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INTERACTING MANY-BODY QUANTUM SYSTEMS

x = (z1,20,...,zxn) € R3N position of the particles.
Symmetric wave function: ¥ (z1,...,zx) € L2(R3N)
N
Hy =3 | = Doy +Up)| + A Y Via - ;)
j=1 i<j

U is a one-body background (“trapping” ) potential
V is the interaction potential

PN = HNON ¢ i0ryve = |H,7n:|, [A Bl =AB-BA

With vy ¢ = [Yn ) (U] = Y(z1, 20 - zn)Y(2], 25 - - - 2y) density
matrix (1 dim. projection).

One particle density matrix:

/y’((pl)(aj,y) = /w(x’anxN)@(y,xsz)dede



Time-independent BEC in Scaling Limit

N
1
Hy =3 |~ Dy + Ulzp] + - 3 NV(N(zi - x))
Approx Dirac delta interaction with range 1/N (“hard core”)

[Dyson, Lieb-Seiringer-Yngvason, Lieb-Seiringer]

e Ground state energy is given by the Gross-Pitaevskii functional

H
im infspec -~ = inf Eap(8mag, ), apg = scatt. length of V
N—o0 N @ lel[=1

o
Eap(0,¢) == [ [Vl + Ulel? + Z1el*
e Complete condensation in ground state:

WP @ia’) = (@)d(@), ¢ = minimizer of Egp



Time Dependent GROSS-PITAEVSKII (GP) Theory

The GP energy functional also describes the evolution:

Tie = e@EE) = 4] = @)@

The condensate wave fn. evolves according to a NLS
iOpr = | — A + U + 8mag|pi]? | ¢, Pr=0 = ¥

Many-body effects & corr — non-linear on-site self-interaction

Experiments of Bose-Einstein Condensation: Trap Bose gas and
observe its evolution after the trap removed.

Dynamics: The ground state of trapped BEC is a highly excited
state for the system without traps. GP describes also excited

states and their evolution!

Cannot be completely correct. Now set U = 0.



N

1

Hy= Y — Dyt N Vg(zi—z;), Va(z):= N> V(NPz), 0<p<1
j=1 i<j

THEOREM: [Erd6s-Schlein-Y, 2008] Assume V > 0 and
V(z) < C(1+ |z|)~>. Suppose the initial state satisfies

1 _
Tia(@y) — ug(@)io(y),  we HY(R®)
Then for every £k > 1 and t > 0 fixed
k
”yz(v% — |ug)(wg|®* N — o0
. _ > ] bg if O0<pB<1
’Lat’lLt — Aut + Glut| ¢t7 0 — { 871'(1,0 if 6 — 1

where ag is the scatt. length of V and bg = [dxV (x) # 8mag

Adami, Bardos, Golse, Teta: one dim result. Use § < —A in R.



SCATTERING LENGTH
1
(—A + EV(QZ)) (1 —w(x)) =0 with w(z) — 0 for |z| — oco.

w(x) = |C:1:_O| for |z| — oo /da:V(:Iz)(l —w(x)) = 8mag

Dyson’s trial function for ground state:
Wiy(x) = I |1 - w(N(zj - z3))]
j<k
States with and without short range structure:

N N
YN (x) = Wn(x) ] wolz)), on = ][ wolzj)

im NNy, Hyw) = [ [Vu(@)? + 4maolu()|*

N —o0

b
im NN, Hyon) = [ [Vuo@)? + Dlu(@)l*

N—o0



One Body Problem: Fix ¢ <« N—1/3. Consider the Neumann
problem on {z € R3: |z| < ¢}:

N2
(=& + S VIN2))(A —wz)) = e(1 —w(z)).

Normalization:  wy(z) =0 for |z|=~¢.
. ag
Lowest eigenvalue: ~ —.
g =7 N/3
a
Lowest eigenfunction: 1 —wy(xr) ~1— N—O| for ag/N < |x| € 41
T

Extend w(x) = 0 for |x| > ¢. Then
(24 V(@) (- wy@)) = a@) (A - wy()
with

q(z) = al>x(|z| < 0)



The theorem for 8 =1 holds for ¥ and ¢y .

Our Theorem shows that the local singular structure is preserved
by the N-body evolution for initial state ¢ 5. For product initial
state, it shows that the local structure emerges .

WdNt = HNONt, ON =0 = ON

N~ HNon e Hyong) = N~ Hon, Hyén)

— Eqp(bo,ug) # Egp(8mag, ug) = Egp(8mag, ut)

For product initial state, the GP energy functional (with the
coupling constant 8mwag) does not describe the energy of the
N-body system . But the time dependent one particle density
matrices in a weak limit is still given by the GP equation with
coupling constant 8mag.



Mathematically: The convergence of the time dependent density
matrices is so weak that the energy does not converge.

Physically: For states with product initial data, the short scale
behavior will show the characteristic 1 — w(N(z; — z;)) structure
after a short initial layer. This lowers the energy of the system
locally. The energy lost was transfered to energy in other scales.



Summary of Lecture 1

N = HNYN ¢t O YNt = [H : ’VN,t}a [A,B] = AB — BA

With vy ¢ = [Yn ) (U] = Y(z1, 20 zn)P(2], 25 - - - 2y) density
matrix (1 dim. projection).

State ¢ can also be identified with ~ = |¢¥)(¥|, the operator of
projection onto Span{y} (pure state).

