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Dedicated to my friend, colleague, and Master,
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Happy birthday, Vladimir!
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time I met Vladimir, in Berlin, and we started our
long, fruitful, and always pleasant collaboration.

Thanks for that, Vladimir!
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THE DAUGAVET PROPERTY IS EQUIVALENT TO THE

POLYNOMIAL DAUGAVET PROPERTY

SHELDON DANTAS, MIGUEL MARTÍN, AND YOËL PERREAU

Abstract. In this note, we prove that the Daugavet property implies the poly-
nomial Daugavet property, solving a longstanding open problem in the field. Our
approach is based on showing that a geometric characterization of the Daugavet
property due to Shvidkoy, originally formulated in terms of the weak topology, re-
mains valid when the weak topology is replaced by the weak polynomial topology.
Using similar techniques, we further establish that every linear Daugavet center
is also a polynomial Daugavet center, and that the weak operator Daugavet prop-
erty implies its polynomial counterpart. As an application of the latter result, we
present new examples of Banach spaces whose N -fold symmetric tensor products
satisfy the Daugavet property.

1. Introduction

Given a Banach space X over a field K (K “ R or K “ C), we denote by BX

its closed unit ball and by SX its closed unit sphere. We also denote by X˚ the
topological dual of X and by X˚˚ its bidual. For Banach spaces X and Y , we write
LpX,Y q to denote the Banach space of all bounded linear operators from X to Y
endowed with the operator norm. The symbol Id stands for the identity operator.
We will write Re z to denote the real part of z P K; of course, when K “ R, this
simply means Re z “ z.

A Banach space X has the Daugavet property (DPr, for short), if the Daugavet
equation

}Id ` T } “ 1 ` }T } (DE)

holds for every rank-one T P LpX,Xq. In this case, we have that every weakly
compact operator T P LpX,Xq also satisfies (DE) (in fact, many others classes of
linear operators satisfy the DPr, see the survey [Wer01] for more on the topic). This
property takes its name after I. K. Daugavet’s paper from 1963, in which it is proved
that compact linear operators on Cr0, 1s satisfy (DE). Examples of Banach spaces
with the DPr include CpKq-spaces when K is perfect [Dau63], L1pµq-spaces when
µ has no atoms [Lo66], Lipschitz-free spaces FpMq and Lipschitz spaces LippMq

when M is a length metric space [IKW07, GLPRZ18], non-atomic C˚-algebras and
preduals of diffuse von Neumann algebras [BM05, Oik02], and some Banach algebras
of holomorphic functions on an arbitrary Banach space [Jun23, Wer97, Woj92],
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What will we do here?

Contents

⋆ What is the Daugavet property?

⋆ What are polynomials on Banach spaces?

⋆ The polynomial Daugavet property

⋆ The result



What is the Daugavet
property?



The Daugavet property

Daugavet property (DPr, for short)

X has the DPr if the norm equality

∥ Id +T∥ = 1 + ∥T∥ (DE)

holds for all rank-one bounded linear operators on X .(
Equivalently, (DE) holds for all compact linear operators on X .

)
Some classical examples:

⋆ C (K ) when K is perfect [Daugavet, ’1963]
This first result is the reason of the name of the property.

⋆ L1(µ) when µ is atomless [Lozanovskii, ’1966]

⋆ Some Banach algebras of analytic functions on Banach spaces
[Wojtaszczyk, ’1992], [Werner, ’1997]

⋆ If X ∗ ∈ DPr, then X ∈ DP.
But C [0, 1]∗ ̸∈ DPr.



The Daugavet property

⋆ Considerable attention has been devoted to this isometric property, which
has several notable consequences on the isomorphic structure of the space.

A reference book:

V. Kadets, M. Mart́ın, A. Rueda Zoca,
D. Werner
Banach spaces with the Daugavet property
Monograph, 2025
https://hdl.handle.net/10481/104200

Banach spaces
with the Daugavet
property

Vladimir Kadets
Miguel Mart́ın

Abraham Rueda Zoca
Dirk Werner

Preliminary version

May 2025

https://hdl.handle.net/10481/104200


The Daugavet property:
some (surprising) isomorphic and isometric consequences

Let X ∈ DPr:

9 X does not have unconditional basis.
Even more, it cannot be embedded into a space with unconditional basis.

⇒ This extends (and simplify the proof) of Pe lczyński result on L1[0, 1]

9 X fails the RNP.

⇒ Reflexive spaces cannot have the DPr.

