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POSITIVE AND NEGATIVE RESULTS ON THE NUMERICAL
INDEX OF BANACH SPACES AND DUALITY

MIGUEL MARTÍN

Abstract. We show that the numerical index of an L-embedded space and

the one of its dual coincide. In particular, the numerical index of the predual

of a real or complex von Neumann algebra or JBW ∗-triple coincides with
the numerical index of the space. Also, we prove that when X is an M -

embedded Banach space with numerical index 1, then every closed subspace of

X∗∗ containing X also has numerical index 1 (in particular, X∗ and X∗∗ have
numerical index 1). Finally, we show that any Banach space X containing a

complemented copy of c0 or a copy of `∞ admits an equivalent norm for which

the numerical index of its dual space is strictly smaller than the one of the
space. In the special case of a separable space X containing c0, it is actually

possible to renorm X with the maximum value of the numerical index (namely
1) while the numerical index of the dual is as small as possible (namely, 0 in

the real case, 1/e in the complex case).

1. Introduction

The concept of numerical index of a Banach space was first suggested by G. Lumer
in 1968 (see [10]) and it is a parameter relating the norm and the numerical range
of operators on the space. Let us recall the necessary definitions and notation. For
a real or complex Banach space X, we write BX for the closed unit ball and SX for
the unit sphere of X. The dual space is denoted by X∗, and the Banach algebra of
all bounded linear operators on X by L(X). The numerical range of an operator
T ∈ L(X) is the subset V (T ) of the scalar field given by

V (T ) := {x∗(Tx) : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}.

The numerical radius of T is the seminorm defined on L(X) by

v(T ) := sup{|λ| : λ ∈ V (T )}

for each T ∈ L(X). The numerical index of the space X is the constant n(X)
defined by

n(X) := inf{v(T ) : T ∈ L(X), ‖T‖ = 1}

or, equivalently, the greatest constant k > 0 such that k‖T‖ 6 v(T ) for every
T ∈ L(X). Observe that, clearly, 0 6 n(X) 6 1 for every Banach space X.
Classical references here are the monographs by F. Bonsall and J. Duncan [6, 7]
from the 1970’s. The reader will find the state-of-the-art on numerical index in the
recent survey paper [15], where we refer for background.

Date: August 6th, 2008. Revised: November 19th, 2008.

2000 Mathematics Subject Classification. Primary: 46B20; 46B04; 47A12.
Key words and phrases. numerical range; numerical index; duality; L-embedded; M -

embedded.
Supported by Spanish MEC project MTM2006-04837 and Junta de Andalućıa grants FQM-185
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Let us mention here a couple of facts which will be relevant to our discussion.
First, the set of possible values of the numerical index is as follows [10]

{n(X) : X complex Banach space } = [e−1, 1],
{n(X) : X real Banach space } = [0, 1].

Given a bounded linear operator T on a Banach space X, it is a well-known fact in
the theory of numerical ranges (see [6, §9]) that

sup ReV (T ) = lim
α↓0

‖Id + αT‖ − 1
α

and so v(T ) = max
|ω|=1

lim
α↓0

‖Id + αω T‖ − 1
α

.

It is immediate from the above formula that v(T ) = v(T ∗), where T ∗ ∈ L(X∗) is
the adjoint operator of T , and the result given in [10, Proposition 1.3] that

(1) n(X∗) 6 n(X)

clearly follows.

The question if the above inequality is actually an equality had been around from
the beginning of the subject. It was solved in the negative in 2007, when K. Boyko,
V. Kadets, M. Mart́ın, and D. Werner [8, Example 3.1] found and example of a
Banach space whose numerical index is strictly greater than the numerical index of
its dual. Namely, the Banach space

(2) X =
{

(x, y, z) ∈ c⊕∞ c⊕∞ c : limx+ lim y + lim z = 0
}

satisfies that n(X) = 1 and n(X∗) < 1 in both the real and the complex case.
Actually, essentially with the same techniques, it is shown in [8, Examples 3.3] that
there are examples of Banach spaces Y1 in the real case and Y2 in the complex case,
both isomorphic to c0, such that

(3) n(Y1) = 1, n(Y ∗1 ) = 0, and n(Y2) = 1, n(Y ∗2 ) = 1/e .

