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Examples and applications of the density of
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Abstract. We study the density of the set SNA(M,Y ) of those Lipschitz
maps from a (complete pointed) metric space M to a Banach space Y
which strongly attain their norm (i.e. the supremum defining the Lips-
chitz norm is actually a maximum). We present new and somehow coun-
terintuitive examples, and we give some applications. First, we show that
SNA(T, Y ) is not dense in Lip0(T, Y ) for any Banach space Y , where T
denotes the unit circle in the Euclidean plane. This provides the first ex-
ample of a Gromov concave metric space (i.e. every molecule is a strongly
exposed point of the unit ball of the Lipschitz-free space) for which the
density does not hold. Next, we construct metric spaces M satisfying
that SNA(M,Y ) is dense in Lip0(M,Y ) regardless Y but which contain
isometric copies of [0, 1] and so the Lipschitz-free space F(M) fails the
Radon–Nikodým property, answering in the negative a question posed in
[8]. Furthermore, an example of such M can be produced failing all the
previously known sufficient conditions for the density of strongly norm at-
taining Lipschitz maps. Finally, among other applications, we prove that
given a compact metric space M which does not contain any isometric copy
of [0, 1] and a Banach space Y , if SNA(M,Y ) is dense, then SNA(M,Y )
actually contains an open dense subset and BF(M) = co(str-exp

(
BF(M)

)
).

Further, we show that if M is a boundedly compact metric space for which
SNA(M,R) is dense in Lip0(M,R), then the unit ball of the Lipschitz-free
space on M is the closed convex hull of its strongly exposed points.
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1. Introduction

In this paper we will solve some questions related to when the set of those Lipschitz
maps which strongly attain their norm is dense. Let us start with necessary defi-
nitions. A pointed metric space is just a metric space M in which we distinguish
an element, called 0. Throughout the paper, the metric spaces will be complete
and the Banach spaces will be over the real scalars. Given a pointed metric space
M and a Banach space Y , we write Lip0(M,Y ) to denote the Banach space of all
Lipschitz maps F : M −→ Y which vanish at 0, endowed with the Lipschitz norm
defined by

(♠) ‖F‖L := sup

{
‖F (x)− F (y)‖

d(x, y)
: x, y ∈M, x 6= y

}
.

Let us comment that the choice of the distinguished element is not important,
as the resulting spaces of Lipschitz maps are isometrically isomorphic. Following
[21] and [17], we say that F ∈ Lip0(M,Y ) attains its norm in the strong sense or
strongly attains its norm, whenever the supremum in (♠) is actually a maximum,
that is, whenever there are x, y ∈M , x 6= y, such that

‖F (x)− F (y)‖
d(x, y)

= ‖F‖L.

The set of all Lipschitz maps in Lip0(M,Y ) which attain their norm in the strong
sense is denoted by SNA(M,Y ).

As the starting point of the study of strong norm attainment we can consider
the papers [17, 21], where the first examples of spaces failing and satisfying that the
set of strongly norm attaining functionals is dense are found. On the one hand, the
first negative example is [21, Example 2.1], where a norm-one Lipschitz function
f ∈ Lip0([0, 1],R) is found so that d(f, SNA([0, 1],R)) > 0 (see [17, p. 109] for a
quantitative sharper result). On the other hand, the first positive result comes
from [17], where it is proved that SNA(M,Y ) is dense in Lip0(M,Y ) whenever M
is a compact metric space such that the space of little Lipschitz functions uniformly
separates points and Y is a finite-dimensional Banach space, leaving as an open
question to determine those compact metric spaces M and those Banach spaces Y
for which SNA(M,Y ) is dense in Lip0(M,Y ) [17, Question 6.7].

After that, new positive results were obtained in [14, Section 4] and in [13,
Section 7], where the result [13, Proposition 7.4] is of particular interest. In order
to state this result, we need to introduce the Lipschitz-free space. Let M be
a pointed metric space. We denote by δ the canonical isometric embedding of
M into Lip0(M,R)∗, which is given by 〈f, δ(x)〉 = f(x) for x ∈ M and f ∈
Lip0(M,R). We denote by F(M) the norm-closed linear span of δ(M) in the dual
space Lip0(M,R)∗, which is usually called the Lipschitz-free space over M , see
the papers [17] and [18], and the book [24] (where it receives the name of Arens-
Eells space) for background on this. It is well known that F(M) is an isometric
predual of the space Lip0(M,R) [17, p. 91]. With this notion in mind, then [13,
Proposition 7.4] asserts that SNA(M,Y ) is dense in Lip0(M,Y ) for every Banach
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space Y whenever F(M) has the Radon–Nikodým property (RNP in short). Later
on, taking advantage of the recent progress on the study of the extremal structure
of the unit ball of Lipschitz-free spaces [3, 13, 15], an intensive study of strongly
norm attaining Lipschitz maps was done in [8]. Also, a Bishop–Phelps–Bollobás
type property for Lipschitz maps (this is a stronger quantitative way in which the
set of strongly norm attaining Lipschitz maps can be dense) is considered in [10].
Let us summarise these and some other known results on the density of strongly
norm attaining Lipschitz maps; see subsection 1.1 to find the needed definitions.

(N1) If M is a length metric space (in particular, if it is geodesic), then SNA(M,R)
is not dense in Lip0(M,R) [8, Theorem 2.2].

(N2) If M is a closed subset of an R-tree (in particular, a subset of R) with positive
length measure, then SNA(M,R) is not dense in Lip0(M,R) [8, Theorem 2.3].

(P1) If F(M) has the RNP, then SNA(M,Y ) is dense in Lip0(M,Y ) for every
Banach space Y [13, Proposition 7.4].

(P2) If M satisfies that BF(M) is the closed convex hull of a uniformly strongly
exposed set, then SNA(M,Y ) is dense in Lip0(M,Y ) for every Banach space
Y [8, Proposition 3.3]. In particular, this happens in the following situations:

(P2.1) if F(M) has property α [8, Corollary 3.10],

(P2.2) if M is any Hölder space [10, Proposition 3.8].

(P3) If F(M) has property quasi-α, then SNA(M,Y ) is dense in Lip0(M,Y ) for
every Banach space Y [8, Proposition 3.19].

Let us comment on some properties that all these examples have in common.
In all the negative results, the space F(M) contains isomorphic copies of L1[0, 1].
In all the positive results, the unit ball of F(M) is the closed convex hull of its
strongly exposed points and, actually, it is not known whether in all positive known
results, F(M) has the RNP. In view of all these, the following questions are natural
on a complete metric space M :

(Q1) Does F(M) have the RNP if SNA(M,Y ) is dense in Lip0(M,Y ) for every
Banach space Y ?

(Q2) Is SNA(M,R) dense in Lip0(M,R) ifBF(M) = co
(
str-exp

(
BF(M)

))
(or, even,

if M is Gromov concave)?

(Q3) Conversely, is BF(M) = co
(
str-exp

(
BF(M)

))
when SNA(M,R) is dense in

Lip0(M,R)?

(Q4) Does SNA(M,R) fail to be dense in Lip0(M,R) provided F(M) contains an
isomorphic (or even isometric) copy of L1[0, 1]?

Note that all the questions above have positive answer if M is a compact
subset of R: see [16, Theorem 3.2] for a description of F(M) as an L1 space and
[8, Corollary 2.6] for description of those compact subsets of R for which strongly
norm attaining Lipschitz maps are dense.
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Let us also notice that (Q1) was asked in [8, p. 29]. Also, in the case that
M is compact, it is asked in [17, p. 115] whether F(M) is isometric to the dual
of the space of little Lipschitz functions when SNA(M,R) is dense in Lip0(M,R).
Outside the compact setting, it is known that there are metric spaces M for which
F(M) has the RNP but it is not isometric to any dual space [13, Example 5.8].

A natural candidate to study is the unit circle T, as F(T) does not have the
RNP (it contains an isomorphic copy of L1[0, 1]) but the curvature of T sug-
gests that F(T) should contain a lot of strongly exposed points, according to the
characterisation of these points given in [15, Theorem 5.4]. Then, depending on
whether SNA(T,R) is dense in Lip0(T,R) or not, it would provide a negative
answer to either (Q1) or (Q2). One of the main results of the paper is Theo-
rem 2.1, where we prove that SNA(T,R) is not dense in Lip0(T,R), while every
molecule (see Subsection 1.1 for the definition) is a strongly exposed point, so
BF(T) = co

(
str-exp

(
BF(T)

))
, which provides a negative answer for (Q2). Let us

observe that this example is somehow counterintuitive, as all the previously known
negative examples either live in the real line or have some kind of convexity (that
is, either are contained in a segment or contain many “almost” segments).

For a counterexample for (Q1), we find in Theorem 2.5 two metric spaces for
which strongly norm attaining maps are dense regardless of the range space, while
each of them contains an isometric copy of [0, 1]. This proves that the answer to
both (Q1) and (Q4) is negative. In particular, this result seems to provide the first
example of a compact metric space M for which SNA(M,Y ) is dense in Lip0(M,Y )
and whose space of little Lipschitz functions does not separate the points of M ,
answering by the negative the already mentioned question of G. Godefroy (see the
paragraph following [17, Question 6.7]). Again, this example is somehow coun-
terintuitive, as it implies that every function in Lip0([0, 1],R) which is far from
SNA([0, 1],R) (and there are many of them) admits extensions to a function in
Lip0(M,R) which can be approximated by strongly norm attaining ones. Further-
more, as another consequence of Theorem 2.5, we find in Example 2.12 a metric
space M for which SNA(M,Y ) is dense in Lip0(M,Y ) regardless of Y , but failing
all the sufficient conditions studied in [8, 10, 17], which makes of M an example of
a metric space in which the density is obtained differently from all the previously
known ways.

With respect to (Q3), we begin Section 3 by showing in Theorem 3.3 that,
given a complete metric space M , if SNA(M,R) is dense in Lip0(M,R), then

BF(M) = co
(
ext
(
BF(M)

))
.

A complete affirmative answer to (Q3) in the compact case is obtained in Theo-
rem 3.15 and extended to the boundedly compact case in Corollary 3.21.

Furthermore, in the case that M is a compact metric space which does not con-
tain any isometric copy of [0, 1], we even obtain in Theorem 3.7 that SNA(M,Y )
actually contains an open dense subset: the one of non-local Lipschitz maps (which
actually attain their norms at strongly exposed points, see Lemma 3.13). In gen-
eral, given Banach spaces X and Y , the presence of open subsets in the set of
norm attaining operators from X to Y is a rare phenomenon (see Remark 3.10).
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However, an adaptation of the techniques of Theorem 3.7 allows us to prove in
Proposition 3.18 that if M is a locally compact metric space not containing any
isometric copy of [0, 1], then the set of absolutely strongly exposing operators from
F(M) to Y is dense in L(F(M), Y ) if, and only if, SNA(M,Y ) contains a certain
open dense subset B (see Proposition 3.18 for a description of such set). Notice
that, in general, in order to ensure that a certain set of norm attaining operators
NA(X,Y ) contains an open subset it is not sufficient that X has the RNP (see
Remark 3.10). However, combining Theorem 3.7 and Proposition 3.18 we obtain
that SNA(M,Y ) (and henceforth NA(F(M), Y )) contains an open dense subset in
the classical examples in which F(M) is known to enjoy the RNP as in the case
when M is uniformly discrete or for the class of compact metric spaces described
in [17, p. 110].

Finally, as a by-product of our study, we prove that for all the known sufficient
conditions for Lindenstrauss property A, one actually obtains that the absolutely
strongly exposing operators form a dense subset (see Section 4).

