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Biological Motivation

Signaling proteins (Shh)←→ change in cell behavior
(GLI code)
A. Ruiz i Altaba, PNAS 2007

peritumorally until tumor disappearance, split into three groups,
treated for an additional 3, 10, or 20 days by injection into the site
where the tumor had been, and left untreated thereafter. Tumors
reappeared within 2–7 d from the end of 3 d (n � two mice) and
10 d (n � two mice) cyc treatments. However, there were no
recurrences an additional 1.5 mo after 20 d treatment following
tumor disappearance (n � 3; Fig. 2B).

To ascertain that the tumor-inhibitory effect of interference with
HH pathway activity directly affects melanoma cells and to control

for any hypothetical nonspecific effects of cyc, we used a lentiviral
vector expressing a short hairpin RNA against SMOH (24), the
target of cyc. Transduction of MeWo cells (72 h; �80–90%
efficiency) with LV-shSMOH but not with a control lentivector
(LV-control) at similar multiplicity of infection, resulted in the
specific decrease of SMOH mRNA by 55% and of GLI1 mRNA by
45%, as assessed by quantitative PCR. Grafting showed the normal
growth of s.c. melanomas from LV-control-transduced cells (Fig. 2
L and M), whereas transduction with LV-shSMOH resulted in a
large decrease in tumor volume (Fig. 2 L and N). Because the
lentiviral particles used were noninfectious, the effect is cell-
autonomous.

MeWo/LacZ melanoma cells were injected into the tail vein of
adult nude mice, and the animals were allowed to rest for 2 weeks
before starting i.p. injections of cyclodextrin-coupled cyc or carrier
alone for 45 d. Carrier-only treated mice had metastases in all lung
lobes (n � six of seven; Fig. 2 O and P). In contrast, the lungs of only
one cyc-treated mouse showed very few small metastases (n � one
of seven). The other cyc-treated mice (n � six of seven) did not have
a single blue cell in their lungs (Fig. 2 O and Q).

To investigate a requirement of HH-GLI signaling in tumors
directly induced by oncogenic RAS, 14 skin primary and lymph
node metastatic melanomas from a tyrosinase3NRASQ61K;
Ink4a�/� mouse model (26) were individually tested. All expressed
Gli1 and Ptch1 but not Shh (Fig. 3A and data not shown), indicating
the ubiquitous presence of an active Shh-Gli pathway downstream
of ligand. The expression of Gli1 and Ptch1 but not of the NRASQ61K

transgene was significantly higher in lymph node metastases vs. skin
tumors (paired t test; Fig. 3A). Wild-type and Ink4a�/� axillary,
cervical, and inguinal lymph nodes were negative (Fig. 3A). In situ
hybridization of primary and metastatic tumors confirmed expres-
sion of Gli1 and Ptch1 in pigmented tumor cells (Fig. 3 B–G).

RAS-induced melanomas in primary culture variously expressed
Nestin and S100 (26), and all maintained expression of NRAS, Gli1,
and Ptch1 (not shown). Their proliferation, but not that of mouse
embryonic fibroblasts, was inhibited by cyc (Fig. 3H). Transfection
of GLI1 enhanced proliferation and rescued the effects of 10 �M
cyc (Fig. 3I). Longer treatments with 5 �M cyc (Fig. 3J) inhibited
proliferation and increased apoptosis before the death of all
melanoma cells. Similarly, lipofection of GLI1 siRNA inhibited
BrdU incorporation after 48 h (Fig. 3K).

Individual RAS-induced melanomas of 6- to 8-mo-old mice were
then treated in vivo soon after tumor appearance. Cyclodextrin-
complexed cyc treatment for 5 d by intra- and peritumoral injection
eradicated overt tumors, leaving a depression and a scar, whereas
treatment with equivalent doses of carrier alone had no effect (Fig.
3 L–R). Histology revealed a large decrease in tumor volume after
cyc treatment (Fig. 3 S and T), although there were tumor cells still
present under the scar (Fig. 3T), but their numbers were not greatly
dissimilar to those seen in adjacent areas of the skin in these animals
(Fig. 3 U and V). This result parallels the treatment of medullo-
blastomas from Ptch1�/�;p53�/� animals with cyc (27), which also
leads to a drastic decrease in tumor volume, but tumor cells are
always present due to the ubiquitous genetic lesions.

