogue to the
classical Goldstine theorem.

2. The main results

2.1. The DPr and the polynomial DPr are equivalent. We will now state
and prove the main result of the paper.

Theorem 2.1. Let X be a Banach space with the DPr. Then, for every x P SX and
y P BX , we can find a net pyαq � BX which converges to y in the weak polynomial
topology and such that }x� yα} Ñ 2.
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As previously mentioned, the proof of this result essentially consists in using
Shvidkoy’s original ε-quasi-codirected point argument from Lemma 1.2 at every
step of the construction of the net in the proof of the Davie–Gamelin’s Goldstine-
type result for the weak-star polynomial topology given in [DG89, Theorem 2],
to force this net to be almost quasi-codirected with any previously fixed point of
the unit sphere. More precisely, given x P SX , y P BY , and a finite family F of
continuous symmetric multilinear forms on X, we will construct a finite sequence
y1, . . . , yN P BX as in the proof of [DG89, Theorem 2] whose arithmetic mean yF will
have value close to the value of y under the action of every homogeneous polynomial
arising from a multilinear form in F and, additionally, which will be almost quasi-
codirected with the point x.

We will also need the following well known immediate consequence of the triangle
inequality.

Lemma 2.2. Let X be a Banach space, ε P p0, 1q, and x, y P BX be such that
}x� y} ¡ 2 � ε. Then, for every λ P p0, 1q, we have

}x� λy} ¡ 1 � λ� ε.

We also need the following lemma, which we will prove after we present a proof
for Theorem 2.1.

Lemma 2.3. Let X be a Banach space with the DPr, let x P SX , let y P BX , let
ε P p0, 1q, let F be a finite family of continuous symmetric multilinear forms on X
and let N P N be such that every F P F is m-linear for some m ¤ N . Then, we can
find y1, . . . , yN P BX such that�����x� Ņ

i�1

yi

����� ¡ N � 1 �
ε

N � 1
(1)

and
|F pyi1 , . . . , yimq � F py, . . . , yq|   ε (2)

for every m-linear form F P F and every i1   . . .   im P t1, . . . , Nu.

With Lemma 2.3 in mind, Theorem 2.1 follows.

Proof of Theorem 2.1. Fix x P SX and y P BX . Let ε P p0, 1q and let F be a finite
family of continuous symmetric multilinear forms on X. Choose N P N sufficiently
large so that every F P F is m-linear for some m ¤ N and so that the averaging in
[DG89, page 354] applies. By Lemma 2.3, there are y1, . . . , yN P BX satisfying (1)
and (2) above. Set

yF :�
1

N

Ņ

i�1

yi.

On the one hand, it is proved in [DG89, page 354] that, for N sufficiently large, (2)
implies

|F pyF , . . . , yF q � F py, . . . , yq|   2ε

for every F P F . On the other hand, (1) and the Hahn-Banach theorem provide a
functional f P SX� such that

Re fpxq ¡ 1 �
ε

N � 1
and Re fpxiq ¡ 1 �

ε

N � 1
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for every i P t1, . . . , Nu. Thus, we have that

}x� yF} ¥ Re fpxq �
1

N

Ņ

i�1

Re fpxiq ¡ 2 �
2ε

N � 1
¥ 2 � ε.

Taking as a direct set the product of p0, 1q, ordered by reverse inequality, and the
set of all finite families of continuous symmetric multilinear forms on X, ordered by
inclusion, the preceding estimates produce a net pyαq such that yα converges to y in
the weak polynomial topology and }x� yα} Ñ 2. □

It remains to prove Lemma 2.3.

Proof of Lemma 2.3. As in [DG89, Section 3], we select the points yi, inductively.
Put

ξ :�
ε

NpN � 1q
.