1.1. Notation and a little background

We will only consider real Banach spaces. Given a Banach space X we will denote
by BX and SX the closed unit ball and the closed unit sphere. Also, X∗ stands
for the topological dual of X and JX : X −→ X∗∗ is the canonical inclusion. A
slice of the unit ball BX is a non-empty intersection of an open half-space with
BX ; every slice can be written in the form

S(BX , f, β) := {x ∈ BX : f(x) > 1− β},

where f ∈ SX∗ , β > 0.
The notations ext (BX), pre-ext (BX), str-exp (BX) stand for the set of extreme

points, preserved extreme points (i.e. extreme points which remain extreme in the
bidual ball), and strongly exposed points of BX , respectively. A point x ∈ BX
is said to be a denting point of BX if there exist slices of BX containing x of
arbitrarily small diameter. We will denote by dent (BX) the set of denting points
of BX . We always have that

str-exp (BX) ⊂ dent (BX) ⊂ pre-ext (BX) ⊂ ext (BX) .

If X and Y are Banach spaces, we write L(X,Y ) to denote the Banach space
of all bounded linear operators from X to Y , endowed with the operator norm.
We say that T ∈ L(X,Y ) attains its norm, and write T ∈ NA(X,Y ), if there is
x ∈ X with ‖x‖ = 1 such that ‖Tx‖ = ‖T‖. The study of the density of norm
attaining linear operators has its root in the classical Bishop–Phelps theorem,
which states that NA(X,R) is dense in X∗ = L(X,R) for every Banach space X.
J. Lindenstrauss extended such study to general linear operators, showing that this
is not always possible, and also giving positive results. A Banach space X is said to
have Lindenstrauss property A when NA(X,Y ) = L(X,Y ) for every Banach space
Y ; it is shown in [22] that reflexive spaces have this property. This result was
extended by J. Bourgain [7] to Banach spaces with the RNP. In order to be more
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precise, we will introduce a bit of notation. According to [7], given two Banach
spaces X and Y , an operator T : X −→ Y is absolutely strongly exposing if there
exists x ∈ SX such that for every sequence {xn} ⊂ BX such that limn ‖Txn‖ =
‖T‖, there is a subsequence {xnk

} which converges to either x or −x. Clearly, if T
is an absolutely strongly exposing operator, then T attains its norm at the point
x appearing at the definition and it is easy to show that such point x ∈ SX is a
strongly exposed point (see Proposition 3.14 for details). The announced result of
J. Bourgain [7, Theorem 5] says that if X is a Banach space with the RNP and Y
is any Banach space, then the set of absolutely strongly exposing operators from
X to Y is a Gδ-dense subset of L(X,Y ).

In order to connect the theory of norm attaining operators and the theory of
strong norm attainment of Lipschitz maps, let us recall that when M is a pointed
metric space and Y is a Banach space, it is well known that every Lipschitz map
f : M −→ Y can be isometrically identified with the continuous linear opera-
tor f̂ : F(M) −→ Y defined by f̂(δp) = f(p) for every p ∈ M . This mapping
completely identifies the spaces Lip0(M,Y ) and L(F(M), Y ). Bearing this fact in
mind, the set SNA(M,Y ) is identified with the set of those elements of L(F(M), Y )
which attain their operator norm at some molecule, that is, at an element of F(M)
of the form

mx,y :=
δ(x)− δ(y)

d(x, y)

for x, y ∈ M , x 6= y. We write Mol (M) to denote the set of all molecules of M .
Note that, since Mol (M) is balanced and norming for Lip0(M,R), a straightfor-
ward application of Hahn-Banach theorem implies that

co(Mol (M)) = BF(M).

It is clear now that when SNA(M,Y ) is dense in Lip0(M,Y ), then NA(F(M), Y )
has to be dense in L(F(M), Y ) a fortiori. The converse result is not true as, for
instance, NA(F(M),R) is always dense by the Bishop-Phelps theorem but, as we
have already mentioned, there are many metric spaces M such that SNA(M,R)
is not dense in Lip0(M,R). Of course, if SNA(M,Y ) is dense in Lip0(M,Y ) for
every Banach space Y , then F(M) has Lindenstrauss property A. Let us recall
the exact definition of some sufficient conditions to get that SNA(M,Y ) is dense
in Lip0(M,Y ) for every Y , considered in [8], which have been commented in the
introduction.

Definition 1.1. Let X be a Banach space.

1. A subset S ⊂ SX is said to be a uniformly strongly exposed set (or a set
of uniformly strongly exposed points) [22] if there is a family of functionals
{hx}x∈S with ‖hx‖ = hx(x) = 1 for every x ∈ S such that, given ε > 0 there
is δ > 0 satisfying that

sup
x∈S

diam (S(BX , hx, δ)) 6 ε;

equivalently, if for every ε > 0 there is δ′ > 0 such that whenever z ∈ BX
satisfies hx(z) > 1−δ′ for some x ∈ S, then ‖x−z‖ < ε (that is, all elements
of S are strongly exposed points with the same relation ε–δ).
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2. X has property α [23] if there exist a balanced subset {xλ}λ∈Λ of X and a
subset {x∗λ}λ∈Λ ⊆ X∗ such that

(i) ‖xλ‖ = ‖x∗λ‖ = |x∗λ(xλ)| = 1 for all λ ∈ Λ.

(ii) There exists 0 6 ρ < 1 such that

|x∗λ(xµ)| 6 ρ ∀xλ 6= ±xµ.

(iii) co ({xλ}λ∈Λ) = BX .

3. X has property quasi-α [11] if there exist a balanced subset A := {xλ : λ ∈ Λ}
of X, a subset {x∗λ : λ ∈ Λ} ⊆ X∗, and ρ : Λ −→ R such that

(i) ‖xλ‖ = ‖x∗λ‖ = |x∗λ(xλ)| = 1 for all λ ∈ Λ.

(ii) |x∗λ(xµ)| 6 ρ(λ) < 1 for all xλ 6= ±xµ.

(iii) For every e ∈ ext (BX∗∗), there exists a subset Ae ⊆ A such that either

e or −e belong to JX(Ae)
ω∗

and re = sup{ρ(µ) : xµ ∈ Ae} < 1.

It follows that, in the definition of property quasi-α (and henceforth in property
α), every point xλ is a strongly exposed point.

Given a metric space M , B(x, r) denotes the closed ball in M centered at x ∈M
with radius r. The space M is said to be boundedly compact if every closed ball is
compact. Given x, y ∈M , we write [x, y] to denote the metric segment between x
and y, that is,

[x, y] := {z ∈M : d(x, z) + d(z, y) = d(x, y)}.

Given x, y, z ∈M , the Gromov product of x and y at z is defined as

(x, y)z :=
1

2
(d(x, z) + d(y, z)− d(x, y)).

Related to the definition of Gromov product is the definition of property (Z). Given
x, y ∈M with x 6= y, we say that the pair (x, y) has property (Z) if, for every ε > 0,
there exists z ∈M \ {x, y} satisfying that

(x, y)z < εmin{d(x, z), d(y, z)}.

It is known that the pair (x, y) fails property (Z) if, and only if, the molecule mx,y

is strongly exposed [15, Theorem 5.4].
According to [10], a metric space M is said to be Gromov concave if, for every

pair of distinct points x, y ∈M , there exists εx,y > 0 such that

(x, y)z > εx,y min{d(x, z), d(y, z)}

holds for every z ∈ M \ {x, y}. By the above paragraph, this is equivalent to the
fact that all molecules are strongly exposed points of the unit ball of F(M).

Connected with property (Z) is the concept of length and geodesic metric space.
Given a metric space M , we say that M is a length space if d(x, y) is equal to the
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infimum of the length of the rectifiable curves joining x and y for every pair of
points x, y ∈ M . In the case that such an infimum is actually a minimum, it is
said that M is a geodesic space. It is clear that every geodesic space is a length
space, but Example 2.4 in [20] shows that the converse is not true. On the other
hand, length spaces have been recently considered in [15], where it is proved that a
metric space M is length if, and only if, Lip0(M,R) has the Daugavet property [15,
Theorem 3.5]. Note by passing that for a complete metric space M , it is known
that if M is length then every pair of different points x, y ∈M enjoys property (Z)
[20, Proposition 2.3 and Proposition 2.8]. The converse has been recently proved
in [5, Main Theorem]. Also, it was proved in [15, Proposition 3.4] that a complete
metric space M is length if, and only if, every Lipschitz function of Lip0(M,R) is
local. Given a Lipschitz map f : M −→ Y , we say that f is local if, for every ε > 0,
there are x, y ∈ M such that 0 < d(x, y) < ε and ‖f̂(mx,y)‖ > ‖f‖L − ε. This
means that f approximates its norm at arbitrarily close points. So, the Lipschitz
functions which are farthest to the local ones are the elements of the little Lipschitz
space, lip0(M,R), that is, the space of those f ∈ Lip0(M,R) such that for any ε > 0
there exists δ > 0 such that if d(x, y) < δ, then |f(x) − f(y)| 6 εd(x, y). On the
other hand, let us comment that since every strongly exposed point of BF(M) is

a molecule [24], it is clear that if f̂ ∈ F(M)∗ is a strongly exposing functional,
then f is a non-local Lipschitz function by [8, Lemma 1.3]. A partial converse also

holds: if M is compact and f ∈ Lip0(M,Y ) is non-local, then f̂ attains its norm at
a strongly exposed molecule (see Lemma 3.13) and, in particular, f ∈ SNA(M,Y ).

2. The new examples

It is well known that there is a close relation between Lindenstrauss property A
and the presence of a rich extremal structure in a Banach space. For instance, it is
a classical result from [22, Theorem 2] that, given a Banach space X which admits
an equivalent locally uniformly rotund renorming (in particular, a separable one),
if X has Lindenstrauss property A, then BX = co

(
str-exp (BX)

)
. From this fact,

it is immediate, for instance, that if M = [0, 1] then NA(F(M), Y ) is not dense in
Lip0(M,Y ) for some Banach space Y , since F(M) = L1[0, 1] (c.f. e.g. [17, Example
2.1]) and then, BF(M) has no extreme points. Also, as we already commented in
the introduction, it is not difficult to prove that SNA([0, 1],R) is not dense in
Lip0([0, 1],R) because any strongly norm attaining Lipschitz function on [0, 1] is
affine in a whole segment as soon as it attains its norm at its extreme points [21,
Lemma 2.2].

The case of the unit sphere of the Euclidean plane T is, however, quite more
delicate. On the one hand, T contains subsets which are bi-Lipschitz equivalent to
a segment in R (in particular, F(T) contains isomorphic copies of L1[0, 1], so it fails
the RNP), which should make it difficult for SNA(T,R) to be dense in Lip0(T,R).
On the other hand, the curvature of T suggests an abundance of strongly exposed
points in BF(T) thanks to [15, Theorem 5.4], which could help to get density of
SNA(T,R) (for instance, such density would be obtained if BF(T) were the closed
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convex hull of a uniformly strongly exposing set according to [8, Proposition 3.3]).
This fact makes of T an interesting example to analyse because, if SNA(T,R) were
dense, we would get a negative answer to (Q1); if not, T would be a counterexample
to question (Q2). This is what is done in the following theorem.

Theorem 2.1. Let T be the unit sphere of the Euclidean plane endowed with the
inherited Euclidean metric. Then:

(a) SNA(T,R) 6= Lip0(T,R),

(b) but T is Gromov concave, that is, mx,y ∈ str-exp
(
BF(T)

)
for every pair of

distinct points x, y ∈ T.

Prior to its proof, let us comment some interesting remarks.

Remark 2.2. (a) As far as we know, T is the first known example of a Gromov
concave metric space for which strongly norm attaining functionals are not
dense. This provides a negative answer to question (Q2).

(b) The Banach space F(T) satisfies that its unit ball is the closed convex hull
of the set of its strongly exposed points, but strongly exposing functionals
are not dense in F(T)∗.
Indeed, the first assertion is given by (b) in the theorem above, while the
second one follows from (a) and the fact that strongly exposing functionals
attain their norm on strongly exposed points, and strongly exposed points of
a Lipschitz-free space are molecules.