The requirement of Hh-Gli function in oncogenic-RAS-induced
mouse melanomas suggested a possible interaction between RAS
and HH-GLI signaling in cancer. There is evidence for interactions
between EGF and SHH in neural stem cell lineages (28, 29), FGF
and GLI in the embryonic mesoderm (30) and SHH and phospha-
tidylinositol 3-kinase/AKT and SHH and PKC�/MAPK in 3T3 cells
(31, 32). MAPK/AKT signaling also can enhance GLI reporter
activity (31, 32), and EGF signaling can affect the kinds of GLI
targets induced in keratinocytes (33).

Treatment with specific MEK (U0126) or AKT (SH6) inhibitors
decreased BrdU incorporation after 48 h in a concentration-
dependent manner in SK-Mel2 and WM-115 cells (SI Fig. 12),
eliciting different early gene responses (not shown). Treatment with
low doses of MEK or AKT inhibitors or cyc resulted in limited
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Fig. 2. Inhibition of human melanoma xenograft growth, recurrence, and
metastases in mice. (A) Effects of cyc treatment on s.c. MeWo/LacZ melanomas in
nude mice as compared with tumors treated with cyclodextrin carrier alone.
Arrow points to the disappearance of cyc-treated tumors. (B) Melanoma recur-
rence after sustained treatment for 3 or 10 days after tumor disappearance but
not after 20 days (thick arrow). Each line represents a tumor except where noted.
(C–H) Nude mice with carrier-only treated MeWo/LacZ melanomas (C and F) or
treated with cyc until partial (D and G) or complete (E and H) disappearance. (I–K)
Histological analyses after X-Gal-stained MeWo/LacZ cells in tumors similar to
those in C–H. Arrows point to tumor sites or scars. (L–N) Effects of lentiviral-
mediated SMOH silencing in MeWo cells injected s.c. (L and N) as compared with
control transduced cells (L and M). Only the minus (for control, black) or the plus
(for shRNA-SMOH, red) error bars are shown (L). (O–Q) Histogram (O) and images
of dissected lungs after X-Gal staining (O–Q) showing the inhibition of
i.v.-injected MeWo/LacZ lung metastases by systemic cyc treatment as compared
with treatment with carrier alone. The size of colonies was scored (O, open bars
�10 cells; filled bars �10 cells) accounting for macro- and micrometastases
(arrows, P). P Inset shows a histological section of a MeWo/LacZ metastasis. (Scale
bars: C–E, M, and N, 1 cm; F–H, 0.3 cm; I–K, 1 mm; O, 0.7 cm; P and Q, 1.4 mm; P
Inset, 120 �m.)

Stecca et al. PNAS � April 3, 2007 � vol. 104 � no. 14 � 5897
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Biological Motivation

Naive scheme of the Shh signaling pathway

ShhShh

Shh

Gli

Positive
modulations
(Ras, Akt,
Dyrk1,...)

GliA GliR

Targets
Cell membrane

Negative
modulators
(Sufu, PKA,
CK1, Numb,...)

Proteasome
Gli

Cytoplasmic sequestration,
cleavage or degradation

Nuclear localization
activation
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Biological Motivation

Signaling proteins (Shh)←→ change in cell behavior
(GLI code)
A. Ruiz i Altaba, Trends Cell Biol. 2007

O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 6



Biological Motivation

Shh signaling pathway
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   = Oncogenic hits 

Hh-Smo 

Implicated in development of many tissues and organs (skin,
lungs, brain, bone and blood).

Shh has an important role via GLI regulation in tumor formation:
deregulation of Shh pathway leads to various tumors (skin,
prostate, brain, colon).

