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Definition
Q (X, (,)) homogeneous if I(X,(,)) = { isometries of X } transitive.

@ (X, {(,)) locally homogenous if Vp, g € X, 3e = &(p, q) > 0 s.t.
B(p,¢), B(q,e) C X isometric.

(X, (,)) homogeneous = complete, loc. homogeneous
Converse not true: (My, g—1), k > 1.
(X, (,)) complete, loc. homogeneous = univ cover is homogeneous.

Definition

(G, %) Lie group = mfd + [(x,y) € G x G — G + x * y~! smooth].
Gi, G Lie groups are isomorphic if 3¢: Gy — Gy diffeo + group iso.

a € G, I, : left translation, r, : right translation.
(,) Riemannian metric on G is left invariant if I, € I(G, (,)) Va € G.

Definition
Metric Lie group (MLG): (G, *) Lie group + (,) left invariant metric. J
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Theorem

(X3,(,)) connected homogeneous, 71(X) = 0
= (M, (,)) = (S?*(k) x R, standard) or (X3,(,)) is a MLG.

Proof. X\: I(X,(,)) x X = X, A(¢, p) = ¢(p) transitive action
p € X ~ Stab, = {¢ € I(X) | ¢(p) = p}; Stabp, Stab, conjugate Vp, q
Stab, — I(X) — X principal bundle; classify?
Io(X) : component of 1x in [(X), Stabo(p) ={¢ € Ib(X) | ¢(p) = p}
Stabg(p) — Ip(X) — X principal bundle; classify? f: Lie algebra Stabg(p)
Stabg(p) < SO(3) closed conn subgr <+ h < A3(R) = (R3, x) subalgebra
e dimh = 3 (dim /(X) = 6) = Stabg(p) =SO(3) = (X, (,)) CSC:
(R3, H3, $3;standard)
e dimf = 2: impossible (# 2-dim subalgebras of (R3, x))
o dimh =1 (dim/(X) = 4) = b =Span{A}, A € A3(R) (! up to isom)
= Stabg(p) = SO(2) = S! = E(k, 7), all MLG except S?(k) x R.

discrete

o dimh =0 (dim /(X) = 3) = Stabo(p) < h(X),
lo(X) “Z5T Ip(X)/Stabo(po) =" X = Stabo(po) = {1x}, X = Io(X).
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Generalities on MLG
G: Lie group. Given a,p € G and v € T,G,

av = (L)«(v) € T5pG, va=(ry)«(v) € TpsG).

Definition
X € X(G) left invariant if X = aX Va € G.
right invariant X = Xa
g = ({left inv vector fields} = T.G,[-,:]) < Lie algebra of G.
g* = ({right inv vector fields} = T.G, [, ]) = g (Lie algebra isom)

If G is simply-connected, then g determines G up to isomorphism.
X € g~ v: R — G Lie group morphism (1-parameter subgroup of G)
t — exp(tX)

I, o ~y: integral curve of X passing through a € G at t =0,
{rye) | t € R} < Diff(G) < 1-parameter group of X.

X € g~ v: R — G integral curve of X passing through e at t =0,
{l | teR} <I(G,(,)) < 1l-parameter group of isometries
associated to X (Killing) V left inv metric (,).
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Examples of MLG and first properties

@ ((R",+),standard metric): commutative MLG ([-,-] = 0).
» (R, +): unique simply-connected 1d Lie group.
» If G commutative = every left inv metric on G is flat (write
K(ej A €) in terms of coefs which only depend on ([e;, &/], ex)).

@ G" Lie group, n > 2, s.t. [X,Y] € Span{X,Y} VX,Y €g
= 3d/: g — R linear s.t.
(*) X, Y]=I(X)Y — I[(Y)X, ¥X,Y eq.

Furthermore:
> If | =0 = every left inv metric on G is flat,
» If | # 0 = every left inv metric on G has K = —||/| < 0.

© The only simply-connected 2d MLG are R? H?.
@ H" as the (non-commutative) Lie group of similarities of R"!:

(a,an) €H" = (R")" = dan): R R
X+ a,X+a

(Its Lie algebra satisfies (x)).
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@ SOB3)={A€GI(3,R) | A-AT =I5, detA=1}

>

50(3) diffeo to RP*.

» Universal cover is S> ¢ R* = {a+ bi+cj+dk| a, b,c,d e R}

(unit length quaternions).

Left multiplication by a unit length quaternion is isometry of
R* g) = ()= 8olg? (standard metric) is a left invariant metric.
50(3) is diffeomorphic to the unit tangent bundle of S:

US* = {(x,y) € R x B | |x| = lyll = 1, (x,) = 0}:

F: S0(3) — US?, (diffeo)

F(columny, columny, columnz = ¢; X ¢z) = (columny, columny).
E(x = 1, 7)-metrics on S* (Berger spheres):

Liftgy =0, d?+ A2 dy? on US° CR* xR’ to S* (A > 0)
1-parameter subgroups of SO(3) are the circle subgroups (rotations
around every fixed axis).

50(3) has no 2-dimensional subgroups.
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Semidirect products: definition and examples
(V,+),(H,x) groups
p: V — Aut(H)
group morphism

Hx, V = (V xR, %) where

zeVe p(z)=p,: H — H
p — @(p)

(P1, 21) * (P2, 22) = (P1 * V0 (P2), 21 + 22)
R?xsR: Take H=R?, V=R = ¢,(p) = e™p, A€ My(R).
0o A=0¢€ My(R) ~ R?xpR=R?>xR=R3

o If V=R, H=H?and p = 14: R = Aut(H) ~» H 1, R =H? x R.

e A=l ~ R? X, R= H3, with group isomorphism
(p,z) € R? x;, R (p, €?) € (R3)T
0 A=(1) ~»RxyR=H?= (Rx;, R)xR=H? xR, with
(y,2)*(X,y,Z) = (x+ Xy +y,z+7)

10 .
oA:(O 0 ~ R?xp R =H? x R, with
(x,y,2) = (X, y",2") = (x + &X',y +y', 2+ Z')
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o A— < (1) _(1) ) ~ RZxaR = E(2) univ cover of the group of

orientation preserving rigid motions of R?, with
(x,y,2)x(x',y",2) = (x+x' cosz—y’sin z, y+x"sin z+y’ cos z, z+2'),

(x,y,2) € R? xig R+ Rot,(+) + ( ; ) € E(2) group isomorphism

o A— < (; (1) ) ~R? x4 R = Sol; = E(1,1), group of orientation

preserving rigid motions of L2, with (x,y,z) * (x,y’, ')
= (x+ x'coshz+ y'sinh z,y + x"sinhz + y’ cosh z, z + ')
(x,y,2) € R? xq R = Roth,(-) + ( ; ) € E(1,1) group isom,

coshz sinhz )

where Roth, = ( sinhz coshz

0 1 o
oA:<O 0>wR2>4AR:N|I3W|th

(. y,2)« (X, y,2)=(x+x"+ 2,y +y' .z + 7).
1 z x
(x,y,2) ER?2 x4 R < 0 1y ) € Nilz group isomorphism
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Semidirect products: basic properties

2 o a b
RXIAR, A_<Cd .

