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22. Orthogonal Polynomials
Mathematical Properties

22.1. Definition of Orthogonal Polynomials where g(z) is & polynomial in z independent of n.

dfn ; !
A system of polynomials f,(z), degree [f.(z)]=n, The system {Rf;} consists again of orthogonal
is called orthogonal on the interval a<z<b,

lynomials.
with respect to the weight function w(z), if polynomials
(1.5:-5)
22.1.1 us:
]
[ v aterda=0 i

(ms£m;n,m=0,1,2,...)

The weight function w(z)[w(z)>0] determines
the system f,(z) up to a constant factor in each
polynomial. The specification of these factors is
referred to as standardization. "For suitably
standardized orthogonal polynomials we set

P‘n.s,-_m

/Pl[ 1551

22.1.2

fﬁ w(@) f2(2)dr=hn, fu () =kn2" +hn2" '+ . ...

(ﬂ:U, 1, 2’ i .) PS(I,S,'.ﬁ’
These polynomials satisfy a number of relation-

ships of the same general form. The most
important ones are:

Differential Equation
22.1.3 92(2) f3' + ¢ (@) fat-anfa=0
where gi(z), gi(z) are independent of # and a, a
constant depending only on .

Recurrence Relation

Il 1 > x

22.1.4 f”+[:(a”+$b,)f,—cJ._1

where
22.1.5 i
l’fﬂ+1 —_— ( L W ) Il-i-lku Ih
ba= k| a,=b, Fort =~
Rodrigues’ Formula -1
i ; : {ar )
22.1.6 fu= 1 d {(w()[g@)]"} Freure 22.1. Jacobi Polynomials Pi*#(z),

exw(z) dz, a=1.5, B=—.5, n=1(1)5.
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ORTHOGONAL POLYNOMIALS
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{a.-.slm

1.5

Figure 22.2. Jacobi Polynomials Pl=(z),
a=1(.2)2, B=—.5, n=>5.

Pﬂtl.a.#}u]
3

Froure 22.3. Jacobi Polynomials PP (z),
a=1.5, B=—.8(.2)0, n=5.

ORTHOGONAL POLYNOMIALS

Explicit Expressions Involving Trigonometric Functions

13
fa(cos 9)=Z)o Gm CO8 (n—2m)8
m-

F(cos 6) Gm Remarks
22312 | €% (cos §) P(:‘n'f;:‘)_rwi‘;,[ﬁ,’;]f) a0
22313 | Pa(cos 6) % (2,:‘) (22:3:"
22.3.14 CP (cos 9)=§ cos nt
22.3.15 T, (cos 8)=cos nf
22.3.16 U, (cos 8)= Einsf.—:;':l)-?
k¥

FicurE 22.4. Gegenbauer (Ultraspherical) Polyno-
mials Cf®(z), a=.5, n=2(1)5.



ORTHOGONAL

POLYNOMIALS 777

22.4, Special Values

fa(z) fa(—2) I(1) fa(0) h@) filz)
2241 | P&P(2) (— 1P ) (“’:{“) ' 1 -%[a:“-6+(a+ﬁ+2)z]
( — 1) 0, n=2m+1
22.4.2 | C¥(2) (—1)nC (z) e [ I'(a+n/2) 1 20z
a#0 & {—1)“!’W’ n=2m
(=
] =2 0
22.43 | C\"(2) (—1)"CQ (z) -3:, ns<0 ! A 1 iy
0, n=2m+1
244 | T,@ (—1)"Ta(@) 1 d 1 |2
2245 | U@ (—1)*U () n+1 f}“ﬂ”"zr:;f”‘ 1 |2
(=D~ 1)"' (2m)
224.6 | P,(z) (—1)"Pa() 1 1 z
0, n=2m+1
2247 | L&) n+a 1 —z4a+1
(=1)m (2’“) —2m
224.8 | H.(z) (—1)"H,(z) 1 2z
=2m-+1
c;"’:x:

3

22.5. Interrelations

Interrelations Between Orthogonal Polynomials of the
Same Family

Jacobi Polynomials

22.5.1

) T(@ntatpt1) 241
Pie(@y=s L ETE G, ( FB+1,8+41, )
22.5.2

r
6u(p, ,2) =" B P-te-b 2z—1)

Ficure 22.5.

*See page II.

e -1

Gegenbauer (Ultraspherical) Polyno-
mials O (z), a=.2(.2)1, n=>5.

(see [22.2 1‘]).
22.5.3
Fu(p, g, z)=(—_'l)"n‘ I‘(Pq(i) = Py-ee-1(2r—1)

(see [22.13]).