1) This pathway is required for the growth of a number of human
cancers (8), including sporadic non-melanoma skin cancers (8, 9), and
has a critical role in the growth of the dorsal brain (10), near the sites
of origin of melanogenic precursors
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Biological Motivation

Intercellular communication: Hedgehog

Shh-Gli in vertebrates←→ Hh-Ci in Drosophila

?

Different space and time scales
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Biological Motivation

D-V neural patterning

The neural tube is polarized along the anteroposterior and
dorsoventral axis.

Dorsoventral spinal cord patterning of the chick embryo
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Biological Motivation

D-V neural patterning

T Jessell !
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Biological Motivation

Models of signal propagation and transduction

How do morphogen gradients form and propagate? By diffusion?

How is the signal interpreted by the responding cells?

Reaction-diffusion equations: basic ingredients

Diffusion equation to describe morphogen propagation and
formation of concentration gradient

Law of mass action to describe rates of change in protein
concentrations and gene codifications.

(Turing, Meinhard, Wolpert, Lander, Lai, Schaffer, ...)
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Biological Motivation

Models of signal propagation and transduction

Brownian motion / Fick’s second law (or a coupled system of them)

∂u
∂t

= ν
∂2u
∂x2 + f (t , x ,u(t , x), ...)

0 n

Single particle moving in a lattice
transition probability 1/2

pn(t) = propability of having a particle
            in the node n at time t

nn-1 n+1

pn(t+1) = (1/2)pn-1(t) + (1/2)pn+1(t)

Equation satisfied by the probability
distribution {pn(t)}

t

t+1
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Biological Motivation

Model by Saha and Schaffer

(Saha and Schaffer, 2006 (Development) and 2004)

Main purpose: to understand the dynamics of morphogen gradient
formation and interpretation.

The model studies D-V patterning in the chick embryo spinal cord,
beginning when Shh is first secreted by the floor plate.

The model focus on the ventral-most binary cell fate (V3
interneurons).
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Biological Motivation

Modeling morphogenetic responses

Transport of the Shh signal: Fick’s law: linear diffusion.

∂[Shh]

∂t
= ν ∆x [Shh]

+ koff [Ptc1Shhmem]− kon[Shh][Ptc1mem](t , x)

Shh Ptc1 Gli1

Ptc1cyt
GliAct

GliRep
Smo gli1

Gli1Act, Gli3Act

Ptc1ptc1

Ptc1mem

Gli3Rep
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Biological Motivation

Shh propagation along the neural tube

Movie time

(K. Saha and D.V. Schaffer, 2006)
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Biological Motivation

How to reduce diffusivity

(K. Saha and D.V. Schaffer, 2006)

An arbitrary (non dynamic) threshold had to be introduced in order for
the model to yield a wave front radically distinct from the instantaneous
gradient implied by linear diffusion.
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Biological Motivation

Insoluble (!) problems for linear diffusion:

Instant spreading derived from Brownian motion
No real wave fronts (retrograde fronts?)
No time to respond. Linear diffusion prevents the activity of
activators or repressors, avoiding morphogenetic responses.
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Biological Motivation

Finite speed of propagation
Isabel Guerrero’s Lab
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−→ making in question linear diffusion.
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Biological Motivation

Going back to the biology
Nanoscale Hh organization (Vyas et al., 2008)

Hh forms visible aggregates (∼ 100 nm) composed by Hh
oligomers, HSPG ... and the dimension of these aggregates is
large with respect to the dimension of the cells.
The ratio of these scales violates the Brownian foundation that
assumes that particles are small with respect to the size of the
space they are occupying.
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Biological Motivation

Size of the aggregates
Isabel Guerrero’s Lab
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Biological Motivation

Exposure time

Drawbacks of the model
Transport modeled with diffusion equation: unphysical spreading
out of morphogen to all the neural tube soon after secretion.

The concentration of Shh received by the cells and the time of
exposure are of similar relevance

(H.C. Park, J. Shin, B. Appel, Spatial and temporal regulation of ventral spinal cord precursor

specification by Hedgehog signaling. Development, 2004)

(J. Briscoe et al., Interpretation of the sonic hedgehog morphogen gradient by a temporal

adaptation mechanism. Nature, 2007)
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Biological Motivation

Problems in linear-diffusion-based models

1 The morphogen signal is received instantaneously and
accumulates from the beginning and continuously. The necessity
of an arbitrary threshold.