There are some particular cases in which the equality in (1) holds. Namely, it is
clear that n(X) = n(X∗) for every reflexive space X, and this equality also holds
whenever n(X∗) = 1, in particular when X is an L- or an M -space. It is also true
that n(X) = n(X∗) when X is a C∗-algebra or a von Neumann algebra predual
(see [17, Remark 2.7]).

Let us comment that all the non-trivial results above are true by computation:
the numerical index of a (complex) C∗-algebra X is 1 or 1/2 depending on the
fact that X is commutative or not, and when X is a (complex) von Neumann
algebra, the numerical index of its unique predual is 1 or 1/2 depending also on the
commutativity of the algebra.

This paper deals with the question on whether (1) is an equality on some par-
ticular cases. First, we give a new positive result which does not depend on the
computation of the numerical indices of the spaces. Namely, we show that the
equality in equation (1) holds for L-embedded spaces. Examples of L-embedded
spaces are the reflexive ones (trivial) and preduals of von Neumann algebras, so our
result gives a non-algebraic proof of the aforementioned result of [17]. Moreover,
we can prove that actually the equality in equation (1) holds for the bigger class
of those preduals of real or complex JBW ∗-triples since they are L-embedded. Let
us also comment that the computation of the numerical index of real or complex
JBW ∗-triples is not achieved yet. All this is shown in section 2.

Another already known case in which the equality in inequality (1) holds is when
X has the Radon Nikodým property and n(X) = 1 [8, Proposition 4.1]. We prove a
result in this line by showing that the dual of an M -embedded space with numerical
index 1 also has numerical index 1. Actually, we show that if X is an M -embedded
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space with n(X) = 1, and Y is a subspace of X∗∗ containing X, then n(Y ) = 1.
This is the content of section 3.

Finally, in section 4 we will show that any Banach space containing an isomorphic
complemented copy of c0 or an isomorphic copy of `∞ admits an equivalent norm
for which inequality (1) is strict. If we actually have a separable Banach space
containing an isomorphic copy of c0, then it possible to renorm the space such that
the numerical index of the renormed space is 1, while the numerical index of its
dual is as small as possible. In particular, this happens for separable nonreflexive
M -embedded spaces.

2. L-embedded spaces

We recall that a Banach space X is said to be L-embedded if X∗∗ = X ⊕1 Xs

for some closed subspace Xs of X∗∗. We refer to [13] for background. Examples
of L-embedded spaces are the reflexive ones (trivial), preduals of von Neumann
algebras (in particular, L1(µ) spaces), the Lorentz spaces d(w, 1) and Lp,1 (see [13,
Examples III.1.4 and IV.1.1]). As claimed in the introduction, we show that the
numerical index of an L-embedded space and the one of its dual coincide.

Theorem 2.1. Let X be an L-embedded space. Then, n(X) = n(X∗).

Proof. We write X∗∗ = X ⊕1 Xs and PX : X∗∗ −→ X for the associate projection.
Given T ∈ L(X∗), we consider the operators A ∈ L(X) and B ∈ L(X,Xs) given
by A = PX ◦ T ∗ ◦ iX and B = (Id− PX) ◦ T ∗ ◦ iX (observe that T ∗ ◦ iX ≡ A⊕B).
Given ε > 0, since BX is w∗-dense in BX∗∗ and T ∗ is w∗-w∗-continuous, we may
find x0 ∈ SX such that

‖T ∗(x0)‖ = ‖A(x0)‖+ ‖B(x0)‖ > ‖T ∗‖ − ε.

