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Abstract. We introduce a new class of bounded linear operators, called range

strongly exposing (RSE, in short) operators, which form a natural intermedi-
ate class: weaker than absolutely strongly exposing operators, yet stronger

than both uniquely quasi norm-attaining and classical norm-attaining opera-

tors. Several foundational results on norm-attaining operators are extended
to the RSE setting. Among our main contributions, we establish that for ev-

ery infinite-dimensional Banach space Y , there exists a Banach space X such

that the RSE operators from X to Y are not dense—an RSE analogue of a
result by Acosta (1999) which applies only when Y is strictly convex. We also

show that the Radon-Nikodým property of Y is sufficient to obtain that RSE
operators from L1(µ) to Y are dense and that this is also necessary if µ is not

purely atomic. This extends and sharpens classical results by Uhl (1976). As a

consequence, we prove that the set of RSE operators between L1(µ) and L1(ν)
is dense if and only if at least one of the measures µ or ν is purely atomic,

in contrast with the classical result by Iwanik (1979) which guarantees the

denseness of norm-attaining operators for all measures µ and ν. We also prove
that weakly compact operators from any C(K) space can always be approx-

imated by (weakly compact) RSE operators, thereby strengthening a result

of Schachermayer (1983). Additionally, we present several improvements of
more recent results concerning finite-rank operators and Γ-flat operators which

give, in particular, RSE versions of classical results on compact operators by

Johnson—Wolfe (1979). Finally, we discuss RSE counterparts of results by
Zizler and Lindenstrauss on the denseness of operators whose adjoints attain

their norm.
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1. Introduction

Let X and Y be Banach spaces over the field K (which will be the field R of
real numbers or the field C of complex numbers). Our notation is standard, as in
most textbooks on Banach space theory; we refer, e.g., to [18,36]. For example, we
denote by BX and SX the closed unit ball and the unit sphere of X, respectively,
and T := SK is the set of modulus one scalars, L(X,Y ) is the space of all bounded
linear operators from X into Y , and X∗ = L(X,K) denotes the (topological) dual
space of X. Most of the standard concepts from Banach space theory used in the
paper (such as rotundity, smoothness, and various operator ideals) can be found in
Subsection 1.1 at the end of this introduction.

It is said that T ∈ L(X,Y ) attains its norm (or that T is norm-attaining) if
the operator norm ∥T∥ coincides with max{∥Tx∥ : x ∈ BX}, that is, if T (BX) ∩
∥T∥SY ̸= ∅. We denote by NA(X,Y ) the set of norm-attaining operators from X
into Y , and write NA(X) when Y = K for simplicity. The study of norm-attaining
operators goes back to the seminal paper by Lindenstrauss [32], who proved, among
other results, that there are Banach spaces X and Y for which NA(X,Y ) fails to
be dense in L(X,Y ), and that NA(X,Y ) is dense if either X is reflexive or if Y
has a geometrical property called Lindenstrauss’ property β (which is satisfied by
finite-dimensional polyhedral spaces and by closed subspaces of ℓ∞ containing the
canonical copy of c0, among many other examples). To simplify the notation, Lin-
denstrauss introduced the following terminology. A Banach space X has property
A if NA(X,Y ) is dense in L(X,Y ) for every target space Y . Analogously, a Banach
space Y has property B if NA(X,Y ) is dense in L(X,Y ) for every domain space
X. In 1977, Bourgain linked in [7] the study of norm-attaining operators with the
Radon-Nikodým property (for short, RNP) by showing that the RNP implies prop-
erty A and presented a sort of reciprocal result. Huff improved the result further
in [24] by showing that X must have the RNP if any renorming of X has property
A. We refer the reader to the expository papers [1, 14, 35] and the recent papers
[6, 13, 20, 28, 29] and references therein for more information and background. Let
us mention that both properties A and B are of isometric nature, that is, depend
on the concrete norm we are using in the involved spaces, and that every separable
Banach space can be renormed to have property A and every Banach space can be
renormed to have property B.

To relate Bourgain’s work with the concept we are introducing in this paper,
let us describe it more in detail. What was actually proved in [7] is that the set
of all absolutely strongly exposing operators (denoted by ASE(X,Y )) is dense in
L(X,Y ) when X has the RNP. Recall that T ∈ ASE(X,Y ) if there exists x0 ∈ SX

such that whenever a sequence (xn) ⊆ BX satisfies that ∥Txn∥ → ∥T∥, one can
find a subsequence (xσ(n)) ⊆ (xn) and θ ∈ T such that xσ(n) → θx0. That is, T
attains the norm at a unique element (up to rotation) in the strong way that all
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sequences in BX approximating the norm have to converge (up to rotation) to this
element. This is, of course, a very strong concept. For instance, the point at which
T attains its norm has to be a strongly exposed point of BX (immediately) and
the denseness of ASE(X,Y ) for a non-zero Y implies the denseness of the set of
strongly exposing functionals in X∗ [29, Proposition 1.5] (see Subsection 1.1 for the
definitions of strongly exposed points and strongly exposing functionals). We refer
the reader to the recent paper [29] for extensions of Bourgain’s work. Although
Bourgain’s positive result is both strong and useful when X has the RNP, the
concept of absolutely strongly exposing operator turns out to be highly restrictive
when the space X fails the RNP and is entirely useless when BX has no strongly
exposed points. This occurs in classical Banach spaces such as infinite-dimensional
C(K) spaces and L1(µ) spaces when µ is atomless.

Let us now turn to property B, the counterpart to property A for range spaces.
This property is also connected to the RNP: If every equivalent renorming of Y
has property B, then Y has the RNP [7, 24]. However, unlike property A, the
converse is false; as observed by Gowers [22], the Banach spaces ℓp fail to have
property B for 1 < p < ∞. Actually, the same happens for ℓ1 [3], for all strictly
convex infinite-dimensional Banach spaces [2], and for ℓp-sums of finite-dimensional
Banach spaces for 1 < p < ∞ [20]. Nevertheless, there remains a way to connect the
RNP of a target space with its role as a ‘universal range’ for the density of a kind of
norm-attaining operators in a weaker sense. For this purpose, the notion of quasi
norm-attainment was introduced in [12] as follows. An operator T ∈ L(X,Y ) quasi
attains its norm (we write T ∈ QNA(X,Y )) if there exists a sequence (xn) ⊆ BX

and y0 ∈ ∥T∥SY such that Txn → y0 (that is, if T (BX) ∩ ∥T∥SY ̸= ∅). It was
shown in the aforementioned paper [12] that if Y has the RNP, then QNA(X,Y ) is
dense in L(X,Y ) for every Banach space X and, conversely, the RNP is necessary
to get that QNA(X,Y ′) is dense in L(X,Y ′) for every Banach space X and every
equivalent renorming Y ′ of Y . It was actually proved in [12] that if T ∈ L(X,Y )
is a strong Radon-Nikodým operator (see the definition in Subsection 1.1, observe
that in the case when Y has the RNP, then every operator in L(X,Y ) is strong
Radon-Nikodým), then T can be approximated by uniquely quasi norm-attaining
operators. We say that an operator T ∈ L(X,Y ) uniquely quasi attains its norm
(and write T ∈ UQNA(X,Y )) if there exists y0 ∈ ∥T∥SY such that whenever a
sequence (xn) ⊆ BX satisfies ∥Txn∥ → ∥T∥, one can find a subsequence (xσ(n)) ⊆
(xn) and θ ∈ T such that Txσ(n) → θy0. Assuming that either the domain space X
or the range space Y has the RNP (or that we are dealing with compact or weakly
compact operators), the set of uniquely quasi norm-attaining (respectively, compact
or weakly compact) operators between X and Y is dense in L(X,Y ) [12, Corollaries
3.10 and 3.11]. This notion is less useful than the one of absolutely strongly exposing
operator, as it does not imply the operator to attain its norm. Instead, it provides a
“supremum value” that is unique (up to rotations) rather than an actual “maximum
value”.

In this paper, we introduce the following notion of norm attainment, which is
weaker than being absolutely strongly exposing, but stronger than the mere norm
attainment and than being UQNA.

Definition 1.1. A bounded linear operator T ∈ L(X,Y ) is said to strongly exposes
its range (or that it is range strongly exposing, writing T ∈ RSE(X,Y )), if there
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exists x0 ∈ SX such that whenever (xn) ⊆ BX satisfies ∥Txn∥ → ∥T∥, one can find
a subsequence (xσ(n)) ⊆ (xn) and θ ∈ T such that Txσ(n) → θTx0. Sometimes, we
will simply say that T ∈ L(X,Y ) is an RSE operator when T belongs to the class
RSE(X,Y ).

The motivation behind the terminology “RSE” stems from the following geo-
metric observation: If T ∈ RSE(X,Y ) witnessed by x0 ∈ SX , then Tx0 is indeed a

strongly exposed point of T (BX) (see Lemma 2.9). This strongly exposed point lies
in the range space, and therefore the letter R in RSE is understood to signify the
range space. As expected, the letters “SE” stand for “strongly exposing”. It will
turn out that being a range strongly exposing operator is equivalent to being both
uniquely quasi norm-attaining and norm-attaining (in the classical sense) simulta-
neously, Proposition 2.3. Let us mention that the denseness of both NA(X,Y ) and
UQNA(X,Y ) does not guarantee the denseness of RSE(X,Y ), see Example 3.4.
Observe that while an operator in the RSE class may attain its norm at many
elements of the domain space, the operator has a unique (up to rotation) “strong
maximum value” (in the sense that the image of any sequence approximating the
norm of the operator has a subsequence which converges to a rotation of the max-
imum value).

The aim of this paper is to compare this new class of operators with previously
studied notions of norm-attaining operators and to deepen the understanding of
the interaction between the geometry of Banach spaces and norm-attaining theory.
As we will see, the denseness of RSE operators has stronger consequences than the
denseness of the norm-attaining operators.

Let us present the outline of the paper together with the main results obtained.
The introduction concludes with Subsection 1.1 containing all the terminology we
will use along the paper.

Section 2 presents all the preliminary and technical results on RSE and UQNA
operators which we will use throughout the paper.

In Section 3 we provide an RSE analogues of several classical results of norm-
attaining operators. We first show in Subsection 3.1 that for every infinite-dimen-
sional Banach space Y , there is a Banach space X such that RSE(X,Y ) is not
dense, that is, no infinite-dimensional Banach space satisfies the RSE version of
Lindenstrauss’ property B. Recall that every Banach space can be equivalently
renormed to have Lindenstrauss’ property β [37], hence Lindenstrauss’ property B.
Subsection 3.2 deals with operators acting from L1(µ) spaces, refining and extending
the results of Uhl in 1976 [40]. Namely, we show that strong Radon-Nikodým (in
particular, weakly compact) operators from L1(µ) spaces can be approximated
by RSE operators. Conversely, we show that the denseness of RSE(L1(µ), Y ) in
L(L1(µ), Y ) for a non purely atomic finite measure µ, implies that Y has the RNP.
In contrast, the analogous result for norm-attaining operators holds only when Y
is strictly convex (for instance, NA(L1(µ), c0) is dense for every measure µ). As
a consequence, we fully characterize when RSE(L1(µ), L1(ν)) is dense by showing
that it is the case exactly when at least one of the measures µ or ν is purely atomic—
unlike the case of norm-attaining operators, where NA(L1(µ), L1(ν)) is dense for
all measures µ and ν [25]. Next, we prove in Subsection 3.3 that weakly compact
operator acting from a C(K) space can be approximated by (weakly compact)
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RSE operators, improving a classical result by Schachermayer [38] of 1983. Finally,
we extend the classical results of Johnson–Wolfe [27] on norm-attaining compact
operators to the RSE version in Subsection 3.4. In fact, we follow the ideas given
in [30] to actually deal with finite-rank operators. The main result here shows
that finite-rank operators defined on Banach spaces with “sufficiently many” linear
subspaces inside their set of norm-attaining functionals can be approximated by
RSE operators, a result that covers the case of compact operators from C(K) and
L1(µ) spaces (by virtue of the approximation properties of their dual spaces) and
many more examples. Let us recall that there are compact operators which cannot
be approximated by norm attaining ones [34], and that the question of whether
finite-rank operators can be always approximates by norm attaining ones is an old
open problem [30].

The aim of Section 4 is to extend the recent results in [13] on range spaces
which have quasi-ACK structure, hence extending the results on ACK-structure of
[9] (which include C(K) spaces, uniform algebras, and many more spaces) and on
the property quasi-β of [4] (in particular, for Lindenstrauss’ property β), see the
paragraph preceding Theorem 4.1. We get a very general result on the denseness
of RSE operators when the range space has quasi-ACK structure and the domain
space satisfies that smo(X∗) ∩ NA(X) is dense in X∗ (this happens, for instance,
when X is strictly convex). As a consequence, if smo(X∗)∩NA(X) is dense in X∗

and Y has property quasi-β (for instance, if Y is a closed subspace of c0(Γ)), then
every ideal I contained in the ideal of Dunford–Pettis operators is also contained in
the closure of the set of RSE operators intersected with I. Also, if smo(X∗)∩NA(X)
is dense in X∗ and Y is a predual of an L1 space, then compact operators from X
to Y can be approximated by RSE compact operators. Observe that all the results
in this section have hypotheses in both the domain and the range space, but this is
needed when the range space is infinite-dimensional as shown by Theorem 3.1 and
Proposition 3.16. Let us comment that even in the case when the range space is
a finite-dimensional ℓ∞ space, we do not know if RSE operators are always dense
without additional assumptions on the domain space.

Section 5 deal with operators whose adjoints are RSE. We first note that there
is no RSE analogue of Zizler’s (resp. Lindenstrauss’s) results on the denseness of
operators whose first (resp. second) adjoint attain their norm. Nevertheless, we
show that Asplund operators with closed range can be approximated by Asplund
operators whose adjoints belong to RSE. In particular, finite-rank operators can
always be approximated by finite-rank operators whose adjoints belong to RSE
(so, compact operators can also be approximated by such operators under suitable
approximation property conditions).

1.1. Definitions of Key Concepts Used in the Paper. We include here the
definitions and basic properties of the concepts that we will use in the paper, even
though most of them are nowadays well known. We refer to [18,36] for background.
In all this subsection, X and Y will be Banach spaces. We will write ext(C) to
denote the set of extreme points of C.