Let us now prove Theorem 2.1. In order to prove assertion (a), we will need
the following key result, which has been suggested to us by F. Nazarov.

Lemma 2.3. Let M = ([0, 1], d) where d(x, y) := | eix− eiy | =
√

2(1− cos(x− y)).
Then, there exists a compact subset C inside the open interval ]0, 1[ such that the
function f ∈ Lip0(M,R) defined by

f(x) :=

∫ x

0

χC(t) dt ∀x ∈ [0, 1]

is a norm-one Lipschitz function which does not belong to SNA(M,R).

Proof. Consider a Cantor set C =
⋂∞
n=0 Cn, where C0 = [1/4, 3/4] and Cn+1 is

obtained by removing an interval of length λ(I)2 at the middle of each connected
component I of Cn. Note that Cn has 2n connected components, all of them with

the same length λ(Cn)
2n . By construction, λ(Cn \Cn+1) = 2n

(
λ(Cn)

2n

)2

. Taking into

account that λ(Cn) < 1
4 for n > 1, it follows that

λ(C) =
1

2
−
∞∑
n=0

λ(Cn \ Cn+1) =
1

2
−
∞∑
n=0

2n
(
λ(Cn)

2n

)2

>
1

2
−
∞∑
n=0

1

4

1

2n
= 0.

Consider the Lipschitz function f : ([0, 1], d) −→ R given by f(x) =

∫ x

0

χC(t) dt

for every x ∈ [0, 1]. Note that ‖f‖L 6= 0 since λ(C) > 0. We claim that f does not
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attain its Lipschitz norm. Indeed, assume that there are x, y ∈ [0, 1], x < y, such
that

‖f‖L =
|f(y)− f(x)|

d(x, y)
=
f(y)− f(x)

d(x, y)
.

Clearly, x, y ∈ [1/4, 3/4]. We claim that x, y ∈ C. Indeed, assume that x /∈ C.
Then there is 0 < ε < y − x such that (x, x+ ε) ∩ C = ∅. Thus, f(x) = f(x+ ε).
Then,

‖f‖L =
f(y)− f(x)

d(x, y)
<
f(y)− f(x+ ε)

d(x+ ε, y)
,

a contradiction. So x ∈ C. Analogously, we get that y ∈ C. Now, let n be the
maximum integer such that x and y belong to the same connected component I
of Cn. Since x and y do not belong to the same connected component of Cn+1,
there are u, v such that (u, v) ⊂ Cn \ Cn+1 and |u − v| = λ(I)2 > |x − y|2. Note
also that (u, v) ∩ C = ∅ and so f(u) = f(v). We have

‖f‖L =
f(y)− f(x)

d(x, y)
=
f(y)− f(v) + f(u)− f(x)

d(x, y)
6 ‖f‖L

d(y, v) + d(u, x)

d(x, y)

and so d(x, y) 6 d(y, v) + d(u, x). One can check that

t− t3

24
6
√

2(1− cos(t)) 6 t ∀t ∈ [0, 1].

Thus,

(y − x)− (y − x)3

24
6
√

2(1− cos(y − x)) = d(x, y) 6 d(y, v) + d(u, x)

=
√

2(1− cos(y − v)) +
√

2(1− cos(u− x))

6 y − v + u− x 6 y − x− (y − x)2.

Therefore, (y−x)2 6 (y−x)3

24 , a contradiction. Thus, f does not attain its Lipschitz
norm. It remains to show that ‖f‖L = 1. First, note that

‖f‖L = sup
x,y∈[0,1]

|f(x)− f(y)|
d(x, y)

> sup
x,y∈[0,1]

|f(x)− f(y)|
|x− y|

= ‖f ′‖∞ = 1.

Now, pick a pair of sequences {xn}, {yn} with xn 6= yn for every n and such that
f(xn)−f(yn)
d(xn,yn) −→ ‖f‖L. Observe that d(xn, yn) −→ 0. Otherwise, we could extract,

by compactness, subsequences {xnk
} and {ynk

} converging to different points x,y
in [0, 1], so f would attains its Lipschitz norm at the pair (x, y), a contradiction.

Consequently, |yn−xn|
d(xn,yn) −→ 1 and then

lim
n→∞

f̂(mxn,yn) = lim
n→∞

f(xn)− f(yn)

d(xn, yn)
= lim
n→∞

f(xn)− f(yn)

|yn − xn|
|yn − xn|
d(xn, yn)

6 1.

Hence, we conclude that ‖f‖L = 1. 2
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We are now able to show the proof of the theorem.

Proof of Theorem 2.1. (a). Let A ⊆ T be the following arc of T:

A = {eit : t ∈ [0, 1]}.

Let us first show that SNA(A,R) 6= Lip0(A,R). In order to do so, remember that
Lip0([0, 1],R) is isometrically isomorphic to L∞[0, 1], where the isometry is given
by the derivative operator, and observe that Φ: Lip0(A,R) −→ Lip0([0, 1],R) given
by

[Φ(f)](t) = f(eit) ∀ f ∈ Lip0(A,R), ∀ t ∈ [0, 1]

defines a linear isomorphism. Consequently, a Lipschitz function g will be close to
f if, and only if, Φ(g)′ ∈ L∞[0, 1] is close to Φ(f)′. Furthermore, we know that
there exists a constant 0 < K < 1 such that

K|u− v| 6 | eiu− eiv | 6 |u− v| ∀u, v ∈ [0, 1].

Now, let C be the set given by Lemma 2.3. We define f ∈ Lip0(A,R) by

f(eix) =

∫ x

0

χC(t) dt ∀ t ∈ [0, 1].

Let us consider 0 < δ < K
2 and define h ∈ Lip0(A,R) such that

Φ(h)′(x) =

{
1 if x ∈ C,
−δ if x /∈ C.

We will show that if g ∈ Lip0(A,R) verifies that ‖Φ(g)′ − Φ(h)′‖∞ < δ and
‖Φ(g)‖L = ‖Φ(h)‖L = 1, then g does not attain its Lipschitz norm. Firstly,
note that if ‖Φ(g)‖L = 1 then ‖g‖L > 1 and ‖Φ(g)′‖∞ = 1, and so

Φ(g)′(x) ∈
{

(1− δ, 1) if x ∈ C,
(−2δ, 0) if x /∈ C.

Let us prove that ĝ(meiu,eiv ) < 1 for every molecule meiu,eiv ∈ Mol (A). Let us
distinguish two cases:
Case 1: u < v. In this case we have that

g(eiu)− g(eiv) = −
∫ v

u

Φ(g)′(t) dt 6
∫

[u,v]∩C
δ − 1 dt+

∫
[u,v]\C

2δ dt

6 2δ|u− v| < K|u− v| < | eiu− eiv |,

so g cannot attain its Lipschitz norm at the molecule meiu,eiv .
Case 2: u > v. In this case we have that

g(eiu)− g(eiv) =

∫ u

v

Φ(g)′(t) dt 6
∫

[v,u]∩C
1 dt+

∫
[v,u]\C

0 dt

=

∫ u

v

χC(t) dt =

∫ u

v

Φ(f)′(t) dt

= f(eiu)− f(eiv) < ‖f‖L| eiu− eiv | = | eiu− eiv |,
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since f does not attain its Lipschitz norm by Lemma 2.3. Consequently ‖g‖L = 1
and g does not attain its Lipschitz norm at the molecule meiu,eiv . By the arbi-
trariness of u and v, we get that g /∈ SNA(A,R).

Consequently, h /∈ SNA(A,R). Now let us consider an extension of h, say ϕ,
satisfying that ϕ /∈ SNA(T,R). In order to do so, pick 0 < η < 1 and define

ϕ(eix) :=


h(eix) x ∈ [0, 1],

h(ei) x ∈ [1, 1 + η],

−x2 + h(ei) + 1+η
2 x ∈ [1 + η, 2h(ei) + 1 + η],

0 x ∈ [2h(ei) + 1 + η, 2π].

It is clear from the definition that ϕ ∈ Lip0(T,R) with ‖ϕ‖L = ‖h‖L = 1 and satis-
fies that, for every sequence of molecules {meitn ,eisn } such that ϕ̂(meitn ,eisn ) −→ 1
there exists a natural number m such that tn, sn ∈]0, 1[ for all n > m. From that
fact and the fact that h /∈ SNA(A,R) it follows immediately that ϕ /∈ SNA(T,R),
as desired.

(b). We have to check that mx,y ∈ str-exp
(
BF(T)

)
for every x, y ∈ T. Clearly,

we may assume that y = 1 and x = eit with t ∈ (0, π] as, clearly, isometries of
T can be used to carry strongly exposed molecules to strongly exposed molecules
using the characterization [15, Theorem 5.4]. Let us define the continuous function
φ : [−π + t/2, t/2] \ {0} −→ R given by

φ(s) :=
1

8

∣∣∣∣ eis−1

| eis−1|
− eit−1

| eit−1|

∣∣∣∣2 .
A simple calculation shows that ε := inf

{
φ(s) : s ∈ [−π + t/2, t/2] \ {0}

}
> 0. We

claim that
(x, y)z > εmin{d(x, z), d(y, z)}

for every z ∈ T\{x, y} and so the pair (x, y) fails property (Z). Indeed, let z = eis.
By symmetry, we may assume that s ∈ [−π + t/2, t/2] \ {0} and so,

min{d(x, z), d(y, z)} = d(y, z).

Now, Clarkson’s inequality [12, Theorem 3] yields that

| eit−1| 6 (1− 2δ(α1))| eit− eis |+ (1− 2δ(α2))| eis−1|,

where

α1 =

∣∣∣∣ eit− eis

| eit− eis |
− eit−1

| eit−1|

∣∣∣∣ , α2 =

∣∣∣∣ eis−1

| eis−1|
− eit−1

| eit−1|

∣∣∣∣ ,
and δ(u) = 1 − (1 − u2/4)1/2 > u2/8 is the modulus of uniform convexity of R2.
Thus,

(x, y)z
d(y, z)

>
δ(α1)| eit− eis |+ δ(α2)| eis−1|

| eis−1|

>
1

8
α2

1

| eit− eis |
| eis−1|

+
1

8
α2

2 >
1

8
α2

2 = φ(s) > ε,

as desired. 2
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Remark 2.4. We do not know if there exists a distance d′ on [0, 1], equiva-
lent to the usual one, such that SNA(([0, 1], d′),R) is dense in Lip0(([0, 1], d′),R).
Observe that Lemma 2.3 and the proof of Theorem 2.1 provide a concrete equiv-
alent distance d on [0, 1] which makes ([0, 1], d) Gromov concave and for which
SNA(([0, 1], d),R) is not dense in Lip0(([0, 1], d),R). On the other hand, any Hölder
distance on [0, 1] provides the density (as the corresponding Lipschitz-free space
has the RNP, see [24, Corollary 4.39] for instance, see also [10, Corollary 3.7]). But
Hölder distances are not equivalent to the original ones.

Note that Theorem 2.1 proves that the answer to question (Q2) is negative. In
the proof that SNA(T,R) is not dense in Lip0(T,R) it is essential the fact that T
has a “plenty” of subsets which are bi-Lipschitz equivalent to intervals in R. One
may think that this property is enough to provide the lack of density of the set of
strongly norm attaining Lipschitz maps. However, we are going to show that there
are metric spaces M containing copies of [0, 1] but which satisfy that SNA(M,Y )
is dense in Lip0(M,Y ) for every Y (thanks to the fact that they contain dense
discrete subsets which provide rich extremal structure to F(M)).

