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Abstract

We show that the numerical index ofcg-, |1-, or l,-sum of Banach
spaces is the infimum numerical index of the summands. Moreover, we
prove that the spaceS(K,X) and Li(p, X) (K any compact Hausdorff
spacel any positive measure) have the same numerical index as the Ba-
nach spac&. We also observe that these spaces have the so-called Dau-
gavet property whenevet has the Daugavet property.

1 Introduction

The numerical index of a Banach space is the greatest constant of equivalence
between the numerical radius and the usual norm in the Banach algebra of all
bounded linear operators on the space. Let us recall the relevant definitions.
Given a real or complex Banach spaXewe write By for the closed unit ball
andS for the unit sphere oK. The dual space will be denoted By andL(X)

will be the Banach algebra of all bounded linear operatorX omhe numerical
rangeof such an operatdr is the subse¥ (T) of the scalar field defined by

V(T) ={x*(Tx) : xe S, X" € S+, X"(x) =1}.
Thenumerical radiusof T is then given by
V(T) =sup{|A| : AeV(T)}.

Itis clear thatvis a seminorm o(X), andv(T) < ||T|| for everyT € L(X). Very
often, v is actually a norm and it is equivalent to the operator n@rrf. Thus,
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it is natural to consider the so calledmerical inde)of the spaceX, namely the
constann(X) defined by

n(X) = infH{v(T) : T €S}

Equivalently,n(X) is the greatest constakt> 0 such thak||T|| < v(T) for every
T € L(X). Note that 0< n(X) < 1, andn(X) > 0 if and only ifvand|| - || are
equivalent norms oh(X).

The concept of numerical index was first suggested by G. Lumer in 1968.
At that time, it was known that a Hilbert space of dimension greater than 1 has
numerical index 12 in the complex case, and 0 in the real case. Two years later,
J. Duncan, C. McGregor, J. Pryce, and A. White [9] proved thapaces and
M-spaces have numerical index 1. They also determined the range of values of
the numerical index. More precisely, for a real Banach spacgX) can be any
number in the intervdD, 1], while {n(X) : X complex Banach spage- [1/e,1].
The remarkable result thatX) > 1/e for every complex Banach spa&egoes
back to H. Bohnenblust and S. Karlin [4] (see also [10]). The disk algebra is
another example of a Banach space with numerical index 1 [6, Theorem 32.9].
Necessary conditions for a real Banach space to have numerical index 1 were in-
vestigated in [15]. For general information and background on numerical ranges
we refer to the books by F. Bonsall and J. Duncan [5, 6]. Further developments
in the Hilbert space case can be found in [11].

In this paper we compute the numerical index for some classes of Banach
spaces. First, we prove that the numerical index@fa+-, orl.-sum of Banach
spaces is the infimum numerical index of the summands. As an application of this
result, we exhibit an example of a real Banach spaaeich that the numerical
radius is a norm ol.(X) but it is not equivalent to the usual operator norm, i.e.
n(X) =0. We did not find explicit examples of this kind in the previous literature.
Our main results deal with spaces of vector-valued functions. We prove that

N(C(K,X)) = n(L1(k X)) = n(X)

for every real or complex Banach spa¥ewith no restrictions on the compact
Hausdorff spac& or the positive measune It is worth mentioning here some
results by&. Lima [14] showing that one cannot expect a general result on the nu-
merical index of injective or projective tensor products. The situation for spaces
of the formL(p, X) is much more complicated. Even the computatiom(®f)

for 1< p< oo, p+# 2, is an open problem.