Ultraspherical Polynomials

22.5.4 0P (9)=lim i 0 ()
Chebyshev Polynomials

255  T.@)=10,00=T1(11%)

22.5.6 To(2)=Un(z) —2Un-1(z)
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22.5.7 To(@)=2U -1 (2)—Uy,-2(x)
22.5.8 To(z)=3% [Ua(2) —Un-2(2)]
2259  U,(z)=S,(2)=U* (%")
22.5.10 U,_,(z)=——= [xT (@) =T s1(2)]
22,511 C,(@)=2T, (-g)»:z T* (i‘iz)
22.5.12 Ca(2)=8u(x)—Ss-2(z)
22513  S,(x)=U, (§)=U: (”1‘2)
22.5.14

T3(2)=Tx(22—1)=}% Cs(42—2)
(see [22.22)). '

Uk ax)=8,42—2)=U,(22—1)
(see [22.22])-.

22.5.15

Generalized Laguerre Polynomials

22.5.16 LO (2)=L.(z)
22,517 L& (z)=(—1)™ - [Lngm(z)]
sde n d’z"‘ n4m

Hermite Polynomials
22.5.18

He,(z)=2-"2H, (%)

H,(z)=2"2He,(z,/2)

(see [22.20]).
22,5.19

(see [22.13], [22.20]).

Interrelations Between Orthogonal Polynomials of
Different Families

Jacobi Polynomials
22.5.20
a-ta-b) (L @) T(etntd) o
Pi )(3)_‘P(2a+n)r(a+%) O,g )(2)
22.5.21
P‘(ua. !)(I) s _(%)nﬂ (,;::ﬁ) ( I+1)

.1:_—]—1 (a+%)u+1
e oo (/D)

22.5.22 P ¥ (g)=—22_ Py

POLYNOMIALS
~h-b (=L (2
252  Prhb)=r (n ) T\(z)
22.5.24 PP ()=P,(z)
23.5.95 Ultraspherical Polynomials
082 @) =———P§f’g’(‘;’;')2,“ Pehb (952 1)
(a=0)
22.5.26
Ole)=E S P =)
(a70)
22.5.27
a _I‘(a-l—i)l‘@a—l—n) a—§a—}
OO =Tearatnty Lr @
(a0)
22.5.28
=1 o %
co (:c)——T (2)= 2 7 + VP @
Chebyshev Polynomials
!
22.5.29 Tz""'l(:):l‘?.fl) 2P D (222 1)
. n!w/' i, -4 z__
22.5.30 Usz(2)=5 o td) PE-H(227—1)
22.5.31 T,.(z):-.r-——-u—g;i_ 5 P ()
__(n1D)lyr
22.5.32 U.(2)= ST (nF3) P3¥(z)

Tn(l;
3

Fieure 22.6. Chebyshev Polynomials Th(z),

n=1(1)5.

*See page 1II.
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--3
Ficure 22.7. Chebyshevr Polynomials U,(z),
n=1(1)5.

22.5.33 T.(z) =’§" CO (z)
22.5.34 U,(2)=09(2)

779

Legendre Polynomials
22.5.35 P,(2)=P%"(z)
22.5.36 Py (z)=03""(z)
22.5.37

é% [Po@)]=1-3... Cm—1)0"@)  (m<n)

Generalized Laguerre Polynomials

22538  L{P(x)= (1,:!2122.“ H,,(v7)

22.5.39 Ly (”)=n!(2:~—*1+)=:/£ HyrsV®
Hermite Polynomials

22.5.40 Hyn(@)=(—1)"2*"m!L5VP (2%

22.541 Hypyi(@)=(—1)"2"mle L3/ (27)

Orthogonal Polynomials as Hypergeometric Functions (see chapter 15)
Ja(@)=dF(a, b; ¢; g(x))
For each of the listed polynomials there are numerous other representations in terms of hyper-

geometric functions.

Fal@) | d ; b . i)

22542 | P3P () (“;':“) —n ntatp+l at1 1_;1
22543 | Ped (g) (2“+ﬂ“+ﬂ)(”‘71)’ - Lagge oy R 1_3:;
S [ > SR R RSP UPP P
BIM | Prie CT) -n S p+1 =
22,546 | C9() Hhe ) —a nt 2a wtd 1=
2547 | T.@) 1 o . ; s
22548 | Un(2) n+1 —n nt2  * 3 1;:;
22.5.49 | P,() 1 e o . 1;:
22.5.51 | P,(z) (2’:.)(%)» n _1%,: i %

22.5.52 | P;.(z) (=" % L s n+d 3 e

22,553 | Pan(@) (— 1)“(22::?;51% —n n+i 3 2

-
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Orthogonal Polynomials as Confluent Hypergeometric
Functions (gsee chapter 13)

n+a
n

ORTHOGONAL

22.5.54 L (z)= (—n,a+1, z)

Orthogonal Polynomials as Parabelic Cylinder
Functions (see chapter 19)

22555  H,(@)= 2"U(2 i, 2, 22

22.5.56 Hyn()=(—1)" &™) (2”"3 M(—m ﬂ:c)

22.5.57
¢ Hn@=1 E ou(—m, 3 )

Prix)

Pg Py

=58

Ficgure 22.8. Legendre Polynomaals P,(z),

n=2(1)5.