Coordinates (x,y) € R2, z€ R ~» 0, dy, 0, basis of tangent bundle.
(p1,21) * (P2, 22) = (P1 + €p2, 21 + 22)
Taking derivatives w.r.t. (p1, z1) we obtain
Fi=0x, F2=0y, F3(x,y,z)=(ax+ by)ox + (cx + dy)dy + 0:
basis of right invariant vector fields on R? x4 R. Taking derivatives w.r.t.
(P2, z2) we obtain
Ei(x,y,z) = a11(2)0x+a21(2)0y, Ex(x,y, z) = ai12(z)0x+ax(z)0y, E3 = 0,

basis of left invariant vector fields on R? x4 R, where e = (aij(2)); ;-
Lie bracket: [El, E2] =0, [E3, El] = ak; + cEp, [E3, E2] = bE; + dE;.
o A determines (g, [, ]) completely.
e adg,: Span{E;, Ep} — Span{E;, Ex} (endomorphism)
Y — [E3, Y] has trace(adg,) = trace(A).
o Span{Ey, B} integrable distribution ~» 7 = {R? x4 {z} | z € R}
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Unimodular versus non-unimodular

G Lie group, G — Aut(G) inner automorphisms
g a;: G— G, a;(h)=ghg lVheG
az(e) =e = (dag)e: TeG = g — g automorphism ~» Ad: G — Aut(g)
(Adjoint representation) — g+ Adg = d(ag)e
agh = ag 0 a, = Ad Lie group morphism ~» ad := d(Ad): g — End(g).
Given X € g, adx =ad(X):g—g
Y — adx(Y) = [X,Y] (Warner)
adix,y] = [adx,ady] = ad: g — End(g) a Lie algebra morphism.

Definition

A Lie group G is unimodular < det(Ady) = +1, Vg € G.
& trace(adx) =0, VX € g.

o R? x4 R unimodular < trace(A) = 0.
o R3 Nils, E(2), Sols are unimodular.
o H3, H2 x R are non-unimodular. §I(2,R): Warning!
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Canonical left invariant metric on a semidirect product
A€ My(R) ~R*xaR, g=Span{Ey, E, E3}.

Definition

Canonical left invariant metric (,)4 on R? x4 R: declare the left invariant

basis {E1, Ez, E3} to be orthonormal (equivalently, extend the usual inner
product of R® = T.(R? x4 R) by left translations).

Koszul formula gives Levi-Civita connection V for (,)a:

VEl E1 = aE3 VE1E2 = % E3 VE1E3 —a E1 b+c E2
Vg Ei=%CE | Ve =dE | VgE = -2 El—dEg
Ve Ei= S E | VeE =25°E | Vg E =0.

0oz (x0, Y0, 2) is a geodesic for every (xg, yo) € R? and

(x,y,2) 2 (—x +2x0, —y + 2y0, z) is an isometry (Fix(¢) =T).
o Each leaf of F = {R? x4 {z} | z € R} is intrinsically flat, has unit
normal vector field E3 and CMC H = trace(A)/2 w.r.t. E3 (stable)
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Canonical left invariant metric on a semidirect product

e Canonical metric in (x, y, z)-coordinates:
(\Va = [a11(—2)? + a21(—2)?] dx®+ [a12(—2)? + axa(—2)?] dy? + dz?
+[a11(—2)a12(—2) + az1(—2z)ax(—2)] (dx @ dy + dy ® dx)

o (x,y,2) 2 (—x + 2x0, —y + 2y0, z) isometry of (,)a (rotation by
angle m around geodesic I' = {(xo, 0, 2) | z € R})
o R2xaR < R2xgR, ()4 (,)p in terms of A <+ B?
» f B=P AP = ¢: R xR > R?>xgR
(p,t) — (P7p,t) Lie group isomorphism

If B= PTAP, Pe 0(2) = <7>A = <=>B
A>0 = VR R - R xR

(p,z) = (p,z/A) Lie group isomorphism

O:R*xaR 5 R xR

(p,2) = (p/A\,z/A) homothety: ©*({,) a) = %(,)A

A — —A: Change of orientation.

v

v

v
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Classification of 3d MLG

G: n-dim Lie group. X € g ~» adx = ad(X): g — g endomorphism
Y — [X,Y]
X € g trace(adx) € R linear ~» u := ker(¢) unimodular kernel of G.
Taking trace in  ad[x,y] = adx oady —ady oadx VX, Y € g (Jacobi):
o [X,Y]eu VX,Y €g = uideal of g.
e v:(g,[,]) = (R,[,-] = 0) Lie algebra morphism.
@ A subalgebra h of g is unimodular if trace(adx) = 0 VX € h. Hence u
is the largest unimodular Lie algebra of g.
@ G unimodular & u=g.
From now on, dim G = 3
= dimu = dimg — dimIm(¢) = 2 (non-unimodular), or 3 (unimodular).
o Classify the non-unimodular 3d MLG.
o Classify the unimodular 3d MLG.
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Classification of 3d non-unimodular MLG

Assume (G, (,)) non-unimodular MLG ~~ 3{Eq, Ep, E3} ortho basis of g
subgroup

s.t. u=Span{Eq, E;} and 3H < G with Lie algebra u.
o [E1,E] =0, ie, H=TR? (isomorphic).
e Jdo, 8,7,0 € Rs.t. [E3, El] =ab) +vE,, [E3, E2] = BE; + 0E> with
trace(adg,) =a+0#0 (E3¢u) ~ A= ( : g )
o A determines [-,-] = A determines G up to group isomorphism.