In the following theorem we construct two metric spaces with the desired prop-
erties, proving that the density of SNA(M,Y ) for every Banach space Y does not
imply the RNP, answering a question from [8, Section 3.4] and [17, p. 115], and
giving a negative answer to (Q1).

Theorem 2.5. Consider the subsets of R2 given by

An =

{(
k

2n
,

1

2n

)
: k ∈ {0, . . . , 2n}

}
⊆ R2 ∀n ∈ N ∪ {0},

M∞ =

∞⋃
n=0

An, M = M∞ ∪ ([0, 1]× {0}).

Let Mp be the set M endowed with the distance inherited from (R2, ‖ · ‖p) for
p = 1, 2. Then, SNA(Mp, Y ) is dense in Lip0(Mp, Y ) for every Banach space Y
and for p = 1, 2. Moreover,

(a) F(M1) has property α,

(b) The unit sphere of F(M2) does not contain any uniformly strongly exposed
set which generates the ball by closed convex hull.

We divide the proof of the theorem into several steps. We start by showing
that SNA(Mp, Y ) is dense in Lip0(Mp, Y ) for every Y and p = 1, 2. Actually, we
will give a more general result.

Proposition 2.6. Let M∞, M ⊆ R2 be the sets defined in Theorem 2.5, and let
| · | be a norm in R2 satisfying that ‖·‖∞ 6 | · | 6 ‖·‖1. Consider now M to be the
set M endowed with the distance inherited from (R2, | · |). Then, SNA(M, Y ) is
dense in Lip0(M, Y ) for every Banach space Y .

Proof. Let f ∈ Lip0(M,Y ) with ‖f‖L = 1. Our aim is to approximate f by
strongly norm attaining Lipschitz maps, so we may assume that f does not strongly
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attain its norm. In order to clarify the proof, let us introduce some notation. For
every n ∈ N ∪ {0} and k ∈ {0, . . . , 2n}, we denote by (n, k) the point

(
k
2n ,

1
2n

)
∈

M∞. Given n ∈ N ∪ {0} and k ∈ {0, . . . , 2n − 1}, we write hn,k to denote the
molecule m(n,k),(n,k+1). We will say that

H = {hn,k : n ∈ N ∪ {0}, k ∈ {0, . . . , 2n − 1}}

is the set of horizontal molecules. Given n ∈ N∪{0} and k ∈ {0, . . . , 2n}, we write
vn,k to denote the molecule m(n,k),(n+1,2k). We will say that

V = {vn,k : n ∈ N ∪ {0}, k ∈ {0, . . . , 2n}}

is the set of vertical molecules. Finally, we define Γ = ±H ∪ ±V .
Fix ε > 0 and let us distinguish two cases: First of all, assume that

ρ = sup
{∥∥f̂(m)

∥∥ : m ∈ Γ
}
< 1.

Since M∞ is dense, we may find u = (n1, k1), v = (n2, k2) ∈M∞ such that

k1

2n1
6= k2

2n2
, n1 6= n2 and f̂(mu,v) >

1 + ρε

1 + ε
.

Let us write n3 = max{n1, n2} and consider the set

N =

n3⋃
n=0

An.

Note that if we denote by ϕ0 the restriction of f to An3
, we have ‖ϕ0‖L 6 ρ < 1.

Then, we may extend this function to a Lipschitz function ϕ : [0, 1] −→ Y with
‖ϕ‖L 6 ρ < 1 (we may define it affine in the gaps). We define h : M∞ −→ Y by

h((n, k)) =

{
f((n, k)) if n 6 n3;
ϕ
(
k
2n

)
if n > n3.

By the way we have extended ϕ0, it is clear that

sup
{∥∥ĥ(m)

∥∥ : m ∈ Γ
}
6 sup

{∥∥f̂(m)
∥∥ : m ∈ Γ

}
= ρ < 1.

Furthermore, |(s, 0)| = s 6 |(s, t)| and |(0, t)| = t 6 |(s, t)| for every s, t ∈ R.
Consequently, if p, q are distinct points of M∞ \N , then we may find a molecule

m ∈ Γ such that ‖ĥ(mp,q)‖ 6 ‖ĥ(m)‖. Indeed, given two different points p =
( k12n ,

1
2n ) and q = ( k22m ,

1
2m ) of M∞ \N , we assume with no loss of generality that

n > m, define q′ := (2n−mk2
2n , 1

2n ). By the assumptions on the norm we get that

|p− q′| 6 |p− q| and, since k2
2m = 2n−mk2

2n , we obtain that

∥∥∥ĥ(mp,q)
∥∥∥ =

‖ϕ( k12n )− ϕ( k22m )‖
|p− q|

6
‖ϕ( k12n )− ϕ( 2n−mk2

2n )‖
|p− q′|

= ‖ĥ(mp,q′)‖,
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and notice that mp,q′ ∈ co(Γ). Given ε > 0, let us define

(2.1) g : M −→ Y, g = f + εh.

It is clear that ‖g − f‖L 6 ε, so it will be enough to show that g strongly attains
its norm. On the one hand, note that

‖ĝ(mu,v)‖ =
∥∥∥f̂(mu,v) + εĥ(mu,v)

∥∥∥ > 1 + ρε

1 + ε
(1 + ε) = 1 + ρε.

On the other hand, given p, q distinct points of M∞ \N , we have that

‖ĝ(mp,q)‖ 6 1 + ε
∥∥∥ĥ(mp,q)

∥∥∥ 6 1 + ερ < ‖ĝ(mu,v)‖ .

Therefore, g cannot approximate its norm at points of M∞ \N . Since M∞ \N is
dense in [0, 1]×{0}, this implies that g cannot approximate its norm at arbitrarily
close points, that is, g is non-local. Consequently, by compactness of M , we
conclude that g must strongly attain its norm.

Secondly, assume that sup
{∥∥f̂(m)

∥∥ : m ∈ Γ
}

= ‖f‖L. In this case we need to
define two kinds of functionals. By a density argument, it will be enough to define
them on M∞. First of all, we will define functionals associated to the vertical
molecules. Fix n ∈ N ∪ {0}, k ∈ {0, . . . , 2n}. Then, we define fn,k : M∞ −→ R
given by

fn,k(p) =

{
1

2n+1 if p = (n, k);
0 if p 6= (n, k).

Note that

f̂n,k(vn,k) =
fn,k((n, k))− fn,k((n+ 1, 2k))

|(n, k)− (n+ 1, 2k)|
=

1/2n+1

1/2n+1
= 1.

Furthermore, if (n′, k′) ∈M is such that m(n,k),(n′,k′) ∈ Γ and (n′, k′) 6= (n+1, 2k),

then we have that |(n, k)− (n′, k′)| > 3
2n+2 , which implies that

|fn,k((n, k))− fn,k((n′, k′))|
|(n, k)− (n′, k′)|

6
1/2n+1

3/2n+2
=

2

3
.

Since fn,k is null on the rest of the points, we obtain that f̂n,k(m) 6 2
3 holds for

every m ∈ Γ with m 6= ±vn,k.
Next, we define functionals associated to the horizontal molecules. Fix n ∈

N ∪ {0} and k ∈ {0, . . . , 2n − 1}. Let us define ϕn,k : [0, 1] −→ R given by

ϕn,k(x) =



3

2n+2
if x ∈ [0, k2n ];

2k + 3

2n+2
− x

2
if x ∈ [ k2n ,

k+1
2n ];

1

2n+2
if x ∈ [k+1

2n , 1].
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It is easy to see that ϕn,k is a Lipschitz function with ‖ϕn,k‖L = 1
2 . Now, define

gn,k : M∞ −→ R as follows

gn,k((n′, k′)) =


1

2n if n′ 6 n and k′

2n′ 6
k
2n ;

0 if n′ 6 n and k′

2n′ >
k
2n ;

ϕn,k( k′

2n′ ) if n′ > n.

On the one hand, note that

ĝn,k(hn,k) =
gn,k((n, k))− gn,k((n, k + 1))

|(n, k)− (n, k + 1)|
=

1/2n

1/2n
= 1.

On the other hand, let us show that for every u ∈ Γ with u 6= ±h(n,k) we have

|ĝn,k(u)| 6 1

2
.

For this, take any vertical molecule vn′,k′ ∈ V . Note that we have ĝn,k(vn′,k′) = 0
unless n′ = n. On the one hand, if k′ 6 k we get

|ĝn,k(vn,k′)| =
|gn,k((n, k′))− gn,k((n+ 1, 2k′))|

|(n, k′)− (n+ 1, 2k′)|
=

1/2n − 3/2n+2

1/2n+1
=

1

2
.

On the other hand, if k′ > k + 1 we have

|ĝn,k(vn,k′)| =
|gn,k((n, k′))− gn,k((n+ 1, 2k′))|

|(n, k′)− (n+ 1, 2k′)|
=

1/2n+2

1/2n+1
=

1

2
.

Finally, take any horizontal molecule hn′,k′ such that (n′, k′) 6= (n, k). If n′ < n,
we have that

|ĝn,k(hn′,k′)| =
|gn,k((n′, k′))− gn,k((n′, k′ + 1))|

|(n′, k′)− (n′, k′ + 1)|
6

1/2n

1/2n−1
=

1

2
.

If n′ = n, the only horizontal molecule h such that gn,k(h) 6= 0 is h = hn,k, and if
n′ > n we obtain

ĝn,k(hn′,k′) = ϕ̂n,k (hn′,k′) 6 ‖ϕn,k‖L =
1

2
.

Actually, notice that given a pair of different points p, q ∈ M∞ \
n⋃
j=0

Aj it follows

that there exists a pair of different points p′, q′ ∈M∞ \
n⋃
j=0

Aj such that mp′,q′ ∈ Γ

and |ĝn,k(mp,q)| 6 |ĝn,k(mp′,q′)| 6 1
2 .

Finally, let us consider δ > 0 satisfying(
1 +

ε

2

)
(1− δ) > 1 +

ε

3
.
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Since ‖f‖L = sup
{
‖f̂(m)‖ : m ∈ Γ

}
, we may find m ∈ Γ such that ‖f̂(m)‖ > 1−δ.

If m ∈ H∪V , then consider f̂m the functional associated to m, and if −m ∈ H∪V ,
consider the same functional but multiplied by −1. Now, let us define

(2.2) g : M −→ Y, ĝ(x) = f̂(x) +
ε

2
f̂m(x)f̂(m) ∀x ∈ F(M).

It is clear that ‖f − g‖L 6 ε
2 , so it remains to prove that g strongly attains its

norm. On the one hand, note that

‖ĝ(m)‖ =
(

1 +
ε

2

)∥∥∥f̂(m)
∥∥∥ > (1 +

ε

2

)
(1− δ).

On the other hand, if m = mp0,q0 for suitable p0 ∈ Anp0
, q0 ∈ Anq0

we have, by
the properties of the functionals fn,k and gn,k, that

|f̂m(mp,q)| 6
2

3

if p and q does not belong to
j⋃
i=0

Ai for j = max{np0 , nq0}. Consequently, for

p, q /∈
j⋃
i=0

Ai we get that

‖ĝ(mp,q)‖ =
∥∥∥f̂(mp,q) +

ε

2
f̂m(mp,q)f̂(m)

∥∥∥ 6 (1 +
ε

3

)
<
(

1 +
ε

2

)
(1−δ) < ‖ĝ(m)‖ ,

which implies that g cannot approximate its norm at arbitrarily close points, that
is, it is non-local. By compactness, we deduce that g strongly attains its norm. 2

Remark 2.7. Note that, in the above proof, the map g defined in both cases by,
respectively, formulas (2.1) and (2.2), is non-local.

Next, we show that F(M1) has property α, giving the proof of assertion (a) of
Theorem 2.5.

Proposition 2.8. For the metric space M1 defined in Theorem 2.5, we have that
F(M1) has property α.