For a nonempty bounded subset C of X, a point x0 ∈ C is called a strongly
exposed point of C if there is x∗ ∈ X∗ \ {0} such that Rex∗(x0) = supx∈C Rex∗(x)
and whenever a sequence (xn) ⊆ C satisfies that limn Rex

∗(xn) = x∗(x0), then
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(xn) converges in norm to x0. In this case, we say that x∗ strongly exposes x0 in
C and x∗ is said to be a strongly exposing functional of C. We write str-exp(C)
and SE(C) for, respectively, the set of strongly exposed points of C and the set of
strongly exposing functionals of C.

A point x ∈ X is said to be a locally uniformly rotund point (LUR point, for
short) if whenever (xn) is a sequence in X such that ∥xn∥ ≤ ∥x∥ for every n ∈ N
and ∥xn + x∥ → 2∥x∥, then ∥xn − x∥ → 0. If all elements in X (equivalently, in
SX) are LUR points, then X is called locally uniformly rotund (LUR, for short).
It is immediate that a LUR point x ∈ SX is strongly exposed by all functionals in
X∗ which attain their norm on x.

A closed convex subset D of X is said to be an Radon-Nikodým property set
(RNP set, in short) if every subset of D contains slices (i.e. nonempty intersections
with open half-spaces) of arbitrary small diameter. A point x0 of a closed bounded
set C is said to be a denting point if for every ε > 0 there exists a slice S of C such
that x0 ∈ S and diam(S) < ε. Clearly, every strongly exposed point of C is also
a denting point, while the opposite is not always true even in finite-dimensional
spaces.

A point x ∈ X is called a Gâteaux (resp. Fréchet) differentiable point if the norm
is Gâteaux (resp. Fréchet) differentiable at x, i.e., the limit

lim
t→0

∥x+ th∥ − ∥x∥
t

exists for every h ∈ X (resp. uniformly h ∈ SX). By the Šmulyan’s lemma (see
for example [18, Corollary 7.22]), a point x ∈ X is a Gâteaux (resp. Fréchet)
differentiable point if and only if whenever (fn) and (gn) are sequences in BX∗

such that fn(x) → ∥x∥ and gn(x) → ∥x∥, one has that the sequence (fn − gn)
converges to 0 in the weak-star topology (resp. in norm topology). Besides, x ∈ X
is a Gâteaux differentiable point if and only if there exists a unique x∗ ∈ SX∗ such
that x∗(x) = ∥x∥, and we also say that x is a smooth point of X. We write smo(X)
for the set of smooth points in X.

Let us now recall the different subsets of L(X,Y ) that we will use all along
the paper. The operator ideals of finite-rank operators, compact operators, and
weakly compact operators will be denoted by FR(X,Y ), K(X,Y ), and W(X,Y ),
respectively. We say that T ∈ L(X,Y ) is an Radon-Nikodým operator (RN opera-
tor, in short) if for every finite measure space (Ω,Σ, µ) and every vector measure
of bounded variation G : Σ → X, the measure T ◦ G : Σ → Y has a Bochner
integrable Radon-Nikodým derivative [17]. Also, recall T ∈ L(X,Y ) is a strong

Radon–Nikodým operator (strong RN operator, in short) if T (BX) is an RNP set.
Let us denote by SRN (X,Y ) the class of strong RN operators from X into Y .
Notice that every strong RN operator is an RN operator [17]; but the converse is
not true in general [21]. Recall also that T ∈ L(X,Y ) is an Dunford-Pettis opera-
tor if T sends weakly convergent sequences to norm convergent sequences. Let us
denote by DP(X,Y ) the operator ideal of Dunford-Pettis operators. An operator
T ∈ L(X,Y ) is called an Asplund operator if it factors through an Asplund space
[17]; the collection of such operators is denoted by A(X,Y ).

Finally, a Banach space X is said to have the Radon-Nikodým property with
respect to a finite measure space (Ω,Σ, µ) if each µ-continuous vector measure
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G : Σ → X of bounded variation has a Bochner integrable Radon-Nikodým deriv-
ative. If X has the Radon-Nikodým property with respect to every finite measure
space, we say X has the Radon-Nikodým property (RNP, in short). It is known
that X has the RNP if and only if X has the RNP with resepct to the Lebesgue
measure on [0, 1] [16, Corollary V.3.8]. More generally, X has the RNP if and only
if X has the RNP with respect to some finite measure space (Ω,Σ, µ) where µ is
not purely atomic [10, Theorem 2]. Let us remark that X has the RNP if and only
if the identity operator on X is a (strong) RN operator, which is also equivalent to
the unit ball BX being an RNP set.

2. Preliminary Results

Our first aim in this section is to discuss the relation between all the notions
of norm attainment that we have presented in the introduction. We start with a
diagram showing the implications between the properties.

UQNA

ASE RSE QNA

NA

(iv)

(i)

(ii)

(iii) (v)

Figure 1. Relation between the different kinds of norm attainment

We next emphasise that none of the implications above can be reversed in general
or, equivalently, that the sets in the above diagram are different. Even more, we
can find examples for each case in which the bigger set is dense while the smaller
is not.

Remark 2.1. None of the implications in the above diagram can be reversed in
general, and neither NA(X,Y ) is contained in the closure of UQNA(X,Y ) nor
UQNA(X,Y ) is contained in the closure of NA(X,Y ) .

• Notice that RSE(X,K) = NA(X,K) and UQNA(X,K) = QNA(X,K) =
L(X,K) for every Banach spaceX. Thus, in particular, RSE(c0,K) is dense
in L(c0,K), while the set ASE(c0,K) is trivial (since there is no strongly
exposed point of Bc0); this shows that (i) cannot be reversed.

• It was shown by Gowers [22] that there is a Banach space G such that the
set NA(G, ℓ2) is not dense in L(G, ℓ2). Therefore, the set RSE(G, ℓ2) is
not dense in L(G, ℓ2). On the other hand, since ℓ2 has the RNP, the set
UQNA(G, ℓ2) is dense in L(G, ℓ2) by [12, Corollary 3.10]. Thus, none of
the implications (ii) and (v) can be reversed. Besides, it also follows that
UQNA(X,Y ) is not always contained in the closure of NA(X,Y ).

• The set NA(c0, c0) is dense in L(c0, c0) by an old result of Lindenstrauss
[32, Proposition 3], while the identity operator on c0 does not belong to the
norm closure of UQNA(c0, c0) [12, Example 7.8]. So, (iii) and (iv) cannot
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be reversed. It is also shown that NA(X,Y ) is not always contained in the
closure of UQNA(X,Y ).

The next example also shows that the implication (iii) cannot be reversed even
when both the domain and range spaces are of finite dimension (greater than one):

Example 2.2. For every n ≥ 2, let Y be a Banach space with dimY ≥ 2. Then,

RSE(ℓn1 , Y ) ̸= L(ℓn1 , Y ) = NA(ℓn1 , Y ).

Indeed, take two linearly independent vectors u, v ∈ SY such that for any α, β ∈ K
with |α| + |β| = 1, ∥αu + βv∥ = 1 if and only if α = 0 or β = 0 (this is clearly
possible in every Banach space of dimension at least two). Let T : ℓn1 → Y be
defined by T (e1) = u, T (e2) = v, and T (ej) = 0 for j > 2. Then, it is clear that
T ̸∈ RSE(ℓn1 , Y ).

Nevertheless, there is a significant relationship between the properties in Fig-
ure 1: being RSE is equivalent to simultaneously belonging to the classes NA and
UQNA.

Proposition 2.3. Let X and Y be Banach spaces. Then,

RSE(X,Y ) = NA(X,Y ) ∩UQNA(X,Y ).

Proof. One way is clear. Let T ∈ NA(X,Y ) ∩ UQNA(X,Y ). Then, there exists
x0 ∈ SX such that ∥Tx0∥ = ∥T∥. Let (xn) ⊆ BX be any subsequence satisfying
∥Txn∥ → ∥T∥. Since T ∈ UQNA(X,Y ), there exists y0 ∈ ∥T∥SY , θ ∈ T, and a
subsequence (xσ(n)) ⊆ (xn) such that Txσ(n) → θy0. Similarly, for the constant
sequence (x0) ⊆ BX , we have Tx0 → θ′y0 for some θ′ ∈ T. This shows that
Txσ(n) → θθ′Tx0, hence T ∈ RSE(X,Y ). □

Let us remark that Example 3.4, which appears in the next section, will show
that the denseness of both NA(X,Y ) and UQNA(X,Y ) does not guarantee the
denseness of RSE(X,Y ).

The next observation provides some sufficient conditions for the reverse implica-
tions of (i), (ii), and (v) in Figure 1 to hold. Item (a) below appeared already in
[12, Remark 1.5] and we include it for the sake of completeness.

Remark 2.4. Let X, Y be Banach spaces and let T ∈ L(X,Y ) satisfy that T (BX)
is closed.

(a) T ∈ QNA(X,Y ) if and only if T ∈ NA(X,Y );

(b) T ∈ UQNA(X,Y ) if and only if T ∈ RSE(X,Y ).

If, in addition, T is a monomorphism, then

(c) T ∈ UQNA(X,Y ) if and only if T ∈ ASE(X,Y ).

Proof. Indeed, if T ∈ QNA(X,Y ) then T (BX)∩ ∥T∥SY = T (BX)∩ ∥T∥SY ̸= ∅, so
T attains its norm. Moreover, if T ∈ UQNA(X,Y ) then

T ∈ UQNA(X,Y ) ∩NA(X,Y ) = RSE(X,Y ).



RANGE STRONGLY EXPOSING OPERATORS 9

For (c), suppose that T ∈ UQNA(X,Y ) and let (xn) ⊆ SX be a sequence such that
∥Txn∥ → ∥T∥. Therefore, there exist y0 ∈ ∥T∥SY and a subsequence (xσ(n)) ⊆ (xn)
and θ ∈ T such that

Txσ(n) → θy0.

Since T is a monomorphism, we have xσ(n) → x0 := θ T−1(y0). □

Another way to pass from being range strongly exposing to being absolutely
strongly exposing is to attain the norm at a LUR point.

Proposition 2.5. Let X and Y be Banach spaces. If T ∈ RSE(X,Y ) satisfies that
∥Tx0∥ = ∥T∥ for x0 ∈ SX and x0 is strongly exposed by every functional attaining
its norm on it (for instance, if x0 is a LUR point), then T ∈ ASE(X,Y ).

Proof. For simplicity, we may assume that ∥T∥ = 1. Suppose that (xn) ⊆ BX is a
sequence such that ∥Txn∥ → 1. Then, there exists a subsequence (xσ(n)) ⊆ (xn)
and θ ∈ T such that Txσ(n) → θTx0. Take y∗0 ∈ SY ∗ so that y∗0(Tx0) = 1. Then,

T ∗y∗0(x0) = 1 and T ∗y∗0
(
θxσ(n)

)
→ 1. Since x0 is strongly exposed by T ∗y∗0 , we

obtain that (xσ(n)) converges to θx0. □

A useful method used in [11,29] to obtain ASE operators is to consider bounded
linear operators that attain their norm at strongly exposed points. Concretely, if
T ∈ L(X,Y ) attains its norm at x0 ∈ str-exp(BX) and ε > 0, then there exists
S ∈ ASE(X,Y ) such that ∥Sx0∥ = ∥S∥ and ∥S−T∥ < ε (see [11, Proposition 3.14]
and [29, Lemma 1.2]). The following lemma follows a similar approach and will be
useful in establishing the denseness of RSE(X,Y ) and UQNA(X,Y ) based on the
denseness of NA(X,Y ) and QNA(X,Y ), respectively.

Lemma 2.6. Let X, Y be Banach spaces and T ∈ L(X,Y ).

(a) If T ∈ QNA(X,Y ) towards y0 ∈ ∥T∥SY and y0 ∈ str-exp
(
T (BX)

)
, then

T ∈ UQNA(X,Y ).

(b) If T ∈ NA(X,Y ) and ∥Tx0∥ = ∥T∥ for some x0 ∈ SX such that Tx0 ∈
str-exp

(
T (BX)

)
, then T ∈ RSE(X,Y ).

Proof. (a) Fix ε > 0 and let y∗0 ∈ Y ∗ be a strongly exposing functional of T (BX)
at y0 such that ∥y∗0∥ < 1

∥T∥ . Observe that

(1) sup
{
|y∗0(y)| : y ∈ T (BX)

}
= |y∗0(y0)| = y∗0(y0).

Now, we define S ∈ L(X,Y ) as

(2) Sx = Tx+ εy∗0(Tx)
y0

∥y0∥
.

Then, we have ∥S − T∥ ≤ ε∥y∗0∥∥T∥ < ε and, applying (1),

∥Sx∥ ≤ ∥T∥+ ε|y∗0(Tx)| ≤ ∥y0∥+ εy∗0(y0)

for every x ∈ BX , so ∥S∥ ≤ ∥y0∥ + εy∗0(y0). In fact, we will prove that ∥S∥ =
∥y0∥+ εy∗0(y0). Choose a sequence (xn) ⊆ BX such that Txn → y0, and we have

lim
n

Sxn = y0 + εy∗0(y0)
y0
∥y0∥

=

(
1 + ε

y∗0(y0)

∥y0∥

)
y0 =: z0.

Observe that ∥z0∥ = ∥y0∥+ εy∗0(y0); so ∥S∥ = ∥y0∥+ εy∗0(y0).
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Finally, to prove that S ∈ UQNA(X,Y ) take a sequence (un) ⊆ BX such that
∥Sun∥ → ∥S∥. Then by (1)

∥S∥ = lim
n

∥∥∥∥Tun + εy∗0(Tun)
y0

∥y0∥

∥∥∥∥ ≤ ∥T∥+ εy∗0(y0).

In particular, this implies that limn |y∗0(Tun)| = y∗0(y0); so there exists a sequence

(θn) ⊆ T such that Re y∗0(T (θnun)) → y∗0(y0). As y∗0 strongly exposes T (BX) at y0,
we have T (θnun) → y0, and then S(θnun) → z0, as we wanted.

