Ann. Univ. Ferrara - Sez. VII - Sc. Mat.
Vol. LI, 263-280 (2005)

Comatrix Corings and Invertible Bimodules (*)

L. EL KAOUTIT (**) (***) - J. GOMEZ-TORRECILLAS (***)

SunTO - Estendiamo il Teorema di Masuoka [11] riguardante I'isomorfismo tra il gruppo
dei bimoduli invertibili su un’estensione di anelli non commutativa e il gruppo di au-
tomorfismi del coanello canonico associato di Sweedler, alla classe dei coanelli di co-
matrici finiti introdotta in [6].

ABSTRACT — We extend Masuoka's Theorem [11] concerning the isomorphism between the
group of invertible bimodules in a non-commutative ring extension and the group of
automorphisms of the associated Sweedler’s canonical coring, to the class of finite
comatrix corings introduced in [6].

Introduction.

Comatrix corings were introduced by the authors in [6] to give a structure
theorem of all cosemisimple corings. This construction generalizes Sweedler’s
canonical corings [15], and provides a version of descent theory for modules [6,
Theorem 3.10]. Sweedler’s canonical corings and their automorphisms were the
key tool in [11] to give a non-commutative version of the fact that the relative
Picard group attached to any commutative ring extension is isomorphic to the
Amistur 1-cohomology for the units-functor due to Grothendieck’s faithfully flat
descent.

In this note we extend, by using different methods, the main result of [11, §2]
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to the context of comatrix corings. In fact, we apply ideas and recent results from
{71 and [6], and the present paper can be already seen as natural continuation of
the theory developed in [6].

The first section is rather technical, and it is devoted to prove that there is an
adjoint pair of functors between the category of comodules over a given comatrix
coring and the category of comodules over its associated Sweedler’s canonical
coring. This adjunction will have arole in the proof of the main result. Section 2 ig
the core of the paper, as it contains the aforementioned isomorphism of groups
(Theorem 2.5). The maps connecting bimodules and coring automorphisms are at
a first glance different from the maps constructed in [11]. However, they are
neatly related, as Proposition 2.6 shows.

All rings considered in this note are algebras with 1 over a commutative
ground base ring K. A right or left module, means a unital module. All bimodules
over rings are central K-bimodules. If A is any ring, then we denote by M4
(respectively 4 M) the category of all right (respectively left) A-modules. The
opposite ring of A will be denoted by A° its multiplication is defined by
ajad = (mag)’, af,aj € A° (ie. a;,az € A). As usual, some special convention will
be understood for the case of endomorphism rings of modules. Thus, if X, is an
object of My, then its endomorphism ring will be denoted by End(X 4), while if
aY is left A-module, then its endomorphism ring, denoted by End(4Y), is, by
definition, the opposite of the endomorphism ring of ¥ as an object of the ca-
tegory aM. In this way X is an (End(X4),A)-bimodule, while Y is an
(4, End(4Y))-bimodule. The opposite left A°-module of X4, will be denoted by
X°, the action is given by a°2° = (xa)’, a° € A% z° € X°. Of course, if f : X — W
is right A-linear map, then its opposite map f° : X° — W¢ is left A°-linear which
is defined by f°(x°) = (f(x))°, for all x° € X°. The same process will be applied on
bimodules and bilinear maps. For any (B,A)-bimodule M we denote by
M* = Hom(M 4,A,) its right dual and by *M = Hom(zgM, pB) its left dual. M*
and *M are considered, in a natural way, as (4, B)-bimodules.

Recall from {15] that an A-coring is a three-tuple (€, 4g, &5) consisting of an
A-bimodule € and two A-bilinear maps

€% ,6eu6 €24
such that (4s @4 C)ods =(E®4 As)ods and (s ®a 8)ods =(E®4 &g)odg = ¢.
A morphism of A-coringsis an A-bilinearmap ¢ : € — D which satisfies:en o ¢ = ¢
and4s o ¢ = (¢ R4 ¢) o As. Aright C-comodule is a pair (M, p,,) consisting of aright
A-module M and aright A-linear map py, : M — M ®4 &, called right €-coaction,
such that (M ©4 4s) o pyy = (g @4 €)Y o pyy and (M R4 &s) 0 pyy = M. Left E-co-
modules are symmetrically defined, and we will use the Greek letter 1_ to denote
their coactions. For more details on comodules, definitions and basic properties of
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bicomodules and the cotensor product, the reader is referred to [3] and its bib-
liograpy.