In general: v =Y, ¢;lw) (W], 0<¢; <1, Y,¢; =1 (mixed state).

Def: Density matrix is a self-adjoint operator v with 0 <~ <1
We will identify it with its (operator) kernel, v(z; z').

10



N
Hy =Y [~ B, + U] + 1 3 N3V(N(i - 2,)

(—A n %vm) (1—w(z) =0 with w(z) — 0 for |z| — oo.

w(xr) = 20 for x| — oo /dacV(:U)(l —w(x)) = 8mag

£

In order to obtain the correct coupling constant related to the
scattering length, we need short range correlation structure of
Dyson type:

W) = I |1 - w(N(zj - z1))]
j<k
A good ansatz for states with short range structure:

N
Yy (x) = Wy(x) [ ulzj)
=1



im NNy, Hyoy) = [ [Vu(@)? + dmaglu() |

N —00
One particle density matrix:
WP @,y) = [G@moe e an)d(y 00 an)dag - day
Two key open questions for the time indep theory:
[Dyson, Lieb-Seiringer-Yngvason, Lieb-Seiringer]

e Ground state energy is given by the Gross-Pitaevskii functional

H
im infspec - = inf Eap(8map, ), ag = scatt. length of V
N—00 N osllell=1

o)
Ear(o,9) = [ Vol +Ulp + Zol*



e Complete condensation in ground state:

yﬁ)(x; ) — ¢(z)od()), ¢ = minimizer of Eqp

It is a dilute limit, not a mean-field limit.



MATHEMATICAL DEFINITION OF BEC

Let v be the ground state or a very low temperature state

(e=PHN, B> 1) of the interacting Bose-system and recall that

WJ(VU IS its one-particle density matrix.

Spectral decomposition: y(l) = > Ajldj) (b4l

DEFINITION: ~p is a condensate state if

lim inf maxA; > 0
N—00 7]
and ~, is a state with a complete condensation if
lim inf max>\ =1
N—o0 7

The corresponding eigenfn. is the condensate wave function.

Problem 1: Condensation is expected in d > 3 for 8 > B, at
positive density even without trapping potential. Seems very
12



hard: there is no gap and there are infinitely many low energy
states available.

Problem 2. Next order correction to the energy. Prove (or
disprove) the Huang-Lee-Yang formula).

Key observation of time dependent theory:

1. States need short range correlation to have the correct scat-
tering length. But even for states without short range correlation
evolve according to NLS with correct coefficient given by scat-
tering length.

Expected reason: there is an initial layer so that short range
structure forms for arbitrary initial data whose one particle den-
sity matrix is a pure state.



2. QP theory is an effective theory in the large scale where all
short scale structure is summarized in the scattering length.

3. For product initial state ¢ = [[ug(z;), the initial energy is
given by

N~Yoén, Hyon) — Eap(bo, ug)

After initial layer, the two scale structure was expected to form.
For states with two scale structure given by our ansatz, the
energy is expected to be E;p(8map,ug).

However, energy is a conserved quantity in Schrodinger equation
and we have a contradiction. Explanation: The ansatz catches
short range and long range structures, but not immediate ranges.

Key observation: One can prove one particle density matrix con-
verges to solution of the GP equation, but not its energy.



Outline of the lectures:

1. Mean-field limit and Hartree eq.

2. Sobolev space in “infinite dimension ‘"’ .

3. Identification of correlations via the second moment of energy.

Connection with wave operator and a new type of Sobolev in-
equality.

4. Uniqueness of BBGKY hierarchy. Feynman diagram (Combi-
natorics and Estimates) as a replacement for Stricharz inequality
in infinite dimension.

Klainerman-Machedon has a different proof of uniqueness, but
NO a priori estimate.

13



I1.1. HARTREE EQUATION FROM BOSON DYNAMICS
1
Hy= Y | = Ag; + Uz + 2 Vi — )

EXPECT: If Wo = [I;po(z;), then Wy ~ ], p(z;) as N — oo

where i0ppr = (A +U)p + (V * thlz)w

Each particle: subject to the same mean-field pot. (LLN for z;)

1 X 2 2
N];l V(e —z;)|e(z;)]|< = (V*|p|©)(z)

Implicitly assumes that the state remains roughly a product (prop-
agation of chaos). This fact needs to be proven.
14



More precisely, the N-body wavefunction at ¢t > 0 cannot be fully
described, but its limiting marginals can:

THEOREM: If the initial state is factorized,

N
Yo x) = [] vo(wi, ),
i=1
and yy; solves i0yyn = [Hy,vn ], then
(1) . iy oD
T T L TN
exists and it satisfies the Hartree-equation
. 1 1 1 1 1
oD = | = Be+ U+ VgD Zh =P
Moreover, propagation of chaos holds:
: (k) _ 7 (1)1®k
aim v = i)

For pure states, v(1) = |p)(y|, Hartree reduces to NLS:

0ot = (A +U)pt + (V * |90t|2>90t
15



History of the derivation of NLS /Hartree eq.
Hepp, 1974. Smooth potential
Ginibre-Velo, 1979: Special quasifree states
Spohn, 1980: Bounded potential. Method via BBGKY hiearchy.

Bardos-Golse-Mauser 2001: weak compactness of BBGKY
hierarchy for Coulomb (not enough estimates for uniqueness)

E-Yau, 2001: Coulomb potential (with uniqueness)
Spohn's BBGKY method 4+ Method of energy moments.