e Given A >0, (G, A(,)) ~ %A.

e (G, (,)) isomorphic and isometric to (R? x4 R, (,)4), where
trace(A) # 0, R? x4 {0} = exp(u) and {0} x4 R = exp(ut).
Two possibilities:
QO A=ab (a#0) = [X,Y]=IX)Y = I(Y)X for |: g — R,
I(E1) = I(E2) =0, I(E3) =a = (G,{,)) CSC —a’< 0 (G = H3).
@ A not multiple of k.
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Classification of 3d non-unimodular MLG

Assume (G, (,)) = (R? xa R, (,)4), trace(A) # 0, A not multiple of k.
© 7 =trace(A) and D = det(A) determine g and G:
Consider the endomorphism L(X) = [E3, X], X € u.
E|E1 cust B= {El, E2 = L(El)} basis = M(L B) ( 77—D )
@ Up to scaling (,) and orientation ~» T = 2 = D invariant for G
9 [E3, El] =aF +vEp, [E3, EQ] =PBE +0E, a4+ 6 =2.
Up to rotation in u~ a3 +~v6 =0
Up to (E1, Ez, E3) — (B2, —E1,E3) ~ a>¢ » a,f3,0,7 uniq determined
Up to (El, Es, E3) — (—El, E;, E3) ~ oy >0
Milnor Lemma 6.5 = {Ej, E», E3} diagonalizes Ricci tensor of (,)
with Ric(E;) explicit polynomial expressions of «, 3, ¢.

) 1+a —(1—-a)b
. — >
@ Change of variables: A ( (1+ )b 1, > , a,b>0.

Ric(E1) = —2(1+a(1+ b?))
Ric(E2) = —2(1—a(l+b?))
Ric(E3) = —2(1+42a%(1+b?)).

How many of these A(a, b) give rise to distinct MLG (R? x4 R, (,)4)?
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Classification of 3d non-unimodular MLG

Solve D-invariant D = (1 — 2?)(1 + b?) for a :
a(b,D) =,/1 D, for each D € R, b € [m(D), cc), where

T 14p2
m(D) = vD-1 ifD >_1' ~» A(b, D) with D-invariant D.
0 otherwise.

(D, b) = (1,0) ~ A(D, b) = I, discarded.
(D,b) # (1,0) = Vby, by € [m(D),00), R? X a(p p) R = R? xg(p p,) R
But (,)a(p,b,) NOt isometric to (,)a(p,b,):

Ric(E) = -2 El +/x(x - D)

Ric(Ey) = —2(1— /x(x— D)g where x = x(b) = 1+ b?
Ric(E3) = —2(1+x-— D)

and b € [m(D), 00) — {Ric(E1), Ric(Ez), Ric(E3z)} (unordered) is injective.
In summary:
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Classification of 3d non-unimodular MLG

Theorem
e D=1:
A=h = G=H> & I-parameter family of CSC metrics (homothetic).
A= ( (1) 1 ) ~> unique group structure & 2-parameter family of
metrics: { (,)a(b,p=1) / b € [0 = m(D),00)} plus homotheties.

@ For each D # 1, 3* group structure & 2-parameter family of metrics:
{ (:)aw,p) / b €[m(D),o0)} plus homotheties.

If D>1= m(D)=+vD-1, and fora=a(D,b=+vD —1) =0~
RIC(El) = RIC(E2) = RIC(E3) =2 = <7>A(a,M) has CSC -1.
Corollary

G 3d non-unimodular Lie group.
G admits left inv (,) with CSC <0 < G = H?3 or D-invariant is > 1.
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Classification of 3d unimodular MLG

(G,{(,)) 3d MLG, oriented ~~ 3 cross product x on g and
3'L: g — g endomorphism s.t. [X, Y] =L(X x Y), X,Y €ag.

Lemma
G unimodular < L self-adjoint. J

Trace(adEl) = <[E17 Ez], E2> + ([El, E3], E3> = <L(E3), E2> — (L(EQ), E3>

Assume from now G unimodular = 3 positively oriented ortho basis
Eq, Ep, E3 of g of L-eigenvectors (unimodular basis):

[E2, B3] = c1E1, [E3, E1] = 0B, [E1, B = ks,

c1, &2, c3 € R (structure constants).
@ Change orientation = (c1, &, ¢c3) = (—c1, — 2, —C3).
® c1,c, c3 depend upon (,). How?
Change (,) s.t. bcEi, acEp, abEs orthonormal (a, b, ¢ # 0)
= (c1, ¢, c3) — (a%cy, b2c2, c®c3). = only the signs of ¢1, ¢, 3
determine the underlying unimodular Lie algebra

Six cases for 3d unimodular Lie groups:
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Classification of 3d unimodular MLG
G: 3d, simply-connected, unimodular MLG.

c,¢,c3 | dim/(G) =3 dim/(G) =4 dim/(G) =6
+, +, + SU(2) St = E(k > 0,7) S3(k)

+. 4.- | SL(2,R) E(k < 0,7) @
+,+,0 E(2) 1) Flat

-+, -, 0 SO|3 @ @
+,0,0 ? Nils = E(0, 7) )
0,00 ) ? R3

Metric properties (given ¢, ¢z, c3):
p=3(-a+a+a),

Ve E =0

Ve E=mE | VgE=—uk
Vg El = —E | VE,E2 =0 Ve E = 1k
VegkEl =3k | VeE = —p3k; | Ve, E3 =0

p2 = 3(c1 — @ + ),

s = 3(c1+ o — )

@ Ricci tensor diagonalizes in the basis {E1, Ez, E3} with eigenvalues
RiC(El) = 2[L2M3, RiC(EQ) = 2/L1M3, RiC(E3) = 2#1#2.
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Classification of 3d unimodular MLG

Berger
spheres .