*See page II

POLYNOMIALS
22.5.58
H,(@)=2"1"D, (/20 =220 (~n—3 2z )

22.5.59 He, (%)= "D, (z) =AU (_n_%, z)

Orthogonal Polynomials as Legendre Functions
(see chapter 8)

22.5.60
(@)=
Dt hroatn [ e 17 paa
(a70)

La

-2

Ficure 22.9. Laguerre Polynomials L.(2),
n=2(1)5.

H(@)

Hermite

Ficure 22.10.

n=2(1)5.
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22.6. Differential Equations

@y + a2y +g@)y=0

781

v :(x) ¢i(z) go(z)
22.6.1 P&?(2) 1—22 | B—a—(a+A+2)z n(n+a+p+1)
22.6.2 | (1—z)%(1+2)fP5 P (2) 1-22 | a—B+(a+p—2)2 (n+1)(n+a+p)
1 1—at i@ [ B2
=i B . 0 41—z "4 (1422
2263 | (1=2)* (1+2)* PA2G) L2nntat B+t DB+
2(1—1%
1—4a? 1—4p?
L ati L I
22.6.4 (sm %) (cos %) P‘n"’ (cos z) 1 0 16 sin? % 16 cos? %
1 2
{usmp
22.6.5 C™(z) 1—z2 —{2a+ 1)z n(n42a)
2266 | (1-" @) 1—2 | (2a—3)z (n+1)(n+2a—1)
S n+a)? | 2+4a—do?+2t
2267 | (1—297"7 € (@) 1 0 (1 o 4(1—2)"
: @) gy all—a)
22.6.8 (sin z)=C ' (cos z) 1 0 (n+ea)?+ prmr
22.6.9 T a(x) 1—z2 —z n?
22.6.10 T x(cos z) 1 0 n?
22611 | 75 I_I, Tu(z); Un-s(2) * 1—2t | -3z nt—1
22.6.12 Unlz) 1—x? —3z nin+2)
22.6.13 Py(z) 1—3? — 2 n(n+41)
+1) 1
22.6.14 \I'l—‘Z’Pn{Z) 1 0 ?—(1?17-{-'(1—_'53)—!
22.6.15 | L& (2) z atl—z n
a di
22.6.16 | o—zya/2[ (@ (x) * z 2+1 n+s+l—g
2 1, 1—a* 1
22.6.17 | p-xagtedILI (2) 1 0 3%‘ +fﬁ—,‘a‘ =
i 4o
22.6.18 | o-frpmtipe (22 1 0 dn+2a+t2-r+—07
22.6.19 H,a(z) 1 —2z 2n
22.6.20 | ¢ TH,(x) 1 0 2n41—22
22.6.21 Hen(z) 1 —z n

*Jee page 1L
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22.7. Recurrence Relations

Recurrence Relations With Respect to the Degree n
Cinfrir (@) = (B2nt 3a2)fn(2) — B4 fp-1(2)

f- Gin Gan qan Oyn
22.7.1 Pi*#(z) 2(n+1) (n+a+8+1) (2n+a+p+1)(a*—8%) (2n+a+B)s 2(n+a) (n+8)
(2n+a+8) @2n+a+8+2)
22.1.2 Gal(p, ¢, 2) @n+p—242n+p—1) | —[2n(n+p)+g(p—1)] (Zn+p—2)4 n(n+g—1)(n+p—1)
@n+p=—2)s 2n+p—1) (n+p—q)2n+p+1)
22.7.3 Clo(z) n+1 0 2(n+a) n+2e—1
22.7.4 Ta(z) 1 0 2 1
22.7.5 U n{(z) 1 0 2 1
22.7.6 Salz) 1 0 1 1
22.7.7 Cul@) 1 0 1 1
22.7.8 Ti(x) 1 —2 4 |
22.7.9 Ui(z) 1 -2 4 1
22.7.10 P.(z) n+1 0 2n+1 n
22.7.11 P, (z) n+1 —2n—1 in+2 n
22.7.12 L%(x) n+1 2nt+a+1 -1 n+ea
22.7.13 H.(z) 1 0 2 2n
22.7.14 | He,(z) 1 0 1 n
Miscellaneous Recurrence Relations Ultraspherical Polynomials
Jacobi Polynomials
29.7.15 22.7.21
. 2a(1—22) Ot (2) = (2a4-n—1) 0, (2) —naC® (z)
(”‘+§+§+1) (1—2) P&+ ()
22.7.22
= @m+a+1)P,*? () — (n+1)P5A () = (n+2a)z0 (z)
22.7.16 —(n+1)C033(z)