Now, we find a0 ∈ SX , y∗0 ∈ SX∗s satisfying

‖A(x0)‖a0 = A(x0) and y∗0(B(x0)) = ‖Bx0‖,

and we define an operator S ∈ L(X) by

S(x) = A(x) + y∗0(B(x)) a0 (x ∈ X).

Then

‖S‖ > ‖S(x0)‖ =
∥∥A(x0) + ‖B(x0)‖a0

∥∥ =
(
‖Ax0‖+ ‖B(x0)‖

)
‖a0‖ > ‖T ∗‖ − ε,

so we may find x ∈ X, x∗ ∈ X∗ such that

‖x‖ = ‖x∗‖ = x∗(x) = 1 and |x∗(S(x))| > n(X)[‖T‖ − ε].

For z = (x, 0) ∈ SX∗∗ and z∗ = (x∗, x∗(a0) y∗0) ∈ SX∗∗∗ we clearly have z∗(z) = 1
and

(4) |z∗(T ∗(z))| =
∣∣x∗(A(x)) + x∗(a0) y∗0(B(x))

∣∣ = |x∗(S(x))| > n(X)
[
‖T ∗‖ − ε

]
.

Now, letting ε ↓ 0, we get

v(T ) = v(T ∗) > n(X) ‖T ∗‖ = n(X)‖T‖.

Therefore, n(X∗) > n(X), and the other inequality is always true. Finally, let us
say that this proof is based on the one of [21, Proposition 1]. �

Let us comment that it has been shown recently that separable L-embedded
Banach spaces are unique predual of their duals [22]. Therefore, it makes sense to
ask whether a Banach space X having a unique predual X∗ satisfies n(X∗) = n(X).
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Since preduals of von Neumann algebras are L-embedded, the above result gives
a non-algebraic proof of the aforementioned result of [17] that the numerical index
of a von Neumann algebra and the one of the algebra coincide. Moreover, the
main application of the above result is obtained when one deals with the so-called
preduals of JBW ∗-triples. We recall that a JBW ∗-triple is a JB∗-triple which is
a dual Banach space, in which case it has a unique predual. Complex JB∗-triples
are those complex Banach spaces whose open unit balls are homogeneous with
respect to biholomorphic transformations, and real JB∗-triples are the real forms
of complex JB∗-triples. We refer the reader to [12, 14, 23] for background. As we
already commented in the introduction, preduals of real or complex JBW ∗-triples
are L-embedded ([12] for the complex case and [4] for the real case), so the following
results follows. In the complex case, it was already known for JB∗-algebras [17,
Remark 2.7]. Let us comment that the computation of the numerical index of real
C∗ algebras and real or complex JB∗-triples has not been achieved yet.

Corollary 2.2. Let X be a real or complex JBW ∗-triple and let X∗ its (unique)
predual. Then, n(X∗) = n(X). In particular, this happens when X is a real or
complex von Neumann algebra.

We finish this section with a result for the so-called Daugavet property and
alternative Daugavet property. We recall that a Banach space X has the Daugavet
property if every rank-one operator T ∈ L(X) satisfies the Daugavet equation

(DE) ‖Id + T‖ = 1 + ‖T‖.
In such a case, all weakly compact operators on X also satisfy (DE). A Banach
space X is said to have the alternative Daugavet equation if every rank-one operator
T ∈ L(X) satisfies the equality

(aDE) max
|ω|=1

‖Id + ω T‖ = 1 + ‖T‖

i.e. for every rank-one operator T there is a modulus-one scalar ω such that ω T
satisfies (DE). Analogously to the situation for the Daugavet property, if a Banach
space X has the alternative Daugavet property, then all weakly compact operators
in L(X) also satisfy (aDE). Good references for the Daugavet property are the
books [1, 2] and the papers [16, 24]. Information on the alternative Daugavet
property can be found in [19, 20].