E(2)

ﬂat metrics

on E(2)
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Classification of 3d unimodularﬂMLG

CS
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%,
o Yoo
____________ S
! E@
standard : %,.
1
1
1
@”’ 1 Sol,
1
/
c. :Sol3 /
Ly
| 3
metrics on Si(2,R) &
with 2 totally geodesic :
|

subgroups (but no
reflectional symmetries
except at the boundary) -

C,



5U(2) -
SUR) = {AcMy(C)|AL=Af detA=1}

{( 2 0) erma© | 1P+ wp =1}

a,b,c,d e R
P+ +d=1

[Re

{a+bi+c}+dk

a—d —b+c & . .
where<b+ci ot di >€5U(2)»—>a+b|+c1—|—dk.

o Lie algebra su(2) = {( /_)\5 _E:.)\) | A eR, ae(C}

SU(2) diffeomorphic to S3 (is the unique simply-connected 3d Lie
group not diffeo to R3).

SU(2) covers 2 : 1 to SO(3).
The only normal subgroup of SU(2) is its center Zy = {£h}.

3-parameter family of left invariant metrics: change the lengths of
E;, E>, E3 but keep them orthogonal.

@ Special metrics: Berger spheres (2 param), round spheres (1-param).
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SL(2,R)
Projective special linear group: PSL(2,R) = SL(2,R)/{£h},
where SL(2,R) = {A € M>2(R) | det A = 1} special linear group

o Lie algebra g =sl(2,R) = {B € M(R) | trace(B) = 0}.

o SL2.R) = SO(2) x {P € Sy(R) | P def +, det P = 1}
st {eB | B € S3(R), trace(B) = 0}

"T°S1 x (B € S2(R) | trace(B) = 0}

diffeo

~ S xR? = 71(SL(2,R)) = Z, m(PSL(2,R))=Z.
e PSL(2,RR) is a simple group.
e SL(2,R), SL(2,R) not simple: Center(SL(2,R)) = {+h},
Center(SL(2, R))=ker (glv_(Z,R) - SL(z,R))gm(SL(z,R)) =7
o SL(2,R) = {orientation-preserving endom of R? that preserve area}
ZsUM)={(z ) eM(C) | |22~ |w]> =1}
(compare to SU(2))
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SL(2,R)
@ PSL(2,R) = {orientation-preserving isometries of H?}
- {z €W’ = (R%)" — 2+ ¢ (R)* | a,b,c,d €R, ad — bc = 1}

E{WeHLDHe'@;gjjl €D|0cR, 2€D}
>~ UH? (Unit tangent bundle), where W: PSL(2,R) — UH?
((po, vo) € UH? fixed) ¢+ (d(po), dppy (Vo))

o E(—1,7)-metrics on SL(2,R): SL(2,R) — PSL(2, R) S22 12,
Lift the canonical metric on H? with length A > 0 on S!-fibers.
e Elliptic, parabolic, hyperbolic elements in SL(2, R):
Ac SL(Z,R) s { iAi)% E-;\i \/7%)_ 0, T = trace(A)
@ Elliptic (| T| < 2) = A no real eigenvalues (complex conjugate, on S*),
A = P~!RotyP for some P € GI(2,R).

@ Parabolic (|T| = 2) = A unique (double) eigenvalue A = I = +1.
* A diagonalizable = A = *b.

* A not diag = A= :I:P’l( ot )P (shear map) (squeeze map)
@ Hyperbolic (|T| > 2) = eigenvalues A # 1/A, A= P*1< A )P
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SL(2,R)

e Elliptic, parabolic, hyperbolic 1-parameter subgroups of PSL(2, R):
@ Elliptic subgroups: Continuous rotations around any fixed point in H?.
* No fixed points in O H? = St
* Any two are conjugate (Fp, = (p1p; )ps(P1py 1) 71).:
s (o ) el = s e (@) w B= (0 )
@ Hyperbolic subgroups: Translations along any geodesic I' C H2.
* Two fixed points at 9 H? (end points of I').
* Any two hyperbolic subgroups are conjugate.
(9 L) ved) =tz e @ mE= (] °)
@ Parabolic subgroups: Rotations about any fixed point 6 € 0, H?.
* They only fix @; leave invariant all horocycles based at 6.
* Any two are conjugate (by an elliptic rotation).

(3 1) @ =2+t ze®@) ~B=(5 |
* Every parabolic subgroup is a limit of elliptic subgroups and a limit of

hyperbolic subgroups.
[E3, E1] = 2E3 + 4By = {Ei, By, E3} not an unimodular basis!
Exchange By by £, = ( ) (coming from ( &2 *¢ ) hyperb)

[El, E2] = —2E3, [Ez, E3] = 2E1, [E3, El] = 2E2 < unimod basis
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SL(2,R)

(coordinates in T.SL(2,R) w.rt. £y, . E3)
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SL(2,R)
(coordinates in Teng(2,]R) w.r.t. Eq, Ep, E3)

rotations, a=b=0
(geodesic)

2

{a

rotation
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SL(2,R)
(coordinates in TSL(2,R) w.r.t. Eq, Ep, E3)

esic)

hyperbolic translation
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SL(2,R)
(coordinates in T.SL(2,R) w.rt. £y, 6, E3)

parabolic subgroup
II 1 (helix type)

horocycle
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SL(2,R)
(coordinates in T.SL(2,R) w.rt. £y, E,, E3)

{&”

elliptic subgroup
II 1 (helix type)

constant geodesic
curvature circle
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SL(2,R)
(coordinates in TeSL(2,R) w.r.t. Eq, Ep, E3)

hyperbolic subgroup
II 1 (helix type)

constant geodesic curvature
arc (equidistant to the geodesic
arc with same end points)
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SL(2,R)

@ 2-parameter subgroups of PSL(2,R):

@ No subgroups of type R”.
@ 0c 0 H® ~ Hj={pecl™(H)|¢0) =0}

* Rotations around 6 (parabolic),
* Translations along geodesics with 6 as end point (hyperbolic)

Hj

parabolic horoc

hyperb trans| geod

hyperbolic transl geod

R X(l) {0}

{0} X (1) R

R >4(1) R

|\

s ={(s(ef —1),t) | tcR},Vsc R @D

Joaquin Pérez (UGR)

CMC surfaces in metric Lie groups
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E(2)
E(2) "™ E(2) = { direct rigid motions of R? }

o EQ)=R2x4R, A= (° ).