(n+5+5+1) 1+2)PEs0 )

22.7.23 (n+a)CCP (z)=(a—1)[CR\(z)— Ci2\(2)]

= (n4+-B+1)PEP (2) +(n+1) PP (z) o Chebyshev Polynomials
22.7.17 2T n(2) T (2) = Tpim(z) + Tn-n(2) (n2m) *
(1—z)Pett® (2)+ (1+2) Pyt (2)=2P;# (z) 22.7.25
22.7.18 2@ —1)Up_1 (@) Up-s (@)= Tpsm(@) — Tnon(x)
@n+a+B)PE12 (@)= (n+a+B)P{? (z) — (n2m)
—(n+B) PP (z)
22.7.19 2T (@) Un1(@) =Unim-1(@) +Un-m-1(@)  (n>m)
(2n—+ o+ B)PeA-1 (z)= (n+a+B) PP (z) 22.7.27
+(n+a)Pxf (z) (n>m)

22.7.20 P{8-Y(z)— P18 (z)=Pf (z)

22.7.28

*Hee page II.

2Tu (3)Um—l (3) =Un+m—l (3) —Us-m-1 (3)

2T (@)U p1(2) =Usn-1(2)
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Generalized Laguerre Polynomials

22.7.31

783

22.7.29 LE () =1 [(nta+1) L () — (n-+1) L @)
1
Lt (@)= [@—n) L3 (@) +(a+m) L;2i () 22.7.32
1
(a=1) == (a) == — (@}
29.7.30 L;a—n(x):L]{‘a) (3) ‘“Lf‘“-)x (x) L,,_ (3) nta [(ﬂ+1)Ln+1(3) (T’r’i'l 3)In (3)]
22.8. Differential Relations
D)2 1a(2) =01 @)fa(0) + 0o(2) e 2)
b A gr 0 do
22.8.1 PP (z) 2nta+p)(1—2Y nla—p—(2n+a+8)z] 2(n+a)(n+8)
22.8.2 Cl (x) 1—2at —nz n+2a—1
22.8.3 Ta(z) 1—zt —ne n
22.8.4 Ualz) 1—at —nz n41
22.85 Pa@) 1—z* —nz n
22.8.6 L% (x) z n —(n+a)
22.8.7 H,(z) 1 0 2n
22.8.8 He,(z) 1 0 n
22.9. Generating Functions
ﬂ(z,z)=iaa.f.(z)z" R=vV1—2zz+2
falz) G, g(z,2) Remarks
2291 | Pe®(z) 2-a-8 R-1(1— 2+ R)-=(1+ 2+ R)~* 2| <1
2T (a+4+n)T(2a) _ =
22.9.2 C¥ (z) Tt T Catn) R'(1—zz+ R)} lz|<1, a0
2293 | C®(2) 1 R 2|< 1, a0
22.9.4 C9(z) 1 —In R? l2|<1
=
22.9.5 C® (z) I‘(Tﬁ-'%% g=con d (g sin 8) Ja—y (2 sin 6) z=cos #
22.9.6 | Tw(2) 2 1=ty 1) —1<2<1
B l21<1
V272n 5 e
229.7 | T.(@) 2 R-(1—z3+R)IA <<t
2298 | T 1 1—31n R ay=1
n —1<z2<1
Jz|<1
1—zz
9. —1 1
22.9.9 Talz) 1 7 <z<[z]<1
22.9.10 Uaz) 1 Rt —1<=z<1
lz]<1
J2 [2n+2 1 i . —
22.9.11 U.(z) Z;ﬁ nd1 "‘é (1—zz+ R) -V 1<$<ilz|<l

*See page 0.
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22.9. Generating Functions—Continued