(b) If T ∈ NA(X,Y ) then, in particular, T ∈ QNA(X,Y ). So, we can follow
the proof of (a) and consider S ∈ UQNA(X,Y ) as in (2) with y0 = Tx0. Note
that ∥S − T∥ < ε, and, in this case, ∥Sx0∥ = ∥S∥. Thus, S ∈ NA(X,Y ); therefore
S ∈ RSE(X,Y ) thanks to Proposition 2.3. □

Remark 2.7. Let us comment that in the proof of the lemma above, in both cases
we construct operators S ∈ RSE(X,Y ) which are arbitrarily close to the given

operator T , such that T − S is of rank-one and satisfying that S(BX) ⊆ βT (BX)
for some β > 0.

As a direct consequence of Lemma 2.6, we have the following corollary:

Corollary 2.8. Let X and Y be Banach spaces. Suppose that SY = str-exp(BY )
(in particular, if Y is LUR). Then

(a) NA(X,Y ) ⊆ RSE(X,Y );

(b) QNA(X,Y ) ⊆ UQNA(X,Y ).

The next result complements the relationship between UQNA and RSE operators
with the strongly exposed points of the (closure) of the image of the unit ball. Notice
the parallelism with [29, Lemma 1.2].

Lemma 2.9. Let X and Y be Banach spaces. Then

(a) If T ∈ UQNA(X,Y ) towards y0 ∈ ∥T∥SY then y0 ∈ str-exp
(
T (BX)

)
and

it is strongly exposed by any y∗0 ∈ SY ∗ such that Re y∗0(y0) = ∥y0∥.
(b) If T ∈ RSE(X,Y ) and x0 ∈ SX satisfies ∥Tx0∥ = ∥T∥, then Tx0 ∈

str-exp
(
T (BX)

)
and it is strongly exposed by any y∗0 ∈ SY ∗ such that

Re y∗0(Tx0) = ∥T∥.

Proof. (a) Let y∗0 ∈ SY ∗ such that Re y∗0(y0) = ∥y0∥ = ∥T∥. Observe that we have

∥T∥ = Re y∗0(y0) ≤ sup
{
Re y∗0(z) : z ∈ T (BX)

}
≤ ∥T∥

and, therefore,

sup
{
Re y∗0(z) : z ∈ T (BX)

}
= ∥T∥.

Now, suppose that (yn) ⊆ T (BX) is a sequence such that

lim
n

Re y∗0(yn) = sup{Re y∗0(z) : z ∈ T (BX)} = ∥T∥.

Find xn ∈ BX for each n ∈ N so that ∥yn − Txn∥ → 0 as n → ∞; thus we have

(3) lim
n

Re y∗0(Txn) = ∥T∥
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which, in particular, implies that ∥Txn∥ → ∥T∥ as n → ∞. Thus, there exists a
subsequence (xσ(n)) ⊆ (xn) and θ ∈ T such that Txσ(n) → θy0. Applying (3), we
have that

∥T∥ = lim
n

Re y∗0(Txσ(n)) = Re θ y∗0(y0) = Re θ ∥T∥

so θ must be 1. In fact, every subsequence of (Txn) must contain a further subse-
quence converging to y0, so we finally have ∥Txn − y0∥ → 0; hence ∥yn − y0∥ → 0
as n → ∞.

(b) The proof is almost identical with (a), by applying sup{Re y∗0(Tx) : x ∈
BX} = ∥T∥. □

For the next few results, let T ∈ L(X,Y ) and consider the commutative diagram
in Figure 2, where the operator q : X → X/ kerT denotes the canonical quotient

map sending x ∈ X to [x] := x + kerT ∈ X/ kerT and T̃ is the injectivization of
T .

X Y

X/ kerT

q

T

T̃

Figure 2. Canonical factorization of T ∈ L(X,Y )

Let us mention that T ∈ UQNA(X,Y ) if and only if T̃ ∈ UQNA(X/ kerT, Y ), a
fact that which can be deduced from the argument in [12, Lemma 5.6]. Moreover, if

T has closed range (recall that T has a closed range if and only if T̃ is a monomor-

phism), then T̃ ∈ UQNA(X/ kerT, Y ) is equivalent to T̃ ∈ ASE(X/ kerT, Y ) by
Remark 2.4. Summarizing, we have the following:

Remark 2.10. Given T ∈ L(X,Y ), we have

T ∈ UQNA(X,Y ) ⇐⇒ T̃ ∈ UQNA(X/ kerT, Y )
(♢)⇐== T̃ ∈ ASE(X/ kerT, Y )

and the implication (♢) can be reversed when T has closed range.

Two related important observations in the same line are the following.

Proposition 2.11. Given T ∈ L(X,Y ), R ∈ L(X/ kerT, Y ), if R ∈ ASE(X/ kerT, Y )
with ∥R(q(x0))∥ = ∥R∥ for some x0 ∈ BX , then R ◦ q ∈ RSE(X,Y ).

Proof. If (xn) ⊂ BX is such that ∥R(q(xn))∥ → ∥R∥, then passing to a subsequence,
q(xn) → θq(x0) for some θ ∈ T, and therefore R(q(xn)) → θR(q(x0)). This shows
that R ◦ q ∈ RSE(X,Y ) at x0. □

The implication in Proposition 2.11 can be reversed for R = T̃ when T has closed
range. In fact, if T = T̃ ◦ q ∈ RSE(X,Y ) then, in particular, T ∈ UQNA(X,Y ).

This is equivalent to T̃ ∈ ASE(X/ kerT, Y ) as we observed in Remark 2.10.



12 CHOI, DEL RÍO, FOVELLE, JUNG, AND MARTÍN

Remark 2.12. Notice that when R ∈ ASE(X/ kerT, Y ) with ∥R(q(x0))∥ = ∥R∥
and q(x0) ∈ BX/ kerT , the point x0 can be chosen from the closed unit ball BX in
the following situations:

(a) when kerT is proximinal, i.e., q(BX) = BX/ kerT .

(b) when (kerT )⊥ ⊆ NA(X).

In fact, the case (a) is somewhat obvious. As for the case (b), note that ∥R∗∥ =
∥R∗(y∗0)∥ for some y∗0 ∈ BY ∗ . Moreover, x∗

0 := (R ◦ q)∗(y∗0) = q∗(R∗(y∗0)) vanishes
on kerT . By hypothesis, this implies that x∗

0 ∈ NA(X); so |x∗
0(x0)| = ∥x∗

0∥ for
some x0 ∈ BX . It follows that ∥R∥ = ∥R(q(x0))∥.

From the discussion above, we can deduce the following results regarding ap-
proximation by RSE operators.

Proposition 2.13. Let X and Y be Banach spaces, and let I be an operator ideal.
If T ∈ I(X,Y ) satisfies one of the following conditions:

(a) kerT is proximinal and X/ kerT has the RNP;

(b) (kerT )⊥ ⊆ NA(X),

then T ∈ I(X,Y ) ∩ RSE(X,Y ).

Proof. (a): Fix ε > 0. Since X/ kerT has the RNP, there is R ∈ ASE(X/ kerT, Y )

so that R ∈ L(X/ kerT, Y ), Q := R − T̃ is of finite-rank, and ∥R − T̃∥ < ε,

where T = T̃ ◦ q. Finally, notice from Remark 2.12 that the proximinality of
kerT yields that R ◦ q ∈ RSE(X,Y ) with ∥R ◦ q − T∥ < ε. Finally, note that
R ◦ q = Q ◦ q + T ∈ I(X,Y ).

(b): Observe that (kerT )⊥ ⊆ NA(X) implies that X/ kerT is reflexive. Thus,

as in (a), we can find R ∈ ASE(X/ kerT, Y ) so that ∥R − T̃∥ ≈ 0. Finally, we
deduce from the item (b) of Remark 2.12 that R ◦ q ∈ I(X,Y ) ∩ RSE(X,Y ) and
∥R ◦ q − T∥ ≈ 0. □

In particular, item (a) of Proposition 2.13 shows that if T ∈ L(X,Y ) has closed

range, kerT is proximinal, and Y has the RNP, then T ∈ RSE(X,Y ). We note that

item (b) improves [30, Proposition 3.15], which proves that T ∈ NA(X,Y ) under
the same assumption.

We can also take advantage of the observations above to obtain a result similar
to Lemma 2.6.

Proposition 2.14. Let X and Y be Banach spaces, and let I be an operator ideal.
If T ∈ I(X,Y ) attains its norm at some x0 ∈ SX with q(x0) ∈ str-exp(BX/ kerT ),

then T ∈ I(X,Y ) ∩ RSE(X,Y ).

Proof. Let T̃ ∈ L(X/ kerT, Y ) be the operator induced by T ∈ I(X,Y ). Since T̃
attains its norm at q(x0) which is a strongly exposed point, by [29, Lemma 1.2],

there exists R ∈ ASE(X/ kerT, Y ) such that ∥R(q(x0))∥ = ∥R∥, Q := R − T̃ is of

finite-rank, and ∥R − T̃∥ < ε. So, R ◦ q ∈ I(X,Y ) and ∥R ◦ q − T∥ < ε. Notice
from Proposition 2.11 that R ◦ q ∈ RSE(X,Y ). □
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As a consequence, we obtain the following result on finite-rank operators.

Corollary 2.15. Let X and Y be Banach spaces, and T ∈ FR(X,Y )∩NA(X,Y ).

If X/ kerT is strictly convex, then T ∈ FR(X,Y ) ∩ RSE(X,Y ). Therefore, if X∗

is smooth, then

FR(X,Y ) ∩NA(X,Y ) ⊆ FR(X,Y ) ∩ RSE(X,Y ).

Proof. Let T ∈ FR(X,Y ) ∩ NA(X,Y ) be given. Since X/ kerT is strictly convex,
every point in SX/ kerT is an exposed point. By finite-dimensionality of X/ kerT ,
we conclude that SX/ kerT = str-exp(BX/ kerT ). Proposition 2.14 shows that T ∈
FR(X,Y ) ∩ RSE(X,Y ) and completes the proof.

For the last part, just observe that if X∗ is smooth, then every quotient of X is
strictly convex. □

The last goal in this section will be to show that UQNA is a Gδ subset of L(X,Y ).
Recall that the same is true for the set ASE(X,Y ) (see, for instance, the proof of
[7, Theorem 5]). Let us mention that it can be easily observed that RSE(X,Y ) is
not always residual, even being dense. Indeed, note that RSE(c0,K) = NA(c0,K) =
ℓ1 ∩ c00 (cf. Remark 2.1 and [29, Example 1.9]).

Proposition 2.16. Let X and Y be Banach spaces. Then, the set UQNA(X,Y )
is a Gδ subset of L(X,Y ).

Before giving a proof of this result, we state the elementary lemma which can
be proved easily.

Lemma 2.17. Let X and Y be Banach spaces. For every T ∈ L(X,Y ), define

S̃(T, η) = {Tx : x ∈ BX with ∥Tx∥ > ∥T∥ − η}.

Then, for every ε > 0 the set

Aε = {T ∈ L(X,Y ) : ∃ y ∈ Y, η > 0 such that S̃(T, η) ⊆ TU(y, ε)}

is open, where U(y, ε) denotes the set {z ∈ Y : ∥z − y∥ < ε}.

Proof of Proposition 2.16. Consider, for each ε > 0, the set Aε as in Lemma 2.17
which is an open subset in L(X,Y ). We will prove that

UQNA(X,Y ) =
⋂

n∈N
An−1 .

First, suppose that T ∈ UQNA(X,Y ) towards y0 ∈ ∥T∥SY . If we had T /∈ An−1
0

for some n0 ∈ N, then in particular we would have

S̃
(
T, k−1

)
̸⊆ TU(y0, n

−1
0 )

for all k ∈ N. In other words, there exists zk ∈ BX such that Tzk ∈ S̃(T, 1
k )

and Tzk /∈ TU(y0, n
−1
0 ) for every k ∈ N. Since ∥Tzk∥ → ∥T∥, there exists a

subsequence (zσ(k)) ⊆ (zk) such that Tzσ(k) → θy0 for some θ ∈ T. So we

would have Tzσ(k) ∈ θU(y0, n
−1
0 ) for some k ∈ N, a contradiction. Therefore,

UQNA(X,Y ) ⊆
⋂

n∈N An−1 .



14 CHOI, DEL RÍO, FOVELLE, JUNG, AND MARTÍN

On the other hand, suppose that T ∈
⋂

n∈N An−1 . Then, for each n ∈ N, there
exist yn ∈ Y and δn > 0 such that

(4) S̃(T, δn) ⊆ TU
(
yn, n

−1
)
.

We may assume that δn → 0 decreasingly, and noting that S̃(T, η) = TS̃(T, η), we
can find from (4) a sequence (xn) ⊆ BX such that

(5) ∥Txn∥ > ∥T∥ − δn and ∥Txn − yn∥ < n−1

for each n ∈ N.
Now, we will prove that (Txn) converges to an element of ∥T∥SY . For m > n

we have ∥Txm − ym∥ ≤ m−1 and

Txm ∈ S̃(T, δm) ⊆ S̃(T, δn) ⊆ TU
(
yn, n

−1
)
.

Thus, there exists αm,n ∈ T such that ∥αm,nTxm − yn∥ < n−1 and therefore

(6) ∥αm,nym − yn∥ ≤ ∥αm,nym − αm,nTxm∥+ ∥αm,nTxm − yn∥ <
1

m
+

1

n

if m > n. Write z1 = y1 and zk = βkyk, where we define

βk = αk,k−1 · · ·α3,2α2,1 ∈ T

for each k ≥ 2. Then, we have that

∥zk+1 − zk∥ = |αk,k−1 · · ·α2,1|∥αk+1,kyk+1 − yk∥ <
1

k + 1
+

1

k

by (6), so (zk) is a Cauchy sequence and hence limk zk = limk βkyk = z0 for some
z0 ∈ Y . Passing to a subsequence we can assume that (βk) converges so that
yk → θz0 for some θ ∈ T. From (5) we have that Txk → θz0 and therefore

∥z0∥ = limk ∥yk∥ = limk ∥Txk∥ = ∥T∥,

so θz0 ∈ ∥T∥SY .

