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Abstract
The aim of this paper is to study the moduli space of solutions of the Dirichlet

problem associated to the equation of Monge-Ampere type, det ( 82282 j) =1, on
an exterior planar domain. We prove that this moduli space is either empty or
a differentiable manifold of dimension five.

1 Introduction

Some recent progresses in differential geometry and partial differential equations are
based on the theory of moduli spaces. In this context we remark the equation associated
to the minimal surfaces and the works of R. Béhme, F. Tomi, J. Tromba and B. White,
([BT], [TT], [W]), for compact minimal surfaces; and the study of J. Pérez and A. Ros
([PR]) for the non-compact case.

The aim of this paper is to study, in a similar way, the following unimodular Hessian

equation,
0 f ,
det (axia%) =1 in Q, (1)

where Q is a planar domain and f is in the usual Hélder space C>%(). Without loss
of generality we shall consider only locally convex solutions of (1).
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This equation arises in the context of an affine differential geometric problem as the
equation of a parabolic affine sphere in the unimodular affine real 3-space (see [C], [CY]
and [LSZ]). Contrary to the case of smooth bounded domains, little is known about
solutions of (1) when the domain is unbounded. Here, we recall the famous result of
K. Jérgens which asserts that all solutions of (1) on € = R? are quadratic polynomials
(see [J]).

Recently, the authors proved in [FMM2] that the behaviour at infinity of a solution
of (1) depends on five real numbers which give the shape and the logarithmic growth
of the solution at infinity. This behaviour is presented in a brief way in Sect. 2.

In Sect. 3 we introduce the space of solutions of

det 7\ 1 in Q = 2
e (6@81:]-)_ in Q, foo=¢, (2)
when (2 is the exterior of a plane Jordan curve of class C* and ¢ € C*°(0f2). By using
a transformation of 2 onto a bounded domain we show that a solution of (2) has a
singularity at the origin which is described by the five aforementioned real numbers,
then classical results for linear elliptic operators and the Implicit Function Theorem
are used in order to prove that the moduli space of solutions of (2) is either empty or a
5-dimensional differentiable manifold (consequently, the infinitesimal deformations of
the solutions are described by the variation of the numbers describing the singularity
at the origin).

2 Preliminaries

Throughout we use standard notation of complex analysis (see [A]). In particular we
use R and & to denote real and imaginary part, respectively. As we mentioned in the
introduction when 2 is the exterior of a plane Jordan curve 7, it is possible to give a
good description of the solutions of (1) at infinity. The purpose of this section is to
present this description. We refer the reader to [FMM1] and [FMM?2] for more details.

Let f : Q—R be a solution of (1) on Q and let My = {(z1, x2, f(z1,22)) | (z1,22) €
Q} be its graph. Then it is known (see [C], [CY] and [LSZ]) that M/ is a parabolic
affine sphere with affine normal vector £ = (0,0, 1) and affine metric given by

Z 8361895] ———dx;dz; . (3)

7.]_

Moreover, the transformation Ly : 2——C given by

S L) = w2 0 (1)



with w = 7 + izs, is a global diffeomorphism from Q c Q onto O r ( the exterior
of a disk of radius R). This transformation allows to define a holomorphic function

F: Li(Q)—C as
F(z):E—Q%, (5)

where z = L¢(w). Furthermore, this function can be written on Qp as

F(z) =pztv+y 2, (6)
n=1

where p,v,a, € C forn > 2, a; € R and |u| < 1. From (4) and (5), w and the
derivative of f are

w:%<z+m), —izi(E—F(z)). (7)

Thus, the original function f can be recovered as
1, 1 5 1 1 N
fw) =2l2l = S |F(2)] + 1 R(2F(2)) — SR [ F()dC . (8)
8 8 4 2/,

By using (4), (5), (6) and (8) we obtain

where v = vy + ivy. The expression O(|w|™) will be used to indicate a term which is
bounded in absolute value by a constant times |w|" for |w| large. Since lim,|_..(F'(z) —
pz) = v, from (4) and (5) one has,

0 1

89{ =7 |M\2{(1 + |ul® = 2p1) @1 + 209w2 + a — (1 — py) Ry + poRo}, (10)
) _

of 1 2

B, ~ 1= [pp L IHE A+ 2m)es & 2nmn b+ (L ) Ba = o}, (11)
, _

where 1 = py+ipg, a = —vy+ v+ povs, b = vo— sy +pve and Ry = R(F(z)—pz—v)
and Ry = J(F(z) — pz — v). Moreover, since F' is a holomorphic function of z, from

