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1. Introduction




Introduction || Why quantum fields?

¢ The Quantum Field Theory (QFT) is a synthesis of
— Special Relativity and
— Quantum Mechanics

[It is possible to write a relativistic version of Schrodinger equation. In fact, he
was the first to come up with what we call today the Klein-Gordon equation, that
he later discarded because it couldn’t describe properly the fine structure of
hydrogen spectrum, so he had to settle for its non-relativistic limit]

* However, wave equations (relativistic or not) cannot explain particle number
changing processes
Moreover, relatistic wave equations suffer from pathologies:

— negative probability densities
— negative energy solutions

— violation of the causality principle
(non vanishing probability of particle propagation beyond the light cone)

Introduction || Why quantum fields?

e The QFT:
— provides a natural framework for states with arbitrary number of particles
(Fock space)

— makes sense of negative energy solutions
(antiparticles)

— solves the causality problem
(a particle propagating beyond the light cone is indistinguishable from its
antiparticle going in opposite direction; both amplitudes cancel each other)

— explains the spin-statistics connection
(as a consequence of field quantization)

— allows calculation of physical observables with very high accuracy in
agreement with experiment (cross sections, lifetimes, magnetic moments, ...)

ex: g./2 = 1.001159 652182032 (720)

= o~ = 137.035999 150 (33)
th: QED (5 loops!)
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Introduction || Notation, units and coventions

* We will use natural units # = ¢ = 1. Then, the following physical magnitudes
have the same dimensions: [length] = [time] = [energy]_1 = [mass] !

e A useful relation is:
hic = 197.3269631(49) MeV fm
fic ~ 200 MeV fm = 25 GeV 2 ~ 1073 m? = 10 mbarn (1)

1 fm = 107> m (one Fermi, the order of the proton radius), 1 barn = 107%* cm?

* QOur sign convention for Minkowski metric is

1 0 0 0 1000
0 -1 0 0 0100

= oMV — ’ =g :Jﬂ: (2)
S =38 0 0 -1 SvE 8w == A0 01 0
00 0 -1 0001

Introduction || Notation, units and coventions

* We will use Einstein convention implying summation over repeated indices:
3 :
= Z AuB" = gy AMBY = A°B° — A'B! — A?B* — A%B, 3)

where AV = (AO A) = (AY, A1 A?, A3) are contravariant vectors and
Ay = guA” = (A —A) = (A° —A?,—A3) = (Ag, A1, Az, A3) are covariant.
In particular, xt = (xo, X) = (t,x) and

9 9
- B—
O=0,0" =05— V>, V?=0;+0;+0;. (5)

Greek indices (u,v, .. .) take values 0,1,2,3. Latin indices (i, j, .. .) are reserved for
spatial components. The four-momentum is then

ph=id" = (%) = (E,F), pupt = 2~ = n?, ©®)
: .0 . 0 . 0 . :
po =i’ = s p —id* = la_xk = —1w = —ig, = —iVK (7)
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Introduction || Notation, units and coventions

* We will use Heaviside-Lorentz units for electromagnetism in which the
fine structure constant is

82

a= - =1/137.035999150. (8)

Then the electric charge unit for 7 = ¢ = 1 is e = V47« (dimensionless),
Maxwell equations read

V-E= VxB—oE=7
V-B= VxE+9B=0 ©9)

and the Coulomb potential between two charges Q1 = eq; and Qs = eq is

V(r)= Q41732 = 41(12% : (10)

Issues of relativistic wave equations || Negative probabilities

e In quantum mechanics, the one-particle state |i) evolves with time as

ih%tp(f,t) — Hyp(%1)
with ¢(X,t) = (¥|(t)) the wave function and H the Hamiltonian in position rep.

* For a non-relativistic (free) theory:

E—ﬁ—2 P=—ihV < 1751a ——h—2v2 (Schrodinger eqn)
- 2m’ - at"’ 4 chrodinger eq

and one can interpret o(X,t) = (X, t)|? as the probability density to find the
particle in [X, ¥ 4+ dX|, satisfying a continuity equation (probability conservation):

0 0 ih -
e . S R A
i if .
with 7= zl_m (YVy* —p* V).