Finally, suppose that (un) ⊆ BX is a sequence satisfying ∥Tun∥ → ∥T∥. Then,

for each n ∈ N there exists σ(n) ∈ N such that Tuσ(n) ∈ S̃(T, δn) for every n ∈ N.
Thus, applying (4) there exists γn ∈ T such that

∥Tuσ(n) − γnyn∥ < n−1.

Passing again to a subsequence we may assume that γn converges to γ ∈ T. As
limn yn = θz0 we finally see that (Tuσ(n)) converges to γθz0. □

Observe that the above proposition, combined with Proposition 2.3, will enable
us to obtain not only the denseness but also the residuality of RSE(X,Y ) given
that UQNA(X,Y ) is dense and NA(X,Y ) is residual in L(X,Y ). As we will see in
Example 3.4, the mere denseness of NA(X,Y ) is not enough.

Corollary 2.18. Let X and Y be Banach spaces. If UQNA(X,Y ) is dense and
NA(X,Y ) is residual, then RSE(X,Y ) is residual.

It is worth mentioning that we do not know if the fact that NA(X,Y ) is residual
actually implies that ASE(X,Y ) is dense, see (Q3) in [29, §4], and that this is the
case when X and Y ∗ are separable [29, Theorem 4.1].
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3. RSE version of Classical and Recent Results

Our goal in this section is to present RSE versions of the results from Acosta [2]
on the failure of Lindenstrauss property B for strictly convex infinite-dimensional
spaces, Uhl [40] on operators from L1(µ) spaces, Schachermayer [38] on weakly
compact operators from C(K) spaces, and Johnson–Wolfe [27] on compact oper-
ators from C(K) and L1(µ) spaces. In the later case, we actually generalize the
results to finite-rank operators from Banach spaces with a good linear behaviour
of their set of norm-attaining functionals as it was done in [30] for the usual norm
attainment. Let us comment that, our results in this section apply to most classical
Banach spaces as domain such as C0(L) spaces and Lp(µ) spaces for 1 ≤ µ ≤ ∞.
In the case of Lp(µ) the result is immediate when 1 < p < ∞ as these spaces have
the RNP, so we actually obtain that ASE(Lp(µ), Y ) is dense for every Y [7].

3.1. Nonexistence of a RSE Universal Infinite-Dimensional Range Space.
Let us directly enunciate the result in the title.

Theorem 3.1. Let Y be an infinite-dimensional Banach space. Then, there is a
Banach space X such that RSE(X,Y ) is not dense in L(X,Y ). Moreover, such
space X can be chosen independently of the choice of Y .

Recall that Acosta [2] showed that no strictly convex infinite-dimensional Banach
space has Lindenstrauss’ property B. Our proof actually follows the same general
strategy as Acosta’s. However, our goal is to demonstrate that the strict convexity
assumption on the range space can be removed in this setting, when working with
RSE operators instead of norm-attaining operators. In that paper, a Banach space
was constructed as a universal domain in which the set of norm-attaining operators
is not dense. For convenience, we present that space here along with the properties
we will need.

Example 3.2 ([2, Lemma 2.1, Lemma 2.2]). Let w = (wn) ∈ ℓ2\ℓ1 be a decreasing
sequence of positive scalars with w1 < 1 and let Z(w) be space of sequences z of
scalars satisfying that

∥z∥ := ∥(1− w)z∥∞ + ∥wz∥1 < ∞,

which is a Banach space when endowed with the above formula as norm. We denote
by (en) the sequence of coordinate functionals in Z(w)∗ given by

en(z) = z(n) ∀z ∈ Z(w), ∀n ∈ N
and define X(w) := span{en : n ∈ N} ⊆ Z(w)∗. The following properties hold:

(i) (en) is a one-unconditional normalized basis of X(w).
(ii) X(w)∗ ≡ Z(w) and BX(w) = conv(E), where

E =

{
θm(1− wm)em +

n∑
i=1

θiwiei : m,n ∈ N, θi ∈ T, ∀i

}
.

(iii) Given x0 ∈ SX(w) and N ∈ N, there are n ≥ N and δn > 0 such that
∥x0 ± λen∥ ≤ 1 for λ ∈ K so that |λ| ≤ δn.

The crucial point in which we will use RSE operators in the proof of the theorem
is isolated in the following easy lemma, which we will also use later on.
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Lemma 3.3. Let X and Y be Banach spaces. If S ∈ RSE(X,Y ) attains its norm
at x0 ∈ SX and ∥x0 + z∥, ∥x0 − z∥ ≤ 1 for some z ∈ X, then S(z) = 0.

Proof. Take y∗0 ∈ SY ∗ such that Re y∗0(Sx0) = ∥Sx0∥ = ∥S∥. By Lemma 2.9, we

have that y∗0 strongly exposes S(BX) at Sx0. Now, we have that

∥S∥ = Re y∗0(Sx0) = Re y∗0

(
1

2
(Sx0 + Sz) +

1

2
(Sx0 − Sz)

)
=

1

2
Re y∗0 (S(x0 + z)) +

1

2
Re y∗0 (S(x0 − z))

≤ 1

2
∥S∥∥x0 + z∥+ 1

2
∥S∥∥x0 − z∥.

As y∗0 strongly exposes S(BX) at Sx0, it follows that S(x0 ± z) = Sx0, hence
S(z) = 0 as desired. □

Proof of Theorem 3.1. Consider a sequence w ∈ ℓ2\ℓ1 satisfying the conditions
required in the above example and let X = X(w). By the Dvoretzky–Rogers’
theorem (see [15, Theorem 1.2]), there exists a sequence (yn) ⊆ SY such that∑∞

n=1 wnyn converges unconditionally, so the set

A :=

{ ∞∑
n=1

θnwnyn : θn ∈ K, |θn| ≤ 1, ∀n

}
is bounded (use [15, Theorem 1.9], for instance). Define T : span{en : n ∈ N} ⊂
X(w) → Y by T (en) = yn for all n ∈ N. Observe that∥∥∥∥∥T

(
θm(1− wm)em +

n∑
i=1

θiwiei

)∥∥∥∥∥ ≤ 1 +

∥∥∥∥∥
n∑

i=1

θiwiyi

∥∥∥∥∥ ≤ 1 + sup
y∈A

∥y∥ < ∞

for all n,m ∈ N and θi ∈ T. Hence T is bounded on the set E of Example 3.2
and, therefore, T can be extended to a bounded linear operator from X(w) to
Y , which we will also denoted by T . Let us show that ∥T − S∥ ≥ 1 whenever
S ∈ RSE(X(w), Y ), finishing thus the proof. Indeed, suppose that there exists
S ∈ RSE(X(w), Y ) which attains its norm at x0 ∈ SX(w). Use (iii) in Example 3.2
to find n ∈ N and δn > 0 such that

∥x0 + δnen∥, ∥x0 − δnen∥ ≤ 1.

It follows from Lemma 3.3 that Sen = 0. Since ∥en∥ = 1, we have

∥T − S∥ ≥ ∥Ten − Sen∥ = ∥yn∥ = 1. □

As a first consequence, we obtain that the fact that NA(X,Y ) and UQNA(X,Y )
are dense does not imply that RSE(X,Y ) is, despite the fact that the latter is the
intersection of the other two sets. Even more, the fact that Y has property β
(which implies property B and so the denseness of NA(X,Y ) for every X [32]) and
the RNP (which implies that UQNA(X,Y ) is residual for every X) is not enough
to ensure the denseness of RSE operators. The following example illustrates this
point:

Example 3.4. There is a Banach space Y with Lindenstrauss’ property β and the
RNP, and a Banach space X such that RSE(X,Y ) is not dense in L(X,Y ).
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Indeed, it suffices to consider an equivalent renorming of ℓ2 (say) with Linden-
strauss’ property β [37], and apply Theorem 3.1.

We finish this subsection by noting that an analogue of Theorem 3.1 for domain
spaces does not hold, since Banach spaces with the RNP satisfy the RSE version
of property A [7]; that is, they serve as universal domain spaces for the denseness
of RSE operators (actually, for ASE operators).

3.2. Operators from L1(µ)-Spaces. In the present subsection, we will restrict
our focus to finite measures even though some results may hold without this restric-
tion. This is because the discussion on the analytic version of the RNP is always
done only for finite or even probability measures, for instance, in [16]. We actually
refer to this book for background.

We start by proving that every strong RN operator from L1(µ) to a Banach
space Y can be approximated by elements of RSE(L1(µ), Y ). This improves the
classical result of Uhl [40, Theorem 1], which shows that operators from L1(µ) to a
Banach Y with the RNP which attain their norm (in the classical sense) are dense.
Our proof closely follows Uhl’s original argument.

Theorem 3.5. Let (Ω,Σ, µ) be a finite measure space, Y a Banach space and
T ∈ L(L1(µ), Y ) be a strong RN operator. Then, for all ε > 0 there exists S ∈
RSE(L1(µ), Y ) such that ∥T − S∥ ≤ ε. Moreover, there is β > 0 such that

S(BL1(µ)) ⊆ βT (BL1(µ)).

We will use some well-known facts that we state here for commodity of the
reader. Recall that an operator T ∈ L(L1(µ), Y ) is representable if there exists an
essentially bounded Bochner integrable function g : Ω → Y such that

T (f) =

∫
Ω

fg dµ

for all f ∈ L1(µ).

Lemma 3.6. ([19, Lemma 5.4] and [16, Theorem III.1.5]) Let (Ω,Σ, µ) be a finite
measure space and Y a Banach space. Then T ∈ L(L1(µ), Y ) is an RN operator if
and only if T is representable. Moreover, Y has the RNP with respect to (Ω,Σ, µ)
if and only if every bounded linear operator from L1(µ) to Y is representable.

We will also need the following geometrical lemma whose proof is straightforward.

Lemma 3.7. Let C be a subset of a Banach space X. If x0 is a denting point of
conv(C), then x0 ∈ C. In particular, str-exp(conv(C)) ⊆ C.

Proof of Theorem 3.5. Let T ∈ L(L1(µ), Y ) be a strong RN operator and ε > 0.
By Lemma 3.6, we can find an essentially bounded Bochner integrable function
g : Ω → Y such that

T (f) =

∫
Ω

fg dµ, ∀f ∈ L1(µ).

Then there exists a countably valued µ-measurable function h : Ω → Y such that
ess sup ∥g − h∥Y < ε

6 and

h =

∞∑
i=1

ziχEi
,
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where zi ∈ Y , Ei ∈ Σ, µ(Ei) > 0 and Ei ∩ Ej = ∅ for i ̸= j (see the paragraph
before [16, Corollary II.1.3]). Consider

h1 :=

∞∑
i=1

yiχEi
, where yi :=

1

µ(Ei)

∫
Ei

g dµ = T

(
χEi

µ(Ei)

)
, ∀i ∈ N.

Then, for every i ∈ N we have that

∥h1 − h∥Ei =

∥∥∥∥ 1

µ(Ei)

∫
Ei

gdµ− zi

∥∥∥∥ =

∥∥∥∥ 1

µ(Ei)

∫
Ei

(g − h)dµ

∥∥∥∥ ≤ ε

6
.

This shows that ess sup ∥h1 − h∥Y ≤ ε
6 ; therefore ess sup ∥g − h1∥Y < ε

3 .

Now, define T1 ∈ L(L1(µ), Y ) by

T1(f) =

∫
Ω

fh1 dµ, ∀f ∈ L1(µ).

Then, we have that ∥T1 − T∥ < ε
3 and

T1(BL1(µ)) = aconv{yn : n ∈ N} ⊆ T (BL1(µ)).

Indeed, notice firstly that yn = T
(

χEn

µ(En)

)
= T1

(
χEn

µ(En)

)
for each n ∈ N. Secondly,

observe that if f ∈ BL1(µ) one has

T1(f) =

∞∑
i=1

yi

∫
Ei

fdµ

and
∞∑
i=1

∣∣∣∫Ei
f dµ

∣∣∣ ≤ ∫Ω |f |dµ ≤ 1, so we have T1(f) ∈ aconv{yn : n ∈ N}. This, in

particular, shows that T1 is a strong RN operator.

On the other hand, we can assume that T1 ̸= 0 (otherwise the proof would be
trivial) and let β = sup ∥yi∥ > 0. We can choose i0 such that β − ∥yi0∥ < ε/4 and
α > 1 such that

ε/4 < (α− 1)∥yi0∥ < ε/3.

Observe that

(7) β < ∥yi0∥+
ε

4
< α∥yi0∥.

Next, define T2 ∈ L(L1(µ), Y ) by

T2(f) :=

∫
Ω

fh2 dµ, ∀f ∈ L1(µ), where h2 :=
∑
i̸=i0

yiχEi
+ αyi0χEi0

.

Since (α − 1)∥yi0∥ < ε/3, we obtain that ∥T1 − T2∥ < ε/3. Note also that
T2(χEi0

/µ(Ei0)) = αyi0 . Arguing as before, observe that

T2(BL1(µ)) = aconv({yi : i ̸= i0} ∪ {αyi0}) ⊆ αT1(BL1(µ)),

so ∥T2∥ = α∥yi0∥ = ∥T2(χEi0
/µ(Ei0))∥, and T2 is a strong RN operator.

By Lemma 2.6, if we prove that αyi0 is a strongly exposed point of T2(BL1(µ))

we will have that T2 ∈ RSE(L1(µ), Y ), which gives us an S ∈ RSE(L1(µ), Y ) such
that ∥T2 − S∥ < ε/3 and therefore ∥T − S∥ < ε, finishing the proof.
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Since T2(BL1(µ)) is an RNP set, it is the closed convex hull of its strongly exposed
points (see [8, Theorem 3.5.4]). Therefore, there exists a strongly exposed point

z ∈ T2(BL1(µ)) such that

∥z∥ > ∥yi0∥+
ε

4
.

By Lemma 3.7, the point z belongs to the set T({yi : i ̸= i0} ∪ {αyi0}). However,
by the inequality (7), the only possibility is z ∈ T{αyi0}. In particular, yi0 is a
strongly exposed point, as we wanted.