We will construct y1, . . . , yN P BX such that, for every n P t1, . . . , Nu,�����x� ņ

i�1

yi

����� ¡ n� 1 � nξ (3)

and, additionally,

|F pyi1 , . . . , yik�1
, yik , y, . . . , yq � F pyi1 , . . . , yik�1

, y, y, . . . , yq|  
ε

N
(4)

for every m-linear symmetric form F P F , every k ¤ m and for every i1   � � �  
ik ¤ n. The case n � 1 follows from Shvidkoy’s lemma. Indeed, there is a net pyαq
in BX which converges weakly to y and satisfies }x � yα} Ñ 2. For every F P F ,
the mapping z ÞÑ F pz, y, . . . , yq is linear and continuous, hence weakly continuous.
Since F is finite, we can choose α such that }x� yα} ¡ 2 � ξ and

|F pyα, y, . . . , yq � F py, . . . , yq|  
ε

N

for every F P F . Then y1 :� yα satisfies the required conditions. Now, suppose that
y1, . . . , yn have been constructed for some n P t1, . . . , N � 1u. Applying Shvidkoy’s

lemma (see once again Lemma 1.2) to the point
x�
°n

i�1 yi

}x�
°n

i�1 yi}
P SX , we obtain a net

pyαq in BX which converges weakly to y and such that���� x�
°n

i�1 yi
}x�

°n
i�1 yi}

� yα

����Ñ 2.

As before, we have that given any m-linear F P F , k ¤ m� 1 and i1   � � �   ik ¤ n,
the mapping z ÞÑ F pyi1 , . . . , yik , z, y, . . . , yq is linear and continuous, so

F pyi1 , . . . , yik , yα, y, . . . , yq Ñ F pyi1 , . . . , yik , y, y, . . . , yq.

Since there is only a finite number of linear forms and finitely many possible choices
for the multi-indices i1   � � �   ik for each of these, we can find α such that all the
required estimates in (4) hold, that is,��F pyi1 , . . . , yik , yα, y, . . . , yq � F pyi1 , . . . , yik , y, y, . . . , yq

��   ε

N
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for every such choice, and additionally such that���� x�
°n

i�1 yi
}x�

°n
i�1 yi}

� yα

���� ¡ 2 �
ξ

}x�
°n

i�1 yi}
.

By using the induction hypothesis and applying Lemma 2.2 with λ � 1

}x�
°n

i�1 yi}
P

p0, 1q (indeed, notice that }x�
°n

i�1 yi} ¡ n), we immediately get�����x� ņ

i�1

yi � yα

����� ¡ 1 �

�����x� ņ

i�1

yi

������ ξ ¡ n� 2 � pn� 1qξ.

So yn�1 :� yα is as we wanted. Finally, note that, on the one hand, by (3) with

n � N , we have �����x� Ņ

i�1

yi

����� ¡ N � 1 �Nξ � N � 1 �
ε

N � 1

which gives (1), and, on the other hand, given any m-linear symmetric form F P F
and i1   � � �   im P t1, . . . , Nu, we have��F pyi1 , . . . , yimq � F py, . . . , yq

�� ¤ ��F pyi1 , . . . , yimq � F pyi1 , . . . , yim�1 , yq
��

�
��F pyi1 , . . . , yim�1 , yq � F pyi1 , . . . , yim�2 , y, yq

��
� � � � �

��F pyi1 , y, . . . , yq � F py, . . . , yq
��

  m �
ε

N
¤ ε.

This proves (2) and completes the proof. □

As a corollary, we immediately get that the DPr and the polynomial DPr coincide
solving thus a longstanding open problem. In order to do this, we will use the
characterization given in Proposition 1.3.

Corollary 2.4. A Banach X with the DPr satisfies the polynomial DPr.

Proof. Let x P SX , p P PpXq with }p} � 1 and ε ¡ 0. Pick y P BX and a
modulus-one scalar ω P K to be such that Reωppyq ¡ 1� ε. Applying Theorem 2.1
to the points ω x and y, we can find a net pyαq in BX which converges to y in
the weak polynomial topology and such that }x� ωyα} Ñ 2. Since, in particular,
ppyαq Ñ ppyq, we can find α such that Reωppyαq ¡ 1� ε and }x� ωyα} ¡ 2� ε. □

Remark 2.5. In particular, this result shows that for a real Banach space with the
DPr we have that }p} � supxPSX

|ppxq| for every p P PpXq. In the complex case, this
actually happens in all Banach spaces by the Maximum Modulus Principle (see, for
instance, [Mujica86, 5.G, page 40]) but, in the real case, it is not always the case.
Indeed, just consider the polynomial x ÞÑ 1 � xx, xy defined on a Hilbert space.