1. - Comatrix coring and adjunctions.

Throughout this section 2 will be a fixed (B, A)-bimodule which is finitely
generated and projective as a right A-module with a fixed dual basis
{(ei,e)) iy € 2 x 2. Let § = End(Z4) be its right endomorphism ring, and
let 1 : B — S be the canonical associated ring extension. It is known that there is
an S-bimodule isomorphism

£: 24 2" —— S =End(Zy)
(1) U R4V
diti®aeis =) ;s(e;) ®ae;

L — uv*(x)]

B

With this identification the product of S (the composition) satisfies
s(u R4 u) = s(u) 4 u*,
(2) (U R4 U*)S = U R4 U*S,
(U @4 U )V R4 V") = uu*(v) Qa v° = u @4 u*(V)v*,
for every s € S, u,v € 2, v*,u* € L*. By [6, Proposition 2.1], the A-bimodule

2* ©p 2 is an A-coring with the following comultiplication and counit

ArourW* Qpu) = Zu* Rp e Q4 e QpU, Exa,rU* Qpu) =u*(u).
7

The map 45, s is independent of the choice of the right dual basis of 24, see [6,
Remark 2.2]. This coring is known as the comatrix coring associated to the
(B, A)-bimodule X.

REMARK 1.1. One can define a comatrix coring using a bimodule which is a
finitely generated and projective left module. However, the resulting coring is
isomorphic to the comatrix coring defined by the left dual module. To see this,
consider any bimodule 41z such that 41 is a finitely generated and projective
module with a fixed left dual basis {f}, *jj-}j. Put g24 = p* A4, the set {*ﬁ,f]-*}j
where f* € 2" are defined by f;" () = u(f)), for all w € 2" and j; form a right dual
basis for 2 4. The isomorphism of A-corings is given by

gL — ARp*A
w @p v (3w ChHf) ®p v

The proof is direct, using the above dual bases, and we leave it to the reader.
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Keeping the notations before the Remark 1.1, we have that the right (re-
spectively left) A-module X (respectively 2*) is a right (respectively left)
2* ®pg 2-comodule with right A-linear (respectively left A-linear) maps:

pr:X—2®42"®p 2L, (uHZGi ®a €] ®Bu)7
i

for every u € X, and

Apr 1 272" ®p & ®p 27, (U*qu* ®pB €; ®a e;‘),
7

for every u* € 2”. Since Y, be; @4 €] = ) ; ¢; ®4 e;b for every b € B, we get that
ps isleft B-linear and A5 is right B-linear. Furthermore, the natural right A-linear
isomorphism X = *(Z”) turns out to be a right 2* ®p Z-colinear isomorphism.
Associated to the ring extension A: B — S, we consider also the canonical
Sweedler S-coring S ®p S whose comultiplication is given by Agg,s(s @z §') =
=s®pl®s1®p¢s,s,s €S8, and the counit is the usual multiplication.

The aim of this section is to establish an adjunction between the category of
right 2* ®g X-comodules and the category of right S ®p S-comodules. Recall
first that this last category is isomorphic to the category of descent data asso-
ciated to the extension B — S, (cf. [13], [1]). This isomorphism of categories will
be implicitly used in the sequel. For every right S-module Y and every left S-
module Z, we denote by 17 : Z - S®g Z, and 1}, : Y — Y ®g S the obvious nat-
ural S-linear isomorphisms.