2 Aggregates do not behave as very small particles in large spaces,
thus denying one of the assumptions of the brownian motion.

3 There are privileged ways of propagation.

4 Patterning action of morphogens is a dynamic process:
responding cells are not inert.

5 Time is needed for the active interplay between morphogens and
cellular response.

−→ To reevaluate the very basis of the Turing-Wolpert modeling of
morphogenetic action.
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Mathematical models

Alternative description of the transport mechanism

The controversy about the applicability of linear diffusion (Brownian
mechanism of motion) was already pointed out in the pioneer work of
Einstein over a century ago (1906). He discussed the possibility of
considering the variance linear in time, which implies linear diffusion
and infinite speed of propagation, which Einstein noted as impossible
from the physical point of view. Einstein explicitly commented:

... the mean velocity of change of the observable (...)
becomes infinitely great for an infinitely small interval of time;
which is evidently impossible ...
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Mathematical models

Alternative description of the transport mechanism

−→ Models based on linear diffusion are in question in Biology

Substituting the Fick law by the Cattaneo law gives

τ
∂2u
∂t2 +

∂u
∂t
− ν ∂

2u
∂x2 = reactions.

In 1992, M.B. Rubin showed that Cattaneo’s model of hyperbolic
heat conduction violates the second law of thermodynamics.

Changing the classical diffusion term νuvv by a power law
diffusion of porous medium type ν(umuv )v .
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Mathematical models

Alternative description of the transport mechanism

Ph. Rosenau (1992), from the observation that the speed of sound is
the highest admissible free velocity in a medium, derived

∂u
∂t

= ν
∂

∂x

 |u|∂u
∂x√

|u|2 + ν2

c2

∣∣∂u
∂x

∣∣2


−→
c→∞

ν
∂2u
∂x2
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Mathematical models

Alternative description of the transport mechanism

There are different approaches to deduce the flux limited terms:

- From kinetic theory of multicellular growing system

(N. BELLOMO, A. BELLOUQUID, J. NIETO, J. SOLER, M3AS 2010 )

- From nonlinear Hilbert expansions

(C. D. LEVERMORE, G. C. POMRANING, Astrophys. J. 1981 )
(J.-F. COULOMBEL, F. GOLSE, TH. GOUDON, Asymp. Anal. 2005 )

- Y. Brenier (2000) obtained this equation by means of an optimal
mass transport theory as a gradient flow of the Boltzmann entropy
for the metrics corresponding to the cost function

k(z) =

 c2
(

1−
√

1− |z|2

c2

)
, if |z| ≤ c,

+∞, if |z| > c

(ANDREU, CASELLES, MAZÓN, MOLL, PUEL, MCCANN, CALVO, SOLER.. 2004-12)
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Mathematical models

Modification of the Model. Transport by Diffusion?

I Alternative description of the transport mechanism to solve the
problem of infinite speed of propagation of the linear diffusion
theory.

I How should the flux be modified? Transport kinetic equations

∂u
∂t

= ν∆u = νdiv(∇u) = νdiv((∇lnu)u) = νdiv(v u)

From a microscopic point of view the particles are moving with velocity
v , determined by the entropy of the system S(u) = ulnu and the
concentration u (∼ chemical potential):

v = ∇
(

S(u)

u

)

O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 28



Mathematical models

Modification of the Model. Transport by Diffusion?

I Alternative description of the transport mechanism to solve the
problem of infinite speed of propagation of the linear diffusion
theory.