2.2. Every Daugavet center is a polynomial Daugavet center. Let us now
deal with an extension of the Daugavet property, the Daugavet centers introduced
in [BK10].
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Let X, Y be Banach spaces. A (non-null) operator G P LpX,Y q is called a
Daugavet center [BK10] if the equation

}G� T } � }G} � }T }

holds for every rank-one T P LpX,Y q. In this case, the same norm-equality is
satisfied by all bounded linear operators not fixing a copy of ℓ1 (in particular, by all
weakly compact operators) [BK10, Corollary 3]. Following [San20], we say that a
(non-null) polynomial Q P PpX,Y q is a polynomial Daugavet center if the equation

}Q� P } � }Q} � }P }

holds for every rank-one polynomial P P PpX,Y q. In this case, all weakly compact
P P PpX,Y q also satisfy the same norm equality (see [San20, Corollary 2.9]). Note
that a Banach space X has the DPr (respectively, polynomial DPr) if and only
if the identity Id is a Daugavet (respectively, polynomial Daugavet) center. Also,
by homogeneity, G is a Daugavet center (respectively, Q is a polynomial Daugavet

center) if and only if G
}G} P SLpX,Y q is a Daugavet center (respectively, Q

}Q} P SPpX,Y q

is a polynomial Daugavet center). Thus, when dealing with these properties, it is
enough to work with norm-one operators or polynomials. For these notions, we have
the following geometric characterizations.

Proposition 2.6. Let X, Y be Banach spaces, let G P LpX,Y q with }G} � 1, and
let Q P PpX,Y q with }Q} � 1. Then we have the following statements.

(a) [BK10, Theorem 2.1] The operator G is a Daugavet center if and only if it
satisfies the following condition: for every y P SY and every slice S of BX ,
we have that supxPS }y �Gpxq} � 2.

(b) [San20, Theorem 2.2] The polynomial Q is a polynomial Daugavet center if
and only if it satisfies the following condition: for every y P SY , ε ¡ 0, and
p P PpXq with }p} � 1, there exists x P BX and a modulus-one scalar ω P K
such that Reωppxq ¡ 1 � ε and }y � ωQpxq} ¡ 2 � ε.

The following Shvidkoy-type lemma for Daugavet center was proved in [Bos10].

Lemma 2.7 ([Bos10, Lemma 3]). Let X be a Banach space and G P LpX,Y q with
}G} � 1 be a Daugavet center. Then for every x P BX and y P SY , there exists a
net pxαq in BX such that xα Ñ x weakly and }y �Gpxαq} Ñ 2.

The following result is presented with a sketch of the proof. We leave the full
details to the reader, indicating only the essential adjustments to the proof of The-
orem 2.1.

Theorem 2.8. Let X be a Banach space and G P LpX,Y q be a Daugavet center.
Then for every x P BX and y P SY , there exists a net pxαq in BX such that xα Ñ x
in the weak polynomial topology and }y �Gpxαq} Ñ 2.

Proof. The proof mirrors that of Theorem 2.1 with the only difference being the
treatment of the ε-quasi-codirected argument. By homogeneity, we may assume
that }G} � 1. Fix x P BX and y P SY . Given ε P p0, 1q, a finite family F of
continuous symmetric multilinear forms on X and N P N sufficiently large so that
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every F P F is m-linear for some m ¤ N , we need to construct x1, . . . , xN P BX

such that �����y � Ņ

i�1

Gpxiq

�����
Y

¡ N � 1 �
ε

N � 1

and

|F pxi1 , . . . , ximq � F px, . . . , xq|   ε

for every m-linear F P F and every i1   . . .   im P t1, . . . , Nu. We then use

xF :�
1

N

Ņ

i�1

xi

and conclude the proof as in the proof of Theorem 2.1. For the construction, put

ξ :�
ε

NpN � 1q

and proceed by induction. The case n � 1 is obtained exactly as in the proof of
Lemma 2.3. Suppose now that x1, . . . , xn have already been chosen and that�����y � ņ

i�1

Gpxiq

�����
Y

¡ n� 1 � nξ.

