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Reconstruction of atomic effective potentials from isotropic scattering factors
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We present a method for the approximate determination of one-electron effective potentials of many-electron
systems from a finite number of values of the isotropic scattering factor. The method is based on the minimum
cross-entropy technique. An application to some neutral ground-state atomic systems has been done within a
Hartree-Fock framework.
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The one-particle densityr(r ) of a many-electron system
plays a fundamental role in the description of different phy
cal and chemical properties and it is the basic quantity in
development of density functional theories@1#. Hunter pro-
posed@2# a Schro¨dinger-like equation for the electron densi
r(r ), which is the basis for an exact dynamical model of t
motion of a single electron in a many-electron system. T
model is the starting point for interpreting the structure
many-electron systems in terms of the effective thr
dimensional potentialU(r ) that ‘‘feels’’ each electron of the
system@2–4#.

The analytical reconstruction of the above effective pot
tial from incomplete experimental information in various a
eas, such as atomic and molecular physics, would be us
Here we will consider the elastic scattering factor~or form
factor! F(k) defined by

F~k!5E r~r !eik•rdr . ~1!

This form factor can be obtained for atoms and molecule
both elastic x-ray scattering and electron scattering exp
ments@5#. For coherent x-ray scattering, the intensity of t
scattered radiation is, in the first Born approximation, p
portional to the absolute square ofF(k), wherek denotes the
difference between the wave vectors of incident and s
tered radiation. For atomic systems it is usual to work w
the isotropic form factor~also called the spherically average
atomic structure factor!,

F~k!5
1

4p E F~k!dVk,

where dVk5sinuk dukdfk . This function is normalized by
the requirement F(0)5*r(r )dr5*0

`D(r )dr5N, where
D(r ) is the radial charge densityD(r )54pr 2r(r ), r(r ) be-
ing the spherically averaged charge density andN the num-
ber of electrons. These spherical averages are the rele
quantities in the description of atomic systems in the abse
of an external field. Due to the spherical symmetry of t
system, the Fourier transformation~1! reduces to

F~k!54pE
0

`

r~r ! j 0~kr !r 2dr5E
0

`

D~r ! j 0~kr !dr, ~2!
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where j 0(s) is the spherical Bessel function of order zer
However, these experimental data are only accessible f
finite and discrete set of values of the momentum transfe
k5uku, as well as up to a maximum valuekmax that depends
on the type of experiment involved.

The aim of this work is to propose a general method
obtain a one-electron effective potential from a limited set
values $F(ki)% ( i 50, . . . ,n) of the isotropic form factor
F(k). In doing so we employ the minimum cross-entro
principle @6,7#. First, we obtain a general effective potenti
for a N-electron system using the above technique. Then,
show numerical results for some particular atomic syste
Atomic units will be used along with this work.

As we point out above, Hunter derived@2# the following
Schrödinger-like equation satisfied by the square root of
electron density of aN-electron system:

2
¹2r~r !

4
2

u“r~r !u2

8r~r !
1Ueff~r !r~r !5Er~r !, ~3!

whereUeff(r ) is a local effective potential. Given the densi
r(r ), Veff(r )[Ueff(r )2E can be found simply by inverting
Eq. ~3!,

Veff~r !5
¹2r~r !

4r~r !
2

u“r~r !u2

8r2~r !
5

¹2Ar~r !

2Ar~r !
, ~4!

so that for the spherically averaged charge densityr(r ) we
have

Veff~r !52
1

8r2~r ! H 22r~r !
d2r~r !

dr2 2
4

r
r~r !

dr~r !

dr

1S dr~r !

dr D 2J . ~5!

Sagaret al. @3# showed that the one-electron potentialVeff (r)
reveals the shell structure of atoms and ions and that
general, it is useful for the interpretation of molecular a
atomic structure.

In this work we obtain an analytical approximation to th
effective potentialVeff(r) from the isotropic form factor at
n11 values of the momentum transferred,$F(ki)% i 50

n . In
order to reach this aim, we will first calculate the appro
©2002 The American Physical Society02-1



in
ca

,

te

-

r

-

p
c-

d

ns
a
r

an

e

-

o

s we

ou-

ny
-

n-
tial

ve
n

the

-

e-
or
tive
the

di-

o

of
gle

ock

BRIEF REPORTS PHYSICAL REVIEW A 65 024502
mated density of the system based on the concept of m
mum cross-entropy and then we will obtain an analyti
approximation for the effective potential.

The minimum cross-entropy principle@7# is based on the
concept of cross entropy or relative entropyS@D,D0# be-
tween two densities defined over a setX, D(r ), andD0(r ),
with the same normalization overX,

S@D,D0#[E
X
D~r !ln

D~r !