I How should the flux be modified? Transport kinetic equations

∂u
∂t

= ν∆u = νdiv(∇u) = νdiv((∇lnu)u) = νdiv(v u)

From a microscopic point of view the particles are moving with velocity
v , determined by the entropy of the system S(u) = ulnu and the
concentration u (∼ chemical potential):

v = ∇
(

S(u)

u

)
O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 28



Mathematical models

Modification of the Fokker–Plack model

new microscopic velocity depending on the relative entropy

ṽ =
∇(S(u)/u)√

1 + ν2

c2 [∇(S(u)/u)]2
.

which gives

∂u
∂t

= ν div

 u ∇u√
u2 + ν2

c2 |∇u|2



O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 29



Mathematical models

Flux-limited porous media

But there are other possibilities

∂u
∂t

= ν div

 um ∇u√
u2 + ν2

c2 |∇u|2



∂u
∂t

=
m + 1

m
div

 u∇um√
1 +

(m+1
mc

)2 |∇um|2


(F. Andreu. V. Caselles, J. Mazon, M. Verbeni, J.Soler., SIAM J. Math. Anal 2012)

O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 30



Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 0.075

10.80.60.40.20

2

1.5

1

0.5

0
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 0.15
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 0.6
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 0.9
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 1.2
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Mathematical models

Numerical comparison

classical heat eq.
relativistic heat eq.

t = 1.5

10.80.60.40.20

2

1.5

1

0.5

0

(CALVO, MAZÓN, SOLER & VERBENI, M3AS 2011)
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Mathematical models

Relativistic heat equation

t = 0.075
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Mathematical models

Flux-limited porous media
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Going back to biological models

Modeling morphogenetic responses

Transport of the Shh signal: introduction of flux limiter

∂[Shh]

∂t
= ν ∂x

[Shh]∂x [Shh]√
[Shh]2 + ν2

c2 (∂x [Shh])2

+ koff [Ptc1Shhmem]− kon[Shh][Ptc1mem](t , x)

Shh Ptc1 Gli1

Ptc1cyt
GliAct

GliRep
Smo gli1

Gli1Act, Gli3Act

Ptc1ptc1

Ptc1mem

Gli3Rep
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Going back to biological models

Modeling morphogenetic responses

∂[Ptc1Shhmem ]

∂t
= kon [Shh][Ptc1mem ]− koff [Ptc1Shhmem ] + kCout [Ptc1Shhcyt ]− kCin [Ptc1Shhmem ]

∂[Ptc1Shhcyt ]

∂t
= kCin [Ptc1Shhmem ]− kCout [Ptc1Shhcyt ]− kCdeg [Ptc1Shhcyt ].

∂[Ptc1mem ]

∂t
= koff [Ptc1Shhmem ]− kon [Shh][Ptc1mem ] + kcyt [Ptc1cyt ],

∂[Ptc1cyt ]

∂t
= −kcyt [Ptc1cyt ] + kP Ptr

“
[Gli1Act ](t − τ), [Gli3Act ](t), [Gli3Rep(t)]

”
ΦPtc

∂[Gli1Act ]

∂t
= −kdeg [Gli1Act ] + kGPtr

“
[Gli1Act ](t − τ), [Gli3Act ](t), [Gli3Rep(t)]

”
ΦPtc

∂[Gli3Act ]

∂t
=

γg3

1 + RPtc
− [Gli3Act ]

kg3r

1 + RPtc
− kdeg [Gli3Act ]

∂[Gli3Rep ]

∂t
= [Gli3Act ]

kg3r

1 + RPtc
− kdeg [Gli3Rep ].

where

ΦPtc =
[Ptc10 ]

[Ptc10 ] + [Ptc1mem ]
, RPtc =

[Ptc1Shhmem ]

[Ptc1mem ]
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Going back to biological models

Numerical experiments

t = 30 hr
t = 24 hr
t = 18 hr
t = 12 hr
t = 6 hr

t = 1.5 hr

distance from floor plate (µm)

[S
hh

]
(n

M
)

300250200150100500

35

30

25

20

15

10

5

0

t = 30 hr
t = 24 hr
t = 18 hr
t = 12 hr
t = 6 hr

t = 1.5 hr

distance from floor plate (µm)

[S
hh

]
(n

M
)

300250200150100500

35

30

25

20

15

10

5

0

No instant spreading

Real wave fronts

Time to respond

O. Sánchez et al. (UGR) Modeling through NFL spreading Santander, 15-19 July 2013 36



Going back to biological models

Numerical experiments
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Going back to biological models