Lemma 2.7 applied to
y�
°n

i�1 Gpxiq
}y�

°n
i�1 Gpxiq}

P SY and to the point x P BX allows us to

choose xn�1 P BX satisfying the required multilinear estimates and also���� y �
°n

i�1Gpxiq

}y �
°n

i�1Gpxiq}
�Gpxn�1q

����
Y

¡ 2 �
ξ

}y �
°n

i�1Gpxiq}
.

We apply Lemma 2.2 for λ � 1
}y�

°n
i�1 Gpxiq}

P p0, 1q. It follows that�����y � n�1̧

i�1

Gpxiq

�����
Y

¡ n� 2 � pn� 1qξ.

This is the desired inductive inequality. The multilinear estimates are obtained
simultaneously from weak continuity, exactly as in the proof of Lemma 2.3. The
rest of the proof follows as in Theorem 2.1 using the linearity of G. □

Combining Theorem 2.8 with Proposition 2.6.(b), and applying the same reason-
ing as in the proof of Corollary 2.4, we obtain the following result for any linear
Daugavet center G P LpX,Y q.

Corollary 2.9. Every (linear) Daugavet center is a polynomial Daugavet center.

Let us observe that the linearity of the operator G is crucial for adapting the proof
of Theorem 2.1 to Daugavet centers (more precisely, to make the ε-quasi-codirected
point argument to work), and we do not know if our proof can be adapted in the
non-linear setting. In particular, we do not know if, given a (non-null) polynomial
Q P P pX,Y q which satisfies

}Q� T } � }Q} � }T }
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for every rank-one T P LpX,Y q, we actually have that Q is a polynomial Daugavet
center, that is, the same norm equality holds for T being a rank-one polynomial
from X to Y .

2.3. The WODP and the polynomial WODP are equivalent. In this sec-
tion, we address two properties introduced in [MRZ22], namely the WODP and the
polynomial WODP, which were proposed to study the preservation of the Daugavet
property under projective tensor products and projective symmetric tensor prod-
ucts. We need some additional notation. Given a Banach space X, x1, . . . , xn P BX ,
ε ¡ 0, and x1 P BX , we denote by OFpx1, . . . , xn;x1, εq the set of all points x P BX

for which there exists T P LpX,Xq such that }T } ¤ 1, }T pxiq � xi}   ε for every
i P t1, . . . , nu, and }T pxq � x1}   ε.

Definition 2.10 ([MRZ22]). Let X be a Banach space. We say that

(a) X has the weak operator Daugavet property (WODP, for short) if for every
x1, . . . , xn P BX , ε ¡ 0, x1 P BX , and every slice S of BX , we have that
S X OFpx1, . . . , xn;x1, εq � H;

(b) X has the polynomial weak operator Daugavet property (polynomial WODP,
for short) if for every x1, . . . , xn P BX , ε, δ ¡ 0, x1 P BX , and p P PpXq
with }p} � 1, we can find y P OFpx1, . . . , xn;x1, εq and a modulus-one scalar
ω P K such that Reωppyq ¡ 1 � δ.

Remark 2.11. Let us notice that our definition for the set OFpx1, . . . , xn;x1, εq
differs slightly from the one in [MRZ22], but it is readily checked that the properties
obtained in the above way are exactly the WODP and the polynomial WODP as
defined in [MRZ22]. See also [RZ24, page 6, immediately before Lemma 2.2] .