Proof. Since the metric d consists of summing vertical and horizontal coordinates,
and M∞ is dense in M , it is clear that the set Γ = ±H ∪ ±V considered in the
proof of Proposition 2.6 verifies that BF(M) = co(Γ). To see this, it is enough to
note that given (n1, k1), (n2, k2) ∈M , with n1 < n2, we will have that

d((n1, k1), (n2, k2)) = d((n1, k1), (n2, 2
n2−n1k1)) + d((n2, 2

n2−n1k1), (n2, k2)).

Therefore, we need to find a set of functionals Γ∗ associated to Γ verifying the
definition of property α. In view of the proof of Proposition 2.6, it will be enough
to consider the sets

H∗ = {fn,k : n ∈ N ∪ {0}, k ∈ {0, . . . , 2n − 1}},
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V ∗ = {gn,k : n ∈ N ∪ {0}, k ∈ {0, . . . , 2n}},

and Γ∗ = ±H∗ ∪ ±V ∗, to obtain that the pair (Γ,Γ∗) ⊆ F(M) × Lip0(M,R)
satisfies the statements of property α with constant 2

3 . 2

The last part of the proof of Theorem 2.5 is contained in the next proposition.

Proposition 2.9. Let M2 be the metric space given in Theorem 2.5. If Γ ⊆
Mol (M2) is a subset satisfying that co(Γ) = BF(M2), then Γ is not a uniformly
strongly exposed set.

Proof. Pick such a subset Γ. By the paragraph below Corollary 3.10 in [8], it
follows that dent

(
BF(M2)

)
⊆ Γ. Now, for every n ∈ N, consider the points

xn :=

(
0,

1

2n

)
and yn :=

(
1,

1

2n+1

)
.

It is clear that the pair (xn, yn) fails property (Z), so mxn,yn is a strongly exposed
point. Furthermore, [8, Lemma 1.3] implies that mxn,yn is an isolated point in
Mol (M2), so mxn,yn ∈ Γ. We will prove that the set {mxn,yn : n ∈ N} is not uni-
formly strongly exposed. To do so, we will use the criterium given in [8, Proposition
3.6]. Let zn = ( 1

2 ,
1

2n+1 ). Note that

min{d(xn, zn), d(zn, yn)} =
1

2

and

2(xn, yn)zn =

(
1

4
+

1

22n+2

)1/2

+
1

2
−
(

1 +
1

22n+2

)1/2

−→ 0

as n→∞. Now, [8, Proposition 3.6] finishes the proof. 2

Remark 2.10. Note that the Lipschitz-free space over the metric spaces Mp in
Theorem 2.5 fails the RNP for p = 1, 2 since Mp contains an isometric copy of [0, 1].
Even more, there is a 1-Lipschitz retraction r : Mp −→ [0, 1], and this implies that
F(Mp) even contains a complemented copy of L1[0, 1].

Let us point out some consequences from the previous examples.

Remark 2.11. In [17, p. 115] the author asks whether, given a compact metric
space M , the density of SNA(M,R) in Lip0(M,R) implies that lip0(M) strongly
separates the points of M (see [17, p. 110] for details). Note that the spaces Mp

provide a counterexample for p = 1, 2, because if lip0(M) strongly separates the
points of M then, in particular, F(M) is isometric to a dual Banach space. How-
ever, F(Mp) is not even isomorphic to any dual Banach space as it is a separable
Banach space failing the RNP.

Let M be a metric space. In [8, Section 3.4] it is stated to be unknown whether
the density of SNA(M,Y ) in Lip0(M,Y ), for every Banach space Y , implies any
of the following properties:
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1. F(M) has the RNP.

2. BF(M) = co(S), where S is a uniformly strongly exposed set.

3. F(M) has property quasi-α.

From our results it follows that the density of SNA(M,Y ) for every Y does not
imply any of the above properties. Indeed, an example failing simultaneously all
the above properties can be given, as the following example shows.

Example 2.12. There is a complete metric space M satisfying that SNA(M,Y )
is dense in Lip0(M,Y ) for every Banach space Y and such that F(M) fails the
RNP, property α, property quasi-α, and it does not contain any norming uniformly
strongly exposed set.

We need the following easy result which we prove since we have not been able
to find a reference.

Lemma 2.13. Let X, Y be two Banach spaces and write Z := X ⊕1 Y .

(a) If Z has property quasi-α, then X has property quasi-α.

(b) Assume that SZ contains a uniformly strongly exposed subset Γ such that
co(Γ) = BZ . Then, SX contains a uniformly strongly exposed subset ∆ such
that co(∆) = BX .

Proof. (a). Let AZ :=
{

(xλ, yλ) : λ ∈ ΛZ
}

,
{

(x∗λ, y
∗
λ) : λ ∈ ΛZ

}
and ρZ : ΛZ −→ R

be the sets and the function given by the definition of property quasi-α. Since

AZ ⊆ ext (BZ) = (ext (BX)× {0}) ∪ ({0} × ext (BY )) ,

we may consider

AX := AZ ∩ (BX × {0}) ≡ {xλ : λ ∈ ΛX}

for convenient non-empty subset ΛX of ΛZ . Let us see that X has property
quasi-α witnessed by the sets AX and {x∗λ : λ ∈ ΛX} and the function ρX :=
ρZ |ΛX

: ΛX −→ R. Indeed:

• For every λ ∈ ΛX , we have that

x∗λ(xλ) = (x∗λ, y
∗
λ)(xλ, 0) = 1.

• For µ 6= λ, we have that

|x∗λ(xµ)| = |(x∗λ, y∗λ)(xµ, 0)| 6 ρZ(λ) = ρX(λ) < 1.

• Given e∗∗ ∈ ext (BX∗∗), then (e∗∗, 0) ∈ ext (BZ∗∗), so we can find A(e∗∗,0) ⊂
AZ and ω ∈ {−1, 1} such that

ω(e∗∗, 0) ∈ JZ(A(e∗∗,0))
w∗
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and sup{ρZ(λ) : (xλ, yλ) ∈ A(e∗∗,0)} < 1; we define Ae∗∗ = π(A(e∗∗,0)) (where
π : Z −→ X denotes the natural projection) and observe that

ωe∗∗ = ωπ∗∗(e∗∗, 0) ∈ π∗∗
(
JZ(Λ(e∗∗,0))

w∗
) ♦
⊆ [π∗∗ ◦ JZ ](Λ(e∗∗,0))

w∗

= [JX ◦ π](Λ(e∗∗,0))
w∗

= JX(Λe∗∗)
w∗

,

where the inclusion ♦ follows from the weak-star continuity of π∗∗. Now, it
is clear that

sup{ρX(λ) : xλ ∈ Ae∗∗} 6 sup{ρZ(λ) : (xλ, yλ) ∈ A(e∗∗,0)} < 1.

(b). Since Γ is made of strongly exposed points of BZ , then every element
(x, y) ∈ Γ satisfies that either ‖x‖ = 1 and y = 0 or x = 0 and ‖y‖ = 1. Define

∆ := {x ∈ SX : (x, 0) ∈ Γ}.

Given (x, 0) ∈ Γ, the definition of uniformly strongly exposing set yields a strongly
exposing functional (fx, gx) ∈ SZ∗ associated to (x, 0). Notice that ‖fx‖ = 1 since
1 = 〈(fx, gx), (x, 0)〉 = fx(x). It is clear that ∆ is a uniformly strongly exposed
set by making use of the fact that it is identified with a subset of Γ which is a
uniformly strongly exposed set. The fact that co(∆) = BX follows from the fact
that co(Γ) = BZ and the shape of the unit ball of an `1-sum. 2

Proof of Example 2.12. Let us consider, following the notation of [24], the metric
space

M := M2

∐
[0, 1]

1
2 .

It is known (c.f. e.g. [8, Proposition 1.4] or [24, Proposition 3.9]) that F(M) =

F(M2)⊕1F([0, 1]
1
2 ). By Proposition 2.6, (P2.2) on page 3, and [9, Proposition 5.6],

we get that SNA(M,Y ) is dense in Lip0(M,Y ) for every Banach space Y . Also

F(M) fails property quasi-α because F([0, 1]
1
2 ) fails property quasi-α [8, Example

3.22] and we may use Lemma 2.13.a. Further, F(M) fails the RNP because it
contains an isometric copy of L1[0, 1]. Finally, there is no uniformly strongly
exposed set Γ ⊆ SX such that co(Γ) = BF(M) by Proposition 2.9 and Lemma
2.13.b. 2

Although we know that the density of SNA(M,Y ) in Lip0(M,Y ) for every
Banach space Y does not imply the RNP by the examples given in Theorem 2.5,
we would like to take a closer look to the possible relationship between these two
properties. Since the RNP is an isomorphic property, if a Banach space X has the
RNP, then X has Lindenstrauss property A for all equivalent norms. A classical
result in theory of norm attaining operators is that the converse also holds, i.e. a
Banach space X has the RNP if, and only if, every equivalent renorming of X has
Lindenstrauss property A (a result by Bourgain and Huff, see [19]). On the other
hand, the RNP of X is also equivalent to the dentability of the unit ball of each
equivalent renorming of X and so, equivalent to the dentability of the unit balls
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of all equivalent renormings of closed subspaces of X. It is then natural to wonder
whether there is a Lipschitz version for strongly norm attaining Lipschitz maps.
Namely, we consider the following assertions on a complete metric space M :

(1) F(M) has the RNP.

(2) SNA(N ′, Y ) = Lip0(N ′, Y ) for every metric space N ′ bi-Lipschitz equivalent
to a closed subset of M and every Banach space Y .

(3) For every metric space N ′ bi-Lipschitz equivalent to a closed subset of M ,
the unit ball of F(N ′) is dentable.

Then, we have that (1)⇒(2)⇒(3). Indeed, note that (1)⇒(2) follows from [13,
Proposition 7.4] since, in this case, F(N ′) has the RNP. In order to prove that
(2)⇒(3), notice that given a metric space M under the assumption (2), it follows
that, if N ′ is a metric space bi-Lipschitz equivalent to a subspace of M , then F(N ′)
has Lindenstrauss property A, so BF(N ′) is dentable (see [7, Proposition 1]). We
do not know whether the implication (2)⇒(1) holds. On the other hand, another
natural question is whether the implication (3)⇒(1) holds. However, this is not
longer true, and even the implication (3)⇒(2) fails.

Example 2.14. Let M be a nowhere dense closed subset of [0, 1] whose Lebesgue
measure is positive. Then, given any metric space N ′ bi-Lipschitz equivalent to a
closed subspace of M , it follows that N ′ is not geodesic (because it is disconnected).
Consequently, BF(N ′) has strongly exposed points by [15, Corollary 5.11] and so, it
is dentable. However, SNA(M,R) is not dense in Lip0(M,R) by [8, Theorem 2.3].

Let us finally mention that we do not know whether any of the following two
properties, which are weaker than (2) above, implies F(M) to have the RNP:

(4) SNA(N,Y ) = Lip0(N,Y ) for every closed subset N of M and every Banach
space Y .

(5) SNA(M ′, Y ) = Lip0(M ′, Y ) for every metric space M ′ bi-Lipschitz equivalent
to M and every Banach space Y .

3. Consequences of the density of strongly norm attaining
Lipschitz maps

It is known that the density of the set of strongly norm attaining Lipschitz maps
from a metric space M to a Banach space Y is stronger than the density of
NA(F(M), Y ) as, for instance, NA(F(M),R) is always dense by the Bishop-Phelps
theorem, but there are many metric spaces M for which SNA(M,R) is not dense.
Our aim in this section is to deepen in this line, showing that the density of
SNA(M,Y ) has important consequences. In particular, we will show that some
results of Lindenstrauss and Bourgain can be somehow improved in the setting of
Lipschitz-free spaces.