Note: the Schrodinger eqn is a 1st order differential equation in ¢ and || > 0.

local /jillan
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Issues of relativistic wave equations

Negative probabilities

* For a relativistic (free) theory (for example):

2
E? =t m*ct —hzaazf = (—H*2V2 + mPch)y
1 9%y ,  mAc?
2o VYT Y

(h=c=1) < (O+m?)yp =

0 (Klein-Gordon eqn)

Now we cannot interpret ¢ as a probability density because in this case:

_in P oyt do _ in L0%Y 9%yt
¢ 2me2 <¢ ot ot > <o T 2me (1/; 2 o ¥
lh * * -
= 2 (VY 9V = -V

satisfying the same continuity equation as before. However, ¢ may have any sign!

Note: the KG eqn is a 2nd order differential equation and hence ¢ and dy /9t are

arbitrary leading to a value of ¢ which is real

(0 = 0*) but may be negative.

Issues of relativistic wave equations

Negative energies

local /jillan
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* Non-relativistic wave equations have only positive energy solutions. For example, -

ot
implying that

2
in2¥ — h szp & P(Ft) ~e P

B =2
%) /h

2m

t:Etp < 1 has energy E > 0.

_i(Et—7-%)
with E = /p?+m?

— =

+i(Et—p-X)

= +Eyp; <& Py hasenergy +E >0

., O
lha—
* However, relativistic wave equations have energy solutions of both signs:
(h=c=1)
~ _ipﬂxy =
O+mPyp=0 <« v e. ©
1’0_ ~ e+1pyxV —e
implying that
9+
ot
81/1_

= = —Ey_ <&  ¢_ hasenergy —E < 0.

i F) i E_ P
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Lie groups

* A group is a set of elements G, not necessarily countable, with an internal
operation satisfying the requirements: asssociativity, existence of a neutral
element e and existence of an inverse element a~! for every element a.

local /jillan

* The elements ¢ of a Lie group depend in a continuous and differentiable way on a

set of real parameters 0,, a = 1,..., N, namely g(6), where:
g(0) =e (the neutral element)
g ()

The Lie group is also a manifold. N is the group dimension.

¢(—0) (inverse element).

* A subgroup is a subset of G which is also a group.

— An invariant (or normal) subgroup H is such that Vi € H and Vg € G, ghg™! € H.

— A simple group is a nontrivial group whose only invariant subgroups are the
trivial group and the group itself.

For instance, SU(n) is simple and U(n) is not simple.

Lie groups

e A representation R maps every element g to a linear operator Dg(g) on a vector

space, ¢ — DRg(g), such that:
(i) Dr(e) = 1 (unit operator),
(i) Dr(g1)Dr(82) = Dr(8182)-

On a vector space of finite dimension, g is represented by a matrix n x n,

[Dr(g)]*;, inducing a linear transformation on the vector space which is given by

J
how it acts on the basis vectors (¢!,...,¢"), ¢' — [Dg (g)]i]-gbj.

e Two representations R and R’ are equivalent if 3S such that
Dr(g) = S~ 'Dr/(g)S, Vg. Namely, they are related by a change of basis.

* The representation R is reducible if it leaves invariant a nontrivial subspace.
Otherwise it is irreducible (irrep). We say that R is completely reducible if Vg,

Dg(g) can be written in blocks, i.e., one can choose a basis {¢'} so that there are

13
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vector subspaces not mixing with the others under the action of the group. In this

case, R can be written as the direct sum of several irreps: Dr = D1 ® Dy @ ...

14
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Lie groups

* If an element of a Lie group is infinitely close to the identity then
Dr(60) =1 —i00°T{. The operators T = i0Dr/d6%|,_,, witha =1,...,N, are
the group generators in the representation R. The number of generators is the
group dimension. For an arbitrary transformation: Dr(6) = exp{—i0"T§}.