D0~r !
dr. ~6!

We have to point out thatS@D,D0# is always non-negative
convex, and equals zero only whenD(r )5D0(r ). Our prior
knowledgeabout our system is assumed to be incorpora
into a prior distribution D0(r ). For a given prior density
D0(r ), the distributionD(r ) that satisfies some given con
straints and minimizes the relative entropy is theclosest one
to D0(r ) among all those that fulfill the constraints@8,9#. As
constraints, we usen11 values of the isotropic form facto
F(ki), i 50,1, . . . ,n, in the pointsk0 ,k1 , . . . ,kn ; so let us
consider the nonlinear system of equations,

F~ki !5E
0

`

D~r ! j 0~kir !dr, i 50,...n. ~7!

We will always choosek050. Then, we have the first con
dition

F~0!5E
0

`

D~r !dr5N ~8!

for an N-electron system. Then the minimum cross-entro
solution@i.e., that which minimizes the relative entropy fun
tional,

S@D,D0#5E
0

`

D~r !lnF D~r !

D0~r !Gdr

with the constraints in Eq.~7!# is given by

Dn~r !5D0~r !
N

Z expH 2(
i 51

n

l i j 0~kir !J , ~9!

where

Z5E
0

`

D0~r !expH 2(
i 51

n

l i j 0~kir !J dr ~10!

and l1 ,l2 ,...,ln are multipliers that have to be evaluate
numerically from the nonlinear set of equations,

E
0

`

Dn~r ! j 0~kir !dr5F~ki !, i 51, . . . ,n. ~11!

It is worth pointing out that there are no known conditio
to be fulfilled by the set of constraints in order to find
unique solution for this problem. We always reach nume
cally a solution independent of the number of constraints
02450
i-
l
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using differenta priori densities. For a deep study of th
minimum cross-entropy method see Refs.@6, 8, 10#.

The effective potential will be written, in this approxima
tion, in terms of the input datak050, k1 ,...,kn , the numeri-
cally calculated Lagrange multipliersl1 ,...,ln for eachn,
and thea priori density. For this purpose we will use tw
different a priori radial densitiesD0(r )54pr 2r0(r ) in the
case of an atomic system. To choose these two densitie
will take into account that in the limitr→0 the effective
potential acting on each electron is just the unscreened C
lomb potential2Z/r due to the nucleus. Asr→`, we would
like the potential to have the ionization potential~e! of the
system as its asymptotic value@2#. The first property is re-
produced by thea priori distribution r0

(1)(r )5r(0)e22Zr

and the second one byr0
(2)(r )5@N^r 22&/2p#e2A8er . We

have to point out that the distributionr0
(1)(r ) is a known

rigorous lower bound for the one-particle density for a
value of the positionr @11# and r0

(2)(r ) behaves asymptoti
cally as the exact density~through the ionization potential!.
In fact there is a lower bound to the effective atomic pote
tial in terms of the nuclear charge and the ionization poten
@11#,

Veff~r !>2
Z

r
1e, r P~0,̀ !. ~12!

To obtain the analytical approximation to the effecti
potentialVeff(r) , we only have to introduce the expressio
given by Eq.~9! in Eq. ~5!,

Veff
~n!~r !5(

i 51

n
b

4r
l i cos~kir !2(

i 51

n

l i

b2ki
2r

4r 2ki
sin~kir !1

b2

8

2
b

2r
1

1

8 F(
i 51

n
l i

r S cos~kir !2
sin~kir !

kir
D G2

, ~13!

whereb52Z if we are usingr0
(1)(r ) asa priori density, or

b5A8e if we are using the second oner0
(2)(r ).

Notice that this technique can also be applied to otherN-
particle systems for which we can obtain experimentally
spherically averaged form factorF(k) using appropriatea
priori information. In particular, it would be possible in mo
lecular and nuclear systems.

Recently it has appeared in the literature~see Ref.@12#,
and references cited therein! a number of methods for the
approximate reconstruction of effective potentials in on
particle systems starting with incomplete information f
one-particle systems. These approximations for the effec
potential are always of polynomial character so suffering
disadvantage that the potentials to approximate must be
vergent asr goes to infinity.

In order to illustrate our method, we shall consider tw
ground-state neutral atoms, helium (N52) and lithium (N
53). We have examined the approximate reconstruction
the effective potential that governs the motion of a sin
electron using as input data the values$F(ki)% i 50

n for differ-
ent values ofn. The input values ofF(ki) have been calcu-
lated by means of the accurate Roothaan-Hartree-F
2-2
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~RHF! wave functions of Kogaet al. @13#. We have used
equidistant values ofk ranging from 0 to 3 a.u., namely
ki53i /n for i 50, . . . ,n.