@ E; = coszOx +sinz0,, Ex = —sinz0x + cos z0),, E3 = 0, basis g
[E1,E2] =0, [Ez, E3]=E1, [Es, E1] = E; (unimodular basis,
C1:C2:1,C3:0)

@ Left invariant metrics: Declare Ez unitary (up to rescaling).

1,62 > 0 ~~ declare {e1E1,e2E, E3} orthonormal =
structure constants (c, 1,0) where ¢ = 2 Alc) = (e o)
W.r.t. A(c): Ve € [1,00)

@ Ef = coszoy + Si%@y, E5 = —csinz0yx + cosz0,, E5 = 0,

® (,)a(c) = [cos? z+ Sin2Z]dx2 + [cos? z + ¢?sin? z]dy? + dz?

+(c—L)sinzcosz(dx @ dy + dy ® dx) (c =1 = flat)

o Ff =0y, F5 =0y, F§ = —cyOx + 20, + 0,  Killing basis
| Ff HA(C) =cos? z + 5'222, HFin(C) = cos? z 4 c?sin z (bounded)
IF§ 30 = 1+ (@ +y?) sin? 2+ (%5 + c2y?) cos? 2+ xy (L — ¢) sin(22)
bounded in each solid vertical cylinder
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SO|3
Sols =R*xaRwith A= (3" ) (as groups)
o £ =e7%0s, B =€%0,, E3 = 0, basis g
[El, E2] =0, [Eg, E3] = —bE, [E3, El] =—K (not an unimod basis)
@ Left invariant metrics: Declare Ez unitary (up to rescaling).
1,62 > 0 ~~ declare {e1(E1 + Ep),e2(E1 — E2), E3} orthonormal =

structure constants (c, %1, 0) where ¢ = 2 ~ A(c) = (e 6)
W.r.t. A(c): Ve € [1,00)

® Ef = coshz0, + %0),, E5 = csinh z0x + cosh z0,,, E5 = 0,
unimod basis

° (,)a@) = [cosh? z + '°‘"’C#]dx2 + [cosh? z + ¢? sinh? z]dy? + dz?

—(c+ %) sinh z cosh z(dx ® dy + dy ® dx) (c = 1 = standard)

o Ff =0x, F5 =0y, F§ = cyOx + 20, + 0,  Killing basis

° ?1 — VI (e, 4 0,), F§ = YL (o, + d,), FS = FS Killing b
HFCHA(C) — 12 ¢ hounded in {z < 0},
||F2 la) = H—C bounded in {z > 0}.

2e?
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The moduli space of 3d non-unimodular MLG
(G, (,)) 3d non-unimod MLG = (G, (,)) = (R> x4 R, (,)4) for some
A € M3(R) with trace(A) > 0. Rescale (,) to have trace(A) = 2.
QO A=ah=(G,{(,)) = (H3 CSC —a?).
O Atab s A=ADb)=( 15 o) [ ens /T
» D < 1= A(D,b) diagonalizable.
* AD,b=0) "5 b = (R spp0) R, (,)a) (H?, csc —1).
* X: the non-unimod Lie group with D-inv D = 1, X 2 H>.

Every left inv metric on X is limit of (R* xap,p) R, (,)a) as D — 1~
(b€ (0,00) flxed)
(D——

* (R? Xa,b) R, (;)a) ) (Sols, any left inv metric) (after blow-up):
trace(Aj(c1, €)) =26 #0
>0, a>1wAlae)= (4, ¢) {D_im,. et (c1.) L (e30)

" trace(Ay(c.e)? 1= 2 7T
» D>1= A(D,b), b€ [vD —1,00) not diagonalizable.
* G(D):= (R* x4 p1) R, (,)a) CSC —1 (not isomorphic to H?).
6(D) °2%) (m,, csC - 1)
Every left inv metric on X is limit of (R® xap ) R, (,)a) as D — 1%
(b € [vVD —1,00) fixed).
* (R? x40, R, (,)a) (P259) (E(2), any left inv metric) (after blow-up):
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The moduli space of 3d non-unimodular MLG

a € (0,1] ~ b(D) := \/(1 + ¢2)2D — 4c2 (for D large enough in terms of ci).
b(D) > VD —1~ a(D) = a(b(D), D) € R, A(D, b(D)) € M,(R).

1
<BD] €\ (D—oo) 0 —a
Al(D, C1) m))b_A(D b(D)) = lléD) ble) ) - ( 1/C1 0 >
© B(2)

with any left
inv. metric
(after blow-up)

Solg with

any left b=+vD—1,
inv. metric metrics of
(after sectional curvature —1
blow-up)

—00 ]HI2 xR D=1 ©

=0 ] b=0
VG 2 13 nonunim EI( Yo left invon G s.t. (G,(,),) —  (Nils,standard):
e>0 } ~ B(e,d) = < ° i . Normalized D-inv: % =1- E% covers all of R

deR 0
Take (e,d) — (0,0). LB
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Isometries with fixed points (I)

X simply-connected, 3d MLG. Stab, = {¢ € I(X) | ¢(p)}, p € X.
@ Ifdim/(X) =3 = Stab. C Aut(X).

@ If X unimodular and v € T,X principal Ricci direction = J¢ € Stab;,"
(order two) s.t. dgp(v) = v. In particular: Stab} D Zy X Zj dihedral

group.
@ If X unimodular and dim /(X) = 3 = Stab} = Zs x Zy.
Q If X =R? x4 R non-unimodular and dim/(X) =3 =
Stab = {1x, I, 09 o l,-1} = Zo, where ¢(x, y, z) = (—x, —y, 2).
Q If X unimodular and dim /(X) = 4 = Stab, contains an St-subgroup
of rotations about the principal Ricci direction which is SIMPLE.

Q Ifdim/(X) =6 = Stab, = O(3) (orthogonal group).
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Isometries with fixed points (1)

X simply-connected, 3d MLG. ¢ € /(X) — {ld} reflectional symmetry if
Y %+ Xs.t. X C Fix(¢).

@ If J orientation-reversing isometry = X admits a reflectional
symmetry.

@ If X admits a orient-revers isometry ¢ and dim /(X) =4 =
X = H?(k) x R (isomorphic and isometric). In this case, ¢ =
reflection in (geodesicye) x R or ¢(p, z) = (Rotgp, —z + 2z9).