ORTHOGONAL POLYNOMIALS

9(z,2) =2 anfal(@) 2" R=y1—2zz+2#
n=0
Ja(@) an g(z, 2) Remarks
22.9.12 P.(z) 1 R —1<z2<1
|2|<1
22913 | P,(z) - es ¢on 8],z sin 6) z=008 0
22.9.14 | S.(z) 1 (1—zz4 22— —2L22
[z|<1
20915 | 1Y) 1 (1—2)==1 exp (%) l7|<1
1
By (=) S ———— —haxps 1/2
22.9.16 LY (z) TafatD (zz)—laerd [2(22)1/7]
22917 | Ha@) % P
22.9.18 | Hin(2) =10 e* cos (22Vz)
o L @n)!
—1)n -
22919 | Hauni(2) ("én"'-F)T)T z7U%e% sin (22V7Z)
22.10. Integral Representations
Contour Integral Representations
f.(z):%“—-fi) J-r.- [g1(z, z)Irga(z, z)dz where C is a closed contour taken around z=a in the positive sense
Ja(2) : #o(z) a1(z,%) 01(2,%) Remarks
e, ; 1 2—1 (1—2)=(1+2)? ;
22.10.1 PlaB(g) (e gy 20G—2) o +1 outside C
22.10.2 | Ce(z) 1 1/z (1—2zz42%) g1 Both zeros of
1—2zz+ z*oulside C,
a >0
1—2z2 Both zeros of
22.10.3 T o(2) 1/2 1/z mz—,) 1— 22z 23 outside C
1 Both zeros of
22.10.4 U.(z) 1 ]!2 m 1—2zz+ z? outside 54
1
22105 | P.@) 1 1/ - (1=2zz+ 29112 D O e
1 g2—1 1
22.10.6 P, ('J) 5 =z ;—-—_x
22.10.7 | Li(x) ez £ E Zero outside C
z—z z—1x
22.10.8 | Li(z) 1 1-{-; s (1 +£)¢ 1/z z= —gz outside C
Bisr—ﬂ
22109 | H.(z) nl 1/z <

22.10.10 O\ ()=

22.10.11 C{(cos )=

20-29 T (n+24)

Miscellaneous Integral Representations

*See page [I.

nl[T(a)]?
217eT (n+2)

nl[T (o)

(sin §)1-2

J; i [+ +vx?—1 cos ¢]"(sin ¢)2=~1dp (a>0)
cos (n+a)¢ do

o (cos ¢—cos §)!-=
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22.10.12 P,(cos 6) =11—r J" (cos 841 sin 8 cos ¢)"de
1]

sin (n+%)¢dé

V2
22.10.13 P (0089 f *&m

785

et Ja(2v1z)dt
0
22.10.15

Hi=etZ

+1 o
2{1? f e=*t" cos (2xt—g1r dt
0

22.11. Rodrigues’ Formula

Jal@)=7 p(z) dz"{ p(z)(g(2))"}

The polynomials given in the following table are the only orthogonal polynomials which satisfy

this formula.
fﬂ(z) Gn P (.T) g (:}
22.11.1 p:la,p:(z) (—1)r20n! ) Tatnid) (1—z)=(1+1)P 1—z2
= e I'2a)l'(a+n e _

22.11.2 | C(2) (—1)n2mn! —— Ta +1k}I‘{ﬂ.+2a} (1—zHe-t 1—22

22.11.3 T.(%) (—1)n2n Tintd) = (1—z)-4 1—22
r'(ﬂ"f‘i‘) 11—z 1—zt

22,114 | Ul 1)n2nt = 3o z%) z

” =1 (n+1)Vr

22.11.5 P.(z) (—1)n2mn! 1 1—2t

22.11.6 L (z) n! e~z T

22.11.7 | H.(z) (—1)n e": 1

22.11.8 | He.(z) (—1)n =1 1

22.12. Sum Formulas

Christoffel-Darboux Formula
22.12.1

2 L fatg=lny e G0

Miscellaneous Sum Formulas (Only a Limited Selection
Is Given Here.)

2122 3 Tn@=H1+Un@)
22.12.3 :Z_‘:_; Toms1 (@) =321 (z)
22:12.4 g':gU”"(’) =k;%ﬂ%§)
22.12.5 ';z';-‘a s A =%_T£2()-‘Q

22.12.6 Eﬂu L (@) L (y) = L2+ (2+)
m=

22.12.7 D(’”‘“) nem(1— @)L, (2) = L (u2)
22.12.8

Hu(a+9) =gun 23 (3 ) He2) Hoes(V20)

*See page I

22.13. Integrals Involving Orthogonal Poly-
nomials

22.13.1
0 [ (=) +PPE 2 )iy
=PEitat(0)—(1—z)=H'(1+2) P00 (2)
22.13.2
n(Za:-i-n)f (1 y’)“‘*O‘“’(y)dy
=0t (0) — (1 —29)*HCEEY (2)