In Figs. 1~a! and 2~a! we can see the good accuracy of t
approximationVeff

(n)(r) ~for helium with n52,4 and lithium
with n52,6!, when r→0. The reason is that in these cas
we have introduced thea priori density r0

(1)(r ) that takes
into account the potential that governs the motion of
electron near the nucleus. In fact it is observed from Eq.~13!
and the MacLaurin expansion of the approximate poten
Veff

(n)(r) thatVeff
(n)(r)→2(Z/r) asr→0 for anyn. We have com-

pared with the exact effective potential in a RHF framewo
cited above. Equation~13! tells us the asymptotic behavio
of Veff

(n) when we user0
(1)(r ), i.e.,b52Z; so that approxima-

tion is finite but it has not the ionization potential as
asymptotic value.

The behavior asr→` can be reproduced by introducin
the a priori density r0

(2)(r ); so in Eq. ~13! we take b
5A8e ~where we have used the RHF value ofe for each
system@13#! and consequentlyVeff

(n)(r)→e as r→` for any
value of n. In Figs. 1~b! and 2~b! the approximation using
r0

(2)(r ) asa priori density is exemplified for helium withn

FIG. 1. Comparison between the exact~RHF! and approximated
effective potentials for the ground-state helium (Z5N52) using
F(ki), i 50, . . . ,n with n52, 4 and ~a! r0

(1)(r ) as thea priori
information and~b! r0

(2)(r ) as thea priori information. Atomic
units are used.
02450
s

n

l

52,4 and lithium withn52,6. In all these cases when w
take into account more information, i.e. a greater value on,
the results improve. Here again we have compared with
exact effective potential calculated in a RHF framework.

In summary we have developed a universal method
obtain an analytical effective potential forN-particle systems
from the experimental values of the form factor and ana
priori density. This method uses the minimum cross-entro
technique, and it has the advantage of introducinga priori
information of the system in study and of giving approxim
tions that are bounded asymptotically. Furthermore, we h
illustrated the applicability of the method by the explicit r
construction of the ground-state density of two spec
atomic systems~He, Li! within the RHF framework.

We are grateful to Professor J. S. Dehesa of the Depa
mento de Fı´sica Moderna of the Universidad de Granada
helpful comments and for his kind interest in this work. Th
work was supported in part by the DGES projects PB9
1205 and PB97-0842, the Junta de Andalucı´a ~FQM 0207! of
Spain, and the European project INTAS-2000-272, and
part by the University of Granada.

FIG. 2. Comparison between the exact~RHF! and approximated
effective potentials for the ground-state lithium (Z5N53) using
F(ki), i 50, . . . ,n with n52, 6 and ~a! r0

(1)(r ) as thea priori
information and~b! r0

(2)(r ) as thea priori information. Atomic
units are used.
2-3



s

s,

es

.

J.

t. J.

BRIEF REPORTS PHYSICAL REVIEW A 65 024502
@1# R. G. Parr and W. Yang,Density Functional Theory of Atom
and Molecules~Oxford University Press, New York, 1989!.

@2# G. Hunter, inDensity Matrices and Density Functionals, ed-
ited by T. Erdahl and V. H. Smith, Jr.~Reidel, Dordrecht,
1987!, pp. 583–596.

@3# R. P. Sagar, A. C. T. Ku, V. H. Smith, Jr., and A. M. Sima
Can. J. Chem.66, 1005~1988!.

@4# M. Levy, J. P. Perdew, and V. Sahni, Phys. Rev. A30, 2745
~1984!.

@5# N. March, Electron Density Theory of Atoms and Molecul
~Academic, New York, 1992!.

@6# J. Antolı́n, J. C. Cuchı´, and J. C. Angulo, J. Phys. B32, 577
~1999!.

@7# S. Kullback, Statistics and Information Theory~Wiley, New
02450
York, 1959!.
@8# H. W. Engl, M. Hanke, and A. Neubauer,Regularization of

Inverse Problems~Kluwer Academic, Dordrecht, 2000!.
@9# E. T. Jaynes, IEEE Trans. Syst. Sci. Cybern.SSC-4, 227

~1968!.
@10# J. M. Borwein and A. S. Lewis, inMaximum Entropy and

Bayesian Methods, edited by A. Mohammad-Djafari and G
Demoments~Kluwer, Dordrecht, 1993!.

@11# M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and
Thirring, J. Phys. B11, L571 ~1978!.

@12# M. Casas, F. Pennini, and A. Plastino, Phys. Lett. A235, 457
~1997!.

@13# T. Koga, K. Kanayama, S. Watanabe, and A. J. Thakkar, In
Quantum Chem.71, 491 ~1999!.
2-4