@ If X admits a reflectional symmetry ¢ and dim /(X) =3 =
X = R? x4 R (isomorphic and isometric) where A = ( 8 2 >
a # b. Furthermore:
» If a# —b (i.e.,, X non-unim, D < 1) = ¢ is left conjugate to
(X7yvz) — (7vaaz) or (vaaz) = (Xa 7)/,2).
» If a=—b(i.e., X = Sol3 = ¢ is left conjugate to
(vavz) = (—X,y,Z), (X7}/7z) = (Xv _.yaz)' (X,y,Z) = (}/7 —X, _Z)
or (X7y72) = (_y7X7 _Z)'
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Surface theory in 3d MLG

X 3d MLG, X & X oriented surface, N: ¥ — TX unit normal.
Given p € ¥, extend N, € Tp,X to a (unique) G(p) € g, i.e., G(p)|p
= G: ¥ —>S?2C T.X left invariant Gauss map.

@ > g% have the same G, Vg € X.
Sup. X connected.

Np

@ > has G =const & ¥ = g%, X3 2d subgroup of X.
o If X 2d-subgroup, y € X = Xy equidistant surface to . Recipr:
IfFY C{peX|dp,T)=r>0=Y=Xy=y(y 'Xy),VyeyY
Transversality Lemma

f: S X sphere st. G: S — S? diffeo. Given ¥ 2d subgroup of X,
Q {gX left coset | (gX)NF(S) # D} =[0,1].
9 (g(0)X)NF(S), (g(1)X) N f(S) consist of single points.
Q VvVt €(0,1), (g(t)X)Mf(S) connected, immersed closed curve. )
Proof. X 22 SU(2) = X 2R3 = {g¥ | g € X} =R.
M: X - R={gX | g € X} has exactly 2 critical points.
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Algebraic open book decompositions (AOBD)
X 3d Lie group, m1(X) =0. I C X 1l-param subgroup.
An AOBD of X with binding I' is a foliation B = {L(0)}gc[0,2r) of X —T
s.t. VO € [0,7), H(0) :== L(0) UT U L(7 + 0) two-dim subgroup of X
(L(8): leaves of B).

e X = R3. Planes containing any given line passing through 0.

o X =T [X,Y]=I(X)Y = I(Y)X,VX,Y €g = Vb < g two-dim

linear subspace, b is [, ]-closed = {AOBD} = {1-param subgroups}.
oX_Ni|3_R2>4AR,A_<O 1).

00
Binding: I = {(x,0,0) | x € R}

CJ HON) ={(,y, ) | x,y €RY,
subgrows: {000 (0 s &)
(abelian and normal)

Vertical planes in the E(0, 7)-model.
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Algebraic open book decompositions

o X=H"xR=R>x,R, A= (é 8 )
Binding: 1 = {(x,0,0) | x € R}

. Hl()‘) = {(X7 )\Z,Z) | X,y € R}

Subgroups.{ Hh(o0) = B2 x4 {0} ’

(only abelian for A = oo, all normal)

Binding: I, = {(0,y,0) | y € R}
Ha(A) = {(A(e* = 1),5,2) |
Subgroups y,z€ R}, A eR,
Hy(00) = R? x4 {0}
(all abelian and normal)
Vertical planes in the E(—1,0)-model.
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Algebraic open book decompositions
10
e X=R>x;R, A= ( 0 b ) b#0,1
. Solz when b= —1
" | any non-unimod MLG with D <1 \
Binding: I'1 = {(x,0,0) | x € R}
H1(>‘) = {(Xa )\(ebz - 1)72) |
Subgroups x,z € R}, A € R,
Hi(oo) = R? x4 {0}
(only abelian for A = c0) @B

Binding: I, = {(0,y,0) | y € R}
H2(>‘) = {()\(ez - 1)7}/,2) ’
Subgroups y,ze R}, AeR,
Ha(o0) = R? x4 {0}

(only abelian for A = c0)
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Algebraic open book decompositions
10
_ 2 _
e X =R NAR,A—<1 1)
Yhon-unimod MLG with D =1, X 2 H3

Binding: I = {(0,y,0) | y € R}
HA) = {(A(e* = 1),y + A[e*(z = 1) + 1], 2) |
Subgroups v,z € R}, AeR,
H(oo) = R? x4 {0}
(only abelian for A\ = c0)
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Theorem (classification of 2d subgroups and AOBD)

X 3d MLG, m1(X) = 0. Then:
@ X = SU(2) has no 2d subgroups.
@ If X =SL(2,R) = {2d subgr } = {H3 | 6 € 0-,H?}, no AOBD.
Q If X =E(2) = {2d subgr } = {R? x4 {0}}, no AOBD.
Q If X non-unimod, D > 1 = {2d subgr } = {R? x4 {0}}, no AOBD.

© Any other case for X: the only AOBD are the examples above, and
the only 2d subgroups are the leaves of these AOBD.

Theorem (spheres with G diffeo are embedded if 3 AOBD)

X 3d MLG, m1(X) =0, s.t. 3 B AOBD with binding T.

f: S 9 X immersed sphere s.t. G: S — S? diffeo. Then:
f(S) = 51 US,, where each S; is a graph over D = T(f(S)),
N: X - R2={gl | g € X}, and S is embedded.
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Proof (for f analytic, which can be achieved by approximation).

B AOBD = X =R? x4 R, A € My(R) metrically.

Normalize: T ={(x,0,0) | y € R} (A — A?").

Py :=R? x4 {0} one of the subgroups of B, P; := R? x4 {t}, teR.
f(S) CR2x4[0,1], f(S)N P: = {p:}, t = 0,1 (scale A, left translate f)

%) For all g € X, f~1(gl) contains at most two points.
(*) g g p

By contrad, assume 3 g € X s.t. #[gl N f(S)] > 3. Left translate f(S) s.t.
= gl. Move slightly s.t. I M f(S) = {p1,...,p2n}, n > 2 (analiticity)
Jp € X(X —T) normal to product foliation B = {L() | 6 € [0,27)}.

9y € X(S — f~1(I")) pullback by f of tangential comp of (Jp)|(s)r-

9] no zeros in S — f~1(T'): Fix H(6) subgroup of B.