("t T.(ydy
22.13.3 e
T (y—2)v1—9*

22.13.4 jf 'Vi-yUniy)dy _
y—=)

=1TUH-1(I)

-l () *

1 e 23{2 =
22.13.5 f_l (1—z)~"Pa(2)dz=5,

' _T (Y
22.13.6 ﬁ Pzn (COS e)dg_lﬁn ( n)

2n+2

22.13.7 f Pyy41(cos 6) cos bdb=—r 4,,,“(2“) i
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22.13.8
I el G A ) BN
J;::"Pzn(:c)dx = (“%)P (n+§+%) a>—1)
22.13.9 . )\) ( A)
. rr (g3 T (143
J;IAPQ"H@M: ~ or n+2-|—%)1"(%—%)
13.10 a>=2
= cp.pat 1

it rhyite @)

22.13.11

J“P,.(t)dt_ 1
z t—zx (n"i'é) vi—z

22.13.12 f ) e L@ (t)dt=e~*[L® (z) — L (2)]

(T5(@) —Tasa(2)]

22.13.13
I'(atB+n+1) f (@— 1)~ Y=L (8)dt

- 0

=T(a+n+1) T (B)z=LE (2)

(,@a)— 1 H gﬁ>0)
22.13.14

J" " L&) La(a—t)dt
= J; : Lnia(t)dt= Ly n(2) —Lpsns1(2)

22.13.15 f ’ e~"H, (t)dt=H,_,(0)—e~"H,_,(z)
U]

22.13.16 J' * H.(t)dt= Hyo1(2)—H,o 1 (0)]
0

e
2(n+1)
- 1
22.13.17 f N e Hop(tz)tmyr E (s 1y
22.13.18
f.: e tHpmp (t0)dt =7 BT 501y

22.13.19 Jm e~ ?t*H, (zt)dt=+7n!P,(z)

22.13.20

= -2 2 — n— —~}z? el
J; e~ {H, ()] cos (zt)dt=r2r—nle} L(f)

22.14. Inequalities
22.14.1

("T9)~nt, it g=max @ B2 12
(a>—'1: ﬁ>_1)
PG| = farif 6<—

|P32(z)| <

2z’ maximum point nearest to o%%
22.14.2
("= @0
IO (@)| < i
co@)]  (—5<a<o)

2’=0 if n=2m; 2’=maximum point nearest zero
if n=2m-+1

22.14.3
a—1

|05 (cos )| <21e oo (0<a<l1, 0<6<m)
22.14.4 |T,(z)|<1 (—1<z<1)
22.14.5 "%)-kn’ (—1<z<1) -
22146 |U.@)|<n+1  (—1<2<1)
22.14.7 |Pa(z)| <1 (—1<2<L1)
22.14.8 ’d—%';-(—’)|_<,%n(n+1) (—1<z<1)

2 1 o *

92.14.9 JP,.(a:)|s‘/;n = (-1<e<D)
22.14.10

PA@)~Pors@Pa@<goppyy  (—152<D
22.14.11

_p2
S I P
(—1£2<1)

221412  |L(@)|<e™  (2>0)
221413 |L© (2)|< %em (@>0, 2>0)
22.14.14
|L;“’(z)lg[2—% e (—1<a<0,220)

*See page 11
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22.14.15 |Hyn(z)| < /220mm) [2_L 2m
| Hom(z) | <e 2% m)] 22152 lim —L‘“’( ):l—a: o2 ] ,(24%)
(2m+-2)]
22.14.16  |Hapyo(2)| Szwe™? 120 (o : I:( D™ 5 (L)]_ A
(m+Dr  (@>0) 22.15.3 L]in = H,, )
221417 |H,@)|<e* k220l kxoggess | 22.15.4 lim 4-:1 " Hiyn (21/” )]_ e
3w
22.15. Limit Relati
o 1my elatlong 22.15.5 lim Pff"” (1___2_$)=L,t‘a) (2:)
e > B
lim ~P"‘ # (cos )] 1 2 1
@ 1 T (e —_— =
- 2156 lim 0,,:( 1[&) L H, (@)
._lnn P(ﬂ 8 (1-—21:.2) (2) Joeh For asymptotic expansions, see [22.5] and
[22.17].
22.16. Zeros

For tables of the zeros and associateq weight factors necessary for the Gaussian-type quadrature

formulas see chapter 25. All the gerog
in the interior of the interval of orthogoti'fa,ﬁil; orthogonal polynomials are real, simple and located