The functor — ®g X : M5@8S _, A2 8%
Let (Y, py) € M55 and consider the following right S-linear map

. 'rfl S
3) Y 2 . Yg S, 2%

YR, 2®,2"®,8

where £ is the S-bilinear map given in (1). Applying — ®g 2 to (3), we get

z Y -1 S®.
Yo, 0" . ve, S0,5w,52 22y e T, 50, S0, 8
(4) T ;YE;SE\ - Y@gu@, 5 ®p
YR,50,5 0,5,
explicitly,

PY@S):(?/ Rgsu) = Z Yo Os € Q4 €] VB Yy,
i)
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where py () = 3,y Yo ®s 1 @p ya). It is clear that py, 5 is a right A-linear map
and satisfies the counitary property. To check the coassociativity, first consider
the diagram

Pr@gL

Y ®, % Y®, 80,59, %
YO T Y®SL®SZ

PY RSO SO N

Y, 50,58,% YR, 50,50,50, S®, &

(5) YRg6 10,50, Y®SS®BS®_I§“®BS®SE

Y 0,50, 0, § o, 52054 507
s A B Su—h.—)

YR80, @5t Y®;5055@0,58 T O!

YR, 58,590, 20,2 0,58, L

Pr® U0, 50, S

YQ. 5,5 8, Y®,50,58, 58,59,

It is commutative because py is a coaction for the right S @z S-comodule Y. Now,
look at the following diagram

Yo, 8@, 59, L
Y©46710550,8

Y®sAR:E Y®sE®AE.®BS®SE
Y@,50,5®; S®, 5@, % Y®:IQ, T @
Y0 50,5067 19,5945 YR, 29,50, %
(6) |
YO,50,50,50,5°9,5®,% Yosto,a
Y059, 50,58 5 6y YR, 22,50, L28, 280, &
YR, 58,50, L0,Y"3,L YO ER, L@t " 9, T 0T
)\'®g~1® S8 TR, 2T T
s BY9sS®a= L7

YR, 28,5 0,58,50,50, %

which is easily shown to be commutative. By concatenating diagrams (5) and (6)
we see that the map py,, s endows Y ®g 2 with a structure of right 2 ®p 2-
comodule.

Now, let f : Y — Y’ be a morphism in M5®25 and consider the right A-linear
map f®s2:Y®s2E — Y ®s 2. Then we have the following commutative
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diagram

Y ®, % Y 9,858,590, 50,5
\

oY Y@ @y ST Y84T®, T8
fogT \ / F6.59, 50, S0, T \

Y©,59, 80, 5 YR, 20, Y 0,

Y'®, % V,Y9,2*®,59, L

N

8480552, % [O,TR, S @y Y
Py1®g 8 Y'Q. 671955045 Y@ B8, Tt
Yo,50,50,% Yo, 29,2 ®,5%,

which means that f ®g 2 is a morphism in M= %82 wwith the coaction (4). Therefore,
we have constructed a well defined functor — ®g X : M5?85 5 Af2798%,

The functor — ®4 X2* : M* ®5% _, AS©55,
Let (X, py) € M* 5% and consider the right S-linear map

o X T
Xo, o0 X, v e,te, 0 X9, 5, S
() ) ;_»:@;x? R KB, 00,8

X®,20,5®, 9.
Direct verifications, using elements, and the coassociativity of py, give a com-
mutative diagram:

X©, T 5,50, S @, X®,20,5®,S5

Xo,% X, 5,8
PxE, T X®© S aLE
PXO4E" X@, 29,20, X
X0, X¥R,20,% X@, 08,5 @, Opu"
X2y I*(‘\Bf NO, X0, X0, X0, X0, L
X®, 20,85
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where 4" is the (B — S)-bilinear map defined by 1"(s) = 1 ®g s, for all s € S. That
is, the right S-linear map f := (X @4 2" ®g &) o (py ®4 Z*) verify the cocycle
condition (see [18, Definition 3.5(2)]). Since py,, 5~ satisfies the counitary prop-
erty, f is actually a descent datum on X ®, Z* (see [5], [13]). Henceforth,
Pxo,r =X ®a 1 ®pS)of is aright S ®@p S-coaction on X ®4 2.

Given any right 2* ®p X-colinear map g: X — X', we easily get a right
S @p S-colinear map g4 2" : X ©4 2% — X' ®4 2", with the coactions (7).
Therefore, — @4 2* : M* %85 M558 i3 a well defined functor.

