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The	
  systems	
  of	
  jus-ce	
  

•  Marcel	
  Hénaff	
  (2010)	
  	
  
‚The	
  Price	
  of	
  Truth‘,	
  Stanford	
  

•  Reciprocity	
  as	
  jus-ce	
  
Vengeance	
  and	
  ceremonial	
  giP-­‐
giving	
  
Tit	
  for	
  tat	
  
Hunter-­‐gather	
  society	
  

•  Emergence	
  of	
  higher	
  
arbitra-onal	
  instances	
  
Sacrifice	
  and	
  redistribu-on	
  
Gun	
  for	
  hire	
  
Farming	
  society	
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Public	
  goods	
  and	
  free	
  riders	
  

•  How	
  can	
  human	
  socie.es	
  based	
  on	
  the	
  sacrifice	
  and	
  
redistribu.on	
  emerge?	
  	
  
-­‐>	
  Could	
  the	
  centralized	
  media-ng	
  ins-tu-on	
  evolve	
  through	
  
decentralized	
  reciprocal	
  interac-ons?	
  [Ohsawa,	
  Gunzou,	
  2012]	
  

•  A	
  standard	
  model	
  -­‐-­‐	
  public-­‐good	
  interac-on	
  
Contributors	
  voluntarily	
  places	
  presents	
  in	
  the	
  center	
  (‚meson‘);	
  
then	
  these	
  goods	
  become	
  shared	
  equally	
  among	
  all	
  members	
  

•  We	
  shall	
  start	
  by	
  tackling	
  the	
  free-­‐rider	
  problem	
  
-­‐	
  What	
  can	
  mo-vate	
  the	
  contributors?	
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Linear	
  public-­‐good	
  games	
  

•  Group	
  size	
  N	
  >	
  1	
  
•  Two	
  strategies:	
  cooperators	
  (C)	
  contrinute	
  c1	
  >	
  0,	
  but	
  

defectors	
  (D)	
  do	
  not	
  
•  Contribu-ons	
  accumulated	
  are	
  mul-plied	
  by	
  r1	
  >	
  1,	
  and	
  shared	
  

equally	
  among	
  all	
  of	
  the	
  N	
  members	
  

•  If	
  all	
  contribute,	
  each	
  receives	
  payoff	
  c1(r1	
  -­‐	
  1)	
  >	
  0	
  

•  Defector-­‐dominance	
  
Assume	
  r1	
  <	
  N.	
  Hence,	
  c1(1	
  -­‐	
  r1/N)	
  >	
  0,	
  and	
  switching	
  to	
  
defec-on	
  is	
  beneficial,	
  whatever	
  co-­‐players	
  do	
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Two	
  steps	
  for	
  coopera-on	
  

•  How	
  to	
  protect	
  coopera-on	
  against	
  mutant	
  freeriders	
  
+	
  stabilize	
  a	
  state	
  in	
  which	
  all	
  cooperate	
  
+	
  top-­‐down,	
  deduc-ve	
  approach	
  
+	
  basin	
  of	
  ahrac-on,	
  discrete,	
  bistability	
  
+	
  punishment	
  	
  

•  How	
  to	
  inspire	
  coopera-on	
  in	
  a	
  sea	
  of	
  freeriders	
  
+	
  destabilize	
  a	
  state	
  in	
  which	
  all	
  defect	
  
+	
  bohom-­‐up,	
  induc-ve	
  approach	
  
+	
  mixed	
  strategy,	
  con-nuous,	
  coexistense	
  
+	
  reputa-on	
  and	
  op-mism,	
  rewards,	
  ...	
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Carrots	
  and	
  s-cks	
  

•  Selec-ve	
  incen-ves,	
  such	
  as	
  reward,	
  punishment,	
  and	
  
ostracism,	
  are	
  common	
  tools	
  to	
  curve	
  human	
  behaviors	
  

•  Selec-ve	
  incen-ves	
  are	
  oPen	
  costly	
  	
  
-­‐>	
  Who	
  pays	
  for	
  incen-ves?	
  	
  	
  	
  
-­‐>	
  Which	
  incen-ve	
  scheme	
  can	
  best	
  promote	
  coopera-on?	
  