Finally, the moreover part follows since

T2(BL1(µ)) ⊆ αT1(BL1(µ)) ⊆ αT (BL1(µ)),

and the operator S is obtained from T2 using Lemma 2.6 and it is shown in Re-
mark 2.7 that S can be taken in such a way that

S(BL1(µ)) ⊆ α′T2(BL1(µ)).

Therefore, β = αα′ works. □

We would like to emphasize two consequences of Theorem 3.5. The first one
follows immediately since every operator whose range space has the RNP is obvi-
ously a strong RN operator; the second one follows since weakly compact operators
are strong RN and we can use the moreover part of the theorem to get that the
approximating operators can be taken to be weakly compact.

Corollary 3.8. Let (Ω,Σ, µ) be a finite measure space and let Y be a Banach space
with the RNP. Then, RSE(L1(µ), Y ) is dense in L(L1(µ), Y ).

Corollary 3.9. Let (Ω,Σ, µ) be a finite measure space and let Y be a Banach space.
Then,

W(L1(µ), Y ) = W(L1(µ), Y ) ∩ RSE(L1(µ), Y ).

The analogous result to this last one for compact operators also holds and can be
proved in the same way, but we will also get it with a completely different argument
in Corollary 3.20.

Our next aim is to show that, actually, Corollary 3.8 characterizes the RNP
of the range space Y when the measure µ is not purely atomic (of course, if the
measure µ is purely atomic, then L1(µ) has the RNP and, actually, ASE operators
are dense for all Y ’s).

Theorem 3.10. Let (Ω,Σ, µ) be a finite measure space which is not purely atomic
and let Y be a Banach space. If RSE(L1(µ), Y ) is dense in L(L1(µ), Y ), then Y
has the RNP.

For the proof of Theroem 3.10, we need the following preliminary result from
measure theory which we highlight here for the reader’s convenience.

Lemma 3.11 (Proof of [16, Lemma III.1.4]). If (Ω,Σ, µ) is a finite measure space
and g : Ω → Y is a essentially bounded Bochner integrable function, then

T (f) =

∫
Ω

fg dµ
(
f ∈ L1(µ)

)
defines a bounded linear operator from L1(µ) to Y with ∥T∥ = ess sup ∥g∥Y .
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The next preliminary result allows to pass the denseness of RSE operators from
de domain space to an L-summand. The analogous results for other types of norm-
attaining operators are well-known.

Lemma 3.12. Let X, Y be Banach spaces and suppose that M is an L-summand
of X (that is, X = M ⊕1 N for some closed subspace N of X). If RSE(X,Y ) is
dense in L(X,Y ), then RSE(M,Y ) is dense in L(M,Y ).

Proof. Consider T ∈ L(M,Y ) and define T̃ ∈ L(X,Y ) by T̃ (m,n) = T (n) for

(n,m) ∈ X = M ⊕1 N , which satisfies that ∥T̃∥ = ∥T∥. For a given ε > 0 with

ε < ∥T∥, we find S̃ ∈ RSE(X,Y ) witnessed by (m0, n0) ∈ SX such that ∥T̃−S̃∥ < ε,

and define S ∈ L(M,Y ) by S(m) = S̃(m, 0) for m ∈ M which clearly satisfies that

∥T − S∥ < ε. Then, ∥S∥ = ∥S̃∥. Indeed, the inequality ∥S∥ ≤ ∥S̃∥ is immediate
and, conversely,

∥S̃∥ = max{∥S̃↾M∥, ∥S̃↾N∥} ≤ max{∥S∥, ∥T̃ ↾N∥+ ∥T̃ − S̃∥} = ∥S∥.

Now, if we have a sequence (mk) in BM such that ∥S(mk)∥ → ∥S∥, then

∥S̃(S)(mk, 0)∥ → ∥S̃∥

and, therefore, there is a subsequence (mσ(k)) and θ ∈ T such that

S̃(mσ(k), 0) → θS̃(m0, n0).

In particular, S(mσ(k)) → θS(m0). This shows that S ∈ RSE(M,Y ), finishing the
proof. □

The next result include the technical details that we need to use in the proof
of Theorem 3.10. It provides the “RSE version” of [40, Lemma 2], but there is no
need to assume that the range space is strictly convex.

Lemma 3.13. Let (Ω,Σ, µ) be a finite measure space and let Y be a Banach space.
If T ∈ RSE(L1(µ), Y ), then there exists a set E0 ∈ Σ with µ(E0) > 0, g ∈ L∞(µ)
with |g| = 1 on E0 and y0 ∈ Y with ∥y0∥ = ∥T∥ such that

T (fχE0
) =

(∫
E0

fg dµ

)
y0, ∀f ∈ L1(µ).

Proof. If ∥T∥ = 0 there is nothing to prove. Otherwise, let f0 ∈ SL1(µ) such that
∥Tf0∥ = ∥T∥ and y∗0 ∈ SY ∗ so that

y∗0(Tf0) = ∥T∥.

Then, y∗0 strongly exposes T (BL1(µ)) at Tf0. Choose h ∈ L∞(µ) so that ∥h∥∞ =
∥T∥ and

y∗0(Tf) =

∫
Ω

fh dµ

for all f ∈ L1(µ). Let E0 be the support of f0 (µ(E0) > 0) as ∥f0∥ > 0), then it

must be h = sgnf0∥T∥ on E0, where sgnf0(t) =
f0(t)
|f0(t)| for t ∈ E0 and sgnf0(t) = 0

elsewhere. Therefore, for f ∈ L1(µ)

y∗0(T (fχE0)) =

∫
E0

fsgnf0∥T∥ dµ.
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Next, suppose that E ⊆ E0, E ∈ Σ and µ(E) > 0. Then

y∗0T

(
χE

µ(E)
sgn f0

)
=

∫
E0

χE

µ(E)
sgn f0sgnf0∥T∥dµ = ∥T∥

and

y∗0T

(
χE0

µ(E0)
sgn f0

)
=

∫
E0

χE0

µ(E0)
sgn f0sgnf0∥T∥dµ = ∥T∥.

Hence, as y∗0 strongly exposes T (BL1(µ)), it must be

(8)
T (χE sgn f0)

µ(E)
=

T (χE0 sgn f0)

µ(E0)
= Tf0 := y0.

Now, let f ∈ L1(µ) be a simple function, ε > 0 and φ ∈ L1(µ) another simple
function so that ∥sgnf0−φ∥∞ < ε. We have that T (fχE0) = T (fsgnf0 sgn f0) and
therefore

∥T (fχE0
)− T (fφ sgn f0χE0

)∥ ≤ ∥T∥∥fsgnf0 sgn f0 − fφ sgn f0χE0
∥

= ∥T∥
∫
E0

|f ||sgnf0 − φ| dµ < ∥T∥∥f∥ε.

Choose A1, . . . , An ∈ Σ disjoint so that

f =

n∑
i=1

αiχAi and φ =

n∑
i=1

βiχAi .

Then

T (fφ sgn f0χE0
) =

n∑
i=1

αiβiT (χAi∩E0
sgn f0)

=
∑

µ(Ai∩E0)>0

αiβi
T (χAi∩E0 sgn f0)

µ(Ai ∩ E0)
µ(Ai ∩ E0)

=
∑

µ(Ai∩E0)>0

αiβiµ(Ai ∩ E0)y0 (by (8))

=

(∫
E0

fφdµ

)
y0.

Hence, for every ε > 0∥∥∥∥T (fχE0
)−

(∫
E0

fsgnf0dµ

)
y0

∥∥∥∥
≤
∥∥∥∥T (fχE0

)−
(∫

E0

fφdµ

)
y0

∥∥∥∥+ ∥∥∥∥(∫
E0

fφdµ

)
y0 −

(∫
E0

fsgnf0dµ

)
y0

∥∥∥∥
< ∥T∥∥f∥ε+ ∥y0∥

∣∣∣∣∫
E0

f(sgnf0 − φ) dµ

∣∣∣∣ ≤ 2∥T∥∥f∥ε,

so

T (fχE0
) =

(∫
E0

fsgnf0 dµ

)
y0.

As simple functions are dense, we obtain the equality for every f ∈ L1(µ). □

We are now able to present the pending proof.
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Proof of Theorem 3.10. Let T ∈ L(L1(µ), Y ) and ε > 0. Define a class M of
measurable sets in Σ by the condition that E ∈ M if there exists an essentially
bounded Bochner integrable function g(E, ε) : Ω → Y such that∥∥∥∥T (fχE)−

∫
E

fg dµ

∥∥∥∥ ≤ ε∥fχE∥1

for every f ∈ L1(µ). Note that M is closed by taking subsets that are measurable.
Indeed, if E ∈ M and A ⊆ E is measurable, then given f ∈ L1(µ),∥∥∥∥T (fχA)−

∫
A

fg(E, ε)dµ

∥∥∥∥ =

∥∥∥∥T (fχAχE)−
∫
E

fχAg(E, ε)dµ

∥∥∥∥
≤ ε∥fχAχE∥1 = ε∥fχA∥1.

Let α = sup{µ(E) : E ∈ M} and (En) ⊆ M a sequence such that limn µ(En) = α.
Write A1 = E1, A2 = E2 \ E1, . . . , An = En \ ∪n−1

i=1 Ei. Then Ai ∩ Aj = ∅ if i ̸= j,
∪∞
n=1An = ∪∞

n=1En and µ (∪∞
n=1An) ≥ µ(En) for all n ∈ N, so µ (∪∞

n=1An) ≥ α.
As An ⊆ En ∈ M there exists a sequence (gn) of essentially bounded Bochner
integrable functions gn : Ω → Y such that for every f ∈ L1(µ)∥∥∥∥T (fχAn

)−
∫
An

fgndµ

∥∥∥∥ ≤ ε∥fχAn
∥1.

Then, ∥∥∥∥∫
An

fgn dµ

∥∥∥∥ ≤ ∥T (fχAn)∥+ ε∥fχAn∥1 ≤ (∥T∥+ ε)∥f∥1.

By Lemma 3.11

ess sup ∥gnχAn∥Y = sup
∥f∥1≤1

∥∥∥∥∫
An

fgn dµ

∥∥∥∥ ≤ ∥T∥+ ε

and therefore supn ess sup ∥gnχAn
∥Y ≤ ∥T∥+ ε Defining g : Ω → Y by

g(t) =

 gn(t) if t ∈ An

0 if t /∈ ∪∞
n=1An

we have that ess sup ∥g∥Y ≤ ∥T∥+ ε and if f ∈ L1(µ), then∥∥∥∥∥T (fχ∪∞
n=1An

)−
∫
∪∞

n=1An

fg dµ

∥∥∥∥∥ ≤
∞∑

n=1

∥∥∥∥T (fχAn
)−

∫
An

fgn dµ

∥∥∥∥
≤

∞∑
n=1

ε∥fχAn∥ = ε∥fχ∪∞
n=1An∥1 ≤ ε∥f∥1

Therefore, ∪∞
n=1An ∈ M, and so µ(∪∞

n=1An) = α.

Next, we will show that α = µ(Ω). Suppose, on the contrary, that α < µ(Ω). Set
B0 = Ω \ ∪∞

n=1An and consider L1(B0), the space of integrable functions in L1(µ)
supported on B0, that is,

L1(B0) = {f ∈ L1(µ) : f = 0 a.e. on Ω \B0}.

Then, L1(B0) is an L-summand in L1(µ) via the band projection f 7→ fχB0 . Define
T1 : L1(B0) → Y by T1 := T ↾L1(B0). By Lemma 3.12, we have that RSE(L1(B0), Y )

is dense in L(L1(B0), Y ). Thus, there exists T2 ∈ RSE(L1(B0), Y ) satisfying that
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∥T1 − T2∥ ≤ ε. By Lemma 3.13, there exist y1 ∈ Y , B1 ⊆ B0, µ(B1) > 0 and
h ∈ L∞(µ) with |h| = 1 on B1 such that

T2(fχB1
) =

(∫
B1

fh dµ

)
y1, ∀f ∈ L1(B0).

Writing g′ = (hχB1
)y1 : Ω → Y , we have∥∥∥∥T (fχB1)−

∫
B1

fg′dµ

∥∥∥∥ ≤ ∥T1(fχB1)− T2(fχB1)∥

≤ ∥T1 − T2∥∥fχB1
∥ ≤ ε∥fχB1

∥,

so B1 ∈ M. Now, set g̃ = g + g′, then∥∥∥∥∥T (fχ∪∞
n=1An∪B1

)−
∫
∪∞

n=1An∪B1

fg̃ dµ

∥∥∥∥∥
≤

∞∑
n=1

∥∥∥∥T (fχAn
)−

∫
An

fgn dµ

∥∥∥∥+ ∥∥∥∥T (fχB1
)−

∫
B1

fg′ dµ

∥∥∥∥
≤ ε

∞∑
n=1

∥fχAn
∥+ ε∥fχB1

∥ = ε∥fχ∪∞
n=1An∪B1

∥,

so
⋃∞

n=1 An ∪B1 ∈ M but

µ
(⋃∞

n=1
An ∪B1

)
= µ

(⋃∞

n=1
An

)
+ µ(B1) > α,

which is a contradiction. Therefore, α = µ(Ω) = µ(∪∞
n=1An) and∥∥∥∥T (f)− ∫

Ω

fg dµ

∥∥∥∥ ≤ ε∥f∥1

for every f ∈ L1(µ). Finally, let gn : Ω → Y be a sequence of Bochner integrable
essentially bounded functions such that for all f ∈ L1[0, 1]∥∥∥∥T (f)− ∫

Ω

fgn dµ

∥∥∥∥ ≤ 1

n
∥f∥1

for all n ∈ N. Then, by Lemma 3.11,

ess sup ∥gn − gm∥ = sup
∥f∥≤1

∥∥∥∥∥
∫
[0,1]

f(gn − gm)dµ

∥∥∥∥∥→ 0,

so (gn) is Cauchy and there exists a Bochner integrable essentially bounded function
g : Ω → Y such that limn ess sup ∥gn − g∥Y = 0. By the Dominated Convergence
Theorem (see [16, Theorem II.2.3]),∫

fg dµ = lim
n

∫
fgn dµ = T (f)

for all f ∈ L1(µ).