A zero of 9] in f~1(H(A)) produces a tangential intersection H(6) N f(S).
But #[H(0) N £(S)] > 2n > 1 ™™™ H(0) N £(S) transversal Il

f(S) transverse to I = indexpj[(‘)gT] =+1,Vj=1,...,2n.

Hopf Index Theorem = 2 = x(S) = 32", index, [0 ] =2n >4 1l

Now use (%) to express f(S) as union of 2 graphical disks in the direction

of the (left translations of) I', as in picture.
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Each of the immersed curves f(S) N P; consists of two Jordan arcs I}, I2
with the same extrema.
Utcon) 12+ Usepo.1) /7 graphical disks whose union is £(S).
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f:$% X is an embedding:

Suppose X admits two different AOBD.

Classif thm of AOBD = X = R? x4 R, A diagonal, B1, 8o AOBD with
bindings 'y = {(x,0,0) | x e R}, ', = {(0,y,0) | y € R}.

f(S) = two graphical disks w.r.t. two directions = f(S) embedded.

Suppose X admits just one AOBD.
Classif thm of AOBD = X = Nilz or X =R? x4 R, A= (1) 1 )

In both cases, V(,) left invariant metric on X, 3{(Xn, (,)n)}n non-unimod
3d MLG with D, < 1, s.t. (Xn, (,)n) = (X, (,)) as n — oc.

The property “left invariant Gauss map of f is a diffeo” is an open
property = f: S & (X, (,)n) has G, diffeo for n large = f embedding.

QED
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CMC surfaces in a 3d MLG X
H-potential of X
Given H > 0, define R: C = CU {0} — C:
@ X non-unimod = X =R?> xR, A= (a3 $22*)ab>0.
R(g)=H (1+]aP)*~ (1 - lal)-a(¢* - 72) — ib [2lq]* — 2 (¢* + 7))
@ X unimod = [E;, Ej] = ckEx, pi = %(—c,- + ¢ + cx).
R(q) = H (1+[q?)*= [l + ?1% + pa|1 — G212 + 4p3ql?]

R=0only if X =R3and H=0.
@ R(00) = oo except if X unimod and (H, p1 + p2) = (0,0); i.e. for
minimal surfaces in E(2), Sols, Nil3 or R3.
R(q) (9—0) { H+1 if X non-unimod
lql* H — 5(p1 + p2)  if X unimod,(H, p1 + p2) # (0,0)
@ R has no zeros if
» X =R? 4R non-unimod, ¥ H > 1 (normalize trace(A) = 2).
» X unimod, VH > 0.
» X =8U(2), VH > 0.
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Theorem (PDE for the left inv Gauss map)

f: ¥ % X oriented H-surface, G: ¥ — S? C T.X left inv Gauss map.

e g: ¥ — C (stereo projection of G from South pole) satisfies:
R Ry R, i
(%) &z = ?q(g)gzgf + (Rq — Rq> (g)lez|*> (R: H-potential)
o Weierstrass-type representation: 3 Ej, Ep, E3 ortho basis of g s.t.:
Given z conf coord on X, then f, = 0,f = Z?:l Ai(E;)f where
n{. 1 m(_ 1 n 428
A1=—<g—:>, Azz—(ng:), A3=o, n= :
4 g 4 g 2 R(g)
a(1+/gP)?

Induced metric: ds®> = \ |dz|?, where \ = W\gz|2.

@ Recipr: ¥ simply-conn Riemann surface, g: ¥ — C sol'n of () for
the H-potential R in some 3d MLG (H >0). If R no zeros in C &
g nowhere antiholomorphic = 3 (up to left transl) f: ¥ 9 X with
CMC H and left invariant Gauss map g.

Gauss-Codazzi, Frobenius.
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Corollary

f: ¥ 9 X H-surface. G: ¥ — S? constant < f(X) = yX1, where
Y1 2d subgroup of X (% SU(2)). Moreover:

@ X is embedded.
@ /f X unimod = H = 0.
Q@ If X non-unimod = H € [0,1] (X =R? x4 R, trace(A) = 2)

Example

2 b+l 10
X =R2x4R, %A:(O b )
A efo,1) ifAeR

Absolute mean curvature of Hy(A\) : |H| =< Vit i
1 if \=o00
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Uniqueness of H-spheres whose Gauss map is a diffeo (DM)

Fix Y1 9 X H-sphere s.t. g1: £1 = C — C diffeo (left inv Gauss map)

> & X H-surface, with left inv Gauss map g: ¥ — C.

Define | Q (dz)? = [L(g)g-* + M(g)g:&.] (dz)? | (C*°-quadr diff on ¥)
M=1/R,

L(g1(§)) = -

and R: C — C is the H-potential.

@ Cauchy-Riemann inequality: |%|‘ locally bded in ¥. In particular:

either Q (dz)?> =0 on X (this occurs for translations of ¥1), or
isolated zeros have negative index (Alencar, do Carmo & Tribuzy).

e EVERY X 9+ X H-sphere satisfies @ (dz)?> = 0 (Hopf index thm)
%) g local diffeo = g diffeo = g = g1 o (Mébius transf) = ¥, ¥,

same left invariant Gauss map = ‘Z =27 up to left translation.‘

g |_| L)|_ ’(gl)g
8z M(g) (g1)¢
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Theorem
Y & X index one H-sphere = G: ¥ — S? is a diffeomorphism. J

Proof: G local diffeo? By contrad, we can assume e € ¥ and Jv; € UeZ
s.t. dGe(v1) = 0. Consider F € g* given by F. = vi (Killing)
o Construct locally an F-invariant H-surface ¥ 9+ X (H = H(X)), with

a 2nd order contact at e with X (reduce the PDE for g to an ODE
and use the Weierstrass repr).

e u= (Ns, F) vanishes at e to 2nd order (because u = (Ng, F) = 0).
@ Cheng-Rossman = u~%(0) analytic 1-dimensional set containing at

least two transversely intersecting arcs at e = ¥ — u~1(0) at least
three components = index(X) > 2 (Courant’s nodal domain thm). O

Corollary
@ Index 1 H-spheres in X are unique up to left translations.

o Given S+ X index 1 H-sphere, 4 p € X s.t. S symmetric under
every isometry of X that fixes p.
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Geometric constants associated to a MLG.
X 3d homogenous, 71(X) = 0. Critical mean curvature:

H(X)=inf{H >0 : 3 X % X cpt oriented H-surface}

o H(R®) =0, H(H3)=1 (foliation by horospheres)
0 If X =S?xR = H(X) =0 (S? x {0} minimal)
o

If X diffeo to S* = H(X) = 0 (3 £ % X minimal sphere: Simon-Smith)

o If X =R? x4 R, trace(A) = 2 (non-unimod) = H(X) >1
Cheeger constant: Suppose X not cpt.