The precedent discussion serves to state the following proposition.

PROPOSITION 1.2.  For every pair of comodules ((Yseys, py); Xs sux, Px)),
the following K-linear map

Wy x : Homy g, 5(Y @; Z,X) —— Homg, (¥, X @, Z7)

f

(F@,Z)0(¥Y®,ENot,

X ®,&)o(g®, )

g

(where & is the counit of the comatriz S-coring X2* ®g X), is a natural iso-
morphism. In other words, — ®g 2 is lefl adjoint to — ®4 Z*.

Proor. We only prove that ¥Yyy and its inverse are well defined
maps, the rest is straightforward. Clearly ¥y x(f) is S-linear, for every
feHomy, s(Y @5 2, X). The colinearity of ¥yx(f) follows if we show
that

v i) X®, T

(8) p[» (X®,S*@p8)o(px © 4 =)

Y&, s Y(N)®,S

X®, 20,85
is a commutative diagram, where p}, = (5 ®5 S) o py. Put
f=Wrx(opy =(fO4 2" @po (¥ @5 @pS)opy.

Using that the map f is colinear, we easily prove that the following diagram is
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commutative
v 4 Y, 58— yg 5o,
lpy@s):@A
p YR, 50,568, X0, 2
Y@se-lcaslS@sE@AE*
Y®,5®,95 YR, 2,Y3,50,L0, X (pxof)0, ="
}'@Sfilass Y®52®,\E'i{®31”®,42‘

Y, 50,5 @ 6!

YO, 23,20, 5 YO,20,20,30,%
|
f®A“¢‘@BS f'3,42"-‘-‘f2®,:2'

X@, =4
X®,2%,8 ©ar 00t XA, L0, 20,5

which is exactly the diagram (8). Now, let g € Homg,s(Y, X ®4 2£*), so the fol-
lowing diagram is easily shown to be commutative

Y®,% 905 X®,5 9, %
PX®A%*®SZ

X9, %0,20,5 0,5

Py O X@Az*i@Bwsz

X®,%0,S®, %
!

X@AE;®BL)EI
Y®,50,50,% 92558,2 X Q, 5 Q, %
\’1® Se.%
= ¥B s\ T
YO 10,5045 Y®, 50,2 T
YR,20, 29, S®, X X®, A0, Y"®, %
Y®SE®A]Z*®BL£1 X®A5'®TA Trops
¥
Y B by Q4 by Qg Y0970, 5' 95— X B4 iy ®s by @, Dy Kp by

On the other hand, we have
pxoX®,d)=X®, 2" 0,1 )o(X®, 2" 8,8 2oy 8, X" 8 %),

putting this in the above diagram, we get that X ®4 &) o (g ®52) is 2* ®p 2-
colinear; and this finishes the proof. O
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REMARK 1.3. 1) Applying Proposition 1.2, we get (up to natural isomorph-
isms) the following commutative diagram of functors

,M‘9®BS

—®, 5" Homsg ;. 5(5,~)

©)

—®4% ~®5S
H0m2*®32(2,—)

ME*®BE MB7

_®Bz

where the sideways pairs represent adjunctions.

2) Symmetrically, one can define a pair of adjoint functors relating the ca-
tegories of left comodules: 2* ®g — : S5 M 5282 A : ¥ ®4 —, which turns
the diagram

(10)

commutative.

2. -~ A group isomorphism,

Let B C S be ring extension. The set Iz(S) of all B-sub-bimodules of S is a
monoid with the obvious product. For I,J € Ig(S), consider the multiplication
map:

m:Igpd —1J, mxQpy) =xy.

Iﬁg(S) (respectively I3(S)) denotes the submonoid consisting of all B-sub-bimo-
dules I C S such that

S®pl=S (respectively I 58S =S) through m.

Inv(S) denote the group of invertible B-sub-bimodules of S. By [11, Proposition
1.1], Invg(S) € I5(S) N I(S).