Schlein-Rodnianski 2008: Coulomb potential with error esti-
mate of order 1/+/N. Base on Ginibre-Velo method.

16



e Frohlich-Knowles-Pizzo: h = &, Wick quantization

e Elgart-Schlein: Pseudorelativistic case, (1 — A)/2 with po-
tential V(x) = % up to the borderline A > At = —4/m

10rur = (1 — A)l/zut + (V * |ut|2)ut

There are also proofs for the classical model (probability theory):
Kac, McKean, Dobrushin, Spohn.

The problem is harder as the interaction potential becomes more
singular.

17



V. GENERAL TOOLS FOR N-BODY DYNAMICS
V.1. FUNDAMENTAL DIFFICULTY

What is a good norm/measure for N-particle quantum state?
L2-norm is preserved, but it is too strong!
EXAMPLE 1:
Y= flz1) - flan), ¢ = glz1)--glan). P2 =¢|2 =1
/12 N
[ -wIP=2-2|(f,9) -2

Any two distinct product states are “almost” orthogonal!

Other norms are hopeless:

[lo=1 == |¢|p~ eV, p# 2

18



EXAMPLE 2:
Let f, f/, g be orthogonal normalized one body states.

Let W = Symm[f R ®§V:2 g] and W/ = Symm[f’ 2 ®§-V:2 g]

W — W/H%Q R3NY = | f — f/||%2 R3) = 2
(R3V) (R>)

though only one electron behaves badly. L2 norm is too strong.

But 7§ (z,2) = & |F@7 @) + (N = Dg(@)5(a")]

Tr"h(ul) —’V\(Ul,) = O(%) — controlling only marginals is better.

19



EXAMPLE 3: (Fundamental stability question.)

Is there a “norm’” so that a change of interaction of order one
produces an order one change for typical particle?

Suppose |V — V/| ~ e and 4y, is solution with V’'. Then

/ / 1 /
8t||¢t_¢t||2 ~ <¢t_¢t ; NZ(V—V}($£—$9)¢t> ~ Nege
€<y
But we know [t — il < [|eell + [[ehel] = 2

This instability makes the analysis of singular potentials very
hard: only N-dependent cutoffs are possible.

20



L?-norm is too strong, it monitors all particles: W(zq,...zn)
carries info of all particles (too detailed).

As Example 2 shows, the marginals could be better (they carry
less information, hence they are less sensitive than the L2—norm.)

Keep only information about the k-particle correlations:

W (X X7 = [ W (X, Yy )W (X, Yy p)dY

where X, = (x1,...2;). It monitors only k particles.
Recall: it is an operator acting on the k-particle space

Good news: Most physical observables involve only k£ = 1, 2-
particle marginals. Enough to control them.

Bad news: there is no closed equation for them.

21



III. BASIC TOOL: BBGKY HIERARCHY

ZA + — ZV(a:j—mk)

j<]<:
V =V may depend on N so that [Vy = O(1).

Take the k-th partial trace of the Schr. ed. i0yyn: = [H,vn 4]

k
104 'YN Z [ ],’Y](\][C%] + — Z [V(xz x])a')/](\lfc%]
1=1 7,<j
N — (k—|—1)
-+ N Z Tre [V(:c CEk_|_1) YN ]

=1
A system of N coupled coupled equation. (k=1,2,...,N)

The last one is just the original N-body Schr. eq.

Seems tautological. (7)
22



0D (!, 2) = i6r [ D!,y y)dy
= [ 18y — B3 )i, y)dy

—|—/ [V(az’ —y) — V(' — y)} (2, y)y(z, y)dy

23



N

k

1
10 ’YN Z [ 7%‘”2} N Z [V(fﬁz‘—fﬂg),%(\m —l-— Z Tri1 [V(wj_xk+1)a’7](\;€?_l)

j=1 i<j j=1

0y} = [HR. AN + Biasd D +en(N), k=1.--N

k 2
k
HY :=-Y A, ep(N) = O(N) (negligible)

k
Bl{:/y(k—l_l) L= Z TrCB]H_l [V(xj — xk—l—l)afy(k_l_l)]
=1

B;. is called the connecting operator. With kernel notation:

(B )X XD = 3 [ dy(Ve)—V @)} (X X )
1=1

[z)+1 = 7,4, needs to be defined properly !]

24



Special case: k£ = 1:
107\ (15 71) = (= By + A, 7§ (w1 7h)
+ /dwz V(évl —xp) — V(2] — wz)) th(a?L:vz, zh,22) + o(1).

To get a closed equation for ,ygvlz we need some relation between

7](\,12 and Wz(sz Most natural: independence

Propagation of chaos: No production of correlations
If initially v\ = 740 © 75 0. then hopefully 7] & 1§11 ® vy

No exact factorization for finite NV, but maybe it holds for N — 0.

(k)

{5, is a (weak) limit point of ~4§) with

Suppose v

’Yoot(fﬂlafﬁz 9017502)—7 (331,5131)7 (5132;90/2)-

25



zﬁﬂN J(21;2h) = (—Day + Dy )’YN (z1;27)

+ [ doa (VG = 22) = Vit —22)) 9{)G,w0ia,72) +o(1)

— 5 t(arl wl)v ) (w2;2)

With the notation o;(x) := fy (:c x) , it converges, to

1075y (21; 1) = (= By + 8, )70 (w15 )
+ (V*gml) —V*wl)) V@i ah)

—— Hartree-Equation for 7(1)

o= |~ a+Vea, /8,

For pure states, v(1) = |p) (o, it is just i0ip = (—=A + V * |p]?)¢

26



Main technical goal: justify propagation of chaos (Closure).
BUT: ¥y = [I;ut(xj) never solves Schr. eq. with interaction.