Ch(X) = inf{ Av(?éz)) | © C X compact, 9Q smooth}

@ For cpt Riem mnfds, Ch(X) = infmin(V(Asg()ag\z/)(xfﬂ)) (classical)
@ Relation with isoper profile /: ’

Ch(X) < inf{slopes of straight lines intersecting /}
Isoperimetric constant:

I(X)=inf{H >0 | 3 X C X isoper surf with CMC H}

o H(X) < I(X).
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Theorem

X 3d MLG, diffeo to R3. Then: H(X) < I(X) < 3Ch(X).
Furthermore, if X = R?> xa R = H(X) = I(X) = 3Ch(X) = 3|trace(A)|

Proof: 2/(X) < Ch(X): By contrad, assume that Ch(X) < 2/(X)
= 3 Qo C X with Qq cpt & 9Qp C>°, s.t. A(9Q) < 21(X) - V(Qo).
Isoper profile of X: V >0+ J(V) =min{A(0Q) | Q C X, V(Q) =V}
@ J locally Lipschitz (= 3 7" a.e. in {V > 0})
e 37 (V), T (V)VV >0, and ¥ (t) < 2H < J'_(t) where
H = mean curvature of an isoper surface 9Q with V(Q) = V

‘ vy _
o Ilm\/*)oJr W =1
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Theorem

X 3d MLG, diffeo to R3. Then: H(X) < I(X) < 3Ch(X).
Furthermore, if X = R?> xa R = H(X) = I(X) = 3Ch(X) = 3|trace(A)|

Proof: 2/(X) < Ch(X): By contrad, assume that Ch(X) < 2/(X)
= 3 Qo C X with Qg cpt & 0y C, s.t. A(aﬂo) < 2/(X) . V(Qo).
Isoper profile of X: V >0+ J(V) =min{A(0Q) | Q C X, V(Q) =V}
@ J locally Lipschitz (= 3 7" a.e. in {V > 0})
e 37 (V),J (V) VV >0, and ¥’ (t) < 2H < J’ (t) where
H = mean curvature of an isoper surface 9Q with V(Q) = V
o limy o % =1

A=20(X)V
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Assume X = R%2 x4 R, A € M»(R), trace(A) > 0.

trace(A) < Ch(X): Similar as before, exchanging 2/(X) by trace(A) (apply

mean comparison principle to 9Q; some leaf of {R? x, {z} | z € R}.

Ch(X) < trace(A):

D(R) = {(x,y,0) € R2 x4 R | x> + y? < R}.

C(a,R) = {(x,y,2) €ERZxaR | (x,y,0) € D(R), z€ [0,a]} (a>1)
R)

Volume(c(a,R)) 5

(0C(a,R))

divx(9z) = —trace(A) = —trace(A)-Volume(C(a, R)) = [5c(, gy (0z: N),
N: outward pointing unit normal vector to 9C(a, R).

D™P(a,R) = dC(a,R)N{z = a}, S(a.R) =0C(a,R)N {0 < z < a}.

Can we estimate by above sup, g “x

/BC( o (0;,N) = Area(DT°P(a, R)) — Area(D(R))
= 2Area(D'P(a, R)) + Area(5(a. R)) — Area(9C(a, R)).

Volume(C(a,R)) _ ) Area(D™P(a,R))  Area(S(a. R))

= trace(A) Area(0C(a,R)) ~ =~ “ Area(dC(a,R))  Area(dC(a,R))
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Upper bound of Sup, r % (no assumption on trace(A))

Area element on R? x4 {z}: dA, = e~2t(4) dx A dy, hence
Area(DT°P(a, R)) _ e—atrace(A)Area(D(R)) (: 7_‘_'1_-\>2€—atra<:e(A)) » Bl
Thus for R > 0 fixed,

- Area(DT°P(a, R)) < lim Area(D™°P(a,R)) [ 1 if trace(A) =0,
a—oo Area(0C(a,R)) — a—oo  Area(D(R)) | 0 iftrace(A) > 0.
Given a > 1, IM(a) > 0 s.t. Vt € [0, a],

Length(5(a. k) N {z = t}) < M(a) Length(OD(R)).

Coarea fla = Area(5(a. R)) < aM(a) - Length(OD(R)) = 27 R a M(a).

Then for a > 1 fixed,
Area(5(a, R)) Area(S5(a, R)) . 2mrRaM(a)
ey S — =< R S
AM, Area(dC(a R)) = A Area(D(R)) ~ A 7R
Volume(C(a,R)) 1 Area(D™P(a, R)) _ Area(5(a.R))
Area(0C(a, R)) Area(0C(a,R))  Area(0C(a,R))’

Volume(C(a,R . .
sup, R % = 1if X non-unim (= Ch(X) < trace(A))
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It remains to prove: trace(A) =0 = Ch(R? x4 R) = 0.
As Area(DT°P(a, R)) does not depend on a

Volume(C(a,R)) Area(DTP(a,R))  Area(S(a, R))

Pl (0 R) T P Ae(0C(a R)  Area(0C(a, )

= Area(0C(a, R)) = 2Area(D(R)) + Area(5(a. R))

= lim Area(0C(a, R)) o4 lim Area(5(a, R))

Rose Area(D(R))  ~ ' RS% Area(D(R)) 2. ()

Volume(C(a, R)) “=* / aArea(C(a, R)N{z = t}) dt = aArea(D(R))
0
i Volume(C(a, R)) i aArea(D(R)) 1) a
7 R Area(9C(a, R)) = RO Area(0C(a,R)) 2

. Area(0C(a, R))
aR>1 Volume(C(a, R))

H(X) < I(X) < 3Ch(X) = Ltrace(A) = H (R? x4 {z}) < H(X). QED

=0 = Ch(R? x4 R) = 0.
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