— If Dr is a unitary representation (the inverse of each element is its adjoint)
then the generators are Hermitian.
And every unitary representation is completely reducible.
Remember that physical observables are Hermitian operators.

e The generators satisfy the Lie algebra: [T*, T?] = if*°T¢, where f* are the
structure constants of the group, independent of the representation. In order to
find the group representation it is enough to find the algebra representation.

e If G is Abelian, [T% T?] = 0 and exp{—ia"T"} exp{—iB’ T’} = exp{—i(ac+ B)T¢}.
The irreps of an Abelian group are one-dimensional.

15
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Lie groups

* (Casimir operators are those commuting with every generator. They are a multiple
of the identity and the proportionality constant A is used to label the irreps. :

— For instance, SU(2) (group of rotations in three dimensions) has three generators,
the angular momentum operators ]k withk =1,2,3,
satisfying the Lie algebra [J¥, J{] = ie*“" ™.
SU(2) has one Casimir operator: J> = (J)2 4+ (J2)2 + (J3)2 = AL, with A = j(j 4 1).
The irreps of SU(2) are labeled by j = 0, %, 1,... and have dimension 2j 4 1.
Here € is the totally antisymmetric Levi-Civita tensor,
+1 si (ijk) is an even permutation of (123),
e’ =< _1 si (ijk) is an odd permutation of (123), (11)

0 otherwise.

16
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Lie groups

e A Lie group is compact if its parameter space is compact.
Examples: the group of rotations is compact; the group of translations is not.

— If a group is compact the parameter labeling the irreps takes discrete values
(e.g. the spin j of the group of rotations) and if it is not compact it takes
continuous values (e.g. the momentum p of space translations).

— The finite dimensional reps of a compact group are unitary.
The finite dimensional reps of a not compact, simple group are not unitary.?

* The Lorentz group, that we will review in the following, is a simple and non
compact Lie group. Its finite-dimensional representations are not unitary and its
unitary representations are infinite-dimensional (Hilbert space of one particle).

However, if the group is not simple the reps may be unitary or not. An example of a non compact,
non simple group with unitary finite dimensional representations is the group of translations in one
dimension. The group of boosts along one direction has non unitary representations. This latter group
is a non invariant and non simple subgroup of the Lorentz group, which is simple.

17
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The Lorentz group

e It is defined as the group of linear coordinate transformations -
xt s M= Ay, u,ve{0,1,2,3}, x'=(txy,z2) (12)7
preserving the quadratic form
Xuxt = gy’ =12 — x* —y* — 22, (13)
Therefore, it is isomorphic to the group O(1,3). Formally,

Q3" = g (AYP) (A7) = guPa? () (14)
=8po = gyvAypAUa = (AT)pygwAUa (15)
=g = ATgA. (16)

18



The Lorentz group

* On the other hand, from the 00 component of (15),

local /jillan

3 AV >1
1=(A%?*-Y.(A A% >1= 0= (17)
i=1 AOO S -1
and from (16),
(detA)?> =1 = detA = +1. (18)

Therefore, we can distinguish four types of Lorentz transformations:

The Lorentz group

1. Orthochronous (AOO > 1) proper (det A = +1)

19
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They form a subgroup. It is isomorphic to SO(1,3). From now on, we will refer to ':

this as the Lorentz group. Its elements are continuous transformations (Lie group)
that can be connected with the identity by successive infinitesimal
transformations. They are:

Y
D
e rotations in three space dimensions:
| L L

B

—

* boosts (pure Lorentz transformations):

The remaining transformations do not form a group and can be written as the
product of inversions (discrete transformations) and orthochronous proper
Lorentz transformations Ap. They are the following

20



The Lorentz group
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2.

Non orthochronous (AO0 < —1) proper (det A = +1)

Transformations of the kind:

AP X {dlag(_l A _)/ dlag(_l — +/ +)/ dlag(_l +/ — +)/ dlag(_, +/ +I _)}
They include the total inversion, diag(—, —, —, —).

Orthochronous (AO0 > 1) improper (det A = —1)

Transformations of the kind:

AP X {dlag(+/ +/ +/ _)/ dlag(+/ +/ — +)/ dlag(+/ — +/ +)/ dlag(+/ A _)}
They include the space inversion, diag(+, —, —, —).