Propagation of chaos for interacting systems can hold only as
N — oo and only in a weaker form:

lim (k):rm k(1)
IN YN IN Q1Y N

for each fixed k.

This indicates to study BBGKY in the N — oo limit instead of
Schrodinger.

What kind of equations will yélg) = limy_ yj(\lf) satisfy?

27



By taking the (formal) limit of the N-particle BBGKY hierar-
chy, we obtain an infinite hierarchy of coupled equations, called
Hartree (or infinite BBGKY) hierarchy.

k 1 k
1<J

k

— k+1
Z TrCE]H_l [V(CU] - 33k+1),’)/](\[2_ )]
)

formally converges to (k=1,2,...)

k
’Lat%o Z [ Jv%gf)t] + Z Tray gy [V(fcj — $k+1)97§§t 1)]

I.e.

i9,y P = [Hk: NG )] + By D

oo, bt T

28



IV. GENERAL SCHEME TO DERIVE NLS (HARTREE)

k
N — k
NI I NI ) TS o (PO O G P L ST (TS o)

=1 1<J Jj=1
formally converges to the oo Hartree hierarchy: (k=1,2,...)

*) _ W], < (k+1)
i01Ysot = [ Aw%ot]ﬂLZTrwkﬂ[V(fﬂj—karl)»%ot ] (*)
{%(k) = ®If%s(1)}k_ solves (x) <= iat%g(l) = [—A-I-V*Qta%s(l)]

(*) had a unique solution, and

If we knew that : i isfi
W W { ||mN7](\fz exists and satisfies (*),

then the limit must be the factorized one

— Propagation of chaos 4+ convergence to Hartree eq.
30



Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Prove apriori bound on 7](\;6% uniformly in N.
Need a good norm and space H! (maybe Sobolev)

Choose a convergent subsequence: 7](\1]“7)5 — ygj’)t in 'H

ygf?t satisfies the infinite hierarchy (need regularity)

Let v} solve NLHE/NLS. Then 4% = g7 solves
the oco-hierarchy in H. [Trivial]

Show that the oco-hierarchy has a unique solution in H.

Key mathematical steps: Apriori bound and uniqueness

Part I. Apriori bound: use conservation laws
(e.g. H" is conserved)

Part II. Uniqueness: Expand the BBGKY into Dyson series, con-
trol the last (error) term by the apriori bound.

31



IV.1. CASE OF A BOUNDED POTENTIAL (SPOHN 1980)
Part I. Apriori bound. Here it is trivial:

Fact: Trfy%“% — 1. = natural space/norm. H = trace class.

Control in trace norm passes to the limit, ngg?t < 1.

Part II: Unigueness. Hartree hierarchy in integral form:

e R

t
1 = U6 i [ ds Uyt — ) Bt Y

. 0] . 0]
Uk(t)’y — e_ZtHk ’YGZtHk

Expansion can be continued (Dyson series)

32



©

Uk(t)Wo —z/ ds U, (t — s) By, ’y(k_l_l)

-I-(—Z)Q/ d81/ dsolf(t — s1 — SQ)BkUk—I—l(Sl)Bk—I—l’Y(k—I_z)

— Z // ..dspU(sg)BU(s1)B.. BU(sn)v(k_l_n)
ksk_t

—I—// t .. dsmU(sg)BU(s1)B ... U(sy,— 1)Bv(k+m)

kSk—

For uniqueness, only the last term needs to be controlled. Use:
TrlUw| = Tr|w|, |A| ;= VA*A

Tr|Brw| < 2k||V||oo Tr|w]

Trllast term| < (2/[V]joo) "k (k+1).... (k—l—m—l)// (dsy...dsm
kSk—

Note that Tryg (k+m) — 1 was crucially used!

33



Use that

Trllast term| < (2/|Vlloc) " k(k +1) ... (k +m — 1)// (dsy...dsm
kSk—

m(k 4+ m —1)!
(k—1)Im!

< (2tV]loo) < 2k(4t||V||oo)m ~0

if ¢ <1/(4||V]eo).
Gives short time uniqueness in trace norm.

For long time: simply continue, using that the apriori bound
gives control on the trace norm uniformly in time.

Notice that the k(k+1)...(k+m — 1) ~m! from the combina-
torics was exactly compensated by the time ordered integration
to give a geometric series control. (this was noted by Lanford
and Hepp earlier)

34



Iv. 2. CASE OF THE COULOMB POTENTIAL (E-YAU 2001)

For singular potentials: need stronger norm. E.g. for Coulomb

BE < —A = Tr|Brw| < 2k||w||4 (%)

with Sobolev-like norm
w1 = TrVOV| + Trlw| ~ TrSwS, S=v1-A
To see (*),

1
Tr|Brw| < Tryjw
e 1 — 222

< TrywS%w = TrySw?s < Tr\/ SwS?wS = TrSws

To close the estimate in H1 — need derivatives in each variable:

Iyl o= TrlS1... S ® S, 51],  Si= /1 A

For the apriori estimate: Use the conservation of H]’%

35



Method of moments (E-Yau, 2001: V(x) = £1/|x|):

[191 Vitar, o) Pax < [ 5 (5 +N) i dx

Sketch of the proof for k = 2: (with V;; = |z; — ;|7 1)

1
2 _ 2 2 o2 2 2
(H+N)? = (35 +NZVZ-]) > Y8257+ 3 [$2V + Viy?)
J 4] 4] ]
(all other terms are positive, e.g. S2V;; > 0 if k #14,5.)
SZViith.c. > Vi(VV);;+ViVV; > —e 152 ¢|(VV);|?  (Schwarz)
Cutoff V on a short scale (N~1/2) then remove by weak stability.