9 Strong RNP operators on X satisfies (DE).

9 Every weak-star slice of BX∗ has diameter 2

⇒ The norm of X have no point of Fréchet differentiability.

9 X has a subspace isomorphic to ℓ1.

9 X ∗ has a subspace isometric to ℓ1.

⇒ So X ∗ is neither strictly convex nor smooth.

⋆ Is there a strictly convex or smooth Banach space with the DPr?



The Daugavet property: the first main tool

V. Kadets, R. Shvidkoy, G. Sirotkin, D. Werner, 2000

X has the DPr if and only if. . .

9 For every x ∈ SX and every x∗ ∈ SX∗ , we may find y ∈ BX such that

∥x + y∥ > 2 − ε and Re x∗(y) > 1 − ε.

9 (in other words) BX is equal to the closed convex hull of the set

{y ∈ BX : ∥x + y∥ > 2 − ε}

for every x ∈ BX and ε > 0.

9 In the first assertion, we actually can get a whole slice of points “y”
satisfying the conditions.

9 This result is smartly iterated to get (most of) the results of the previous slide.



The Daugavet property: a refinement of the tool

Shvidkoy’s lemma, 2000

Let X be a Banach space with the DPr. Then

9 For every x ∈ SX and ε > 0, the set

{y ∈ BX : ∥x + y∥ > 2 − ε}

is weakly dense in BX .

9 In other words, for x ∈ SX and y ∈ BX , we can find a net (yα) in BX such
that

yα
w−→ y and ∥x + yα∥ → 2.

⋆ Many results on the DPr can be proved by using this lemma.

A limitation

There is X ∈ DPr with the Schur property (Kadets, Werner, 2004).

Hence, sequences are not always possible in the characterization above!!!



The Daugavet property:
more (surprising?) isomorphic and isometric consequences

Let X ∈ DPr:

9 Every weak open subset of BX has diameter 2.

⇒ CPCP spaces do not have the DPr.

9 Operators on X not fixing copies of ℓ1 satisfy (DE).

9 X does not embed into an unconditional sum of Banach spaces without
copies of ℓ1.



The polynomial Daugavet property

How about the DPr for polynomials?

The polynomial Daugavet property

X has polynomial DPr if every weakly compact polynomial P ∈ P(X ,X )
satisfies

∥ Id +P∥ = 1 + ∥P∥.

@ Choi, Garćıa, Maestre, Mart́ın, 2007.

Of course, we have that

Polynomial DPr ⇒ DPr

Wait a minute!! What is a polynomial on an arbitrary Banach space??



What are polynomials on
Banach spaces?



(Homogeneous) Polynomials: definition

Let X ,Y be Banach spaces over K and N ∈ N.

9 A mapping P from X into Y is called a (continuous) N-homogeneous
polynomial if we can find a (continuous) N-linear symmetric map
F : XN → Y (meaning that

F (xσ(1), . . . , xσ(N)) = F (x1, . . . , xN)

holds true for every permutation σ of {1, . . . ,N} and for every N-tuple
(x1, . . . , xN) ∈ XN) such that

P(x) = F (x , . . . , x)

for every x ∈ X .
We use the name 0-homogeneous polynomials for the constant maps.
Clearly, the 1-homogeneous polynomials are the linear operators.

9 P : X → Y is a (continuous) polynomial if

P =
m∑

k=0

Pk

where each Pk is a (continuous) k-homogeneous polynomial



Polynomials: notation

⋆ P(NX ,Y ) = (continuous) N-homogeneous polynomials from X into Y .

⋆ P(X ,Y ) = all (continuous) polynomials, i.e. maps of the form

P =
m∑

k=0

Pk

where Pk ∈ P(kX ,Y ) for every k = 0, 1, . . . ,m.

⋆ P(X ,K) = all scalar-valued continuous polynomials on X .

• In P(X ,Y ), we define

∥P∥ := sup
x∈BX

∥P(x)∥ (P ∈ P(X ,Y )).

⋆ A polynomial P ∈ P(X ,Y ) is said to be weakly compact if P(BX ) is a
relatively weakly compact subset of Y .

⋆ A polynomial P is rank-one if P(x) = p(x)y0 for every x ∈ X , where
p ∈ P(X ,K) and y0 ∈ Y .