	
  	
  [e.g.,	
  Hauert	
  et	
  al,	
  PNAS,	
  2001;	
  Sasaki	
  et	
  al.,	
  PNAS,	
  2012]	
  

•  Given	
  the	
  linear	
  public	
  good	
  game	
  (D-­‐dominance),	
  	
  	
  
-­‐	
  Reward	
  is	
  good	
  at	
  inspiring	
  coopera-on	
  	
  
-­‐	
  Punishment	
  is	
  good	
  at	
  stabilizing	
  coopera-on	
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Ins-tu-onal	
  sanc-ons	
  and	
  subsidies	
  

•  Exclusive	
  control	
  of	
  sanc-on	
  
-­‐	
  discourage	
  or	
  prohibit	
  informal	
  punishment	
  
-­‐	
  stop	
  infinite	
  regression	
  to	
  higher-­‐order	
  incen-ves	
  	
  

•  Separa-on	
  of	
  resource	
  issues	
  
-­‐	
  severe	
  penal-es	
  on	
  second-­‐order	
  free-­‐riders	
  	
  
	
  	
  (e.g.,	
  tax-­‐	
  or	
  draP-­‐dodgers)	
  

•  More	
  transcendental	
  authority	
  (ex	
  post	
  -­‐>	
  ex	
  ante)	
  

•  ‘[B]eher	
  formal	
  ins-tu-ons	
  strengthen	
  social	
  norms	
  of	
  
coopera-on	
  and	
  limit	
  an-social	
  punishment	
  (Herrmann,	
  et	
  al.	
  
(2008)’	
  [Gaechter,	
  Keio	
  Economic	
  Studies,	
  2012]	
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Reward	
  funds	
  
[Sasaki	
  &	
  Unemi,	
  JTB,	
  2011]	
  

•  A	
  third	
  strategy:	
  rewarders	
  (R)	
  contrinute	
  to	
  PGGs	
  	
  
and	
  also	
  c2	
  >	
  0	
  to	
  reward	
  funds	
  

•  Cs	
  and	
  Ds	
  do	
  not	
  contribute	
  to	
  rewarding	
  
•  Funds	
  accumulated	
  are	
  mul-plied	
  by	
  r2	
  >	
  1,	
  and	
  shared	
  

equally	
  among	
  all	
  Rs	
  and	
  Cs	
  

•  If	
  no	
  C,	
  each	
  R	
  receives	
  bonus	
  c2(r2	
  -­‐	
  1)	
  >	
  0	
  

•  Assume	
  that	
  	
  
c2(r2	
  –	
  1)	
  –	
  c1	
  >	
  0:	
  Rs	
  dominate	
  Ds	
  
r2	
  <	
  N,	
  wichi	
  is	
  c1(1	
  -­‐	
  r1/N)	
  >	
  0:	
  Cs	
  dominate	
  Rs	
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Individual	
  payoffs	
  in	
  a	
  linear	
  PGG	
  with	
  rewards	
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fD =

c1r1i
N

fC =
c1r1(i+1)

N
− c1 +

c2 r2 j
i+1

fR =
c1r1(i+1)

N
− c1 +

c2 r2 ( j +1)
i+1

− c2

i :  the number of Rs and Cs within the N −1 co-players
j :  the number of Rs within the N −1 co-players



Evolu-onary	
  dynamics	
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•  Replicator	
  dynamics:	
  individuals	
  switch	
  preferen-ally	
  to	
  
beher	
  strategies	
  

	
  

•  The	
  expected	
  payoffs	
  for	
  strategy	
  S	
  =	
  C,	
  D,	
  R	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  infinitely	
  large	
  popula-on	
  -­‐>	
  mul-nomial	
  distribu-on	
  

x = x PR −P( ),   y = y PC −P( ),  z = z PD −P( )
x, y, z :  the relative frequencies of Rs, Cs, Ds
P = xPR + yPC + zPD :  the average fitness over the population

PS =
N −1
i

"

#
$

%

&
'

i
j

"

#
$$

%

&
''x

i− j yN−1−iz j fS
j=0

i

∑
i=0

N−1

∑



Rock-­‐scissors-­‐paper	
  cycles	
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R

D C

Q

•  If 
 
the replicator dynamics exhibits an 
evolutionary cycling as obtained in 
the previous model with optional 
participation [e.g., Hauert et al., 
Science, 2002]	


c1 1−
r1
N

"

#
$

%

&
'< c2 (r2 −1),



What	
  if	
  threshold	
  public	
  goods	
  games?	
  