E
_xP]J.ﬂlt and Asymptotic Formulas and Inequalities

Notations:
smth zero of 1,(2) @V <2< | pumy

6 =arccos zi, 4, (0N <M<

Ja.m, Mmth positive zero of the Bessel function J.(2)

- <6 <) 0<ja,1< a2+«
T
Ine) Relation
__-_—____—‘_—\——_
22.16.1 | P&# ]
- r M e (@>—1, £>—1)
22162 | C&(2) ' () _y_Ti-jm
B0 ()]
2216.3 | C (cos 6 (m+a—1
e R I (0<as1)
n+a
22.16.4 | T. W 2me
@ 2»-)—'003 —%n-—% x*
22165 | Ua(z) 2= gog M
AT
r2m_11
2m
i Y < giny
22.16.6 | P.(cos 6) | k1 TSR 52{4-"1‘ ™
n_ dm—1
g Em—1 4m 1 -
; 4n+2 11'+ 4 +2 T+O(R‘ 3)
=1 fom 1 »
22167 | Po(z) ) 2 (1 "'O("‘ gl
1‘n}__1_____4ng f( ja.m Ju m—2 :I+_ ( )
\ LT = dnt3 L) T 13(En+ 1 né
zi -7__’_"_
>4k.,
22168 | L& i
(2) .z;l<___ kot VIETI= k,=r+";1
nJam 2(a?—1)+ 72
Zn "‘(H— L 45;;" "‘)+0(n—s)

For error estimates see [22.6].
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22.17. Orthogonal Polynomials of a Discrete
Variable

In this section some polynomials f,(z) are listed
which are orthogonal with respect to the scalar
product

22.17.1  (fn, _f,,!)=2i W*(@)fa(@)fmlz).

The z, are the integers in the interval e<z.<b
and w*(z,) is a positive function such that

ORTHOGONAL POLYNOMIALS

> w*(x;) is finite. The constant factor which is
T

still free in each polynomial when only the orthogo-
nality condition is given is defined here by the
explicit representation (which corresponds to the
Rodrigues’ formula)

22.17.2  f.(x)= Aw*(z)g(z, n)]

1
raw*(x)

where g(z,n)=g(z)g(x—1) . . . g(z—n+1) and
g(z) is a polynomial in z independent of n.

Name a b w*(z) 2 g(z, n) Remarks
Chebyshev o |N-1 |1 1/n! (:) (3‘“”)
Krawtchouk |0 | N pegv-+(7) (— 1)l == _ o W
Charlier 0 ® = ‘ (—1)samnl E:c_i_fr a>0
Meixner 0 = A Eg;; f} g fz_f?}”r 520, 0<c<1
Hakin o |- |TRerarar@ | ARG

For a more complete list of the properties of these polynomials see [22.5] and [22.17].

Numerical Methods
22.18. Use and Extension of the Tables

Evaluation of an orthogonal polynomial for which the coefficients are given numerically.

Example 1. Evaluate L4(1.5) and its first and second derivative using Table 22.10 and the
Horner scheme.
1| —36 450 — 2400 5400 —4320 3 720
z=1.5 1.5 —51.75 _597. 375 —2708. 9375 4044. 09375 —413. 859375
1| —34.5 308. 25 | —1802. 625 2696. 0625 —275. 90625 306. 140625
. 14062
1.5 1.5 —49. 5 523. 125 —1919. 25 1165. 21875 Lo=@§?1;(;)—j
=. 42519 53
1| —33.0 348. 75 | —1279. 500 776. 8125 889. 3125
' . 312
1.5 1.5 —47.25 452, 250 [ —1240. 875 LEESS%Z%I -
=1.23515 625
" —464. 0625
1| —31.5 301. 50 —827. 250 —464. 0625 L,=2 [——é%%—l
==—1. 28906 25




given numerically.
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not

If an isolated value of the orthogonal polynomial f,(z) is to be computed, use the proper explicit

expression rewritten in the form

fa(@)=d(2)ay(z)

and generate a,(x) recursively, where

tner@) =12 f(2)a(2)

(m=n,n—1, . . ., 2, 1, a,(2)=1).