From now on fix a bimodule 3% 4 with 24 finitely generated and projective,
consider the endomorphism ring S = End(Z4), and assume that g2’ is faithful,
i.e., the canonical ring extension 4 : B — S is injective (B will be identified then
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with its image). Consider the comatrix A-coring € := 2* Qg X, and denote by
Endg_¢-(€) the monoid of the coring endomorphisms of €. We denote by
Auty .o(€)its group of units, that is, the group of all coring automorphisms of €.
The canonical Sweedler S-coring S ®p S associated to the ring extension B C S,
will be also considered.

ReMARK 2.1. Keeping the previous notations, we make the following remarks.

1) As we have seen, the (B, A)-bimodule 2'is actually a (B, €)-bicomodule (B is
considered as a trivial B-coring), while 2™ becomes a (&, B)-bicomodule. Given
g € Endy_.,(€), and a right comodule X;; (respectively left comodule X), we
denote by X, the associated induced right (respectively left) €-comodule. That is,
Px, = (X ®4 9) o px (respectively 1y, = (g ®4 X) o Ax). If (X, px) is any right G-
comodule such that X is finitely generated and projective module, then it is well
known that the right dual module X* admits a structure of left €-comodule with

coaction
@) =Y (@ @4 ©) o py(a) @425, @ € X7,

where {2}, x; }; is any right dual basis of X4. In this way (X,)" and (Z*), have the
same left C-coaction, that is, they are equal as a left €-comodules, then we can
remove the brackets 2; =(Zg) =(Z%).

2) Given ¢, 2 € Endy_.(€), the B-subbimodule 202 s of 2®4 27 Is identi-
fied, via the isomorphism given in (1), with Hom¢ (2, 27,). Another way to obtain
this identification is given as follows. Recall, from [7, Example 3.4] or [6, Example 6],
that (2))gisa quasi-finite (€, B)-bicomodule with adjunction — ®p X, —Os27, 80
the cotensor functor —[Js27 is naturally isomorphic to the hom-functor
Homy(Z,, —). Moreover, this isomorphism can be chosen to be just the re-
striction of — ®4 27, = Homy (2, —). Applying this isomorphism to X, for any
h € Endy_.,(€), we arrive to the desired identification.

3) Let g € Endy_¢(€). The following multiplication
m: 2" @g Homg(Zy, 2) — 27 (u' ®pt—u't)

is a left €-comodule map. Furthermore, we have a commutative diagram

Y@, m

Y®, 2*®, Homsg-g,n(Z,, %) A Y®, X
£® Homyxg o (2g,X) 13
S ®, Homg-g 5 (2, 2) = S,

where m is the usual multiplication of S.
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We define the following two maps:
F" i Endg_eor(&) — Ip(S) (9—— Homg(Z, X)),

and
F': Endg_eor(€) — 15(S) (9—— Homg(Z,, X)).

These maps obey the following lemma. First, recall from [14] (cf. [4]), that a
(B, A)-bimodule M is called a separable bimodule or B is said to be M-separable
over A provided the evaluation map

M®is™M — B, m®up— pn)

is a split epimorphism of (B, B)-bimodules. As shown in [14] (cf. [10, Theorem
3.1)), if M is a separable (B, A)-bimodule and S := End(M,), then B — Sis a split
extension, ie., there is a B-linear map a:8S — B such that a(lg) =13.
Conversely, if gM 4 is such that M4 is finitely generated and projective module,
and B — S is a splits extension, then pM4 is a separable bimodule.

LEMMA 2.2. Let g € Endg_cr(€). Then

@ F(@elIxS) if and only if S preserves the equalizer of
(pz ®4 2,2, ®a Asr) (cf. [T, Section 2.4]). In particular, if either g is flat
module or X4 is a separable bimodule, then F'(g) € IL(S).
(i) Fig) e IB(S) if and only if Sg preserves the equalizer of
(pr ®a 2y, 2 ®4 Ax5y). In particular, if either X% is flat module or p24 is a se-
parable bzmodule then Fig) € I%(S)
(i) If g € Autg_cor(C), then Fi(g) = F"(g™).