The interest in the WODP lies in the fact that it is stable by taking projective
tensor products [MRZ22, Theorem 5.4], and that it has other interesting applications
for the geometry of injective and projective tensor products [RZ24]. The analogue
to Shvidkoy’s result in this setting was proved in [MRZ22, Lemma 5.6].

Lemma 2.12 ([MRZ22, Lemma 5.6]). Let X be a Banach space with the WODP.
Then, for every x1, . . . , xn P BX , ε ¡ 0, and x1 P BX , the set OFpx1, . . . , xn;x1, εq
is weakly dense in BX .

In the same vein as Theorems 2.1 and 2.8, we present a stronger version of Lemma
2.12, formulated once again for the weak polynomial topology.

Theorem 2.13. Let X be a Banach space with the WODP. Then, given x1, . . . , xn P
BX , ε ¡ 0, and x1 P BX , the set OFpx1, . . . , xn;x1, εq is dense in BX for weak
polynomial topology.

The proof follows similar arguments to those used in Theorem 2.1. As in the proof
of Theorem 2.8, the main difference lies in the need to find a suitable alternative
to the ε-quasi-codirected point technique. In order to achieve this, we essentially
follow the ideas presented in [MRZ22, Lemma 5.5].

Proof of Theorem 2.13. Fix x1, . . . , xℓ P BX , ε ¡ 0, and x1 P BX . Then take y P BX .
Again, it is sufficient to prove the following: given ε ¡ 0, a finite family of F of
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continuous symmetric multilinear forms on X, and N P N large enough so that every
F P F is m-linear for some m ¤ N , we can find y1, . . . , yN P SX and T P LpX,Xq
with }T } ¤ 1 such that

}T pxlq � xl}   ε @l P t1, . . . , ℓu,
��T pyiq � x1

��   ε @i P t1, . . . , Nu; (5)

and ��F pyi1 , . . . , yimq � F py, . . . , yq
��   ε

for every F P F m-linear and for every i1   � � �   im P t1, . . . , Nu. Indeed, on one
hand, the latter condition would give, as in the proof of Theorem 2.1, that taking
N large enough and letting yF :� 1

N

°N
i�1 yi, we would get��F pyF , . . . , yF q � F py, . . . , yq

��   2ε

for every F P F . On the other hand, from (5) and a straightforward application of
the triangle inequality, we would get that

��T pyF q � x1
�� ¤ 1

N

Ņ

i�1

��T pyiq � x1
��   ε.

Therefore, yF P OFpx1, . . . , xℓ;x
1, εq, and we would immediately get the net con-

verging to y we wanted.

Once again, we will construct the yn’s inductively. Fix ε ¡ 0, and let ξ :� ε
N .

We will construct y1, . . . , yN in BX and T1, . . . , TN P LpX,Xq such that for every
n P t1, . . . , Nu, we have }Tn} ¤ 1;

}Tnpxlq � xl}   nξ @l P t1, . . . , ℓu and
��Tnpx

1q � x1
��   nξ;��Tnpyiq � x1

��   nξ @i P t1, . . . , nu;

and ��F pyi1 , . . . , yik�1
, yik , y, . . . , yq � F pyi1 , . . . , yik�1

, y, y, . . . , yq
��   ε

N

for every m-linear symmetric form F P F , k ¤ m, and i1   � � �   ik ¤ n.

The case n � 1 immediately follows from Lemma 2.12 by combining the weak
continuity of the mapping z ÞÑ F pz, y, . . . , yq and the weak density of the set
OFpx1, x1, . . . , xℓ;x

1, ξq, where we also ask the point x1 itself to be almost fixed by
our operator.

Now, assume that y1, . . . , yn and T1, . . . , Tn satisfy the above conditions for some
n P t1, . . . , N � 1u. Applying Lemma 2.12 with an additional constraint on the
values of the operator at the points y1, . . . , yn, and using the weak continuity of the
(finite number of) mappings z ÞÑ F pyi1 , . . . , yik , z, y, . . . , yq, we obtain a point yn�1

in OFpx1, x1, . . . , xℓ, y1, . . . , yn;x1, ξq such that given any m-linear symmetric form
F P F , k ¤ m� 1, and i1   � � �   ik ¤ n, we have��F pyi1 , . . . , yik , yn�1, y, . . . , yq � F pyi1 , . . . , yik , y, y, . . . , yq

��   ε

N
.