We have proved so far that every operator from L1(µ) to Y is representable.
Thus, Lemma 3.6 shows that Y has the RNP with respect to (Ω,Σ, µ). Finally,
since µ is not purely atomic, it follows from [10, Theorem 2] that Y has the RNP. □

The following nice consequence of the results of this subsection follows easily.
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Corollary 3.14. Let µ and ν two finite measures. Then, RSE(L1(µ), L1(ν)) is
dense in L(L1(µ), L1(ν)) if and only if one of the two measures is purely atomic.

Proof. If µ is purely atomic, then L1(µ) has the RNP and therefore the denseness
of RSE(L1(µ), L1(ν)) follows from Bourgain’s result [7]. If ν is purely atomic, then
L1(ν) has the RNP and we may use Theorem 3.5. For the converse, if µ is not
purely atomic, it follows from Theorem 3.10 that L1(ν) has the RNP. That is, ν
must be purely atomic. □

Compare it with the result by Iwanik [25] that NA(L1(µ), L1(ν)) is dense in
L(L1(µ), L1(ν)) for arbitrary measures µ and ν [25]. Actually, the above corollary
can be considered as the RSE version of this result.

3.3. Weakly Compact Operators from C(K)-Spaces. Another significant re-
sult on norm-attaining operators on classical spaces was obtained by Schacher-
mayer [38]. In his paper, he proved that for every compact Hausdorff space K
and every Banach space Y , W(C(K), Y ) is equal to the norm-closure of the set
W(C(K), Y ) ∩ NA(C(K), Y ). The following theorem improves this result by re-
placing NA with RSE.

Theorem 3.15. Let K be a compact Hausdorff space and Y be a Banach space.
Then, W(C(K), Y ) ∩ RSE(C(K), Y ) is dense in W(C(K), Y ).

Proof. We follow the argument of the proof of [38, Theorem B]. Let S ∈ W(C(K), Y )
be such that ∥S∥ = 1 and let ε > 0 be given. Since S ∈ W(C(K), Y ), it is a strong
RN operator. By [12, Remark 3.4], there exists T ∈ W(C(K), Y ) such that

(i) T ∈ UQNA(C(K), Y ) towards some y0;

(ii) ∥S − T∥ < ε;

(iii) T ∗ attains its norm at some y∗0 ∈ SY ∗ which strongly exposes T (BC(K)) at
y0 with supRe y∗0(T (BC(K))) = 1.

Put µ0 := T ∗(y∗0). Applying [38, Lemma 3.1] to the weakly compact subset
T ∗(BY ∗), there exists a bounded linear operator S : C(K)∗ → C(K)∗ with ∥S∥ = 1
such that

(i’) ∥Sµ− µ∥ ≤ ε for every µ ∈ T ∗(BY ∗);

(ii’) there exists f0 ∈ C(K) such that ∥f0∥ = 1 and ⟨f0, Sµ0⟩ = ∥µ0∥ = 1.

Let A = (ST ∗)∗↾C(K) = T ∗∗S∗↾C(K) : C(K) → Y (here, A(C(K)) ⊂ Y by weak-

compactness of T ). First, note that A∗ = ST ∗ and

∥A− T∥ = ∥A∗ − T ∗∥ = ∥ST ∗ − T ∗∥ ≤ ε.

By the part (b) of Lemma 2.6, if we show that A ∈ NA(C(K), Y ) at f0 and that

Af0 is a strongly exposed point of A(BC(K)), then there exists Q ∈ RSE(C(K), Y )
such that ∥A − Q∥ < ε and A − Q is a rank-one operator. It follows that Q ∈
W(C(K), Y )∩RSE(C(K), Y ) and ∥Q− S∥ ≤ ∥Q−A∥+ ∥A− T∥+ ∥T − S∥ < 3ε.

To this end, observe that ∥A∥ ≤ 1 and

∥Af0∥ ≥ y∗0(Af0) = (A∗y∗0)(f0) = (ST ∗y∗0)(f0) = ⟨f0, Sµ0⟩ = 1.
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Moreover,

1 = y∗0(Af0) ≤ supRe y∗0
(
T ∗∗(BC(K)∗∗)

) (
since A(BC(K)) ⊆ T ∗∗(BC(K)∗∗)

)
= supRe y∗0

(
T (BC(K))

) (
since T ∗∗(BC(K)∗∗) = T (BC(K))

)
= Re y∗0(y0) = 1 (due to (iii))

As y∗0 strongly exposes T (BC(K)) at y0, it follows that y0 = Af0 and that y∗0 strongly

exposes A(BC(K)) at Af0, as desired. □

3.4. Finite-Rank and Compact Operators. Let us start recalling that there
are compact operators which cannot be approximated by norm attaining ones [34]
and that the existence of finite-rank operators of the same kind is an old open
problem. We send the interested reader to [30,35] for more information. Therefore,
our proofs of the denseness of RSE compact operators of RSE finite-rank operators
require additional conditions to hold. Even more, in the case of compact operators,
with the same ideas as those used in Subsection 3.1, we may prove the following
result which is the RSE version of [34, Proposition 6], where the strict convexity of
the space Y was required. Recall also that every Banach space can be renormed
with Lindenstrauss’ property β [37] and that this property implies that NA(X,Y )∩
K(X,Y ) is dense in K(X,Y ) for every Banach space X (see [35, Proposition 4.1]).

Proposition 3.16. For every infinite-dimensional Banach space Y failing the ap-
proximation property, there is a Banach space X and a compact linear operator
from X to Y which cannot be approximated by RSE operators.

Proof. As Y fails the approximation property, a result of Grothendieck combined
with Enflo’s example (cf. [33, Theorem 1.e.5 and Theorem 2.d.6]), ensures the
existence of a closed subspace X of c0 and a compact operator T : X → Y which
cannot be approximated by finite-rank operators (see [26, Theorem 18.3.2]). To
complete the proof, it is enough to prove that RSE(X,Y ) ⊆ FR(X,Y ). Indeed,
if S ∈ RSE(X,Y ) attains its norm at x0 ∈ SX , being X a closed subspace of
c0, it follows that Z := span{z ∈ X : ∥x0 ± z∥ ≤ 1} is of finite-codimension (see
[35, Lemma 2.2] for the easy proof). By Lemma 3.3, it follows that S(Z) = 0, so S
has finite-rank. □

Regarding the denseness of finite-rank norm-attaining operators, one of the main
consequences in [30] establishes that if a Banach space X satisfies that NA(X)
contains sufficiently many linear subspaces, then the set FR∩NA of finite-rank
norm-attaining operators on X is dense in the ideal FR of finite-rank operators.
In the next theorem, we improve upon these results by replacing FR∩NA with
FR∩RSE. The proof is closely related to the one of [30, Theorem 3.3], using the
technical results we have presented in Section 2.

Theorem 3.17. Let X and Y be Banach spaces. Suppose that for every n ∈
N, every ε > 0 and all x∗

1, . . . , x
∗
n ∈ BX∗ , there are y∗1 , . . . , y

∗
n ∈ BX∗ such that

∥x∗
i − y∗i ∥ < ε, and span{y∗1 , . . . , y∗n} ⊆ NA(X). Then,

FR(X,Y ) ⊆ FR(X,Y ) ∩ RSE(X,Y ).

Proof. Let T ∈ FR(X,Y ) and write T =
∑n

i=1 x
∗
i⊗yi for some x∗

i ∈ X∗ and yi ∈ Y ,
i = 1, . . . , n. Given ε > 0, by assumption, we can find z∗1 , . . . , z

∗
n ∈ X∗ such that
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span{z∗1 , . . . , z∗n} ⊆ NA(X) and R :=
∑n

i=1 z
∗
i ⊗yi satisfies that ∥R−T∥ < ε. Then

(kerR)⊥ ⊆ span{z∗1 , . . . , z∗n} ⊆ NA(X). SinceX/ kerR is finite-dimensional, we can

find S̃ ∈ ASE(X/ kerR, Y ) such that ∥S̃− R̃∥ < ε. Let S := S̃ ◦q ∈ L(X,Y ), where
q : X → X/ kerR is the canonical quotient map. Since (kerS)⊥ ⊆ NA(X) and S

is of finite-rank, we have that ∥Sx0∥ = ∥(S̃ ◦ q)(x0)∥ = ∥S∥ for some x0 ∈ SX (see
[30, Corollary 2.6]). Finally, Proposition 2.11 shows that S ∈ RSE(X,Y ), finishing
the proof. □

The following main consequence follows directly.

Corollary 3.18. Let X be a Banach space such that there is a norm dense linear
subspace of X∗ contained in NA(X). Then, for every Banach space Y , we have:

FR(X,Y ) ⊆ FR(X,Y ) ∩ RSE(X,Y ).

We conclude this section with a brief discussion on the density of FR(X,Y ) ∩
RSE(X,Y ) in K(X,Y ). First, notice that the denseness of FR(X,Y )∩RSE(X,Y )

in FR(X,Y ) implies that K(X,Y ) coincides with FR(X,Y ) ∩ RSE(X,Y ) when-
ever Y or X∗ has the approximation property.

Corollary 3.19. Let X be a Banach space such that there is a norm dense linear
subspace of X∗ contained in NA(X) and let Y be a Banach space. If X∗ or Y has
the approximation property, then

K(X,Y ) = FR(X,Y ) ∩ RSE(X,Y ).

As Theorem 3.17 and its two corollaries strengthen the result of [30, Theorem
3.3], some consequences derived from it can also be improved, including the classical
result by Johnson–Wolfe [27] on compact operator acting from C(K) and L1(µ)
spaces. Nevertheless, we provide a non-exhaustive list of such examples and we
refer the reader to [30] for further details, references, and additional examples.

Corollary 3.20. Let X and Y be Banach spaces. Then

FR(X,Y ) ⊆ FR(X,Y ) ∩ RSE(X,Y )

in the following cases:

(a) X satisfies that for all x∗
1, . . . , x

∗
n ∈ BX∗ and every ε > 0, there is a norm-

one projection P ∈ L(X,X) of finite-rank such that maxi ∥x∗
i−P ∗(x∗

i )∥ < ε.

(a1) X = C0(L) where L is a locally compact Hausdorff topological space.

(a2) X = Lp(µ) where 1 ≤ p ≤ ∞ and µ is a positive measure.

(b) X is an isometric predual of ℓ1.

(c) X has a shrinking monotone Schauder basis.

(d) X is a closed subspace of c0 with monotone Schauder basis.

(e) X is a finite-codimensional proximinal subspace of c0.

(f) X is a finite-codimensional proximinal subspace of K(ℓ2).

(g) X is a c0-sum of reflexive spaces.

Moreover, in items (a), (b), (c), and (d), we actually have that

K(X,Y ) = FR(X,Y ) ∩ RSE(X,Y ).
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4. Range Spaces with Quasi-ACK Structure

In this section we will provide denseness results of RSE operator in the case
of specific target Banach spaces Y—namely, those with the so-called quasi-ACK
structure—under the hypothesis of the denseness of NA(X) ∩ smo(X∗) in X∗.

The notion of quasi-ACK structure was introduced in [13] as a generalization of
ACKρ structure [9] and property quasi-β [4]. A Banach space Y with a quasi-ACK
structure serves as a universal range space, ensuring the denseness of norm-attaining
operators from X into Y within a specific operator ideal class—namely, the Γ-flat
operator ideal—for any arbitrary domain space X.

Let us present a formal definition of quasi-ACK structure. A Banach space X
is said to have quasi-ACK structure if there exist a 1-norming set Γ ⊆ BX∗ and
a function ρ : Γ → [0, 1) such that for any e∗ ∈ ext(BX∗), there exists Γe∗ ⊆ Γ
satisfying that

(i) e∗ ∈ TΓe∗
w∗

,

(ii) supx∗∈Γe∗
ρ(x∗) < 1,

(iii) for every ε > 0 and a nonempty relatively w∗-open subset U of Γe∗ , there
are a nonempty subset V ⊆ U , x∗

1 ∈ V , e ∈ SX , F ∈ L(X) such that
(i’) ∥F (e)∥ = ∥F∥ = 1,

(ii’) x∗
1(F (e)) = 1,

(iii’) F ∗(x∗
1) = x∗

1,

(iv’) If we let V1 := {x∗ ∈ Γ: ∥F ∗(x∗)∥ + (1 − ε)∥x∗ − F ∗(x∗)∥ ≤ 1}, then
|x∗(F (e))| ≤ ρ(x∗

1) for any x∗ ∈ Γ \ V1,

(v’) dist(F ∗(x∗), aco{0, V }) < ε for all x∗ ∈ Γ,

(vi’) |v∗(e)− 1| ≤ ε for all v∗ ∈ V .

We also recall the notion of Γ-flat operators: a function f from a topological
space T to a metric space M is called openly fragmented if for every nonempty
open subset U ⊆ T and any ε > 0 there exists a nonempty open subset V ⊆ U
with diam(f(V )) < ε. Given a set Γ ⊆ Y ∗ and T ∈ L(X,Y ), we say that T is
Γ-flat if T ∗↾Γ : (Γ, w

∗) → X∗ is openly fragmented. It is known that every Asplund
operator T ∈ L(X,Y ) is Γ-flat for every subset Γ ⊆ BY ∗ ([9, Example A]), and if
(Γ, w∗) is a discrete topological space, then every operator T ∈ L(X,Y ) is Γ0-flat
for any Γ0 ⊆ Γ ([9, Example C]).

It was observed in [9] that C(K) spaces, uniform algebras, and Banach spaces
with property β (introduced in [32]) have ACKρ structure. Besides, the property is
stable by ℓ∞-sums and by taking injective tensor products. Property quasi-β was
introduced in [4] as a generalization of property β which still implies property B. As
mentioned earlier, the notion of quasi-ACK structure is more general. Examples of
Banach spaces having quasi-ACK structure include those with ACKρ structure as
well as those with property quasi-β [13, Remark 2.2]. Moreover, there is a Banach
space that has quasi-ACK structure, while failing to have both ACKρ structure and
property quasi-β [13, Proposition 3.6].
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The next is the most general result that we are able to obtain. Even though the
hypotheses seem to be very technical, we will be able to deduce many interesting
consequences.