Proor. (?) and (i7) We only prove () because (i) is symmetric. Following the
identifications made in Remark 2.1, we have F'(g) = X ,[0s2". Taking this iso-
morphism into account, the first statement in (¢) is reduced to the problem of
compatibility between tensor and cotensor products. Effectively, by [7, Lemma
2.2], gS = X ®4 2* preserves the equalizer of (pzy ®a 2", 2y ®4 Ax+)if and only if

(Z0s2")®p Z @4 2" 22 06(2* @p 2 ©4 27) = (Z0c0) ®a 27 =2 ®4 27 ~8,

if and only if (2, O 27) € I;(S), since by Remark 2.1 (3) this composition coin-
cides with the multiplication of the monoid Ig(S). If g2 is a flat module, then
clearly pS is also flat. Hence, it preserves the stated equalizer. Now, if we assume
that X4 is a separable bimodule, then [2, Theorem 3.5] implies that € = 2* ®p X
is a coseparable A-coring (cf. [9], [8] for definition). Therefore, equalizers split by
[9, Proposition 1.2], and so they are preserved by any module.
(iit) A straightforward computation shows that Homg (2, 2) = Homg(X, 2g1).
O
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THEOREM 2.3. Let p24 be a bimodule such that g is faithful and X4 is fi-
nitely generated and projective. Consider € = 2* @p X its associated comatrix
A-coring. If either

(@) 2% is a faithfully flat module, or
(b) pZ4 is a separable bimodule,

then F' : Endyg_r(€) — I%(S) 18 @ monoid isomorphism with inverse

I 15(8) ——— Endy_o(€)
(11)
I— [ ®, ur— >, u'sy ®, xxul,

wherem'(1) =3, sy ®pax € S®p L.

Proor. Under the hypothesis (@), we have, by the left version of the
generalized Descent Theorem for modules [6, Theorem 2], that
2*®p—:pM — ¥®ZAM is an equivalence of categories with inverse
Homj+g, (2", —). Applying the diagram (10) of Remark 1.3, we obtain that
S ®p — : pM — 58S M is a separable functor (cf. [12] for definition). Now, as-
sume (b), then the ring extension B — S splits as a B-bimodule map. By [12,
Proposition 1.3], the functor S ®p —: pM — gM is separable, and by [12,
Lemma 1.1(3)], the functor S ®p — : M — S®85 A1 is separable. In conclusion,
under the hypothesis (a) or (b), the functor S ®p — : pM — S®85 A1 reflects iso-
morphisms. Therefore, any inclusion I C J in I%(S), implies equality I = J. This
fact will be used implicitly in the remainder of the proof.

The map I'’ is easily shown to be well defined, while Lemma 2.2 implies that F*
is also well defined. Let us first show that F' is a monoid map. The image of the
unit is mapped to B, Fl(lEnd L_.,®) = Endg(2) = B, since by [6, Proposition 2]
the inclusion B C End(Zsg,y) is always true. Let g,k € Endg_..(€), and
t € F{(g), s € F'(h), that is

Zei ®a€; Sptu= Ztei ®a gle; ®p u)
3 2

Z €; Q4 € Qp SU = Z se; @4 hie; ®p w)
i i
for every element u € X. So, for every u ¢ X, we have

prtsu) = Z e; Qa e{ Rp tsu
i

= Z te; Ra g(e§ Rp SU)
)

= R4 @) o (2®A g)(Zei ®Ka e;-‘ ®B su)
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={t,8) o0 (T®49) (Zsei ®4 hle; ®p u))

= Z tse; Q4 ghle; ®p u)
@

= (s ®4 C) o py,, ()

which means that ts € Homg(Z 4, 2) = Fl(qh), and so Fl(g)Fl(h) = Fl(gh). Now,
let I € 5(S) with m~'(1) = Y, 8, ®p t; € S ®p L. If 5 is any element in /, then
1®rs=> ;55 ®pty €S ®pl. Henceforth,

(s®4 &) ops, (W)=(5®16) (Z e; ©4 I'(I)(e] ®p u))