(7) one has,

(1—r) 4712 (1+7)> 4712 27y
_ A Vil _ 12
fll 1—7’%—7’5 ) f22 1—7”%—7’% ) f12 1—7’%—7’5’ ( )
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2
where r = R (%—5), ro =S (%—’Z) and f;; = aiaé;j'
Finally, with the above notations and using (9), (10) and (11) we obtain that f is

given, on the exterior of some plane Jordan curve, by the expression

flw) = E(f)(w) = Flog(|=?) + 0(1) (13)
where
E(f)w) = m {0+ 1ul? = 2m) 2f + (T |l +2m) 23} + (14)
+ %W {2u2x1x2 +axy + bxry + M} .

Definition 1 When k is a large positive number, from (13) and (14), the ellipse &, =
E(f)(w) = k , gives the shape of My at infinity. The ellipse &, will be called the
ellipse at infinity associated to f.

The real number ay that appears in the expression (13) is known as the logarithmic
growth rate of the function f and it will be denoted by log(f). One can observe that
log(f) indicates how much the graph of f moves away from the elliptic paraboloid.

As Ly is known as the transformation of Lewy (see [S], pp. 167) , the function F
given by (5) will be called the Lewy function of f.

3 The space of solutions

In this section we shall study the moduli space of solutions of (2) in C>%(Q), when
is the exterior of a plane Jordan curve 7 of class C* and ¢ € C*(0f2). Clearly, we can
suppose, up a translation, that the origin is not in Q U ~.

Firstly, by using regularity results about Monge-Ampere equation (see [Au], [GT])
we can observe that if f is a C>*(Q) solution of (2), then f € C>®(Q). Therefore,
throughout we denote by M the set of solutions of (2) of class C*°. Moreover, on M
we consider the C*°-compact topology. The sequential convergence in this topology is
the uniform convergence of the function and all of its derivatives on each compact.

Consider f € M and let Ly and F' be the Lewy transformation and the Lewy
function associated to f. From (6), F' can be written as

00 a,
F(z)=pzt+v+) =,
n=1

on the exterior of a disk, with the same notations as before. Consider now the uni-
modular affine transformation A4, : R?—R? given by

_1
A (1, 29) = (1= [u?)72((1 = )21 + powy — 1, poy + (14 p)as + 1), (15)
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where (21,25) € R?*, p = py +ipge and v = vy + ivy. Then, there exist positive
real numbers R; and Ry (depending on p and v) with Ry < Ry and an embedding
L,,: R?—R? such that

I o Au,u on QRQ = {(xl,xg) c Rz ‘ l'% +l’% > R%} s
Y Id on Bg,(0),

where we denote by Id the identity transformation on R* and by Bg, (0) the disk
of radius R; and center 0 in R%. We take R; and R, large enough in order to get
9 C Bg,(0) and Bg,(0) C Int(A,,,(0Bg,(0)). Thus, we have L,,(Q) = Q. Let T
be the inversion, namely, T(w) = L. We label ¢ = (T o L,,,)(w) the new coordinate
and B the simply connected bounded domain in C given by B = T(Q2) U {0}. From
(4), (10) and (11), we have |z]*> = r~2¢(¢) for large |z|, where r = |(| and ¢ is a non
vanishing regular function on B. Then from (13) and (14), f=fo L,, ' oT can be

written as _ ] u
f(Q) = 5.5 + 5 log(r) + h(C) . (16)

for some function h € C*(B).
For any planar domain D and any function 5 € C*°(0D) we are going to label

Cy*(D) = {fec* (D) f=p in 0D},
Cy(D\{0}) = {fec(D\{0})|f=p in 0D},
CY(D) = {fec®D)| f=p in oD},
Cr(D\{0}) = {fec*D\{0})|f=p in OD}.

For the former domain B, there exist a positive real number £ and a radial function

d € C>(B), such that B.(0) C B, 6(r) =0, for 0 <r < 5, and §(r) =1, forr > .
Moreover, we shall denote by U, the function U, € Co*(B\ {0}) given by
(1—-4(r)

Ua(€) = e log(r) (17)

for @ € R. Taking (16) and the above definitions into account, f has the following
expression on B

_ _5 -
0= 4 0,0 + 7). (18)
where h € CX(B). If for a € R we denote
P, (¢) = % + glog(r) : (19)



then fcan be also expressed as

F(Q) = (1= 8(r) P4, (O) + R(C) - (20)

Notice that in this expression & - ®,, € C*°(B) by the properties of 4.
By taking g}, the pull-back of the affine metric ds? given in (3) by the transformation

L., ' oT, we obtain a Riemannian metric on B\ {0}. Furthermore, when |w]| is large,
from (6), (7) and (12), we have

1+ |pl* =2 _
Ju= W +O(lw|™) | far =

1+ [p]? + 2

o+ Ol ™)

2z -1
fi2 e + O(Jw|™)

From here it is easy to see that g, = T4g} is a well-defined Riemannian metric on B.