1 N
|(VV)ZJ|2 ~ 2 < 5 < NSZQ (Hardy )
|z — ] |z — ]
1 1 _
=2 SPVij+ Vi S?| > -5 7187 +eNS?| > - 25252

1J
(higher powers are a bit more complicated)
36



summary:

Iyl = Tr[S1 ... S ®sy . 81], 5= /1 A

1. The error term in the Duhamel expansion of BBGKY can
be estimated via the 'H1 norm in the Coulomb case—-use Hardy
inequality.

z[2 < —A

2. The error term has a combinatoric factor of m!. This is
cancelled by a 1/m! factor from the time integration due to the
time ordering.

3. The H;p estimate can be obtained via the momentum of
energy. The commutator term between —A and V is again
controlled by the Hardy inequality.

Method of moments ( V(x) = £1/|x|):

(H + N) by dix

/|V1°°°Vk¢t($1,“' zn)|?dx < /%

37



IV.3. CASE OF THE MORE SINGULAR POTENTIALS

No Hardy ineq. beyond |z|~2. In particular, if V — N3V (NPz),
B > 0 (approx. delta function), then § £ —A.

The following “nonstandard” Sobolev ineq. holds
V(z—y) <||V[[1(1 - Az)(1 - Ay)

— 6z —y) <(1-2A2)10-Ay)
but after iteration

...5(£Bk_]_ —xk)5(wk—xk+1)... S (1 —Ak)Q...
We would need 4 derivative per variable, but only 2 are available:
(const)N2 > Tr H2~ = Tr[Z(—Aj)2 +3 A0+ .. .]'y
J 1,J
> NTraZy® + N2Tr A1 Ay

We will keep H! norm and improve on the uniqueness.
38



V. EMERGENCE OF THE SCATTERING LENGTH

Oy (w1iah) = (— By + B § (eriah)

+ /dsz?’ (V(N(z1 —22)) = V(N(2} — 22))) ’YNt(5517$2r r1,72)

Most difficult part: show that, as N — oo,

[ dao NViy(e1 = 22)7 ) (w1, 2217, 00),  Viv(@) = N2V(Na)

_>87Ta’0fy (xlaxl 5131,513‘1)

39



Good approximation to the ground state [Dyson]
i<j
Ansatz for states near the ground state:

N
short scale large scale =1

yy(x) = W) - on(x)

40



If the time evolution preserves the form

N
YN (X)) = W(X)on (X) on(x) = ] ¢e(y)
1

j:

then i} (21, 2224, 05) = f(N(m1 =)z — 2}y ) (z1; 2 [ — 2]
short scale corr. NO COIT. g

N3 [ da V(N (1 = 22)) 0] (1, 22; 24, 02) — Bragy$)(we; 2h)ef (21)

short scale
since /Vf = 8mag (compare with /V = bo)
— o) = [—A 8 (1 >] GPE with
Yoot = T 8Ta00t Voot with ag

The change of the constant is the signature of the correlation !
The short scale structure vanishes in trace norm, SO propagation
of chaos still holds in large scale, but it is relevant in energy
norm. It still influences the dynamics by changing bg to 8mag.

41



Using [V (1 — w) = 8mag, prove first that

/ dap [NVy(z1 — 22)(1 — wy(z1 — 22)) — 8mags(z1 — 22)]

— 2
x (1 — wy (o1 — 22)) "1\ (21, 22; 2, 22) — O

and then use that in the weak limit the factor

(1 —wn(z1 —22))" 17Nt(931,$2 T, 72) —W (5131,332 T, 72)

— In terms of wave function we need reqgularity of

$12(x) = (1 —wy(z1 —22)) Toye(x)  in z1,z0.



VI. APRIORI BOUNDS IN THE GP CASE

We now consider the Hamiltonian

N
Hy =Y -+ > Vy(z —x)), Vy(z) = N°V(Nz)
j=1 i<j

that should lead to GP. Scattering length of Vi is a = O(1/N).

(W, HRW,) s still conserved, but H* does not control the Sobolev
norm; the inequality

(W, HAwy) > (CN)’“/IW VW2
is incorrect, the short scale structure is too singular; wy ~ W

N4
o+ 1)0

[ 191920 —wn ey 22" > [ dz = O(N)

Solution: Remove the singular part:
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VI.1. APRIORI BOUND FOR H?

Proposition: Suppose that o := ||V||1 4+ ||Vl is small. Define
W (x)

(o1 —29) () =1—-wn(z).

Pio(x) =
Then
(W, H2W) > (CN)? [ V1920152

(Of course 1,2 can be changed to any i # j).

It is a remarkable inequality! Finiteness of H? forces the specific
short scale structure since & is smoother than W.

Weak limit of (the marginals of) W and ®, are equal, but &y
can be controlled in Sobolev space. Use compactness for ® !
Since the limit &, is smooth, so is the limit of W,;, although
W 's themselves were not!
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HOW CAN H?2 DETECT LOCAL SINGULARITY?