Non orthochronous (AO0 < —1) improper (det A = —1)

Transformations of the kind:

AP X {dlag(_l A +)/ dlag(_/ — +/ _)/ dlag(_/ +/ — _)/ dlag(_/ +/ +/ +)}
They include the time inversion, diag(—, +, +, +)-

21
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* Let us see the number of parameters of the Lorentz group (of orthochronous

proper transformations). Taking an arbitrary infinitesimal transformation
AF, =680+ WF, equation (15) implies:

§pr = gulNp Ay = g (8 + w'y) (57 + ')
Therefore, w is antisymmetric and has 6 independent parameters.

Any A can be written as the product of rotations (R), that can be parametrized by
3 angles 0 € [0,27] about the axes x,y, z counterclockwise, and boosts (L), that
can be parametrized by the 3 components of the velocity € (—1,1) along the
axes x,Y, z:

A =RL

22



The Lorentz group

* In particular,

10 0 O
01 0 O
0 0 cp —sp
0

0 Sg Cp

vy 6 00
L_vﬁ'yOO
L=

0 0 10

1

0 0 O

1 0 0 0

0 cg O s
,Ry: b 0 IRZ

O 0 1 0

0 —Sp 0 Co

vy 096 0

0O 1 0 O
/L]/: /LZ

v 0 v O

0O 0 0 1

with ¢y = cos @, sy = sinf and vy = 1/+/1 — B2

The Lorentz group

local /jillan

10 0 O
0 cp —sg O
(R 1)
OSQC()O
00 0 1
v 00 9B
0 10
, (1)
0 0 1
Y6 0 0 v

23
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e It is convenient to replace the velocity parameter § by the rapidity # € (—oo, 00)

17——1

1+8
1-p

which is an additive parameter, as is the angle 6.

(22)

Namely, if we perform two boosts of rapidities 174 and 775 along the same

direction 71 then Ly (14)L

a(nB) = La(na +1B).

This is very easy to check from the properties of the hyperbolic functions, since

v = coshy,

vB = sinh#.

(23)

24



The Lorentz group

y/ A
D
0’*/
t/ A
B
>

The Lorentz group

>
>

(-

¥ = coshy

\/

&

7

cos 6

sin 0

—sin 6
cos 6

2

B v

¥B = sinhy

* Let us find the generators algebra taking infinitesimal transformations:

Rx(66) =

Ry(06) =

R:(66) =

00 0
10 0

0 1 -6
040 1 )

0 0

0

0

1 0 60
1
0

1

=1-i00]' = J' =

=1—-i00]> = J* =

0

o O O

=1-i00]° = J® =

o O o O

0

0
0
0

X

Yy

local /jillan

|
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(24)

(25)

(26)

26
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The Lorentz group

(1 67 0 0) 0i 00

g 1 00 i 000
Le(n) = | 7 —1 iK' =K = | 27)

0 0 10 0000

\0 0 0 1/ 0000

1 0 67 0) (00 i 0

o100 , , 0000
Ly(én) = =1-i0yK* = K* = (28)

57 0 1 0 i 000

\0 0 0 1 0000

1 00 65) 000 i

010 0 s . |0000
L.(on) = =1-inK> = K’ = (29)

0 01 0 0000

on 0 0 1 \i 000

27
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The Lorentz group

e Note that, because the boost parameter space is not compact, the boost generators -
are not Hermitian ((K™)" = —K™). :

* The Lie algebra of the Lorentz group is

[]k, ]5] — i€k£m]m, [Kk, KE] — —i€k€m]m, []k’ KE] — inEme (k, glm c {1’ 2/3})
(30)

* We see that rotations close the algebra, since SU(2) is a subgroup of the Lorentz
group. However, boosts are not a subgroup.

e [t is convenient to rewrite these 6 generators as

A — %(}m +iK™), BM = %(fm — k™). (31)
A™y B™ are Hermitian and satisfy the Lie algebra:

[AK, AT = iekfmAm,  [BF, Bf] = iemB™, [AF,B'] = 0. (32)

28



The Lorentz group

o The fact that the Lorentz algebra can be written as the algebra of SU(2)xSU(2)
does not mean that the Lorentz group SO(1,3) and SU(2) xSU(2) are isomorphic,
because A and B are complex combinations of Jand K. In particular, SU(2) xSU(2)
is compact but SO(1,3) is not.