•  Minimalis-c	
  extension	
  yet	
  rich	
  evolu-onary	
  scenarios	
  
•  The	
  Individual	
  benefit	
  is	
  given	
  by	
  piecewise	
  benefit	
  func-on	
  B	
  

with	
  respect	
  to	
  the	
  number	
  of	
  contributors	
  in	
  the	
  PGG	
  stage	
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Let	
  us	
  focus	
  on	
  the	
  PGG	
  with	
  a	
  step-­‐like	
  benefit	
  func-on,	
  whereas	
  there	
  exist	
  
a	
  wealth	
  of	
  literature	
  [e.g.	
  Santos	
  &	
  Pacheco,	
  PNAS,	
  2011]	
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Individual	
  payoffs	
  in	
  a	
  step	
  PGG	
  with	
  rewards	
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   fD = B(i)

fC = B(i+1)− c1 +
c2 r2 j
i+1

fR = B(i+1)− c1 +
c2 r2 ( j +1)
i+1

− c2

where  B(i) := 1 if   k ≤ i ≤ N
1− p if   0 ≤ i < k

#
$
%

&%

i :  the number of Rs and Cs within the N −1 co-players
j :  the number of Rs within the N −1 co-players



Step	
  PGGs	
  without	
  reward	
  funds	
  
Replicator	
  dynamics	
  [e.g.	
  Santos	
  &	
  Pacheco,	
  PNAS,	
  2011]	
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Step	
  PGGs	
  without	
  reward	
  funds	
  
Bifurca-on	
  diagram	
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Broader basin 
for cooperation 

Minimal risk for (full) 
cooperation 



Step	
  PGGs	
  with	
  reward	
  funds	
  
Replicator	
  dynamics	
  [Sasaki	
  &	
  Uchida,	
  in	
  progress]	
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Summary	
  and	
  discussion	
  

•  Reward	
  funds:	
  an	
  evolu-onary	
  bypass,	
  vanishing	
  media	
  	
  
•  Reward	
  funds	
  are	
  applicable	
  even	
  when	
  par-cipa-on	
  in	
  the	
  

focal	
  joint	
  enterpise	
  is	
  obligatory	
  (c.f.	
  op-onal	
  par-cipa-on)	
  
•  Reward	
  funds	
  can	
  lead	
  to	
  

(i)	
  rock-­‐paper-­‐scissors	
  cycling	
  for	
  the	
  previous	
  D-­‐dom.	
  game	
  	
  
(ii)	
  full	
  coopera-on	
  for	
  the	
  previous	
  coordina-on	
  game	
  	
  

•  In	
  (ii),	
  once	
  the	
  Pareto	
  equilibrium	
  is	
  stabilized,	
  it	
  also	
  
becomes	
  globally	
  stable	
  with	
  reward	
  funds	
  

•  Step	
  PPGs:	
  when	
  the	
  level	
  of	
  collec-ve	
  risk	
  is	
  rela-vely	
  low,	
  
the	
  only	
  unanimous	
  agreement	
  is	
  ahainable	
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Linear	
  PGGs	
  with	
  reward	
  funds	
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•  Difference of the expected payoffs (y: the relative frequency of Ds) 

•  The replicator system is rewritten as 

by using f := z/(x+z) where x and z denote the relative frequencies of Cs and Rs, 
respectively 

PC −PR = c2 1− r2
N

1− yN

1− y
"

#
$

%

&
'=:F(y),

with no rewarders (z = 0), PD −PC = c1 1− r1
N

"

#
$

%

&
'=:σ

f = − f (1− f )F(y)
y = y(1− y) σ − c2 (r2 −1) f[ ]