Numerical experiments
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Going back to biological models

Numerical experiments: Desensitization

Briscoe
experiments FLS Linear diffusion

2497REVIEWDevelopment 135 (15)

The repressive activities of neural tube GRN proteins might partly
explain the temporal profiles of neural tube GRN genes. Members
of the network display dynamic changes in their patterns of
expression during neural tube development (Fig. 2C, Fig. 6). For
individual genes, this parallels their dependence on different levels
and durations of Shh signaling – that is, class I proteins are initially
expressed more ventrally in the neural tube but are progressively
repressed in a ventral-to-dorsal manner. The order in which class I
genes are repressed is inversely related to their sensitivity to Shh
signaling (Dessaud et al., 2007; Ericson et al., 1997). Thus, Shh

signaling progressively defines the ventral expression boundaries of
class I proteins. Class II proteins, conversely, are sequentially
induced in the ventral neural tube in an order that corresponds to
their increasing requirement for Shh signaling (Dessaud et al., 2007;
Jeong and McMahon, 2005; Stamataki et al., 2005). These temporal
features of the neural tube GRN are consistent with the importance
of the duration of Shh signaling in ventral neural tube patterning.
Together, the data suggest that the spatio-temporal pattern of
expression for an individual neural tube GRN gene is determined by
a combination of uniform positive inputs (e.g. Sox and/or POU
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Fig. 6. A ‘temporal adaptation’ model for interpreting graded Shh signaling. (A) A model for the spatial and temporal specification of
progenitor cells during exposure to Shh secreted from a ventral source. At early time points (t0), Ptch1 expression levels (brown receptor) in neural
progenitors are low, consequently low levels of Shh protein (blue) are sufficient to bind the available Ptch1. This produces high levels of Smo signal
transduction (green) and, consequently, high levels of positive Gli activity (GliA, red), even in cells that are exposed to a low concentration of Shh
(cell 3, t0). The upregulation of Ptch1 (and possibly other negative regulators of the pathway) by Shh signaling (t1) increases the level of Ptch1 in
responding cells. As a result, the concentration of Shh necessary to sustain high levels of signal transduction increases with time (t1). In cells
exposed to concentrations of Shh insufficient to bind all of the raised level of Ptch1 (cell 3, t1), the level of GliA declines (GliA, orange). This process
of cell-autonomous desensitization continues (t2), resulting in distinct temporal profiles of Gli activity in cells arrayed along the DV axis. In addition,
the upregulation of ligand-binding inhibitors of Shh signaling, including Ptch1, results in the sequestration of Shh protein in more-ventral regions of
the neural tube (cell 1). Both the level and the duration of Shh-Gli activity influence the gene expression profile in responding cells. Low levels of Gli
activity, for example produced by the partial inhibition of the generation of GliR activity, are sufficient to repress Pax7 (cell 4, t1). The duration of Shh
signaling is partially responsible for the distinction between Olig2 and Nkx2.2 induction. High levels of Gli activity induce Olig2 expression (cells 1-2,
t1). If the levels of signaling are sustained (cell 1, t2), Nkx2.2 is induced and Olig2 is repressed. By contrast, if the levels of signaling in a cell decline
prior to this time point, Olig2 expression is consolidated (cell 2, t2). (B) The response of the indicated cells in A to Shh can be represented as a
function of both Gli activity and the duration of Shh exposure (time). The adaptation of cells to ongoing Shh signaling results in different
concentrations of Shh producing distinct profiles of Gli activity. Hence, temporal adaptation transforms different concentrations of morphogen into
corresponding durations of increased Gli activity. In this view, the induction of each progenitor state requires exposure to a concentration of Shh
above a defined threshold for a distinct period of time.
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Going back to biological models

Cell extensions vs classical cell communication
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Biological flux-limiters
(Verbeni, O. S., Mollica, Siegl-Cachedenier, Carleton, Guerrero, Ruiz i Altaba, Soler, appered in

Physics of Life Reviews, 2013)
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