The numerical radius is related to another quantitative characteristic of an
operatofT, theDaugavet equation

(DE) INd+T||=1+T]J.
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Quite a lot of attention has been paid to this equation, starting from the result
by I. Daugavet [7] that it is satisfied by all compact operator€{n1]. Actu-

ally C[0,1] is the first example of a Banach space with the so-cdlladgavet
property, an interesting property deeply studied in [12, 13]. Following [12], we
say that a Banach spagehas the Daugavet property if (DE) holds for all rank-
one operatorg € L(X), and it then follows that (DE) is actually satisfied by
all weakly compact operators o6 [12, Theoeme 4]. For further information

on this subject we refer to [2, 12, 13, 19] and the references therein. As for
the relation to the numerical radius, it is easy to deduce from an old result by
G. Lumer (see [16, Lemma 12] or [5, Lemma 9.2]) that the equa(ity) = ||T||

is equivalent to the following weak form of (DE):

(WDE) max{||ld +AT| : A|=1} =1+|T|.

Therefore, a Banach spagesatisfiesn(X) = 1 if and only if (WDE) holds for
every T € L(X). With this relation in mind, one may browse through papers
on the Daugavet property to find some relevant examples of Banach spaces with
numerical index 1. For instance, it follows from results by D. Werner [18] that
all function algebras have numerical index 1.

We remark that the Daugavet property and having numerical index 1 are in-
dependent properties. Indeercy) = 1 althoughcy fails the Daugavet property,
while it will follow from the results in this paper that(C([0,1],12)) =n(l2) < 1
in spite of the fact that([0, 1],1,) has the Daugavet property [13]. Nevertheless,
some ideas coming from papers on the Daugavet property have been very helpful
in our proofs, and conversely, we managed to adapt one of our arguments to get a
result on the Daugavet property: it passes fidro C(K, X) with no restriction
onK.

The research in this paper was initiated while the second author visited Berlin
in April 1998. It is his pleasure to thank the "Mathematisches Institut der Freie
Universitt Berlin” for support and specially Ehrhard Behrends and Dirk Werner
for hospitality and helpful discussions. Thanks are also due to the referee for
several useful suggestions.

2 Numerical index of sums

Our first goal will be to show that the numerical indexagf, 11-, andl,-sums

can be computed in terms of the summands in the expected way. Given an ar-
bitrary family {X, : A € A} of Banach spaces, we denote [[Bca X, (resp.
[DaeaXiliy [BaeaXn]),) theco-sum (respla-sum,l,-sum) of the family. In case
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N has just two elements, we use the simpler notaah. Y or X ¢1Y. For
countable sums of copies of a spaceave writecy(X), 11(X) or le(X).

Proposition 1. Let{X, : A € A} be a family of Banach spaces. Then
”([@Ae/\XA]co> = n([@AeAXA]|1> = n<[@xe/\x>\]|w> = inf n(Xy)-

Proof. Let Z denote eitheX Y or X ®1Y for any Banach spaces andY.
We first check thanh(Z) < n(X) by showing than(Z) < v(S) for anySe L(X)
with ||S| = 1. For such an operat& let T € L(Z) be given byT (x,y) = (Sx0).
Then||T|| =1 and since

n(Z) <v(T),
for everye > 0 we may findz= (x,y) € & andz" = (x*,y*) € S+ such that
1) X () Yy (y) = DX+ [y Hivil = 2

and
n(Z)—e <[z (Tg|=[x"(SX| <

i ()

(we may assume that(Z) > 0) implying thatn(Z) — e < v(S), and therefore
n(Z) < v(S), because*(x) = ||x"||||x|| by (1).

For fixedAg € A one has clearly

[BrenXile, = [ErsnoXn] oo Do Xngs

)
n ([@AeAXA]cO> <n(Xy,)

and it follows that
([l ) < inf (%),

The same argument works flagr andl.- sums.