The next two technical results are the key to getting all the goals of this section.
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Lemma 3.1. Let M be a complete metric space, let f ∈ SNA(M,R), and let

mp,q ∈ Mol (M) such that f̂(mp,q) = ‖f‖L. Consider the set

Fp,q := {(x, y) ∈M2 : x 6= y, d(p, q) = d(p, x) + d(x, y) + d(y, q)}.

Then, either there is (x, y) ∈ Fp,q such that mx,y ∈ ext
(
BF(M)

)
or there is an

isometric embedding φ : [0, d(p, q)] −→M for which φ(0) = p and φ(d(p, q)) = q.

Proof. First, note that (p, q) ∈ Fp,q and so Fp,q is not empty. Assume that mx,y

is not an extreme point whenever (x, y) ∈ Fp,q. By [4, Theorem 1.1], for every
(x, y) ∈ Fp,q there is z ∈M such that d(x, z) + d(z, y) = d(x, y).

The rest of the proof is just a small modification of the one of Proposition
4.1 in [15]. Our aim is to show that there is an isometry φ : [0, d(p, q)] −→ M
such that φ(0) = p and φ(d(p, q)) = q. Consider the set A of all (A,ψ), where
{0, d(p, q)} ⊂ A ⊂ [0, d(p, q)] is closed and ψ : A −→ M is an isometry such that
ψ(0) = p, ψ(d(p, q)) = q, and (ψ(t), ψ(s)) ∈ Fp,q for every t, s ∈ A with t < s.
Consider the following partial order “6” on A: (A,ψ) 6 (B, ξ) if A ⊂ B and
ξ�A = ψ. Clearly A 6= ∅.

We claim that every chain in A has an upper bound. Indeed, let (Ai, ψi)i∈I be
a chain in A. Take A =

⋃
i∈I Ai and ψ(x) := ψi(x) if x ∈ Ai. By completeness,

we can extend ψ uniquely to an isometry defined on A. Moreover, let t, s ∈ A,
t < s. Then there are sequences {tn}, {sn} in

⋃
i∈I Ai such that tn < sn, tn → t

and sn → s. Then∣∣f̂(mψ(t),ψ(s))
∣∣ = lim

n

∣∣f̂(mψ(tn),ψ(sn))
∣∣ = ‖f‖L

since (ψ(tn), ψ(sn)) ∈ Fp,q for every n. Thus (ψ(t), ψ(s)) ∈ Fp,q. This means that
(A,ψ) ∈ A.

Now, let (A, φ) be a maximal element in A. Assume that there are a, b ∈ A,
a < b such that (a, b)∩A = ∅. Since (φ(a), φ(b)) ∈ Fp,q, we have that mφ(a),φ(b) is
not an extreme point. Consequently, there is z ∈ [φ(a), φ(b)] \ {φ(a), φ(b)}. Then,
we extend φ defining φ(a+d(φ(a), z)) := z. Let us show that this map contradicts
the maximality of (A, φ). It is clear that φ is still an isometry with φ(0) = p and
φ(d(p, q)) = q. It remains to prove that (φ(t), φ(s)) ∈ Fp,q for every t ∈ A with
t < s. Clearly, we may assume that either φ(s) = z or φ(t) = z. Let’s assume the
first case holds, since the other one is similar. Since t ∈ A and t 6 φ−1(z), we have
t 6 a. Then, we have that φ(a) ∈ [φ(t), z] and it is clear that φ(b) ∈ [z, q]. Joining
these two equalities we obtain

d(p, φ(t)) + d(φ(t), z) + d(z, q)

= d(p, φ(t)) + d(φ(t), φ(a)) + d(φ(a), z) + d(z, φ(b)) + d(φ(b), q).

Recall that z ∈ [φ(a), φ(b)] and φ(a) ∈ [φ(t), φ(b)], so we have that

d(p, φ(t)) + d(φ(t), z) + d(z, q) = d(p, φ(t)) + d(φ(t), φ(b)) + d(φ(b), q) = d(p, q),

since (φ(t), φ(b)) ∈ Fp,q. This means that (φ(t), z) ∈ Fp,q. 2
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Lemma 3.2. Let M be a complete metric space. Let Γ be a balanced subset of

SF(M) and denote NΓ(M) =
{
f ∈ Lip0(M,R) : supm∈Γ |f̂(m)| = ‖f‖L

}
. Suppose

that the set{
f ∈ Lip0(M,R) : f̂(mx,y) = ‖f‖L for some mx,y ∈ Mol (M) ∩ ext

(
BF(M)

)}
is contained in NΓ(M) and that SNA(M,R) is dense in Lip0(M,R). Then,

SNA(M,R) ⊂ NΓ(M)

and so, BF(M) = co(Γ).

Proof. Assume that h1 ∈ SNA(M,R) \NΓ(M), with ‖h1‖L = 1. Take 0 < δ < 1

in such a way that supm∈Γ |ĥ1(m)| = 1− δ. Now, if h1 strongly attains its norm at
a molecule mp,q, by applying Lemma 3.1 and taking into account that h1 does not
attain its norm at any extreme molecule, we find an isometry φ : [0, d(p, q)] −→M
satisfying φ(0) = p and φ(d(p, q)) = q. Consider u0 : φ([0, d(p, q)]) −→ [0, d(p, q)]
its inverse map and an extension u : M −→ [0, d(p, q)] of u0 such that ‖u‖L =
1. Note that such extension exists thanks to McShane extension theorem. On
the other hand, let C ⊆ [0, d(p, q)] be a fat Cantor set, that is, a measurable
closed subset with λ(C) > (1 − δ)d(p, q) such that for each nontrivial interval
I ⊆ [0, d(p, q)] there exists a nontrivial interval J ⊆ I such that J ∩C = ∅. Let us
consider ϕ : [0, d(p, q)] −→ R given by

ϕ(t) = −
∫ t

0

χC(s) ds ∀ t ∈ [0, d(p, q)].

We define h2 : M −→ R by h2 = ϕ ◦ u and f : M −→ R by f = 1
2 (h1 + h2). It is

clear that

‖f‖L 6
1

2
(‖h1‖L + ‖h2‖L) = 1.

Moreover,

‖f‖L > f̂(mp,q) =
1

2
(ĥ1(mp,q) + ĥ2(mp,q)) =

1

2

(
1 +

λ(C)

d(p, q)

)
> 1− δ

2
.

On the other hand,

sup
Γ
f̂ 6

1

2
(sup

Γ
ĥ1 + sup

Γ
ĥ2) =

1

2
(2− δ) = 1− δ

2
.

Therefore, f /∈ NΓ(M). Take ε > 0 such that ‖f‖L − ε > 1 − δ
2 . Since NΓ(M)

is closed and SNA(M,R) is dense there is g ∈ SNA(M,R) \ NΓ(M) such that
‖g‖L = ‖f‖L and ‖f − g‖L < ε. Consider mx,y ∈ Mol (M) for which ĝ(mx,y) =
‖g‖L. Since g /∈ NΓ(M), we have that ĝ does not attain its norm at any extreme
molecule of BF(M). In particular, by applying Lemma 3.1 we obtain that there
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exists an isometry φ′ : [0, d(x, y)] −→ M satisfying φ′(0) = x and φ′(d(x, y)) = y.
Notice that

ĥ2(mx,y) > 2f̂(mx,y)− 1 > 2(ĝ(mx,y)− ε)− 1 > 2(‖f‖L − ε)− 1 > 1− δ,

from where u(x) 6= u(y). Hence, we can find different points a, b of φ′([0, d(x, y)]) ⊆
M such that d(x, y) = d(x, a) + d(a, b) + d(b, y) and [u(a), u(b)] ∩ C = ∅. Since g

attains its norm at mx,y it follows that ĝ(ma,b) = ‖g‖L and so, f̂(ma,b) > ‖f‖L−ε.
As before, this implies that ĥ2(ma,b) > 1−δ, whereas the fact that [u(a), u(b)]∩C =

∅ implies that ĥ2(ma,b) = 0, leading to a contradiction.
This shows that SNA(M,R) ⊂ NΓ(M). Now, Hahn-Banach theorem yields

that BF(M) = co(Γ). 2

The first main result of the section is the following.

Theorem 3.3. Let M be a complete metric space. If SNA(M,R) is dense in
Lip0(M,R), then

BF(M) = co
(

ext
(
BF(M)

)
∩Mol (M)

)
.

Proof. Apply Lemma 3.2 with Γ = Mol (M) ∩ ext
(
BF(M)

)
. 2

We would like to observe that Theorem 3.3 somehow improves, in the case of
Lipschitz-free spaces, a result by Lindenstrauss [22].

Remark 3.4. Let M be a complete metric space. If SNA(M,Y ) is dense in
L(F(M), Y ) for some Banach space Y , then

BF(M) = co
(
ext
(
BF(M)

))
.

Indeed, this follows from Theorem 3.3, as the density of SNA(M,Y ) in Lip0(M,Y )
for some Y implies the density of SNA(M,R) in Lip0(M,R) by [10, Proposition 4.2].

Compare this result with the following one by Lindenstrauss [22, Theorem 2.i]:
if X is a Banach space which admits a strictly convex renorming (for instance, if
X is separable) such that NA(X,Y ) is dense in L(X,Y ) for all Banach spaces Y ,
then BX = co(ext (BX)).

The next result deals with strongly norm attaining vector-valued Lipschitz
maps. In the case of real-valued maps, it improves Theorem 3.3 for metric spaces
not containing isometric copies of the unit interval.

Proposition 3.5. Let M be a complete metric space which does not contain any
isometric copy of [0, 1] and let Y be a Banach space. Then, SNA(M,Y ) coincides
with the set{
f ∈ Lip0(M,Y ) : ‖f̂(mx,y)‖ = ‖f‖L for some mx,y ∈ Mol (M) ∩ ext

(
BF(M)

)}
.

In particular, if SNA(M,Y ) is dense in Lip0(M,Y ), then so is the set{
T ∈ L(F(M), Y ) : T attains its norm at some element of ext

(
BF(M)

)}
in L(F(M), Y ).
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Proof. Pick f ∈ SNA(M,Y ). Hence there exists u, v ∈ M,u 6= v and y∗ ∈ SY ∗
such that [y∗ ◦ f̂ ](mu,v) = ‖f‖L. Since M does not contain any isometric copy
of [0, 1], then Lemma 3.1 applies to get a molecule mx,y ∈ ext

(
BF(M)

)
such that[

y∗ ◦ f̂
]
(mx,y) = ‖f‖L. From here it is clear that f strongly attains its norm at

the pair (x, y), and we are done. 2

Remark 3.6. The assumption that SNA(M,R) is dense cannot be removed in
Theorem 3.3: let M be a fat Cantor set in [0, 1], which clearly does not contain
any isometric copy of [0, 1]; then, BF(M) 6= co

(
ext
(
BF(M)

))
. Indeed, it is known

that F(M) ≡ L1[0, 1]⊕1 `1 [16, pp. 4315] so, under that identification, any (f, g) ∈
ext
(
BF(M)

)
is actually of the form (0, g), for certain g ∈ ext (B`1), and hence

co
(
ext
(
BF(M)

))
⊆ {0}⊕1 `1. This reproves the fact that SNA(M,R) is not dense

in Lip0(M,R) which follows from [8, Theorem 2.3].

In the sequel we will obtain improvements of Theorem 3.3 and Proposition 3.5
in the case of compact metric spaces obtaning, as a consequence, an affirmative
answer to (Q3) in the case of compact metric spaces. To begin with, let us exhibit
the second main result of the section.

Theorem 3.7. Let M be a compact metric space which does not contain any
isometric copy of [0, 1] and let Y be a Banach space. Then, the following assertions
are equivalent:

(i) SNA(M,Y ) is dense in Lip0(M,Y ).