Polynomials: some references

@ S. Dineen, Complex Analysis on infinite dimensional spaces, Springer, 1999.

@ J. Mujica, Complex analysis in Banach spaces, North Holland, 1986.

@ P. Hájek and M. Johanis, Smooth Analysis in Banach spaces, De Gruyter,
2014.



The polynomial Daugavet
property



The polynomial Daugavet property: definition

The polynomial Daugavet property

X has polynomial DPr if every weakly compact polynomial P ∈ P(X ,X )
satisfies

∥ Id +P∥ = 1 + ∥P∥. (DE)

@ Choi, Garćıa, Maestre, Mart́ın, 2007.

Of course, we have that

Polynomial DPr ⇒ DPr

Leading question in this talk

Are the two properties equivalent?



The polynomial Daugavet property: characterization

Y.S. Choi, D. Garćıa, M. Maestre, M. Mart́ın, 2007

Let X be a Banach space. TFAE:

(a) X has the polynomial DPr (meaning that weakly compact polynomials
satisfy (DE)).

(b) Rank-one polynomial satisfy the Daugavet equation.

(c) ∀x ∈ SX , ∀ε > 0, ∀p ∈ P(X ,K) with ∥p∥ = 1, ∃y ∈ BX and ∃ω ∈ T
(a modulus-one scalar) such that

Reωp(y) > 1 − ε and ∥x + ωy∥ > 2 − ε.



The equivalence between DPr and polDPr: partial answers

DPr ⇔ polynomial DPr in the following cases:

⋆ C (K )-spaces, “rich subspaces”, and vector-valued versions
[Y.S. Choi, D. Garćıa, M. Maestre, M. Mart́ın, 2007]

⋆ L1(µ) spaces and vector-valued versions
[ M. Mart́ın, J. Meŕı, M. Popov, 2010]

⋆ Uniform algebras and vector-valued versions
[Y.S. Choi, D. Garćıa, S.K. Kim, M. Maestre, 2014]

⋆ Representable Banach spaces
[G. Botelho and E.R. Santos, 2017]

⋆ Spaces of Lipschitz functions
[M. Mart́ın and A. Rueda Zoca, 2022]

⋆ L1-preduals
[M. Mart́ın and A. Rueda Zoca, 2022]

⋆ C∗-algebras and JB∗-triples
[D. Cabezas, M. Mart́ın and A.M. Peralta, 2024]



The equivalence between DPr and polDPr:
Tackling the problem

9 Recall the following tool for the Daugavet property:

Shvidkoy’s lemma, 2000

Let X be a Banach space with the DPr. Then

9 For every x ∈ SX and ε > 0, the set

{y ∈ BX : ∥x + y∥ > 2 − ε}

is weakly dense in BX .

(1) In view of this, we have the polynomial DPr from the classical DPr provided
that the scalar polynomials we are working with are weakly continuous on
the unit ball (this will be detailed later. . . )



The equivalence between DPr and polDPr:
Tackling the problem (2)

(2) However, in any Banach space that contains a copy of ℓ1 (in particular, in any
space with the DPr), there are (norm) continuous scalar polynomials which are
not weakly continuous on bounded subsets.
[J. Ferrera, J. Gomez Gil and J.L. González Llavona, 1983]

(3) On the other hand, polynomials need not to be weakly sequentially continu-
ous. . .
(take the polynomial x 7→ ⟨x , x⟩ on a Hilbert space)

(4) . . . but they are when X has the Dunford-Pettis property.
[R. Ryan, 1979]



The equivalence between DPr and polDPr:
Tackling the problem (3): using sequences

What is done in the positive results?

⋆ In the C (K )-type space (even in vector-valued versions), to construct
sequences of functions with disjoint support, so they generates a copy of c0.

⋆ Similar arguments for the spaces of Lipschitz functions.

⋆ Using c0-sequences in the bidual for the case of L1-preduals.

⋆ Using Rademacher’s type sequences in the case of L1-spaces.

⋆ Using strong-∗ convergent sequences in the case of C∗-algebras and showing
that scalar polynomials are strong-∗ sequentially continuous.

But sequences cannot always work. . .

Recall that there is a Banach space with the Schur and the Daugavet property!!



These are the problems,
where are the solutions??