The proof of the reverse inequalities will follow ideas from the proof of [19,
Theorem 1] by P. Wojtaszczyk. We first work with thg or thel,-sum. IfZ
denotes any of these sums, an operéterL(Z) can be seen as a famil¥y )aca
whereT, € L(Z, X, ) for everyA, and||T|| = sup, || Tx||. Givene > 0, we findAg €

A such thaf|Ty || > ||T|| — &, and writeX = X, e Y whereY = [@y., %] 6 OF
Y = [@A#onﬂ - SinceBy is the convex hull oSXAO x Sy, we may findxg € S(AO

andyp € Sy such that,
ITho (X0, Yo)[| > [IT | —&.
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Now fix x5 € X5 with ||xg]| = X5(%0) = 1 and consider the operat8re L(X,,)
defined by

Sx=T,(%X(X)Yo)  (X€ Xy,).
We clearly have

IS = (1%l = [ITao (X0, Yo) | > [T — &,
so we may findk € X, , X" € X;fo such that
IXI=[X[f=x"(x) =1 and  [X°(SX| = n(X\)[IT| -]
Now z= (X, X5(X)Yo) € &, Z* = (x*,0) € &~ satisfyz'(z) =1 and
(2) 1Z(T2)] = X (T (X, %0(X)Y0))| = X" (SX| = n(Xpo) [ T —€].

It follows that
v(T) > igfn(XA)HTH

and son(Z) > infy n(X,) as required.

The proof for thel;-sum is somehow the dual of the above argument. If
Z = [©repXy]),» @n operatoT € L(Z) may also be seen as a family )aca
where nowT), € L(Xy,Z) for all A, and again|T|| = sup, ||T)||. Givene > 0, find
Ao € A such thatl| Ty || > [|T|| —¢, and writeZ = X\, ®1Y, Ty, = (A,B) where
AcL(X,,) andB € L(X,,,Y). Now we chooseg € Sx,, such that

TrXoll = l[Axol + [[Bxol| > [IT][ —e,
findag € S y* € Sy+ satisfying
[Axllao =A%  and  y*(Bx) = |/Bxl|,
and define an operat&e L(X,,) by
Sx=Ax+Yy" (BXjag (X X),).
Then
IS > 5%l = |[Ax-+ [IBxoljao| = A%+ Bl > T .

so we may findk € X, X" € X;fo such that

X=X =x"(x) =1 and  [X(SX| = n(X)[l Tl —¢].
Forz= (x,0) € &z andz" = (x*,Xx*(ap)y*) € S+ we clearly have*(z) = 1 and
3)  1Z(T9] =X (A +x"(a0)y" (BX)| = [X"(SX| = n(Xo) [T —€].
The desired inequalitg(Z) > inf) n(X,) follows. N
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Remarks 2.
(a) By the proof of Proposition 1, we also have

n ([@AeAXA]|p> <infn(X)

for 1 < p < o and any family{X, : A € A} of Banach spaces. The exact com-
putation of the numerical index fdg-sums is an open problem. Even, the exact
value ofn(lp) for 1 < p < e, p# 2, seems to be unknown.

(b) In [3] the reader may find a result dg-sums which sounds like one of the
assertions in Proposition 1, but dealing with the so-catlecherical index of a
numerical range spacésee also [3] for the definitions). We shall not go into
the details but simply mention that, for any Banach spécthe pair(L(X),1d)

is the motivating example of a numerical range space, whose numerical index
is preciselyn(X). By [3, Lemma 5.11], the suitably definéd-sum of a fam-

ily of numerical range spaces has numerical index (as a numerical range space)
equal to the infimum numerical index of the summands. However, the space of
operators on ah,-sum of Banach spaces is much larger thanlghsum of the
spaces of operators on the summands, and therefore, the staterhestuons in
Proposition 1 is independent on the result in [3].

Examples 3.

(a) For each te [0,1] in the real case (resp. ¢ [1/e,1] in the complex case)
there is a Banach space X isomorphic tovath n(X) =t. Indeed, by [9, The-
orems 3.5, 3.6] there is a two-dimensional real (resp. complex) Spaa¢h
n(Y) =t, and we just tak&X = cp(Y). The same argument works faror | in
place ofcy.