Theorem 4.1. Let X and Y be Banach spaces such that Y has quasi-ACK structure
with a 1-norming set Γ ⊆ BY ∗ and ρ : Γ → [0, 1). Let T ∈ L(X,Y ) be a Γ-flat
operator such that T is Γ0-flat for every Γ0 ⊆ Γ.

(a) If SE(BX) is dense in X∗, then given ε > 0 there exists R ∈ ASE(X,Y )
such that ∥R− T∥ < ε;

(b) If the set smo(X∗) ∩ NA(X) is dense in X∗ (in particular, if X is strictly
convex), then given ε > 0 there exists R ∈ L(X,Y ) such that ∥R− T∥ < ε,
∥R(x0)∥ = ∥R∥ for some x0 ∈ SX , and whenever a sequence (xn) ⊆ BX

satisfies that ∥Rxn∥ → ∥R∥, there exists a subsequence (xσ(n)) ⊆ (xn) such
that (xσ(n)) converges weakly to θx0 for some θ ∈ T.

We need some preliminary results. Recall the result given in [29, Lemma 1.2]
that if T ∈ L(X,Y ) is such that ∥T∥ = ∥T ∗y∗0∥ and T ∗y∗0 ∈ SE(BX) for some

y∗0 ∈ BY ∗ , then T attains its norm at a strongly exposed point; so T ∈ ASE(X,Y ).
Let us present an analog version of this result considering more general elements in
the set smo(X∗) ∩NA(X) rather than those in SE(BX).

Lemma 4.2. Let X and Y be Banach spaces.

(a) If T ∈ L(X,Y ) satisfies that If ∥T∥ = ∥T ∗y∗0∥ with y∗0 ∈ SY ∗ and T ∗y∗0 ∈
smo(X∗) attains its norm at x0 ∈ BX , then, given ε > 0, there is S ∈
L(X,Y ) such that ∥S(x0)∥ = ∥S∥, ∥S − T∥ < ε, and whenever (xn) ⊆
BX satisfies ∥Sxn∥ → ∥S∥, there is a subsequence (xσ(n)) of (xn) weakly
convergent to θx0 for some θ ∈ T.

(b) If I is an operator ideal contained in DP(X,Y ) and T ∈ I(X,Y ) satisfies
∥T∥ = ∥T ∗y∗0∥ with y∗0 ∈ SY ∗ and T ∗y∗0 ∈ smo(X∗) ∩ NA(X), then T ∈
I(X,Y ) ∩ RSE(X,Y ).

Proof. Although the proof is similar to that of Lemma 2.6, we present it here for
the sake of completeness.

(a). Let x0 ∈ BX be such that ∥T ∗y∗0∥ = (T ∗y∗0)(x0). For simplicity, we may
assume that ∥T∥ = 1. Given ε > 0, define S ∈ L(X,Y ) by

S(x) = T (x) + ε (T ∗y∗0)(x)Tx0.

Then ∥S∥ ≤ 1 + ε, and

Sx0 = (1 + ε)Tx0;

hence S attains its norm at x0. Suppose that ∥Sxn∥ → ∥S∥. By the definition of
S, this implies that, passing to a subsequence, (T ∗y∗0)(xn) → θ ∈ T. Since T ∗y∗0 is
a smooth point, we observe that

(
θxn

)
converges to x0 weakly and this completes

the proof.

(b). Note from the proof of (a) that S belongs to the same ideal I(X,Y ) when-
ever T belongs to I(X,Y ). Moreover, if a sequence (xσ(n)) converges weakly to
θx0 for some θ ∈ T, then the sequence (Sxσ(n)) converges to θSx0 in the norm
topology; so S ∈ RSE(X,Y ). □
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Proof of Theorem 4.1. The proof is based on the arguments of the proof of [13,
Theorem 2.3], now with the help of the above lemma. Let ε > 0 and assume
that ∥T∥ = 1. By a result of Johannesen [31, Theorem 5.8], we assume further
that T ∗ ∈ L(Y ∗, X∗) attains its norm at some e∗ ∈ ext(BY ∗). Let Γe∗ ⊆ Γ the
corresponding set of quasi-ACK structure of Y satisfying (i)–(iii). Find y∗0 ∈ Γe∗

and x0 ∈ SX such that |y∗0(T (x0))| > 1− ε. Consider the set

U0 := {y∗ ∈ Y ∗ : |y∗(T (x0))| > 1− ε},
which is weak∗-open. Since T is Γe∗ -flat from the hypothesis, there is weak∗-open
subset Ur ⊆ U0 with Ur ∩ Γe∗ ̸= ∅ such that diam(T ∗(Ur ∩ Γe∗)) < ε. Choose
y∗1 ∈ Ur ∩ Γe∗ and let x∗

1 = T ∗(y∗1).

Let Π be either the set SE(BX) or smo(X∗)∩NA(X). Suppose that the set Π is
dense in X∗. Then we can find x∗

r ∈ Π with ∥x∗
r∥ = 1 such that ∥x∗

r −x∗
1∥ < ε. Say

x∗
r attains its norm at xr ∈ SX . By quasi-ACK structure of Y , applying to ε > 0

and U := Ur ∩ Γe∗ , we can find V ⊆ U , y∗2 ∈ V , e ∈ SY and F ∈ L(Y ) satisfying
(i’)–(vi’). Define S ∈ L(X,Y ) by

S(x) := x∗
r(x)F (e) + (1− ε̃)(IdY − F )T (x), for every x ∈ X,

where ε̃ = 5ε
1−re∗+5ε and re∗ = supy∗∈Γe∗

ρ(y∗) < 1. We remark that S∗(y∗2) = x∗
r .

Using conditions (i’)–(vi’), one can verify that ∥S − T∥ ≤ 5ε+ 2ε̃ and

∥S∥ = ∥Sxr∥ = |(S∗y∗2)(xr)| = |x∗
r(xr)| = 1

(for a detailed proof, we refer to the proof of [13, Theorem 2.3]).

If the set Π were SE(BX), then the point xr should be a strongly exposed point.
This shows that there exists R ∈ ASE(X,Y ) so that ∥R− S∥ < ε [11, Proposition
3.14]. This proves (a). Next, suppose that Π = smo(X∗) ∩ NA(X). In this case,
S∗y∗2 ∈ smo(X∗) attains its norm at xr with ∥S∥ = ∥S∗y∗2∥; hence Lemma 4.2.(a)
yields the result (b). □

Remark 4.3. Let X be a Banach space.

(a) By definition, SE(BX) ⊆ smo(X∗) ∩ NA(X). As expected, this inclusion
may be strict (even for reflexive Banach spaces). For instance, if we denote
(ℓ2, ∥ · ∥W ) the renorming of ℓ2 due to Smith [39], then it is known that the
norm of (ℓ2, ∥ · ∥∗W ) is Gâteaux differentiable but not Fréchet differentiable
(see the paragraph after [36, Theorem 5.6.12]). As an example of non-
reflexive Banach spaces, consider X = c, that is, the space of all convergent
sequences endowed with the supremum norm. Then SE(BX) = ∅ while the
set smo(X∗) ∩ NA(X) is dense in X∗(= ℓ1). Finally, note that if X = c0,
then the set smo(X∗) ∩ NA(X) turns to be the empty set. So, the results
with the assumption on the denseness of smo(X∗) ∩ NA(X) cannot be
applied to X = c0. However, the denseness of certain RSE operators on c0
can be derived by Corollary 3.20.

(b) We have the following.

X is strictly convex X∗ is smooth

NA(X) ⊆ smo(X∗) NA(X) ∩ smo(X∗) is dense

(b)

(a)

(c)
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The implication (a) is quite well known (and easy to prove), and the con-
verse of (a) is not true. The equivalence (b) is a consequence of the Hahn-
Banach theorem and Šmulyan’s lemma. The implication (c) is obvious.

As mentioned at the beginning of this section, Banach spaces with property
quasi-β have quasi-ACK structure. More precisely, if Y has property quasi-β wit-
nessed by the set A = {x∗

α : α ∈ Λ} ⊆ SX∗ , {xα : α ∈ Λ} ⊆ SX , and a real-valued
function ρ on A, then Y has quasi-ACK structure with respect to the 1-norming
set Γ := A and the above function ρ (see [13, Remark 2.2]). Besides, still in the
case when Y has property quasi-β, every operator T ∈ L(X,Y ) is Γ0-flat for any
Γ0 ⊆ Γ since (Γ, w∗) is a discrete topological space. This discussion allows us to
give the following consequences of Theorem 4.1.

Corollary 4.4. Let X and Y be Banach spaces, and let an operator ideal I be
given. If SE(BX) is dense in X∗, Y has quasi-ACK structure, and I is contained
in the operator ideal A of Asplund operators, then

I(X,Y ) ⊆ I(X,Y ) ∩ASE(X,Y )

Proof. Notice from the proof of Theorem 4.1 that when T belongs to I(X,Y ), so
does R. Moreover, as mentioned earlier, T is Γ-flat for every subset Γ ⊆ BY ∗ , so
the denseness follows from (a) of Theorem 4.1. □

Corollary 4.5. Let X and Y be Banach spaces, and an operator ideal I be given.
If the set smo(X∗) ∩ NA(X) is dense in X∗, Y has property quasi-β, and I is
contained in DP(X,Y ), then

I(X,Y ) ⊆ I(X,Y ) ∩ RSE(X,Y ).

Proof. As Y is assumed to have property quasi-β, we have that Y has quasi-ACK
structure with a certain 1-norming set Γ ⊆ BY ∗ and a real-valued function on
Γ. Again, as mentioned above, every member in L(X,Y ) is Γ0-flat for any subset
Γ0 ⊆ Γ. Using the definition of Dunford-Pettis property as in Lemma 4.2.(b), we
conclude the result. □

An interesting particular case is given when Y is a closed subspace of c0(Γ), as
then Y has property quasi-β [29, Example 3.2].

Corollary 4.6. Let X be a Banach space such that smo(X∗)∩NA(X) is dense in
X∗ and let Y be a closed subspace of c0(Γ) for some set Γ. If I is an operator ideal
contained in DP, then

I(X,Y ) ⊆ I(X,Y ) ∩ RSE(X,Y ).

This corollary can be applied of course to compact operators.

Corollary 4.7. Let X be a Banach space such that smo(X∗)∩NA(X) is dense in
X∗ and let Y be a closed subspace of c0(Γ) for some set Γ. Then

K(X,Y ) ⊆ K(X,Y ) ∩ RSE(X,Y ).

Let us remark that the condition on the domain space in Corollary 4.7 is essential,
as shown by Proposition 3.16 when applied to subspaces of c0(Γ) that fail the
approximation property.
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The next consequence follows as a combination of Corollary 4.5 and the argu-
ments of Johnson–Wolfe in [27].

Corollary 4.8. Let X be a Banach space such that smo(X∗)∩NA(X) is dense in
X∗. Then, for any L1-predual space Y , we have

K(X,Y ) = K(X,Y ) ∩ RSE(X,Y ).

Proof. Let T ∈ K(X,Y ) and ε > 0 be given. Arguing like in [27, Lemma 3.4]
we can find a subspace E of Y which is isometric to ℓm∞ for some m ∈ N and a
projection P : Y → E ⊆ Y with ∥P∥ = 1 such that ∥T − PT∥ < ε. As ℓm∞ has
property β, there is S ∈ RSE(X,Y ) such that ∥PT − S∥ < ε by Corollary 4.5,
hence ∥T − S∥ < 2ε. □

Finally, let us remark that, even though it is straightforward to show that
NA(X, ℓm∞) is dense in L(X, ℓm∞) for every m ∈ N and every Banach space X,
we do not know if the set RSE(X, ℓm∞) is also dense without the assumption that
smo(X∗) ∩NA(X) is dense in X∗.

5. RSE Analogues of Zizler’s and Lindenstrauss’s Results on Adjoint
Operators

We start by showing that there is no analogous results for RSE operators to
Zizler’s [41] and Lindenstrauss’ [32] on the denseness on the set of operators whose
adjoint or biadjoint attain their norm.

Example 5.1. The sets

(a) {T ∈ L(ℓ1, ℓ1) : T ∗ ∈ RSE(ℓ∞, ℓ∞)},
(b) {T ∈ L(c0, c0) : T ∗∗ ∈ RSE(ℓ∞, ℓ∞)},

are not dense in L(ℓ1, ℓ1) and L(c0, c0), respectively.

Proof. For (a), observe that, since the set of isomorphisms is an open set, if the
set in (a) were dense, it would exists an isomorphism S ∈ L(ℓ1, ℓ1) such that
S∗ ∈ RSE(ℓ∞, ℓ∞); being S∗ also an isomorphism, Remark 2.4 would give that
S∗ ∈ ASE(ℓ∞, ℓ∞), but this is impossible since the unit ball of ℓ∞ fails to contain
strongly exposed points. The argument for (b) is completely analogous. □

It is then clear that we need conditions on X, Y , or on the involved operator to
approximate it by operators whose adjoint are RSE. The most general result we
are able to present in this line deals with operators with closed range and such that
their image of the unit ball have the Asplund property. Let us first introduce the
needed definitions.

Let D ⊆ X be a bounded subset and F : X → R any function. Then F is
D-differentiable at x ∈ X if there exists f ∈ X∗ such that

lim
t→0+

sup
d∈D

∣∣∣∣F (x+ td)− F (x)

t
− f(d)

∣∣∣∣ = 0.

In this case, f is called the D-gradient of F at x. A bounded subset D of X is
said to have the Asplund property if each convex continuous function F : X → R
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is D-differentiable on a residual subset of X. It is known [8, Theorem 5.3.5] that
T ∈ L(X,Y ) is an Asplund operator (i.e., T factors through an Asplund space) if
and only if the set T (BX) has the Asplund property. Moreover, it is equivalent to
that T ∗(BY ∗) is an RNP set [8, Theorem 5.2.3]. It is also known that if T is an
isomorphism, then D ⊆ X has the Asplund property if and only if T (D) ⊆ Y has
the Asplund property [8, Lemma 5.3.1]. In particular, if D ⊆ X has the Asplund
property and Z is a closed subspace containing the set D, then D ⊆ Z has the
Asplund property.