It is clear that both the Daugavet property and the alternative Daugavet prop-
erty pass from the dual of a Banach space to the space, but the converse result
does not always hold (consider C([0, 1], `2)). Our next aim is to adapt the proof of
Theorem 2.1, to show that such converses hold for L-embedded spaces. To do so, we
just need two observations. First, we make use of an old result from the 1970’s [10]
saying that an operator T ∈ L(X) satisfies (DE) if and only if sup ReV (T ) = ‖T‖
and so, T satisfies (aDE) if and only if v(T ) = ‖T‖. Second, we take into account
that, in the proof of Theorem 2.1, if one starts with a rank-one operator, then all
operators involved are finite-rank, and that we may write (4) in terms of real parts
instead of modulus.

Proposition 2.3. Let X be an L-embedded Banach space.

(a) If X has the Daugavet property, then so does X∗.
(b) If X has the alternative Daugavet property, then so does X∗.

For the Daugavet property, the above result was previously known for preduals of
real or complex JBW ∗-triples (see [5, Theorem 3.2]). In the case of the alternative
Daugavet property, we only knew the result for complex JBW ∗-triples (see [20,
Theorem 4.6] or [19, Theorem 2.3]).
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3. M-embedded spaces

We recall that a Banach space X is M -embedded if X⊥ is an L-summand of
X∗∗∗ or, equivalently, if the natural (Dixmier) projection from X∗∗∗ onto X∗ is an
L-projection (i.e. X∗∗∗ = iX∗(X∗) ⊕1 X

⊥). We refer the reader to [13] for more
information and background. Typical examples of M -embedded spaces are c0(Γ)
for any set Γ and K(H), the space of compact operators on a Hilbert space H [13,
Examples III.1.4].

The following is another particular case in which the equality in (1) holds.

Proposition 3.1. Let X be an M -embedded space. If n(X) = 1, then

n(X∗) = n(X∗∗) = 1.

Proof. Let A be the set of all w∗-strongly exposed points of BX∗ . By [13, Corol-
lary III.3.2] we have

(5) BX∗ = co(A)

(norm closure). On the other hand, [18, Lemma 1] gives us that

(6) |x∗∗(a∗)| = 1
(
x∗∗ ∈ ext(BX∗∗), a∗ ∈ A

)
,

where ext(BX∗∗) holds for the set of extreme points of BX∗∗ . This easily implies
that n(X∗) = 1 (see [15, Proposition 6.a]). Now, X∗ is L-embedded by [13, Corol-
lary III.1.3], and thus Theorem 2.1 gives n(X∗∗) = n(X∗) = 1. �

Remarks 3.2.

(a) IfX is anM -embedded space, thenX∗ is L-embedded [13, Corollary III.1.3].
We may wonder if Proposition 3.1 can be extended to any Banach space
whose dual is L-embedded. But this is not the case. For instance, the
dual of the space X given in equation (2) is L-embedded, n(X) = 1, but
n(X∗) < 1. See [8, Example 3.1] for the details.

(b) If X is an M -embedded space, then it is Asplund [13, Theorem III.3.1]. We
may wonder if Proposition 3.1 can be extended to any Asplund space. This
is not the case, as shown the same example of item (a).

The proof given for Proposition 3.1 can be actually extended to get the following
more general result. We decided to write two different statements for the sake of
clearness.

Theorem 3.3. Let X be an M -embedded space with n(X) = 1. If Y is a closed
subspace of X∗∗ containing (the canonical copy of) X, then n(Y ) = 1.

Proof. Since we have X ⊂ Y ⊂ X∗∗ and X is an M -ideal of X∗∗, we deduce that
X is an M -ideal of Y [13, Proposition I.1.17], meaning that X⊥ is an L-summand
of Y ∗. By [13, Remark 1.13], we get that

Y ∗ ≡ X∗ ⊕1 X
⊥ and so Y ∗∗ ≡ X∗∗ ⊕∞

[
X⊥
]∗
.