=" 5¢; ®4 €5k Dt
ik

= Zei ®a e;‘ssk ®p tpu
ik

:Zei ®4 €; ®p su = pr(su)
i

for every u e X, that is s: 2, — 2 €l is a G-colinear map. Therefore,
I = F{I'' (), for everyl € I%(S). Conversely, let g € End_,- (2" ®p 2), and put
I :=FY9) = Homg(Z,, &) with m (1) = 3, 8 ®p xx € S@p I. For every t € I,
we have

Y gwtope)®ae; =3 ;U Qpe; R4 €it,  Yu€lr”
(12)

Y€ ®Rae; Sptu =) te; 4 gle; ®pu), Yu e 2.
Computing, using equations (12) we get

(T @4 ds ) = u’s @p tre; R4 ¢
t.%
= ZU*Sk ®p <Z tre; @a 6;)
% i
= Z u*s, Qp (Z €; Qa4 e;‘tk>
% i

= Z <Z U'Sy p €; D4 e;ftk>
k i
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= Z (Zg(u*sktk R €) D4 6;)
E O\ i
= Zg](u* @B €;) P4 €;
i
=g ®a2") o Ag(u’)
for every u* € 2*, that is (I'(]) ®4 2*) o Ay = (g ®4 27) 0 15-. Whence,

(13) TDRs2"®@2)od=(g®4a2" RpL)od,
because A5 = Ax- @g 2. On the other hand

40 I'(D(u* @pu) = Z%*Sk ®8 <Z e; ®a ¢; Op tku)
% i

= Zu*sk KB <Z the; Ra g(ef XB u)), by (12)
k i

=" Qp 2 Q4 Q<Z WS, Rp tre; Qa e; QB u)
ik

=(Z* Q2 ®4g) o ') R4 2" R %) o Au* ©pu)
=(2*®p2 Qa9 0 (g®a 2" ®pX) o Au* @pu), by (13)
=(g R4 9) o Au* Qpu)

=40 g Rpu), g € Endyg_cr(€),

for every u* € X*, u € X. Therefore, 40 I''(I) = Ao g, thus I'(I) = I''(FYg)) = g,
for every g € Ends_.,-(€) since 4 is injective. O

Symmetrically we have the anti-homomorphism of monoids

I I5(8) ——— Endy_ (2" ®5 2)
(14)
I

[w* ®pu— Y, 'ty ®, spul,

where m (1) =Y, ty ®p sk € I 95 S. Let B° C S° denote the opposite ring
extension of B C S, and identify S° with End((2™)°4), where the notation X°, for
any left A-module X, means the opposite right A°-module. Put g Wyo := (4 23)°
the opposite bimodule, and consider its right dual W*, with respect to A°, i.e.
W* = Hom(W4.,A%,). Obviously W is finitely generated and projective mod-
ule, and we can consider its associated comatrix A°-coring W* @z W. By the
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Remark 1.1, there is an A-coring isomorphism

(W* @p W)’ =2 2* ®p 2, ((w* ®p )Y wOp e.iw*((e}‘)")") ,

where (W* ®g. W)° is the opposite A-coring of the A%-coring W* ®p W.
Therefore, we have an isomorphism of monoids Endge_e(W* ®p W) =
~ Endy_p (2" @5 2). Finally, using this last isomorphism together with the
equality Iz(S) = Ifgo (S°), we can identify the I'"-map of equation (14) with the
I-map (11) associated to the new data: A°, B° C §°, and g.Wy.. Henceforth,
Theorem 2.3 yields

THEOREM 2.4. Let g2 4 be a bimodule such that pX is faithful and 24 s fi-
nitely generated and projective. Consider € = Z* ®p X its associated comatrix
A-coring. If either

(a) g2 is fuithfully flat module, or

(b) pZ 4 is a separable bimodule,

then F" : Enda_co(Z* @5 2) — I5(S) is an anti-isomorphism of monoids
with inverse map

I Ip(S) ——— Endg_ (2™ ®p 2)
I——— W Qpu— Zu*tk Qg S/ﬂl],
k

wherem™ (1) = Y, t, ®p sy € I ®p S.