The d.(2), bm, ¢m, f(z) for the polynomials of this chapter are listed in the following table:

falz) da(z) bm [ @)
Pl (nl—a) (n—m+1) (a+B+n+m) 2m(a+m) 1—z
o (—1)"% 2(a—m+1)(at+ntm—1) m(2m—1) z?
Cin (= t“:‘—;‘*‘ 2z 2(n—m+1)(a+n+m) m(2m+1) z*
Tyn (=1~ 2(n—m+1)(n+m—1) m(2m—1) z?
Tinsi (—D)(2n+ 1z . 2(n—m-+1)(n+m) m(2m-+1) z?
Usn (—1)» 2(n—m+1)(n+m) m(2m—1) 22
Usns (—1)r2(n+1)z 2(n—m+1)(n+m+1) m(2m—+1) z?
s S—"Fl)-" (2:) (n—m+1) @n+2m—1) m(2m—1) 22
Piyis (—_;l' (2": 1) tnik- D (n—m+1)(2n+2m+1) m(@m-+1) o
AL (n-ri;a) n—m-+1 m(a+m) T
Hs, (—1)n~ %?—I 2(n—m+1) m(2m—1) T2
Hint (—1)» E’%IL)[% 2(n—m-+1) m(2m—+1) z2
Example 2. Compute P{s7(@). Here dy—("y )=333847, f(2)=—1.
m 8 7 6 5 4 3 2 1 0
Gm 1| 1.132353 | 1. 366667 | 1.841026 | 3. 008392 | 6. 849651 | 26. 44156 | 223. 1091 6545. 533
b 18 34 48 60 70 78 84 88 90
Cm 136 105 78 55 36 21 10 3 0

PL2.92)(2) = dyao(2) =(3.33847)(6545.533) =21852.07
Evaluation of orthogonal polynomials by means of their recurrence relations
Example3. Compute CP(2.5)for n=2,3,4,5,6.
From Table 22.2 O{P=1, C®=1.25 and from 22.7 the recurrence relation is

1
n 2 | 3 ‘ 4 5 6
CcD(2.5) 3. 65625 } 13. 08594 50. 87648 207. 0649 867. 7516

Check: Compute C{P(2.5) by the method of Example 2.
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Change of Interval of Orthogonality

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1].
One can obtain the new polynomials from the ones given in this chapter by the substitution z=2Z—1.
The coefficients of the new polynomial can be computed from the old by the following recursive scheme,
provided the standardization is not changed. If

f@=35 0" fi@)=fa@a—1)=3 aa”

then the a} are given recursively by the a, through the relations

aP=2a4""—aid,; m=n—1, n—2, . .
aiV=an/2, m=0,1,2, .. .,7
eP=2%,, 7=0,1,2,..

'!j;j:OI 1! 2! o ‘ln

,nand e =ah;m=0,1,2, . . ., n

Example 4. Given T’s(z)=52—202+162°, find T3(z).
N\ m
5 4 3 2 1 0
j
—1 8=af™ 0 —10=af{™ 0 2.5=al™ 0
0 16 —16 —4 4 1 —1=ay
1 32 —64 - 56° —48 50=a}
2 B84 —192 304 —400=a;
3 128 —512 1120=a;
4 256 —1280=aq;
5 512=a;

Hence, T (z) =5122°—1280z*+11202*—4002*+4 50z —1.

22.19. Least Square Approximations

Problem: Given a function f(z) (analytically or
in form of & table) in a domain D (which may be
& continuous interval or a set of discrete points).?
Approximate f(z) by a polynomial Fy(z) of given
degree n such that a weighted sum of the squares
of the errors in 1) is least.

Solution: Let w(z) >0 be the weight function
chosen according to the relative importance of
the errors in different parts of D. Let f,(z) be
orthogonal polynomials in D relative to w(z), i.e.
(fmy fa)=0 for ms¢n, where

[ v f @@z

if D is a continuous interval

=4 ,
25 W(zm) S (@n) 9(2n)
if D is a set of IV discrete points z .
Then
Fo(@)= 3 nfn@)
where
¥ Gm=(f:f-)/(fmeJ-

* f(z) has to be square integrable, see e.g. [22.17].

*See page IL

D a Continuous Interval

Example 5. Find a least square polynomial of
1
14z
using the weight function

» in the interval 2<z<5,

degree 5 for f(z)=

1

D6

which stresses the importance of the errors at the
ends of the interval.

Reduction to interval [—1,1], t=2z3_7
2 1
w(z(t)) =§ ‘——',1—_?
From 22.2, fu(t)= Tn(t) and
4 (L1 pndt  (m=0)

"3 ) Ji—p t+3

_?_J" 1 dt
= ) A_pt+3
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Example 7. Economize f(z)=1+z/2+2%/3
+23/4+-24/5-+2°/6 with R=.05.
From Table 22.3

f(:c)=1—;-6 (1497, () +-32 T, (z) + 37, (@) ]
+5 T6T4(@)+11T3(2) + Tx(@)]

ORTHOGONAL POLYNOMIALS

850
7@ =135 [149T(a) +32T,(a) - 176 (@) +11 Tya)]

= 1. 1
T @@ < ot e < 05

since
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