Now, we consider for functions f € C*%(Q), the Hessian operator given by Hess(f) =
det (V2f) — 1, where V[ denotes the Hessian matrix associated to the metric |dw|?.
Clearly, this is an elliptic operator on the set M. This allows us to define an elliptic
operator acting on functions f € C%%(B\ {0}) given by

H(f) = Hess(fo T)oT =r° {T2 det (ng) -2 <Z , Vof> <D11f— Dggf) 21)
—  4(uDf+oDi]) 2}—1,

where V2 f and Vg f denote the Hessian matrix and the gradient assoc1ated to the
metrlc |dC|?, respectlvely, ( =u+iv and le = af Dgf 3U>D11f auau> D12f =

8u8v and Doy f W are the corresponding derlvatlves of f
A straight calculation using (21) gives the following result,

Lemma 1 Let a € R, and for k > 2 let f € C**(B\ {0}) be a function of the type
f = ®,+ VU +h where h € Ch(B) and U € C*(B) depend analytically on a. Then
T%H is a Ck=2%(B)-valued operator of the type

%H (F) =r'det (V2R) + Z Ay (¢,a,Voh) Dyh+ B (¢,a,Voh) .
ij=1
which depends analytically on a € R, VJL and Vgﬁ

As we announced we have the following result,



Theorem 1 Let M be the set of solutions of (2). If M is not empty, then it is a
5-dimensional differentiable manifold.

Proof: We can consider the map t : By(0) x C x R x C2%(B)—C2*(Q) , given by
t(u,v,a,h) = [+ zoTolL,, where f Q) = (1=0(r)Pa(C) +h(¢). With this notation
we define, for each k > 5, the map

H: Bi(0) x C x R x Cb*(B)—C">%(B) ,

given by .
H(p,v,a, 1)(C) = —Hess(f)(w)

where f = t(u,v,a,h) and w = (L., ' o T)(). It is easy to prove that H is a
differentiable map of {y,v,a, h}. Furthermore, H(u,v,a,h) € C-2%(B\ {0}). Then
it suffices to prove H is well-defined in a neighbourhood of ¢ = 0. But near ( = 0 we
have LM,V*1 ol = A;}, o T and since A, , is an unimodular affine transformation we
have

M, v,0,0)(0) =  (det (V(F,50T)) (T(Q) = 1) = 3 # (£, ) (©)-

Thus, using the Lemma 1, we obtain that H is well-defined.
We shall denote by A the set N'=H~'(0) (observe that this set is the same for all
k). In order to prove that A is a submanifold of By (0)xCxRxCE®(B) we shall compute

the differential of H at a point (u,v, a, h) € N. Given (fi, 7,4, h) € C* xR x Cy*(B),

let 3 be the curve B(t) = (u, v, a, h) + t(fI, 7, @, h), with t € [—to, to] and ¢, a positive
real number, then we have

d

1 d 9
ai|,_ (oA = 5 | det (V2F()) (w(t)

where we denote by w(t) = (L;(lt)’y(t) o T)(C), f(t) = t(B(t) = f(t) o T o Lyww(),

f(t) = (1 —5L@a+ta+ﬁ—|—tﬁ, p(t) = p+tii and v(t) = v+t/. We observe that f(0) = f
and f(0) = f,5. Since the function f(¢) is a differentiable function of ¢ we have the
following expression for it o

f) = f+tf +8F,, (22)
where f: 4

dt’tzo f(t) and f, € C*22(B). Then, using (17), (19), (20) and (22), the
differential of H is

Lo LT 1 d
dH(M,y7a7ﬁ) (/"L’ I/’ a’7 h) (C) = _4 E

r

det <V2 (f Ftf+ tzft)) (w(t)) =

t=0

7



1

rd dt

<det(V2f) FIALS + t2lt) (w(t)) =

t=0

_ %4 (A5F) (@) = Bp(Fo Ly 0 T)(Q).

where Ay and A; denote the Laplace-Beltrami operator associated to the affine met-
ric ds?* of My given by (3) and the Riemannian metric Jyg, respectively, and [; is a
differentiable function of .