(b) There exists a real Banach space X such that the numerical radius is a norm
on L(X) but not equivalent to the operator norm. Moreover, X can be chosen
to be isomorphic tog; I1, or l,. Certainly, by [9, Theorem 3.6] we can find for
every natural number, a two-dimensional real spa&g with n(Xn) = 1/n. If we
considerX = [BnenXng, (0r X = [BnenXnl|,, Or X = [BnenXnl;, ), thenn(X) =0

by Proposition 1. Nevertheless, singg,) > 0 for everyn, inequality (2) (or (3)

for thel, case) shows thafT) > O for every nonzerd € L(X).

In his 1991 paper [1], Y. Abramovich asked if a space made by combin-
ing L-spaces and1-spaces witl1- andl.-sums has the property that equality
(WDE) in the introduction holds for all bounded linear operators in the space.
As we already explained, this is equivalent to asking if such a space has numer-
ical index 1. The following obvious consequence of Proposition 1 includes an
affirmative answer to Abramovich’s question.
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Corollary 4. The class of Banach spaces with numerical intlexstable under
Co-, l1-, and L,-sums.

The above corollary is somehow analogous to the result by P. Wojtaszczyk
[19, Theorem 1] that the Daugavet property is stable unglef;-, andl,-sums.
As we already mentioned, our proof of Proposition 1 borrows some of his ideas.

3 Spaces of vector-valued functions

The fact than(co(X)) = n(X) will now be generalized to spaces of vector-valued
continuous functions. Given a compact Hausdorff sga@nd a Banach space
X, we consider the Banach spd@g, X) of all continuous functions frori into

X, endowed with its natural supremum norm.

Theorem 5. Let K be a compact Hausdorff space and X a Banach space. Then,
n(C(K,X)) = n(X)

Proof. To show thain(C(K, X)) > n(X), we fix T € L(C(K, X)) with ||T|| =1
and prove that(T) > n(X). Givene > 0, we may findfg € C(K, X) with || fo|| =
1 andty € K such that

(4) 1T fo] (to) | > 1—e.
Denoteyp = fo(tp) and find a continuous functigh: K — [0, 1] such thatp(tg) =
landd(t) =0if || fo(t) — Yol > €. Now writeyp =Ax1+ (1 —A)xowithO<A <1,
X1,X2 € Sx, and consider the functions

fi=(1-9)fot+dx eCK.X)  (j=12).
Then||$ fo — dyo|| < € meaning that

Ifo—(Afi+(1-A)f2) <€,

and, using (4), we must have
() ITf](to)[| >1—2¢e  or  [[TH](to)| >1—2e.
By making the right choice ofy = x; or xg = X2 we getxp € Sk such that

(6) [T ((1—¢)fo+dx0)] (to) || > 1—2e.
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Next we fixx§ € Sx+ with xj(Xo) = 1, denote
D(x) =x(X)(1—)fo+dxc C(K,X)  (xeX),
and consider the operatBre L(X) given by
Sx=[T(®(x))](to)  (x€ X).

Since, by (6),
ISl = [|Swl| > 1—2e,

we may findx € S, xX* € Sx+ such that
X(x)=1 and  |X"(SX| > n(X)[1— 2¢].

Now, defineg € Sk x) by g = ®(x), for this x, and consider the functional
9" € &k x)+ given by

g'(h) =x(h(to))  (heC(K,X)).
Sinceg(to) = X, we haveg*(g) =1 and
19°(Tg)| = X' (SX[ = n(X)[1— 2¢].

Hencev(T) > n(X), as required.

For the reverse inequality, take an oper&@erL (X) with ||| = 1, and define
T € L(C(K,X)) by

[T(f)](t) =9S(f(t)) (teK, f eC(K,X)).

Then||T| =1, sov(T) > n(C(K,X)). By [5, Theorem 9.3] the numerical radius
of T is given by

V(T) =sup{|x([Tf(t))| : feSkx)teK, x €S, x*(f(t))=1}.