(ii) The set of absolutely strongly exposing operators from F(M) to Y is dense
in L(F(M), Y ).

(iii) The set of non-local Y -valued Lipschitz maps is dense in Lip0(M,Y ).

Before proving the result, let us present its main consequence, which follows
immediately from the fact that the set of non-local Y -valued Lipschitz maps is an
open set (indeed, if f ∈ Lip0(M,Y ) is a non-local Lipschitz map, we can find ε > 0
such that

sup
0<d(x,y)<ε

‖f̂(mx,y)‖ < ‖f‖L − ε;

then, the whole B(f, ε3 ) is made of non-local Lipschitz maps).

Corollary 3.8. Let M be a compact metric space which does not contain any
isometric copy of [0, 1] and let Y be a Banach space. If SNA(M,Y ) is dense in
Lip0(M,Y ), then SNA(M,Y ) (and, in particular, NA(F(M), Y )) contains an open
dense subset.

In the case when F(M) ≡ `1 or, more generally, when F(M) has property
α witnessed by a set Γ ⊂ SF(M), it is easy to see the result from the proof of
[23, Proposition 1.3.a]: indeed, it is proved there that the set of those operators
T : F(M) −→ Y such that supy∈Γ\{±x} ‖Ty‖ < ‖T‖ = ‖Tx‖ for some x ∈ Γ is
dense and, on the other hand, it is clearly open as co(Γ) = BF(M).

A specially interesting particular case of Corollary 3.8 is the one in which F(M)
has the RNP. In this case, M does not contain copies of [0, 1] (otherwise, L1[0, 1]
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would be a subspace of F(M)) and SNA(M,Y ) is dense in Lip0(M,Y ) by [13,
Proposition 7.4].

Corollary 3.9. Let M be a compact metric space for which F(M) has the RNP.
Then, for every Banach space Y , SNA(M,Y ) (and so NA(F(M), Y )) contains a
dense open subset.

Compare the result above with the one by Bourgain [7, Theorem 5]: if X is a
Banach space with the RNP, then for every Banach space Y , NA(X,Y ) contains
a dense Gδ subset of L(X,Y ). Actually, by the cited results of Bourgain [7],
NA(X,R) contains a dense Gδ subset of X∗ whenever X has the RNP. Moreover,
in this case, X∗ = NA(X,R) − NA(X,R) (see the proof of [6, Proposition 2.23],
for instance). But this is far from implying that NA(X,R) contains an open set.
Let us comment that the result in Corollary 3.9 is somehow unexpected, even for
functionals, as the following remark shows.

Remark 3.10. The presence of open subsets in the set of norm attaining operators
or even functionals is a rare phenomenon.

(a) If X is a non-reflexive Banach space, then there always exists an equivalent
renorming X̃ of X such that NA(X̃,R) has empty interior [2]. Therefore, the
RNP is not enough in general to get that the set of norm attaining operators
(or even functionals) has non empty interior.

(b) Even for the Lipschitz-free norm, the hypothesis of density of strongly norm
attaining Lipschitz functions is important to get that the set of norm at-
taining functionals has non-empty interior, as the following example shows:
For M = [0, 1], the norm interior of the set NA(F(M),R) is empty. Indeed,
recall that F([0, 1]) ≡ L1[0, 1] (c.f. e.g. [17, Example 2.1]). Now, the result
follows immediately since L1[0, 1]∗ \ NA(L1[0, 1],R) is dense in L1[0, 1]∗ by
[1, Theorem 2.7].

On the other hand, we do not know whether the hypothesis that M does not
contain isometric copies of [0, 1] can be dropped in Theorem 3.7. The only metric
spaces M which we know that contain [0, 1] and for which SNA(M,R) is dense
in Lip0(M,R) are the ones given in Theorem 2.5. As a matter of facts, the three
assertions of Theorem 3.7 and the thesis of Corollary 3.9 hold for them.

Example 3.11. Let Mp be the metric spaces defined in Theorem 2.5 which contain
[0, 1] and satisfy that SNA(Mp, Y ) is dense in Lip0(Mp, Y ) for every Banach space
Y for p = 1, 2. Then, for every Banach space Y , the set of non-local Y -valued
Lipschitz maps is dense in Lip0(Mp, Y ) for p = 1, 2 by Remark 2.7. In particular,
SNA(Mp, Y ) contains a dense open set for p = 1, 2.

Let now prove Theorem 3.7. We need a number of preliminary results which
could be of independent interest. First, we prove the abundance of non-local
Lipschitz maps when the set of strongly norm attaining maps is dense, in the
compact setting.

Lemma 3.12. Let M be a compact metric space, let Y be a Banach space, and f ∈
SLip0(M,Y ). Assume that there exists mx,y ∈ ext

(
BF(M)

)
such that ‖f̂(mx,y)‖ = 1.
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Then, for every ε > 0, there exists a non-local Lipschitz map φ : M −→ Y such
that ‖f − φ‖L < ε.

Proof. Since ‖f̂(mx,y)‖ = 1 then we can find y∗ ∈ SY ∗ such that [y∗◦ f̂ ](mx,y) = 1.
By assumption, mx,y is an extreme point. Hence, by [3, Theorem 4.2] it is a
preserved extreme point or, equivalently by [13, Theorem 2.4], mx,y is a denting

point. Fix 0 < δ < 1
2 and find a slice S = S(BF(M), ĥ, β) with h ∈ SLip0(M,R)

and β > 0, containing mx,y and such that diam (S) < δ. Select z ∈ SY such that

y∗(z)ĥ(mx,y) > 1− β and define

φ̂ := f̂ + εĥ⊗ z,

where ĥ⊗z(mu,v) := ĥ(mu,v)z for every u, v ∈M,u 6= v. It is clear that ‖f−φ‖L <
ε. Let us now prove that φ is not local. To begin with, notice that

‖φ‖L > [y∗ ◦ f̂ ](mx,y) + εĥ(mx,y)y∗(z) > 1 + ε(1− β).

Now, given u, v ∈M,u 6= v such that ‖φ̂(mu,v)‖ > 1 + ε(1− β), it follows that

1 + ε(1− β) < ‖f̂(mu,v)‖+ ε|ĥ(mu,v)| 6 1 + ε|ĥ(mu,v)|,

from where we get that ĥ(mu,v) > 1− β or ĥ(−mu,v) = ĥ(mv,u) > 1− β. Assume

that ĥ(mu,v) > 1− β (the other case runs similarly). This implies that mu,v ∈ S,
hence ‖mu,v −mx,y‖ < δ. Now, by using [8, Lemma 1.3] we obtain that

max{d(x, u), d(y, v)}
d(x, y)

6 ‖mx,y −mu,v‖ < δ,

so max{d(x, u), d(y, v)} < δd(x, y). Hence

d(u, v) > d(x, y)− d(x, u)− d(y, v) > (1− 2δ)d(x, y),

from where we deduce that φ does not approximate its Lipschitz constant at arbi-
trarily close points, as desired. 2

Next, we also need the following lemma, whose proof is encoded in [20, Propo-
sition 2.8.b] for the real-valued case.

Lemma 3.13. Let M be a compact metric space, let Y be a Banach space and let
f ∈ SLip0(M,Y ) be a non-local Lipschitz map. Then, there exists a strongly exposed

point mx,y ∈ F(M) such that ‖f̂(mx,y)‖ = 1.

Proof. Since f is not local, then an easy compactness argument yields that we can
find a pair of different points x, y ∈M such that not only ‖f̂(mx,y)‖ = 1, but also

if 0 < d(u, v) < d(x, y) then ‖f̂(mu,v)‖ < 1. We claim that the pair (x, y) fails
property (Z). Indeed, assume by contradiction that (x, y) has property (Z). Pick
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y∗ ∈ SY ∗ such that [y∗ ◦ f̂ ](mx,y) = 1. Then, for every n ∈ N, there exists a point
zn ∈M \ {x, y} satisfying that

d(x, zn) + d(y, zn) 6 d(x, y) +
1

n
min{d(x, zn), d(y, zn)}.

Up to taking a subsequence, we may assume that d(zn, x) 6 d(zn, y) for every
n ∈ N. Also, up to taking a further subsequence, we may assume by compactness
that {zn} −→ z ∈M . Now, we have two possibilities:

• If x 6= z then it is clear that d(x, z) + d(y, z) = d(x, y), which implies that

[y∗ ◦ f̂ ](mx,z) = 1 and, in particular, f strongly attains its norm at the pair
(x, z). However, notice that

d(x, z) 6
1

2
(d(x, z) + d(y, z)) =

1

2
d(x, y),

which contradicts the minimality condition on d(x, y).

• If x = z, then

‖f̂(mx,zn)‖ > [y∗ ◦ f̂ ](mx,zn)

= [y∗ ◦ f̂ ](mx,y)
d(x, y)

d(x, zn)
− [y∗ ◦ f̂ ](mzn,y)

d(zn, y)

d(x, zn)

>
d(x, y)− d(zn, y)

d(x, zn)
> 1− 1

n
,

which entails a contradiction with the assumption that f is not local.

Consequently, we get that the pair (x, y) fails property (Z), so mx,y is a strongly
exposed point by [15, Theorem 5.4]. 2

The last preliminary result we present on the way to proving Theorem 3.7 deals
with norm attaining operators on general Banach spaces.

Proposition 3.14. Let X and Y be Banach spaces. The following assertions are
equivalent:

1. The set {T ∈ L(X,Y ) : T attains its norm at a strongly exposed point} is
dense in L(X,Y ).

2. The set {T ∈ L(X,Y ) : T is absolutely strongly exposing operator} is dense
in L(X,Y ).

Proof. (2) ⇒ (1). Pick an absolutely strongly exposing operator T for x ∈ SX ,
and let us prove that x is strongly exposed. Let y∗ ∈ SY ∗ such that y∗(Tx) = ‖T‖
and consider x∗ ∈ SX∗ such that ‖T‖x∗ = T ∗(y∗). If {xn} is a sequence in BX
such that x∗(xn) −→ 1 = x∗(x), then

‖T (xn)‖ > y∗(Txn) = ‖T‖x∗(xn) −→ ‖T‖,



Density of strongly norm attaining Lipschitz maps 29

so there is a subsequence {xnk
} converging to x (it cannot converge to −x), showing

that x is strongly exposed by x∗.
(1) ⇒ (2). Pick an operator T ∈ L(X,Y ) which attains its norm at a strongly

exposed point x, and let us find an absolutely strongly exposing operator S such
that ‖T − S‖ < ε. For this, pick a strongly exposing functional fx for x. Define

S := T + εfx ⊗ T (x).

Note that ‖S − T‖ < ε is obvious. Let us prove that S is absolutely strongly
exposing. To this end, it is clear that ‖S‖ 6 1 + ε. Also, we get that

1 + ε = (1 + ε)‖T (x)‖ = ‖S(x)‖,

from where ‖S‖ = 1 + ε. Pick a sequence {xn} ∈ SX such that ‖S(xn)‖ −→ 1 + ε.
Since S = T + εfx ⊗ T (x) this implies that |fx(xn)| −→ 1 from where we can find
a subsequence {xnk

} such that fx(xnk
) −→ 1 or fx(xnk

) −→ −1. Making use of
the fact that fx strongly exposes x, we get that {xnk

} −→ x or {xnk
} −→ −x. By

definition, S is an absolutely strongly exposing operator, so we are done. 2

We are now able to present the pending proof.

Proof of Theorem 3.7. (i)⇒(iii) follows from Proposition 3.5 and Lemma 3.12.
(iii)⇒(ii) follows by Lemma 3.13 and Proposition 3.14. Finally, (ii)⇒(i) follows
from the fact that every absolutely strongly exposing operator attains its norm at
a strongly exposed point, so at a molecule of F(M). 2

As a consequence of the techniques involved in the proofs of Theorems 3.3 and
3.7, we get the following result, which improves Theorem 3.3 in the compact case,
and also provides an affirmative answer to (Q3) in this case.