Let S P LpX,Xq with }S} � 1 witnessing the fact that yn�1 belongs to

OFpx1, x1, . . . , xℓ, y1, . . . , yn;x1, ξq.
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We claim that the operator Tn�1 :� Tn � S does what we want. Indeed, first, for
every l P t1 . . . , ℓu, we have

}Tn�1pxlq � xl} ¤ }TnpSpxlq � xlq} � }Tnpxlq � xl}

  }Spxlq � xl} � nξ   pn� 1qξ.

Similarly, ��Tn�1px
1q � x1

�� ¤ ��TnpSpx
1q � x1q

��� ��Tnpx
1q � x1

��   pn� 1qξ.

Second, for every i P t1, . . . , nu, we have��Tn�1pyiq � x1
�� ¤ }TnpSpyiq � yiq} �

��Tnpyiq � x1
��

  }Spyiq � yi} � nξ   pn� 1qξ.

Last, ��Tn�1pyn�1q � x1
�� ¤ ��TnpSpyn�1q � x1q

��� ��Tnpx
1q � x1

��   pn� 1qξ.

So we can now conclude as in the proof of Theorem 2.1. □

We conclude this work with an application of Theorem 2.13. Given a Banach
space X and N P N, the (N -fold) projective symmetric tensor product of X, denoted

by xÂπ,s,NX, is the completion of the space
Âs,N X endowed with the norm

}u}π,s,N :� inf

#
ņ

i�1

|λi|}xi}
N : u �

ņ

i�1

λix
N
i , n P N, xi P X

+
,

where the infimum is taken over all such representations of u and xN :� xb N. . .b x

for every x P X. It turns out that the topological dual pxÂπ,s,NXq� can be identified

(there is an isometric isomorphism) with PpNXq. We refer the interested reader to
[BR01, CD00, CG11, Floret97] for further background on the topic.

As a consequence of Theorem 2.13, we get the following consequence.

Corollary 2.14. Let X be a Banach space and N P N. Suppose that X has the
WODP. Then,

(a) X satisfies the polynomial WODP.

(b) xÂπ,s,NX has the WODP.

In particular, the following Banach spaces X are such that pbπ,s,NX has the DPr.

(b1) L-embedded spaces X satisfying the MAP and the DPr, with denspXq ¤ ω1.
(b2) X � W1pbπW2, where W1 and W2 are L1-preduals with the DPr, or L1pµ, Y q-

spaces for µ atomless and Y arbitrary, or spaces as in (b1).

Proof. We first prove (a). Fix x1, . . . , xn P BX , ε, δ ¡ 0, x1 P BX and p P PpXq with
}p} � 1. Choose y P BX and a modulus one scalar ω P K such that

Reωppyq ¡ 1 � δ{2.

By Theorem 2.13, there exists z P OFpx1, . . . , xn;x1, εq such that |ppzq�ppyq|   δ{2.
Consequently, Reωppzq ¥ Reωppyq � |ppzq � ppyq| ¡ 1 � δ, which proves (a). That
(a) implies (b) was proved in [DJRZ22, Theorem 5.12]. It was proved in [DJRZ22,
Theorem 3.1] that the hypothesis of (b1) implies that X has the WODP, so (b) gives
the result. By [MRZ22, Propositions 5.9 and 5.11] and [DJRZ22, Theorem 3.1], each
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W1 and W2 in (b2) has the WODP. Therefore, [MRZ22, Theorem 5.4] implies that
X � W1pbπW2 has the WODP as well. Now, (b) gives the result. □
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[GLPRZ18] L. Garćıa-Lirola, A. Procházka, and A. Rueda Zoca, A characterisation of the Dau-
gavet property in spaces of Lipschitz functions, J. Math. Anal. Appl. 464 (2018),
no. 1, 473–492.
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