Now, as we did in the proof of Proposition 3.1, we consider the set A of those
w∗-strongly exposed points of BX∗ , and se write

A =
{

(a∗, 0) ∈ SY ∗ : a∗ ∈ A
}
,

i.e. A is the restriction to Y of the canonical image of A ⊂ X∗ in X∗∗∗.

On the one hand, for every y ∈ Y we have

‖y‖ = sup{|y∗(y)| : y∗ ∈ A}
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(this is an immediate consequence of (5) and the fact that Y ⊂ X∗∗), and this
implies that

(7) BY ∗ = cow
∗
(A).

On the other hand, since Y ∗∗ = X∗∗ ⊕∞
[
X⊥
]∗, the set of extreme points of BY ∗∗

can be described as

ext(BY ∗∗) =
{

(x∗∗, ξ) : x∗∗ ∈ ext(BX∗∗), ξ ∈ ext(B[X⊥]∗)
}
.

Now, we get from (6) that

|y∗∗(y∗)| = 1
(
y∗∗ ∈ ext(BY ∗∗), y∗ ∈ A

)
.

This fact, together with (7), gives us n(Y ) = 1 (see [15, Proposition 6.c] or [19,
Lemma 1.1]). �

Remarks 3.4.

(a) As we already commented, a typical example of M -embedded space is c0(Γ)
for any set Γ. In this case, the above proposition says that a closed subspace
Y of `∞(Γ) containing c0(Γ) has numerical index 1. But this result was
previously known, since in this case Y has the so-called property β with
constant 0, and this implies n(Y ) = 1 (see [11, Remark 8]).

(b) It is not always possible to get n(Y ∗) = 1 in Theorem 3.3. Indeed, let X
be the example given in equation (2). Then, one clearly has that

c0(N× N× N) ⊂ X ⊂ `∞(N× N× N),

but n(X∗) < 1.

We finish the section with two observations about the Daugavet property and
the alternative Daugavet property for M -embedded spaces.

Remarks 3.5. We recall that an M -embedded space X is an Asplund space [13,
Theorem III.3.1]. Therefore.

(a) X does not have the Daugavet property (see [24, Corollary 2.5]).
(b) If X has the alternative Daugavet property, then n(X) = 1 (see [15, Propo-

sition 12]). Then, n(X∗) = n(X∗∗) = 1 by Proposition 3.1 and so X∗ and
X∗∗ have the alternative Daugavet property. Moreover, using Theorem 3.3,
the same argument gives that any closed subspace Y of X∗∗ containing X
has the alternative Daugavet property.

4. Renorming to fail the equality of numerical index

Our final aim in this paper is to show that it is easy to construct examples of
Banach spaces X for which n(X) > n(X∗).

Theorem 4.1. Let X be a Banach space containing a complemented copy of c0
or a copy of `∞. Then, there is a Banach space Z isomorphic to X such that
n(Z∗) < n(Z).

Proof. Let us start with the case of c0. We write X = Y ⊕ W such that Y is
isomorphic to c0. In the real case, we use [11, Theorem 9] to get a real Banach
space W1 isomorphic to W with n(W1) > 0, and we take the space Y1 of (3)
which is isomorphic to c0 and satisfies n(Y1) = 1 and n(Y ∗1 ) = 0. Now, we write
Z = Y1 ⊕∞W1 and use [21, Proposition 1] to get that

n(Z) = min{n(Y1), n(W1)} > 0 and n(Z∗) = min{n(Y ∗1 ), n(W ∗1 )} = 0.
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The argument in the complex case is analogous. We find a complex Banach space
W2 isomorphic to W with n(W2) > 1/e from [11, Theorem 9]. We consider the
complex Banach space Y2 of (3) which is isomorphic to c0 and satisfies n(Y2) = 1
and n(Y ∗2 ) = 1/e. Now, writing Z = Y2 ⊕∞W2, we finish as in the real case.