Therefore, givert > 0, we may findf € &k x), X* € Sx+, andt € K, such that
x*(f(t)) =1and

N(C(K, X)) —& < [x*([T (1)) [ = [x"(S(f(1)))]-
It clearly follows thatv(S) > n(C(K, X)), son(X) > n(C(K, X)). N
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Remark 6. The first part of the above proof can be easily adapted to get a stabil-
ity result for the Daugavet property, that G(K, X) has this property whenever

X has it. Just assume th@ite L(C(K, X)) with ||T|| =1 is a rank-one opera-
tor, build Se L(X) exactly as in the above proof, and note tBas a rank-one
operator as well. The Daugavet propertyXofjives anx € Sx which satisfies

IX+SX| >1+||S| —€>2—3¢.

Now define again the functioge &k x) as in the above proof, and note that

Nd+T| > ||[(1d +T)(9)] (to) || = [|Ix+ SX| > 2— 3.

Recall thatC(K) has the Daugavet property if and onlykifis perfect, and,
in such a caseC(K, X) has the Daugavet property for any Banach spag¢see
[13]). Conversely, ifC(K,X) has the Daugavet property akdhas an isolated
point, then we can writ€(K,X) = X @& Z for some Banach spacg and it
clearly follows thatX has the Daugavet property (see [19]). Therefore, we may
summarize the situation as follow€(K, X) has the Daugavet property if and
only if K is perfect or X has the Daugavet property.

Remark 7. Very often, when working with the numerical index of a Banach
space, we are only able to use operators of a simple kind, say finite-rank or com-
pact operators. So one may wonder if the numerical index can be computed by
using only this kind of operators. For instance, it was observed in [15] that an
Asplund spac satisfies(X) =1 as soon ag(T ) = || T|| for every rank-one op-
erator onX, and the same is trueX satisfies the Radon-Nikgdh property. Nev-
ertheless, the above theorem shows that, in general, one cannot estimate the nu-
merical index by using only weakly compact operators. JustXakeC([0,1],H)
whereH is a Hilbert space with dimension greater than one. TXeaatisfies the
Daugavet property (see [13]), 86T ) = || T|| for every weakly compact operator

T on X, but the above theorem tells us timX) = n(H) < 1.

Given a measure spa¢@, >, 1) we now consider the Banach spdgép, X)
of Bochner-integrable functionsfrom Q into a Banach spaceé with its natural
norm

Il =/ 1T O] due).
We generalize the fact thatl1(X)) = n(X) as follows.

Theorem 8. Let(Q, >, 1) be a measure space. Then, for every Banach space X,

n(La(. X)) = n(X).
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Proof. Let us first note that it is enough to deal with finite measures, since
L1(p, X) is isometrically isomorphic to ah-sum of space&(p, X) for suit-
able finite measurgs, and Proposition 1 applies. So, we assyife) < o, and

fix T € L(L1(p, X)) with ||T| = 1 to prove thaw(T) > n(X), which will give us

the inequalityn (L1(W, X)) > n(X). Givene > 0 we find f € §,(,x) such that
|Tf|| >1—¢and use [8, Lemma Ill.2.1] to get a partitionof Q into a finite
family of disjoint measurable sets with positive measure satisfying

|f —Exf|| <€ and  ||[Tf—ExT f|| <g,

whereE; is the contractive projection given by

Eng:Ag (ﬁ/Agdu) Xa (g€ Lli(pX)).

We clearly have
|EnT Enf[| > |ExT ]| - ||EnT f — ExT Enf|
> ||EnT f[| = [|f — Enf]
> [|Tf| =T f—ExT f[| — [|f — Exf||
>1-—3e.