The solution (1): recalling results

(A) Choi, Garćıa, Maestre, Mart́ın, 2007

Let X be a Banach space. X has the polynomial DPr iff
∀x ∈ SX , ∀ε > 0, ∀p ∈ P(X ,K) with ∥p∥ = 1, ∃y ∈ BX and ∃ω ∈ T such that

Reωp(y) > 1 − ε and ∥ωx + y∥ = ∥x + ωy∥ > 2 − ε.

(B) Shvidkoy’s lemma, 2000

X ∈ DPr: for x ∈ SX and y ∈ BX , we can find a net (yα) in BX such that

yα
w−→ y and ∥x + yα∥ → 2.

An attempt

Fix x ∈ SX , ε > 0, p ∈ P(X ,K) with ∥p∥ = 1. Find y ∈ BY and ω ∈ T with

Reωp(y) > 1 − ε.

Apply (B) for ωx ∈ SX and y ∈ BX to get the net {yα} −→ y with

∥ωx + yα∥ = ∥x + ωyα∥ −→ 2.

IF the net satisfies that p(yα) −→ p(y), we are done!!



The solution (2): “weak polynomial topology” appears

Shvidkoy’s lemma, 2000 (equivalent reformulation)

X ∈ DPr. Then for x ∈ SX and ε > 0, the following set is weakly dense in BX :

Q := {y ∈ BX : ∥x + y∥ > 2 − ε}.

(Particular case of) a result by Davie–Gamelin, 1989

X Banach space, S ⊂ BX weakly dense. Then, for y ∈ BX there is a net {yα}
such that each yα is a Cèsaro mean of distinct elements of S satisfying

p(yα) −→ p(y)

for all p ∈ P(X ,K).

Does the mix of these results finishes the problem??

Not clear, as the Cèsaro means of elements of Q are not necessarily in Q. . .
We have to (we can) adapt the proof of Davie–Gamelin theorem to our situation.



The solution (3): our main results

Shvidkoy’s lemma for the weak polynomial topology

Let X ∈ DPr. Then, for x ∈ SX and y ∈ BX , we can find a net (yα) ⊆ BX

satisfying
∥x + yα∥ → 2 and p(yα) → p(y)

for every p ∈ P(X ,K).

Corollary

A Banach space X with the DPr satisfies the polynomial DPr.

Proof of the corollary (from the new lemma)

Fix x ∈ SX , ε > 0, p ∈ P(X ,K) with ∥p∥ = 1. Find y ∈ BY and ω ∈ T with

Reωp(y) > 1 − ε.

Apply the lemma for ωx ∈ SX and y ∈ BX to get the net {yα} −→ y with

∥x + ωyα∥ = ∥ωx + yα∥ −→ 2 Reωp(yα) −→ Reωp(y) > 1 − ε.



The solution (4): modifying Davie–Gamelin argument

Lemma [DG89], modified

Given x ∈ SX , y ∈ BX , ε1, ε2 ∈ (0, 1), a finite family F of continuous symmetric
multilinear forms on X , and N ∈ N large enough so that every F ∈ F is m-linear
for some m ≤ N, we can find y1, . . . , yN ∈ BX such that∣∣F (yi1 , . . . , yim) − F (y , . . . , y)

∣∣ < ε1

for every m-linear form F ∈ F and every i1 < · · · < im ∈ {1, . . . ,N} and∥∥∥∥x +
∑N

i=1
yi

∥∥∥∥ > N + 1 − ε2

Lemma [DG89], modified

Write yF,N = 1
N

∑N
j=1 yj . In the above setting, if N is large enough, then∣∣F (yF,N , . . . , yF,N) − F (y , . . . , y)

∣∣ < 2ε1 ∀F ∈ F

and ∥x + yF,N∥ > 2 − 2ε2.



The solution (5): the final

Writing each scalar polynomial as a finite sum of homogeneous polynomials, and
taking into account that k-homogeneous polynomials come from symmetric
k-linear form, what we have actually proved is the following:

Theorem [DG89], modified

Given x ∈ SX , y ∈ BX , ε ∈ (0, 1), and a finite family P of continuous scalar
polynomials on X , we can find z ∈ BX such that∣∣p(z) − p(y)

∣∣ < ε ∀p ∈ P

and ∥x + z∥ > 2 − ε.

This finishes the proof!

(as we have already explained)