> This allows us to label its irreps as (j1, j2), of dimension (2j; +1)(2j, + 1).

> Note that we have found finite-dimensional irreps of the Lorentz group, but they
are not unitary, because it is not compact:

-K)}, (33)
KL (34)

A = exp{—i(6"]" + n"K™)} = exp{—i(6 -
Al =exp{i(6-T+7-K)} # AT = exp{i(6-

local /jillan
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The Lorentz group

* Another way to write the Lorentz group generators is the following. We take as

local /illana

parameters the 6 independent elements of an antisymmetric matrix wy,y = —wyy. ':

Then the generators are the 6 independent components of the antisymmetric
operator [HV = —]J"F,

A =exp {—%a)wﬂw} (35)

(the factor 1 compensates for the sum V, v instead of Vu < v) with

: ]1 — ]23 — _]32
J= e § P e gt (36)
]3 — ]12 — _]21

Kk — ]Ok — _]kO' (37)

30



The Lorentz group

These parameters relate to angles and rapidities by

0l — 23 — _ 2

1 = W3 = —W32
Qk = Eekfmwfm i 92 = (U31 = —(JJ13 — CU31 = —(U13 (38)
93 = wlz = —w21 = W12 = —Wn
k= W% = w0 = —wy = wye. (39)
* The generators can be written in a covariant way as
(7)o = i(g"5y — g07). (40)
> The Lie algebra of these generators is
UPW, ]P‘T] = j(gVP]FW — gVP]V‘T — gVU]VP + ng]VP)_ 41)

local /jillan
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The Lorentz group || Tensor representations

We have just shown the four-dimensional representation of the Lorentz group,
that served to define the group. We may ask whether it is irreducible (it is) or
whether it is its smallest nontrivial representation (it is not, as we will see). This is
the so called vector representation of the Lorentz group:

= = o M i K
4: A, = [exp{—1(9-]+17-1<)}] L= [exp{—iww[“ﬁH (42)

1%

A four-vector V¥ (or V) is a vector of the invariant irreducible vector space on
which A acts:

VE = ALVY, Vs AV (43)

Note that A", and A, are equivalent representations, since they are related by a
similarity transformation S = g,

A‘uv =8 ”p/\pag ov- (44)

It is customary to identify the term representation with that of representation
space. In this sense, we say that V¥ and V), are equivalent irreps.

32
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The Lorentz group || Tensor representations

local /jillan

* Vj is the vector associated to V in the dual space, so the matrix A, is the inverseg

of AY,. In fact, using (15):

AYAY, = AV ghe Ao = AYguoA g = grpgh’ = oF. (45)
* One can build higher dimensional representations by performing the tensor
product 4 ® 4 ® - - -. They are called tensor representations and their vectors are
tensors with several indices (its number is called rank). Then, a tensor of two
(contravariant) indices T*¥ transforms as:
. ‘u i
404: T — A V,AVV,T” v (46)

The tensor-product representation is reducible. In particular, if T*" is symmetric

(antisymmetric) its transformed tensor is also symmetric (antisymmetric).
Moreover, the trace is invariant (scalar).?

aThe trace T = gy TH gWA” p NG TP7 = ¢peTP? = T, where we have used (15).

The Lorentz group || Tensor representations

33
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¢ In fact, rank-two tensors can be written as the direct sum of invariant irreducible

subspaces:
44=1063D9,

so any rank-two tensor can be decomposed in

T = ig”"T + AM 4 SHY,
T=guT" = T’;, (trace),

AW = %(TW — T") (antisymmetric part),

1 1
SH = E(TVV + 1) — i ¢"'T (traceless symmetric part).

(47)

(48)
(49)

(50)

(51)

* By the same reasoning as before, TV, TPL, TP,V and T, are equivalent reducible

representations of the Lorentz group.

* An example of a rank-two tensor is the metric tensor g, which is also invariant

from the definition of Lorentz transformation (15).