Consider a one-body model problem:
h:=—-A+ N°V(Nz)

h2 = AA — AN2V(Nz) — N2V (Nz)A + N*V(Nz)?

Suppose ¥ is smooth, then
<w, —ANQV(Nw)¢> = O(N"1) <w, N“V(Na:)%} = O(N)

therefore (i, h24)) — oo.

More precisely analysis shows that if (¢, h2¢) remains finite, then
1 must have a definite singularity structure characterized by the
Zero energy scattering solution.

45



Let f(Nx) be the zero energy solution to h = hyy,

ag 1
fNZ) 1= G0 el > OV

and write i = fo.
.26 = [10f62 > [ 12186 — [ 12(a10g NIV + (Lo.t)

ago c
Nlz[3 = |z|2

Hardy inequality = Alog f ~
so for small ag we have

(h, h2ep) > C/f2|Agb|2 + (lo.t.) — & is regular

Note that f — 1, so the pointwise limits of ¢ and ¢ are the
same.
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Corollary: If the initial data satisfies the H? bound, then

<¢N,t>H2¢N,t> = <¢N,O,H2¢N,o> < CON?Z.
— /W2|vivj¢]\7,t|2 <C (YNt = Won4)

/|vivj¢N,t|2 <C is WRONG!

SO one cannot pass to Yoo in the Sobolev space directly.

But our initial data (¢ .0, H?% N o) — 0.

Corollary: The limiting marginals %Ef,)t = Iim]\;_my](\lf?)5 of Wy

satisfy
TrSZ-Sﬂgf’)tSiSj < C, v # J
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one-particle Hamiltonian h = —A 4 (1/2)V (x)

Proposition Suppose V > 0, with V € L1(R3). Then:

i) (Existence of the wave operator). The limit

W = lim ehteidt

t—00

exists.

i) (Completeness of the wave operator). W is a unitary opera-
tor on L2(R3) with

WH=Ww = lim et
— OO

iii) (Intertwining relations). On D(h) = D(—A), we have

W*BW = —A (1)
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iv) (Yajima’s bounds). Suppose moreover that V(x) < C{x)~ 7,
for some o > 5. Then, for every 1 <p<oco, W and W* map
LP(R3) into LP(R3), that is

W | rp—pp < 00 for all 1 <p<

Wy wave op associated with hy = —A 4+ (1/2)V(x), with
Vy(z) = N2V (Nzx).

Proposition Suppose V >0, V € L1(R3)

2 2 2 * 2
(Un, Hyn) 2 CN /dX '(Vz ;) WN,(i,j)le‘
where WN@J) denotes the wave operator Wy acting on the vari-
able v =z, — x;.
Wt ~ [1 — w(Nv)] 1

Idea: W* = lim;_ e “Bte=t gliminates all modes except zero
modes to h. So Wy [1 —w(Nv)] — 1.



Notice that
)(Vl : v2)2¢‘2 < ‘(V1V2)2¢‘2

A special Sobolev ineq.:

Lemma Suppose V € L1(R3). Then

(3, V(21 — 22)9)| < C V1 (%, ((V1-V2)? = A1 — Ao+ 1))
Proof
N~2(sh, Hy )
> (4, (~81+ V(a1 —22)) (~Ba + V(a1 —22)) 6

1
ule—;xQ, and v =u1x1 — o, hvz—Av—I—EVN(v).




_ 1 2 2

= <¢a !<—ZAu + hv) — (V- Vy) ] ¢> :
Using

(Vi - V)2 < (—Ay) (—Ay) < (—Ay) hy,

we obtain
1 2
N_2<¢N7H]2V¢N> 2 <¢7 (_ZAu—hv> ¢> .

1 2
pm— <W]>I\</',U¢N, (ZAU - A’U) Wj\},vw> .

Vi-Vo=(1/4)Ay — Ay



VIiI. HIGHER ORDER ENERGY ESTIMATES

Choose ¢>> N—1 with N3 <« 1 and for j = 1,..., N define
. )1 if|$i—$j|>>€ Vi £ 3
0;(x) =~ { O otherwise

Proposition (higher order energy estimates):

(¥ (Hy+NY o) > CENF [dx01(x) ... 0400 [Vay - Vo (02

Corollary: we have, uniformly in N and ¢,
/dXHl(X) 05 (%) [Vay - Vb (x)]2 < CF

Proof:

/ AX 01 (X) . .. 04(X) [Viry ... Vi oy 4 (x)]2

< CPN"F(pn g, (Hy + N)Fpp )
< CP*NTFpn, (Hy + N)Eyy) = CF
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Proposition (higher order energy estimates):

(¥, (Hy+NYF o) > CENF [dx01(x) ... 0400 [Vay - Vo (02

We use

Tr(Hy + N5 = Tr(Ey + NGy < b (%)

(Bound on initial data needs to be proven separately, see next
section)

Taking the weak limit of y(k) from the Propostion and (*) one
can derive

Theorem (Apriori bound) Let v, be any weak limit point of
7](\]2 then
5 k
Bl = Tr(L = A = Ag)... (1 — A, < ¢
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The actual cutoff function 6 is more complicated.

Main trouble with Kkinetic energy localization

IVO(x)| < (const.)f(x)

holds for no compactly supported function.

When controlling objects like
/92|vv...vw|2 (%)

and using integration by parts (as above in the H2-proof), one
picks up V@ that cannot be controlled by (*).