Now, letY be the range oE; and letS < L(Y) be the restriction t&r of the
operatorExT. The above inequality shows th@g|| > 1 — 3s. Moreover,Y is
isometric to a finitel;-sum of copies ofX, son(Y) = n(X) by Proposition 1.
It follows that v(S) > n(X)[1— 3¢] (if n(X) = 0 the required inequality holds
trivially), so we may findh € Sy, h* € Sy« such that

h*(h)=1 and  |h*(Sh|> n(X)[1—3¢].
By takingg* = E;(h*) € By, (., x)- we immediately have
g =1 and [g°(Th)|=|h"(SH|>n(X)[1- 3],

which shows that(T) > n(X)[1 — 3], and the required inequality follows.

To prove the reverse inequality, take an oper&arL(X) with ||§| = 1, and
defineT € L(L1(k, X)) by

TOIO=TEW)  (teQ, feli(nX))

which clearly satisfiegT|| = 1. So, givere > 0 we may findf € §,x) and
f* € 8 ux)- such that

f(f)=1 and  |f*(Tf)=n(La(wX))[1—¢]
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We may arrange thédt has the form

= zﬂl XA

wherexy, Xz, ..., Xy are nonzero vectors Kwith S |[xi|| =1, andAq, Ay, ..., Aq
are disjoint subsets @ with positive measure. Moreoveir; can be taken of the
form

:.:ixi*/mhdu (heLi(p X)),

wherex® € S¢« andx'(x) = [|x|| for i = 1,2,...,n, All this follows from [5,
Theorem 9.3] and the denseness of simple functiohs(ip, X). We clearly have
n

3 i (s )| 2| 3 %9

and sinces !, ||| = 1, we must have

F(TH] = n(La( X)) [1—¢€],

( ¢ ||>’Z”<Ll<u,><>>[1—s]

for somek € {1,2,...,n}. It follows thatn(X) > n(L1 (W X)). N

Remark 9. One can discuss the Daugavet property in spag@s X) in the same
way as we did for space3(K, X) in Remark 6, but this time the similar result
follows easily from [13] and [19]. IX has the Daugavet property apds a posi-

tive measure we may write (1, X) in the formLy (v, X) @1 [@iel X],, for suitable

setl and atomless measwe ThenL1(v, X) has the Daugavet property by [13],
and thel1-sum of spaces with the Daugavet property has it by [19]. Conversely,
if L1(p, X) has the Daugavet property apchas an atom, theb;(y, X) can be
written asX @1 Z for convenient spacg, and it clearly follows thaX has the
Daugavet property [19]. Therefork;(u, X) has the Daugavet property if and
only if g is atomless or X has the Daugavet property.

SinceC(K, X) = C(K) ®¢ X andL1 (M, X) = L1 (M) @ X where®, and®r de-
note, respectively, the injective and projective tensor products, one may wonder
if Theorems 5 and 8 might be special cases of a general result gitg:Y)
andn(X ®nX) as a function oh(X) andn(Y). To conclude this paper, we use
an example due td. Lima [14] to show that such a general result cannot be
expected, even in the finite-dimensional case.
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Example 10. There exist Banach spaces X and Y witXn=n(Y) = 1, such
that NX @ X) < 1, n(Y ®rY) < 1, and X ®@xX) =n(Y ®:Y) = 1. Indeed,
let X = If andY = X* = |4, that is, the real four-dimensionkl and | spaces
respectively. It is clear that

NX@rX) =n(Y®eY)=n(X)=n(Y) =1

To see than(X ®¢ X) < 1 andn(Y ®xY) < 1, let us first recall the result by
C. McGregor [17, Theorem 3.1] that a finite-dimensional spasatisfieqn(Z) =
1ifand only if|z(z)| = 1 for all extreme pointg € Bz andz* € Bz-. Now, take
Z =Y ®xrY and note that

Z* =X ®¢ X = L(Y, X).

It follows from results byA. Lima [14, Lemma 3.2, Proposition 2.4, and The-
orem 2.3] thaZ (hence als@*) does not satisfy McGregor’s condition on the
extreme points, sn(Z) < 1 andn(Z*) < 1, as claimed.
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