The isomorphism I given in (11) gives, by restriction, an isomorphism of
groups I : Invg(S) — Auty_cr(2* ®p Z). Analogously, the anti-isomorphism I™
defined in (14), gives, by restriction, an anti-isomorphism of groups
I Invg(S) — — Autg_r(Z* ®p Z). Moreover, when both /™ and I” ! are bi-
jective, Lemma 2.2. (iii) says that I’ = (- ) lorI’, where (— )~ denotes the
antipode map in the group of automorphisms. We can thus say that, either in the
hypotheses of Theorem 2.3 or in the hypotheses of Theorem 2.4, we have an
isomorphism of groups I : Invg(S) — Auty_ (X" ®p 2) defined either as I Lor
as (—) Lo I'", respectively. We can then state our main theorem as follows:

THEOREM 2.5. Let 24 be a bimodule such that g is faithful and 24 is fi-
nitely generated and projective. Consider € = X* ®p X its associated comatrix
A-coring. If either

(@) g2 or Xy is a faithfully flat module, or

(b) g2 4 1s a separable bimodule,

then there is an isomorphism of groups I' : Invg(S) — Auts_e, (2 ®p 2).
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To finish, we want to compare Masuoka’s maps [11, Theorem 2.2(2.3)] with
our F-maps, using the adjunction of Section 1.

ProOPOSITION 2.6. Let g2'4 be a bimodule such that g2 is faithful and X4 s
finitely generated and projective. Let S = End(Z4) be its ring of right linear
endomorphisms. Then

(1) the map

(=) : Endg_oor(Z* @5 %) Ends_or(S ®3 S)

g §=(¢®Ho(Z®sg®a L)oo @pe™)

is an tnjective homomorphism of monoids which turns the following diagram
commutative

I, (S) — > Endg_cor (5 ®5 )

Fll /
(=)
Endg_cor (S ®, S)

where T is the Gamma map associated to the bimodule gSg and the comatrix S-
coring S ®g S (see [11, 2.1)]);

2) for every g € End_q,r(2* ®p X), we have
Homjg,5(2y, 2) = Homgeg,s(S;,S) = {s €S| gs ®p1) =1®ps}

Proor. (1) We only show that (=) is a well defined map, the compat-
ibilities with the multiplication and unit are easy computations. So let
g € Endg_ - (Z* ®p 2). By definition g is an S-bilinear map, and preserves the
counit. Denote by 4 the comultiplication of S®pS, ie. 4 :S®pS —
— S®p S ®p S sending s ®p '—sRp1 Q5 s, s,s" € S. Then g is coassociative if
and only if

(15) Aog=GR,8)o(S®, g oA.
Now, direct computations give the following equations
GBS oSO =COpERE)(ERAIgRAIR D) (¢ @@L,
E®ad0a I 0 @pe )= @p¢ ®pE o4,
Ao(l®pO=ERERRE(Z®LAR4 L"),

which in conjunction with the coassociativity of g imply the equality of equation (15).
(2) The second stated equality is a direct consequence of the identification of the B-
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bimodule Homge,s(S;,S) with a B-sub-bimodule of S. Now, observe that the
canonical right A-linear and a right S-linear isomorphisms S; ®g 2 = X, and
S~ X ®, 2" are, respectively, a right 2* @p Z-colinear map and a right S ®z S-
colinear map, with respect to the coactions defined in equations (4) and (7). Whence,

HOH]['@BE(E!], Z) =3 H0m2*®82(sg ®S Z, 2) =~
=~ Homygg,s(S;, 2 ®4 £*) = Homgg,s(S;, S),

where the second isomorphism is given by Proposition 1.2. The desired first
equality is now obtained wusing the inclusion Homyg,5(Z,,2)C
C Homgg,s(S3,8) C S which we show as follows. An element s € S belongs to
Homjg, (2, 2) if and only if

> ei®ae; @psu=y  se;®49(¢; ®pu), Vu €.
T T

This implies

Z €; ®4 €] Vp ¢, Q€ = Z se; ®a 9(€; ®p €)) ®4 €]
Y] i,j

Using the isomorphism & of equation (1) and the definition of the map (/—\), we
obtain s € Homy:g,5(Z,, 2) implies 1 ®z s = gl(s ®z 1). |
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