However,
V62| < 26|V0| < (const.)e— 16
if ¢ the lengthscale of 6.
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To define our localization function, first define
h(x) := exp ( — \/1 -+ (§)2>
' ¢/

1
@Z(X) . = €exXp ( — E_e Z h(a:z — 33])>
J7=1
o ~ 1 if no other particle is near z;
exp. small otherwise

o = (0.)" = V0] <ot

Finally, our localization function for the H’“-analysis:

Or(x) 1= 0" (x) - 08 (x) - ... 0¥ (x)

ensures that there is no particle near z1,xo,...,x.

Choice of ¢: N¢3 < 1 and N/¢2 > 1.
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VII.4. REGULARIZATION OF THE INITIAL STATE

In the previous apriori bound, we used that Tr(Hy + N)kyj(\]f% <

Cck, which, as it stands, is wrong for product states if & > 1,
since HJQ\, contains squares of (almost) deltafunctions.

Define the following regularized initial state

x(kHN/N)Y N
Ix(kHN/N)pN|

i.e. cutoff in the energy at threshold x~1N. (k < 1).

"QZN L=

Proposition: We have the following facts:
(b, Hybn) < CENFRF (1)

sup || - Nl < K12 (2)
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If the asymptotic factorization is satisfied for ¢5;, then the marginals
of ¢y also factorize

&) o) (0| B (3)

Therefore we can run the whole proof for ¢ since (1) gives the
apriori bound. At the end, using the uniform comparison (2), we
can let Kk — 0 to compare 7](\?2 and %(\]fz so from (3) the same

relation will hold for 7](\1;"1)5 as well.



VIII. UNIQUENESS OF THE GP-HIERARCHY IN SOBOLEV NORM

k

k
’Lat’)/t(k) — Z]_ [_ Ajf')/t(k)] — 10 Zl Trxk:—l—l [5(,73] — :Ek_l_l),’yt(k—l_l)
J= =

Recall the Sobolev norm:

IV g, o= Tr(1 — AL - A2) ... (1 — AP

Our goal is to show:

Theorem: Given a family of initial densities, {7(@},?:172_“ with
||’Y(k)||Hk; < Ck, then there exists at most one solution {fyt(k)} to

the hierarchy above with ¥} = 4(%) and such that ||4*)]| ,» < C*
holds uniformly in t.
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k

k
(k : k41

Iterate it in integral form:

t
’yt(k) = Z/l(t)fyc()k) + /O ds U(t — S)B(k)U(s)vg_H + ...

+ dsy ... dsp U(s1) BEU(sp)BHTD) | pletn=1) k+n
>k SK=t
k
BUIAUHY = —ig 3 Trypya[8(j — opg1), Y]
j=1

U(t)’y(k) — eit Z§=1 Aj,y(k)e—it Z?zl A,

Problem 1. ||[B"R)AG+1)| . < O|lvF+1)||, 141 is wrong because
0(x) £ (1 — A). Need smoothing from U/ !
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t
%(k) = Z/l(t)’y(gk) + /O ds U(t — S)B(k)L{(s)vg_l_l + ...

+ - dsy...dsy U(s1)B®U(sp) BRHD | plhtn—1) ktn
k SE=1

Stricharz inequality? Space-time smoothing of e,

1/p
< C|¥]l2

eztA '

. /
1 Lr(La(da)n) = [/dt(/dﬂe%tAwq)P q

Problem 2. BWpk+1)  plktn—1) x n1, because BW =k | ...
This can destroy convergence. Gain back from time integral

1
/ dsy...dsp < —

Here Ll(ds) was critically used, Stricharz destroys convergence.

We expand it into Feynman graphs and do all integrals carefully.
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VIII.1 FEYNMAN GRAPHS

Iteration of the oo-hierarchy: o0t = Uyo + fé ds Ut—sBvyoo,s

VB = 3 =P ) + 2P (1)

m=0

Q,,(,Lk) = / . / d81d82 ... dSn Z/{t—S]_BUS]__SQB .. ‘MSn_l_Sanyglg;IS_nn)
= (k)

=’  are similar but with the initial condition g at the end.

Feynman graphs: convenient representation of = and (2.
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Lines represent free propagators.

E.g. the propagator line of the j-th particle between times s and
t represent exp[—i(s —t)A]:

j Oy

| | Time axis

Vertices represent B, e.g. V(x1 — z2)v(x1, z2; 27, 25)0(xo — x5)

|

X1 X1
X

X4 Xll
2

X2
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Ef)(”r]f) — / : / dsidsp...dsm Up— g BUs — s, B .. . Us . 15, BUs V5 (k+m)

corresponds to summation over all graphs I of the form:

o
Roots: L e
I—‘ L eaves:
: L
2k outgoing = | | |
() m vertices 2(k+m) incoming
variablesof = | b
m
L ﬁ variablesof Y
—t+—— I | Timeaxis
t Sl Sz Ss Sm 0
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Value of a graph I in momentum space

Val(r)szegdaedpeﬂ pe+me ] 5(2 )5(Zpe)

e Qe — ecv ecv

x e % 2ecRroot (%= M) O(p, 1 e € ROOL) 7o(pe : e € Leaves)

Pe € R3 is the momentum on edge e
ae € R variable dual to time running on the edge e.
ne = O(1) regularizations satisfying certain compatibitility cond.