Finally, the proof for the `∞ case is again completely analogous, taking into ac-
count two facts. First, that `∞ is complemented in any superspace (see [3, Propo-
sition 2.5.2] for instance). Second, that the construction of the spaces Y1 and Y2 of
(3) given in [8, Examples 3.3] can be easily adapted to get another two spaces with
the same properties but isomorphic to `∞. �

Since a c0-subspace of a separable space is complemented (Sobczyk’s Theorem,
see [3, Corollary 2.5.9] for instance), and separable spaces containing c0 can be
renormed to have numerical index 1 [9, Corollary 3.6], we may improve the above
result in the separable case.

Theorem 4.2. Let X be a separable Banach space containing c0. Then, there is a
Banach space Z isomorphic to X such that n(Z) = 1 and

n(Z∗) = 0 in the real case, n(Z∗) = 1/e in the complex case.

Proof. The proof is just an refinement of the proof of Theorem 4.1. First of all,
since c0 ' c0⊕ c0, we may write X = Y ⊕W where Y is isomorphic to c0 and W is
a separable space containing an isomorphic copy of c0. On the one hand, we take
a space Ỹ isomorphic to c0 such that n(Ỹ ) = 1 and n(Ỹ ∗) is 0 or 1/e depending
on whether we are in the real or in the complex case (just take Ỹ equal to Y1 or Y2

of (3)). On the other hand, since W is separable and contains c0, [9, Corollary 3.6]
provides us with Banach space W̃ isomorphic to W such that n(W̃ ) = 1. Then, X
is isomorphic to Z = Ỹ ⊕∞ W̃ and, as in the proof of Theorem 4.1, we may use [21,
Proposition 1] to get that n(Z) = 1 and n(Z∗) = 0 in the real case, n(Z∗) = 1/e in
the complex case. �

Since any nonreflexiveM -embedded Banach space contains a complemented copy
of c0 [13, Corollary III.4.7], the above result applies in this case. In particular, this
happens to any infinite-dimensional closed subspace of c0.

Corollary 4.3. Let X be a separable nonreflexive M -embedded space. Then, there
is a Banach space Z isomorphic to X such that n(Z) = 1 and

n(Z∗) = 0 in the real case, n(Z∗) = 1/e in the complex case.

In particular, this is the case for infinite-dimensional closed subspaces of c0.

We finish this section with an easy example showing that there is no value of the
numerical index other than the minimum one for which the equality in equation
(1) always holds.

Example 4.4.

(a) For every t ∈]0, 1] there is a real Banach space Xt with n(Xt) = t and
n(X∗t ) = 0.

(b) For every t ∈]1/e, 1] there is a complex Banach space Xt with n(Xt) = t
and n(X∗t ) = 1/e.

Proof. Just take X = Y1 in the real case or X = Y2 in the complex case of the
equality (3) and Zt a two-dimensional space with n(Zt) = n(Z∗t ) = t. Then, the
space Xt = X ⊕1 Zt fulfill the required condition. �
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It would be of interest to investigate isomorphic properties assuring that the
numerical index of a Banach spaces and the one of the dual coincide. In the
separable case, to not contain a copy of c0 is a necessary condition for that. We do
not know if it is also sufficient.

Acknowledgments: I would like to thanks Vladimir Kadets, Javier Meŕı, Rafael
Payá, and Dirk Werner for fruitful conversations concerning the matter of this
paper. I also thanks the anonymous referee for productive comments on the subject
of the paper.
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Departamento de Análisis Matemático, Facultad de Ciencias, Universidad de Granada,

E-18071 Granada, Spain

E-mail address: mmartins@ugr.es


	1. Introduction
	2. L-embedded spaces
	3. M-embedded spaces
	4. Renorming to fail the equality of numerical index
	References