Furthermore, f(t) can be written as

ity = Fo5+1f, (23)
where f =Uz+ h. Hence we obtain the following expression for the differential of H
- o o 7N (/1,1/
dH(uuah)(:u v, a, h)_ (f_'_ /LVah)> (24)
where I = 4] (Fo7 0T o Lugun) © Lus ™ o T

From (24) we have that A (U + FEZL’Z)& »ﬁ)) € C*=22(B). Then, given ¢ € C¥=2%(B),
we know, (sce [GT]), that there exists a unique function i € C5*(B) such that

l

Aih = AU+ T - o)+ 0 on B,
=0 on 0B,

=
|

and dH
solution of the above problem for ¢ = 0, then

~ the unique

(p,v,a,h)

is a surjective map. Moreover, if we denote by )

(va,h)

Ker <deah) - {(u,l/ @, Koo, )) | (i,7,d) € C? XR} (25)

(p,v,a,h

and thereby Ker (dH = ) splits and so H is a submersion on N.

If V' is not empty, from the Implicit Function Theorem, we have that N is a 5-
dimensional differentiable submanifold of B1(0) x C x R x C&*(B), for each k > 5,

whose tangent space at a point (u, v, a,?z) € N is given by (25). Furthermore, by using
the Maximum Principle at infinity (see [FMM2]) and (25), it is not difficult to prove
that the map ¥ : N—R® given by ¥(u, v, a,%) = (u,v,a) is an embedding for each
of the former manifold structures on . Then any two of them are diffeomorphic and
the topology associated to these structures is the topology that A has as a subset of
Bi1(0) x C x R x CX(B), where on Cf;o(g) we consider the C* topology, that is, the
topology of the uniform convergence of the function and all of its derivatives. Thereby,



if we consider on M = t(N) the topology 7 such as the map t is an homeomorphism,
we have that (M, 7) is a 5-dimensional differentiable manifold. In the following result
we shall prove that the topology 7 and the C*°-compact topology are equivalent on M
and thus the proof of the Theorem 1 will be concluded.

Proposition 1 Let {f,} C M and fo € M, then the following assertions are equiva-
lent:

a) {fn} converges to fy in the topology T .

b) {fn} converges to fy in the C®-compact topology.

Proof: 1t is clear that a) implies b).

Conversely, we assume the assertion b) holds. The functions f, can be written as
fn = t(,un,l/n,an,ﬁn) , for n > 0. We denote by 2z, = L, (w) and by F,, the Lewy
function of f,, given in (4) and (5) for n > 0. From expression (6) we can compute the
numbers {ji,, Vn, a,} by means of integrals of the function F,, along a suitable curve,
for n > 0. Using (4) and (5) again, these integrals can be given in terms of 2=

ox;
aijggj, for i,j = 1,2. Since {f,} converges to fy in C¥ on each compact of Q for all

and

k > 0, we have that {g—’;?} and {%} converge to g—;ﬁj and %, respectively in C*
on each compact of € for all £ > 0 and 4,j = 1,2. Hence {u,} — 1o, {vn} — o
and {a,} — ay.

Now we define, for £ > 5, the map
G : Bi(0) x C x R x CE*(B) — B1(0) x C x R x C*>*(B) ,

given by
G(,v,a.h) = (pv.a. Hp,v,a,h)

As before G is a differentiable map on its variables {u, v, a,%} and taking (24) into
account, its differential is given by

4G iy (o7, 1) = ([.7,3, 0,5 (77,5, ) ) =
= (ﬁaﬁaa7zf <E+U5+F(i7i)a~>> )

with the former notations. Hence, it is easy to check that G is a local diffeomorphism
at each point (u,v,a,h) € N. From the convergence of the sequences {iu,}, {v,}

and {a,}, we have that G(un,, Vn, an, hy) :_(,un,z/n,an,()) lies in a neighbourhood W
of (po, v, ap,0) in By(0) x C x R x C*2%(B) where the map G is a diffeomorphism.
Moreover, from the Maximum Principle at infinity for solutions of (2) (see [FMM2]),

there exists only one pre-image of (fin, Vn, @y, 0). Therefore (ji,, U, ap, hy) € G7HW),
and then {h,} converges to hg in C* for all k > 0. Thus, one obtains a). O
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