Two main issues to look at

e What happens to the m! problem (combinatorial complexity of
the BBGKY hiearchy)?

e \WWhat happens to the singular interaction = large p problem
In other words: why is Val(I") UV-finite?
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VIII.2 COMBINATORIAL RESUMMATION
Let kK = 1 for simplicity, i.e. we have a tree (not a forest).

The Duhamel expansion keeps track of the full time ordering and
it counts the following two graphs separately:

[ r—
. . T

[
e

A W N P

Number of graphs on m vertices with time ordering: m!
(the j-th new vertex can join each of the (5 — 1) earlier ones)

Number of graphs on m vertices without time ordering = Number

of binary trees = Catalan numbers mL_H(QTZ") <Ccm,

The resummation reduced m! to C™. The factorial was fake!
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VIII.3. ULTRAVIOLET REGIME: FINITENESS OF VAL(T)

Val(r)| S// I1 daedpeg@éeip& Ugvd(zae)5(2p6>

ecE ecv ecv
X O(pe : e € Root) vo(pe : e € Leaves)

170l (m+1) Quarantees a <p6>_5/2 decay on each leaf.
Perform integration over all « and p, starting from the leaves

and moving towards the roots. At each vertex, we propagate
the decay from the son-edges to the father-edge.
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Typical example.

Integrate first the a-variables of the son-edges

IA

/ daudavdaw

Then integrate over the momenta of the son-edges

/ dpudpydpw 6(pr = pu + pPv — Pw) < const
[pul?TApu] 2T pw 2T (ar — p3 — p5 + p2) 175 = |pr[2TA

Momentum decay propagated!

ar pr GU pU
"Father" edge m a, P, "Son" edges

Ow  Pw
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val(m) < [ [ 11 dozedpel;[<aeipg> UIE_IV5<ZO¢6>5<ZP@>

ecE ecv ecv
X O(pe : e € Root) vo(pe : e € Leaves)

Power counting (k= 1, one root case).

# of edges = 3m + 2, no. of leaves = 2m + 2

# of effective pe (and ae) variables: 3m+2) —m =2m+ 2
2m -+ 2 propagators are used for the convergence of ae integrals
Remaining m propagators give <p2> decay each.

Total p-decay: 3(2m+2) +2m =7m+5 in 3(2m + 2) dim.

There is some room, but each variable must be checked. We
follow the momentum decay on legs as we successively integrate
out each vertex. There are 7 types of edges, 12 types of vertex

integrations that form a closed system. []
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IX. CONCLUSIONS

e We derived the GP equation from many-body Ham. with in-
teraction on scale 1/N. Coupling const. = scattering length.
GP theory is also valid far from equilibrium/ground state

e A specific short scale correlation structure is preserved or even
emerges along the dynamics. In the N — oo limit, this structure
is negligible in L2 sense (ensuring a closed eq. for the orbitals)
but not in energy sense, thus it influences the dynamics via the
emergence of the scatt. length.

e For interaction on scale 1/Nf3, B < 1, the coupling constant is
the Born approximation to scattering length.

e Conservation of H* can imply bounds in Sobolev space

e Stricharz can be strengthened with Feynman diagrams in many
body problems
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X. OPEN PROBLEMS

e Remove the positivity condition on V

e What happens for negative scattering length? Metastability?

e Understand the mesoscopic scales. What happened to the
excess energy for the product initial state?

e Fermi systems (bound pairs of fermions are bosons)

e Combine many-body and random potential
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I1.2. VLASOV EQUATION FROM FERMION DYNAMICS
(DETOUR)

Trapped fermions have energy/particle ~ N2/3
Time scale ~ N—1/3
Wavelength ~ N—1/3 « potential lengthscale ~ O(1) = SC

1
o = |~ Y A+ Y Vg —a)| v, ei= N3
, N ,
J k<y
Typical semiclassical fermionic state

W= Ngj  gi@) =ePiTg(x), |kl S N3
j

and v(1)(z; z') is supported near |z — /| ~ e.
Wigner transform of fy(l) at scale ¢

Wg(l)(a:, v) = /7(1)(33 +en,z — en)edv

Similarly for k-particle density matrices, v(¥)(x1, . LT X, T
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is@t\U=[—€QZA o ZV(mk—x)]W o= N-1/3

k<]

THEOREM: If the initial state asymptotically factorizes,

W]%kg ~ @YW, then (k)(t) ~ @% W, (propagation of chaos)
Then the weak limit W; = lim W} (¢) satisfies
8tWt(:E7 U) +v- vaWt(xa ’U) — VCU(V * Qt) ) VUWt(m7 ’U)

ot(x) := /Wt(a:,v)dv

Limit equation is classical (nonlinear Vlasov equation)
(Unlike Hartree/NLS for bosons that are quantum equations.)

[Narnhofer-Sewell]: V is analytic, [Spohn]: V € C?
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NL VlIasov equation is the SC limit of the Hartree eq.
ie0ypf = —e*Dpf + (V * |90§|2> o
O = | A+ Vi o] i) =)
Let We(¢t,z,v) be the rescaled Wigner transform of Vi -

THEOREM [Elgart-E-Schlein-Yau]: V analytic
Suppose for k < 2log N and bounded k-body observables O),

k
(oW, W) - @ wh©)| < 4

J=1
Then for short time
k) (k) . 1
‘<o< LWL - @ W‘E(t)>‘ <
J=1

Hartree eq. exact up to 0(53). Open: remove analyticity.
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