Proposition 5.2. Let X and Y be Banach spaces, and T ∈ L(X,Y ) be an op-
erator with closed range. Suppose that T (BX) has the Asplund property. Let
Φ: T ∗(BY ∗) → R be a bounded above and upper semicontinuous function. Then,
given ε > 0 and x1 ∈ X, there exists x0 ∈ X such that Φ + x0 strongly exposes
T ∗(BY ∗) and ∥Tx0 − Tx1∥ < ε.

The proof of this result is based on [5, Theorem 2.6], with appropariate modifi-
cations to fit our setting. To make the proof self-contained, we recall the following
lemma from that paper.

Lemma 5.3 ([5, Lemma 2.4]). Let X be a Banach space, W a dense subset of
X × K such that R+W ⊆ W and ϕ : X → R is a convex continuous function
satisfying ϕ(0) < 0. Then, the subset W ∩Graph(ϕ) is dense in Graph(ϕ).

Let us point out that [5, Lemma 2.4] was origianlly stated for the case K = R,
however, the (almost) same proof applies to Lemma 5.3 as well.

Proof of Proposition 5.2. For simplicity, let Z := T (X) and E := T ∗(BY ∗) ⊆ X∗.
Let Φ: E → R be a bounded above and upper semicontinuous function, and con-
sider σ : Z ×K → R by

σ(y, s) := sup

{
Re

〈
t

1 +M − Φ(T ∗y∗)
(y∗,−1), (y, s)

〉
: t ∈ [0, 1], y∗ ∈ BY ∗

}
,

where M := supΦ(E).

It is not difficult to check that T (BX)×BK ⊆ Y ×K has the Asplund property;
therefore T (BX) × BK ⊆ Z × K has the Asplund property. Since σ is continuous
and convex, we observe that σ is (T (BX)×BK)-differentiable on a Gδ-dense subset
W of Z ×K. Note that σ(r(y, s)) = rσ(y, s) for every (y, s) ∈ Z ×K and r ∈ R+;
so R+W ⊆ W .

Put

H :=

{
t

1 +M − Φ(T ∗y∗)
(y∗,−1) : t ∈ [0, 1], y∗ ∈ BY ∗

}
.

Observe that H is closed, and σ(y, s) = sup{Re⟨(u∗, s∗), (y, s)⟩ : (u∗, s∗) ∈ H}.

Step 1 : If σ is (T (BX)×BK)-differentiable at (z0, r0) ∈ W with (T (BX)×BK)-
gradient (z∗0 , r

∗
0), then the element (z0, r0) strongly exposes H at (z∗0 , r

∗
0) in the

following sense:

if (u∗
n, s

∗
n) ∈ H satisfies that Re⟨(u∗

n, s
∗
n),(z0, r0)⟩ → σ(z0, r0),

then ∥(u∗
n, s

∗
n)− (z∗0 , r

∗
0)∥BZ×BR → 0.(∗)
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To prove the claim, given ε > 0, find δ > 0 such that

0 < t ≤ δ =⇒ sup
u∈T (BX)×BK

∣∣∣∣σ((z0, r0) + tu)− σ(z0, r0)

t
− (z∗0 , r

∗
0)(u)

∣∣∣∣ < ε.

Fix α = εδ and suppose that (u∗, s∗) ∈ H satisfies that

Re⟨(u∗, s∗), (z0, r0)⟩ > σ(z0, r0)− α.

Then, for (Tx, s) ∈ T (BX)×BK, we have

Re⟨(u∗, s∗)− (z∗0 , r
∗
0), (Tx, s)⟩

=
1

δ
Re [⟨(u∗, s∗), (z0, r0) + δ(Tx, s)⟩ − ⟨(u∗, s∗), (z0, r0)⟩ − ⟨(z∗0 , r∗0), δ(Tx, s)⟩]

≤ 1

δ
[σ((z0, r0) + δ(Tx, s))− Re⟨(u∗, s∗), (z0, r0)⟩ − Re⟨(z∗0 , r∗0), δ(Tx, s)⟩]

≤ 1

δ
[εδ + σ(z0, r0)− Re⟨(u∗, s∗), (z0, r0)⟩] < ε+

α

δ
= 2ε.

Since θ(T (BX) × BK) = T (BX) × BK for all θ ∈ K with |θ| = 1, we conclude
that ∥(u∗, s∗)− (z∗0 , r

∗
0)∥T (BX)×BK < ε. As T has a closed range, by open mapping

theorem, we have that ∥(u∗, s∗) − (z∗0 , r
∗
0)∥BZ×BR < Cε for some constant C > 0.

As a consequence, we have that every element (z0, r0) in W strongly exposes H in
the sense of (∗) (at some (z∗0 , r

∗
0) where (z

∗
0 , r

∗
0) is the corresponding (T (BX)×BK)-

gradient).

Next, define ϕ : Z = T (X) → R by

ϕ(y) := sup{Re{Φ(T ∗y∗) + y∗(y)−M − 1} : y∗ ∈ BY ∗}, ∀y ∈ Z.

Note that ϕ is continuous, convex, and ϕ(0) = −1 < 0. By applying Lemma 5.3
to W ⊆ Z × K and ϕ : Z → R, we observe that the elements (y, ϕ(y)) ∈ Z × R
strongly exposing H in the sense of (∗) form a dense subset in the graph of ϕ.

Step 2 : Given x0 ∈ X, if (Tx0, ϕ(Tx0)) ∈ Z×R strongly exposes H in the sense
of (∗) at

t0
1 +M − Φ(T ∗y∗0)

(y∗0 ,−1)

for some t0 ∈ [0, 1] and y∗0 ∈ BY ∗ , then Φ + Rex0 strongly exposes the set E =
T ∗(BY ∗) at T ∗y∗0 .

To this end, note first that t0 can be assumed to be 1 and that

1 ≥ Re y∗0(Tx0)− ϕ(Tx0)

1 +M − Φ(T ∗y∗0)
≥ sup

y∗∈BY ∗

Re y∗(Tx0)− ϕ(Tx0)

1 +M − Φ(T ∗y∗)
= 1.

This shows that Φ + Rex0 attains its maximum at T ∗y∗0 ∈ E with

(Φ + Rex0)(T
∗y∗0) = 1 +M + ϕ(Tx0).
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If (y∗n) ⊆ BY ∗ satisfies (Φ+Rex0)(T
∗y∗n) → 1+M+ϕ(Tx0), then this would imply

that

0 ≤ 1− Re

〈
(Tx0, ϕ(Tx0)),

(y∗n,−1)

1 +M − Φ(T ∗y∗n)

〉
=

1 +M − Φ(T ∗y∗n)− Re y∗n(Tx0) + ϕ(Tx0)

1 +M − Φ(T ∗y∗n)

≤ 1 +M − Φ(T ∗y∗n)− Re y∗n(Tx0) + ϕ(Tx0) → 0.

Using that (Tx0, ϕ(Tx0)) strongly exposes H in the sense of (∗),∥∥∥∥( 1

1 +M − Φ(T ∗y∗n)
(y∗n,−1)

)
− 1

1 +M − Φ(T ∗y∗0)
(y∗0 ,−1)

∥∥∥∥
BZ×BK

→ 0.

This, in particular, shows that ∥y∗n − y∗0∥BZ
→ 0; hence ∥T ∗y∗n − T ∗y∗0∥ → 0.

Step 3 : Recall from the end of Step 1 that the set

{(Tx, ϕ(Tx)) strongly exposing H in the sense of (∗) : x ∈ X}

is dense in {(Tx, ϕ(Tx)) : x ∈ X}. Therefore, given x1 ∈ X and ε > 0, we can find
x0 ∈ X such that ∥Tx1 − Tx0∥ < ε and (Tx0, ϕ(Tx0)) strongly exposes H in the
sense of (∗). By Step 2, we then obtain that Φ + Rex0 strongly exposes the set E
at some T ∗y∗0 with y∗0 ∈ BY ∗ . □

The result can be directly applied to Asplund operators to get the following nice
consequence.

Corollary 5.4. Let X and Y be Banach spaces, and let I be an operator ideal
contained in A. If T ∈ I(X,Y ) has closed range, then given ε > 0 there exists
S ∈ I(X,Y ) such that ∥S − T∥ < ε and S∗ ∈ RSE(Y ∗, X∗).

Proof. Let ε > 0 be given and consider Φ := ∥·∥X∗ : T ∗(BY ∗) → R. By Proposition
5.2, we can find x0 ∈ S such that Φ+Rex0 strongly exposes T ∗(BY ∗) at some T ∗y∗0
and ∥Tx0∥ < ε. Define R ∈ L(Y ∗, X∗) by

Ry∗ = T ∗y∗ +
T ∗y∗0
∥T ∗y∗0∥

y∗(Tx0), y∗ ∈ Z∗.

Notice that R is weak-star to weak-star continuous, so R = S∗ for some S ∈
L(X,Y ). Since S − T is a rank-one operator, we have S ∈ I(X,Y ). Moreover,
∥R∥ = (Φ + Rex0)(T

∗y∗0). Now, if (y∗n) ⊆ BY ∗ is such that ∥Ry∗n∥ → ∥R∥, then

∥R∥ = [Φ + Rex0](T
∗y∗0) ≥ [Φ + Rex0](T

∗y∗n) ≥ ∥Ry∗n∥ → ∥R∥;

so (T ∗y∗n) converges to T ∗y∗0 . It follows that

Ry∗n → T ∗y∗0 +
T ∗y∗0
∥T ∗y∗0∥

y∗0(Tx0) = Ry∗0 and ∥Ry∗0∥ = ∥R∥;

so R ∈ RSE(Y ∗, X∗). □

Observe that T ∈ A(X,Y ) if and only if T ∗ ∈ SRN (Y ∗, X∗) [8, Theorem 5.2.11].
In this regard, Corollary 5.4 can be seen as a dual version of the denseness result
of SRN ∩UQNA in SRN proved in [12, Theorem 3.1].
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If we deal with finite-rank operators, then the Asplundness condition and the
closed rank condition automatically hold, so we get the following immediate conse-
quence of Corollary 5.4.

Corollary 5.5. Let X and Y be Banach spaces. Then,

FR(X,Y ) ⊆ {R ∈ FR(X,Y ) : R∗ ∈ RSE(Y ∗, X∗)}.

If, moreover, X∗ or Y has the approximation property, then

K(X,Y ) ⊆ {R ∈ FR(X,Y ) : R∗ ∈ RSE(Y ∗, X∗)}.

Let us observe that the adjoint of a compact operator is always norm-attaining,
and that compact operators can be always approximated by UQNA operators [12,
Corollary 3.11], but it is not clear whether when one starts with the adjoint of a
compact operator, the UQNA approximating operators can also be taken as adjoint
operators, which is exactly what the previous corollary ensures.

Our last result in this section deals with the relation of the UQNA and RSE
operators and Fréchet differentiability points, similar to the known relation in the
case of ASE operators. Recall that T is a point of Fréchet differentiability in
L(X,Y ) if and only if T ∈ ASE(X,Y ) at x0 ∈ SX and Tx0 is a point of Fréchet
differentiability in Y (see [29, Proposition 1.6] or [23, Theorem 3.1]). Moreover,
T is a Fréchet differentiability point if and only if T ∗ is a Fréchet differentiability
point. We can also relate the notions of UQNA and RSE to Fréchet differentiability
in a similar way as follows.

Proposition 5.6. Let X and Y be Banach spaces and T ∈ L(X,Y ). Then

(a) T ∈ UQNA(X,Y ) towards ∥T∥y0 for some Fréchet differentiability point
y0 ∈ SY if and only if T ∗ ∈ ASE(Y ∗, X∗) at y∗0 ∈ SY ∗ with the following
property

if (zn) ⊆ BX satisfies Re(T ∗y∗0)(zn) → ∥T∥, then Tzn → ∥T∥y0.

(b) T ∈ RSE(X,Y ) towards Tx0 for some Fréchet differentiability point Tx0 ∈
∥T∥SY with x0 ∈ SX if and only if T ∗ ∈ ASE(Y ∗, X∗) at y∗0 ∈ SY ∗ with
the following property: there exists x0 ∈ SX so that

if (zn) ⊆ BX satisfies Re(T ∗y∗0)(zn) → ∥T∥, then Tzn → Tx0.

Proof. We only prove (b), being (a) completely analogous. (⇒): Suppose ∥T ∗y∗n∥ →
∥T ∗∥. Find xn ∈ BX so that y∗n(Txn) → ∥T∥. Then Txn → θTx0 passing to a
subsequence for some θ ∈ T. Thus, θy∗n(Tx0) → ∥T∥; This implies that (θy∗n) con-
verges to y∗0 where y∗0 ∈ S∗

Y satisfies that y∗0(Tx0) = ∥T∥. Thus, T ∗ ∈ ASE(Y ∗, X∗)
and T ∗y∗0 satisfy the desired property.

(⇐): If ∥Txn∥ → ∥T∥, then we can find y∗n ∈ SY ∗ so that (T ∗y∗n)(xn) → ∥T∥;
hence y∗n → θy∗0 , passing to a subsequence, for some θ ∈ T. This shows that
(T ∗y∗0)(θxn) → ∥T∥; hence Txn → θTx0. So, T ∈ RSE(X,Y ). Finally, let z∗n ∈ B∗

Y

so that z∗n(Tx0) → ∥T∥ = y∗0(Tx0). This would imply that (z∗n) converges to y∗0 ; so
Tx0 is a Fréchet differentiability point. □
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M. Mart́ın were partially supported by MICIU/AEI/10.13039/501100011033 and
ERDF/EU through the grant PID2021-122126NB-C31, and by “Maria de Maeztu”
Excellence Unit IMAG, funded by MICIU/AEI/10.13039/501100011033 with ref-
erence CEX2020-001105-M.

References

[1] M. D. Acosta, Denseness of norm attaining mappings, RACSAM 100 (2006), no. 1-2, 9–30.

[2] , Denseness of norm-attaining operators into strictly convex spaces, Proc. Roy. Soc.
Edinburgh Sect. A 129 (1999), no. 6, 1107–1114.

[3] , Norm attaining operators into L1(µ), Function spaces (Edwardsville, IL, 1998), Con-

temp. Math., vol. 232, Amer. Math. Soc., Providence, RI, 1999, pp. 1–11.
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