Theorem 3.15. Let M be a compact metric space. If SNA(M,R) is dense in
Lip0(M,R), then

BF(M) = co
(
str-exp

(
BF(M)

))
.

Proof. Let Γ = str-exp
(
BF(M)

)
. Assume that f ∈ Lip0(M,R) is such that f̂

attains its norm at an element of Mol (M) ∩ ext
(
BF(M)

)
. By Lemmata 3.12 and

3.13, f̂ can be approximated by elements in L(F(M),R) attaining their norms on

Γ. Therefore, supm∈Γ |f̂(m)| = ‖f‖L. Now, Lemma 3.2 gives that BF(M) = co(Γ),
as desired. 2

We would like to observe that this result somehow improves, in the case of
Lipschitz-free spaces on compact metric spaces, another result by Lindenstrauss
[22].

Remark 3.16. Let M be a compact metric space. If SNA(M,Y ) is dense in
L(F(M), Y ) for some Banach space Y , then

BF(M) = co
(
str-exp

(
BF(M)

))
.
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Indeed, this follows from Theorem 3.15, as the density of SNA(M,Y ) in Lip0(M,Y )
for some Y implies the density of SNA(M,R) in Lip0(M,R) by [10, Proposition 4.2].

Compare this result with the following one by Lindenstrauss [22, Theorem
2.ii]: if X is a Banach space which admits a LUR renorming (for instance, if X is
separable) such that NA(X,Y ) is dense in L(X,Y ) for all Banach spaces Y , then
BX = co(str-exp (BX)).

Remark 3.17. In [17, Problem 6.7] it is proposed to study for which compact met-
ric spaces M and Banach spaces Y one has that SNA(M,Y ) is dense in Lip0(M,Y ).
Note that a necessary condition is that BF(M) = co

(
str-exp

(
BF(M)

))
, according

to the previous remark. Note, however, that this is not a sufficient condition, as
the metric space T shows, see Theorem 2.1.

Notice that techniques similar to those of Lemma 3.12 can be used in the locally
compact case to get the following result.

Proposition 3.18. Let M be a locally compact metric space and let Y be a Banach
space. Then, the following assertions are equivalent:

(i) The set
{
f ∈ Lip0(M,Y ) : f̂ attains its norm at a denting point

}
is dense in

Lip0(M,Y ).

(ii) The set of absolutely strongly exposing operators from F(M) to Y is dense
in L(F(M), Y ).

(iii) SNA(M,Y ) contains the open dense set B of the Lipschitz maps f : M −→ Y
with the following property: there are η > 0, x, y ∈M with x 6= y and r > 0
such that

• B(x, r) and B(y, r) are compact and disjoint, and,

• ‖f̂(mu,v)‖ 6 ‖f‖L−η if (u, v) /∈ (B(x, r)×B(y, r))∪(B(y, r)×B(x, r)).

In particular, in such a case, BF(M) = co
(
str-exp

(
BF(M)

))
.

In particular, for locally compact metric spaces whose Lipschitz-free space has
the RNP, the proposition above gives the following corollary, which extends Corol-
lary 3.9, since the set of absolutely strongly exposing operators from F(M) to Y
is dense in L(F(M), Y ) by [7, Theorem 5].

Corollary 3.19. Let M be a locally compact metric space for which F(M) has
the RNP and let Y be a Banach space. Then, SNA(M,Y ) (and so NA(F(M), Y ))
contains an open dense set.

Observe that this applies to the main examples in the literature of metric spaces
M for which it is known that F(M) has the RNP, as the class of uniformly discrete
metric spaces or the class of boundedly compact Hölder metric spaces.

Proof of Proposition 3.18. Assume that

A :=
{
f ∈ Lip0(M,Y ) : f̂ attains its norm at a denting point

}
is dense in Lip0(M,Y ). Pick f ∈ A with ‖f‖L = 1 and find a denting point

mx,y ∈ F(M) and an element y∗ ∈ SY ∗ such that [y∗◦ f̂ ](mx,y) = 1. Fix 0 < δ < 1
2
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and find a slice S = S(BF(M), ĥ, β) containing mx,y and such that diam (S) < δ.

Select z ∈ SY such that y∗(z)ĥ(mx,y) > 1− β and define

φ̂ := f̂ + εĥ⊗ z.

It is clear that ‖f − φ‖L 6 ε. Also, the proof of Lemma 3.12 reveals that, given
u, v ∈M,u 6= v then

‖φ̂(mu,v)‖ > 1 + ε(1− β)

=⇒ (u, v) ∈ (B(x, δd(x, y))×B(y, δd(x, y))) ∪ (B(y, δd(x, y))×B(x, δd(x, y))).

Taking into account that B(x, δd(x, y)) and B(y, δd(x, y)) are compact and disjoint
for a small enough δ, we derive that φ ∈ B. This proves that the set B is dense.
To get (iii) let us prove that B enjoys the following properties:

1. B is open. Indeed, given a map f ∈ B, consider η > 0, x, y ∈ M with
x 6= y and r > 0 for which B(x, r) and B(y, r) are compact and disjoint, and

‖f̂(mu,v)‖ 6 ‖f‖−η if (u, v) /∈ (B(x, r)×B(y, r))∪ (B(y, r)×B(x, r)). Pick
0 < δ < η

2 and let us prove that B(f, δ) ⊆ B. To this end take g ∈ Lip0(M,Y )
with ‖f − g‖L < δ. Now, if (u, v) /∈ (B(x, r)×B(y, r)) ∪ (B(y, r)×B(x, r))

then ‖f̂(mu,v)‖ 6 ‖f‖L − η, from where

‖ĝ(mu,v)‖ 6 δ + ‖f̂(mu,v)‖ 6 δ + ‖f‖L − η 6 ‖g‖L + 2δ − η,

which proves that g ∈ B, as desired.

2. Every map in B attains its norm at a strongly exposed point. To see this, take
f ∈ B and, by definition, consider η > 0, x, y ∈ M with x 6= y and r > 0
for which B(x, r) and B(y, r) are compact and disjoint, and ‖f̂(mu,v)‖ 6
‖f‖L − η if (u, v) /∈ (B(x, r) × B(y, r)) ∪ (B(y, r) × B(x, r)). Notice that f
strongly attains its norm because the set B(x, r) ∪ B(y, r) is a compact set
and from the fact that f cannot approximate its norm at arbitrarily close
points. The previous fact even provides a pair of different points u ∈ B(x, r)

and v ∈ B(y, r) with the property that ‖f̂(mu,v)‖ = ‖f‖L. The pair (u, v)
fails property (Z). Indeed, otherwise there would be a sequence {zn} such

that
(u,v)zn

min{d(u,zn),d(v,zn)} → 0 and so, by [8, Lemma 3.7], it would follow that

zn ∈ B(x, r) ∩ B(y, r) = ∅ for large n, a contradiction. Equivalently, the
molecule mu,v is strongly exposed point. This proves that (iii) implies (ii)
by Proposition 3.14.

Now the previous two facts prove that (i) implies (iii). Finally, (ii) implies (i) is
trivial, which finishes the proof. 2

Apart from Corollary 3.19, Proposition 3.18 also applies to another large class
of metric spaces.

Example 3.20. Let M be a locally compact metric space, let 0 < θ < 1, and
consider Mθ := (M,dθ). Then, SNA(Mθ, Y ) contains an open dense subset. In-
deed, Mθ is locally compact and SNA(Mθ, Y ) is dense in Lip0(Mθ, Y ) for every
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Banach space Y by [10, Proposition 3.8]; now, Proposition 3.18 applies since every
molecule of F(Mθ) is a strongly exposed point [10, Proposition 3.8].

Let us end by giving a generalisation of Theorem 3.15.

Corollary 3.21. Let M be a boundedly compact metric space. If SNA(M,R) is
dense in Lip0(M,R), then

BF(M) = co
(
str-exp

(
BF(M)

))
.

Proof. As in Theorem 3.15, let Γ = str-exp
(
BF(M)

)
and suppose f ∈ Lip0(M,R)

is such that f̂ attains its norm at an element mp,q ∈ ext
(
BF(M)

)
. Since M is a

boundedly compact metric space, by using the techniques involved in the proof
of Theorem 4.2 in [3] and Theorem 2.4 in [13], we obtain that mp,q is a denting

point of BF(M). Now, it follows from the proof of Proposition 3.18 that f̂ can be
approximated by elements of L(F(M),R) attaining their norms on Γ. Therefore,

supm∈Γ |f̂(m)| = ‖f‖L. Now, Lemma 3.2 does the work. 2

4. A by-product

We finish the paper with a by-product of the preliminary results used in the proof
of Theorem 3.7. We do not know whether Lindenstrauss property A of a Banach
space X implies that the set

(♣) {T ∈ L(X,Y ) : T is absolutely strongly exposing operator}

is dense in L(X,Y ) for every Banach space Y . But we would like to check what
happens if we actually have one of the known properties which imply Lindenstrauss
property A: the RNP, property α, property quasi-α, and having a norming uni-
formly strongly exposed set. It is known that the answer is positive if X has the
RNP by [7, Theorem 5]. Also, the same follows if X has property α by an easy in-
spection of the proof of [23, Proposition 1.3a]. But this is not clear from the proof
of the result for property quasi-α and when the space has a norming uniformly
strongly exposed set. However, in the first case it is shown in [11, Proposition 2.1]
that if X has property quasi-α then, for every Banach space Y , the set of operators
attaining the norm at a strongly exposed point is dense in L(X,Y ) (see also the
comments after Definition 3.18 in [8]). Therefore, by Proposition 3.14 we get that
the set in (♣) is dense. In the case when X is a Banach space with a uniformly
strongly exposed set S ⊂ SX such that BX = co(S), it is shown in (the proof of)
[22, Proposition 1] that the set{

T ∈ L(X,Y ) : T attains its norm at a point of S
}

is dense in L(X,Y ) for every Banach space Y . Then, the density of the set in (♣)
follows again from Proposition 3.14 and the fact that S is a uniformly strongly
exposed set too:
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Fact 4.1. Let X be a Banach space and assume that S ⊂ SX is a uniformly
strongly exposed set. Then, S is also a uniformly strongly exposed set.

Proof. For every y ∈ S, let fy be the corresponding strongly exposing functional.
Clearly, given x ∈ S \ S, we can find a functional fx in the weak-star closure of
{fy : y ∈ S} such that fx(x) = 1. Let us now prove that S is uniformly strongly
exposed. To this end, for ε > 0 we find δ > 0 such that

fy(x) > 1− δ =⇒ ‖y − x‖ < ε

2

for every y ∈ S. Now, given x ∈ S and z ∈ SX such that fx(z) > 1 − δ, we find
y ∈ S such that fy(z) > 1 − δ and fy(x) > 1 − δ (recall that fx belongs to the
weak-star closure of {fy : y ∈ S}). The property defining δ implies that ‖y−z‖ < ε

2
and ‖x− y‖ < ε

2 , from where ‖x− y‖ < ε. 2

Let us state what has been proved so far.

Proposition 4.2. Let X be a Banach space satisfying one of the following prop-
erties:

(a) RNP,

(b) property α,

(c) property quasi-α,

(d) having a norming uniformly strongly exposed subset.

Then, the set

{T ∈ L(X,Y ) : T is absolutely strongly exposing operator}

is dense in L(X,Y ) for every Banach space Y .
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Análisis Matemático, 18071-Granada, Spain

E-mail: mmartins@ugr.es

Abraham Rueda Zoca: Universidad de Granada, Facultad de Ciencias. Departa-
mento de Análisis Matemático, 18071-Granada, Spain

E-mail: abrahamrueda@ugr.es
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