34



The Lorentz group || Tensor representations

local /jillan

* An important irrep of any Lie group is the adjoint representation, whose
dimension is equal to the number of generators, that can be built from the
structure constants,

(Tog)" = —if™. (52)

> One may show, in general, that the structure constants satisfy the Lie algebra of
the group using the Jacobi identity:

[A,[B,C]]+ [B,[C,A]] +[C,[A,B]] =0, (53)
replacing A = T%, B = T?, C = T¢, which implies
fabdfcde + fbcdfade +fcadfbde —0. (54)

>> In the case of the Lorentz group, with same representations as SU(2) xSU(2), the
adjoint representation is the antisymmetric tensor representation A*Y.
(The structure constants of SU(n) are antisymmetric in the three indices.)

35

The Lorentz group || Tensor representations

local /jillan

* It is worth looking how the irreps of the Lorentz group transform under the :
subgroup of rotations. In general, the reducible representations can be written as ':
the direct sum of several irreps of the rotation group, each one labeled by a value
of the spin j (remember that they have dimension 2j + 1). Then,

V# = (V9,V) € 4 under the Lorentz group, (55)
V¥ € 0@ 1 labeled by j = 0,1 under the rotation group, (56)

i.e. V¥ is a scalar under rotations (spin 0) and V is a 3-vector (spin 1).
On the other hand,

T €¢4®4=1® 6c®9 under Lorentz (57)
=001)®001)=00(161)® (016 2) under rotations, (58)

where we have used that the direct product of irreps of the rotation group is

n®p=l1—pleh—jp+1& &1+l (59)

36



The Lorentz group || Tensor representations

> Therefore,

local /jillan

1: TeO (also a scalar under rotations) (60)
v Al (two independent 3-vector under
6: Aelal . (61)
%e’]kA]k rotations mixing under Lorentz)
For instance, the electromagnetic tensor F/¥ contains two 3-vectors:
the electric field E' = —F% and the magnetic field B' = —1e//*Fik.
Another example are the generators themselves (36,37).
500
9: S"We0®132 s
S con ZSH = 5%
i
(62)

> In general, a tensor T#"P- with N indices contains spins j = 0,1,...,N.

The Lorentz group || Tensor and spinorial representations

* We have seen that the vector representation and all the tensor representations of
the Lorentz group contain representations of integer spin j (0, 1, ...) under the
rotation group.

e Strictly speaking, the representations of half-integer j (%, %, ...) are not valid,
because for them R/(0) # R/(27r) = —1. However, since the observables in

quantum mechanics are quadratic in the wave function, a global minus sign is

acceptable and we can allow them. Then the physically relevant rotation group is

37
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not SO(3) but SU(2) (both have the same algebra, and hence, the same irreps). The

fundamental representation of SU(2) (group of 2 x 2 unitary matrices with unit
determinant) has j = % (dimension 2) and is called spinorial representation or
spinor. The SU(2) generators in this representation are one half of the Pauli
matrices:

1 4 . (01 , [0 i . (1

10 i 0 0 —1

38
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The Lorentz group || Tensor and spinorial representations

e Any SU(2) representation can be obtained from the tensor product of the spinors. -

For example,

®-=0a1. (64)

NI~
NI~

e Likewise, the representations (ji, j2) of the Lorentz group can be built from the
tensor product of the spinorial representations (%, 0) and (0, %),
both of dimension (2j; +1)(2j» +1) = 2.
Their vectors are called Weyl spinors i1, € (%,0), ¥r € (0, 1) and they have two
components.

They are denoted left-handed and right-handed for reasons that we will see soon.

39
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The Lorentz group || Tensor and spinorial representations

e Let us find the explicit form of the spinorial representations (3,0) and (0, 3):

g:%@Hm,gzéﬁqﬁ:j=A+E K=—i(A-B) (65

and recalling (33) we have

— 5’ — - 5’ — .5'
Y : A_E' B—0:>]—§, K——IE
AL = exp (—15— i) - g} (66)
(I 0, B > =] X i
%
AR:exp{(—le—l—iy)-z} (67)

40



The Lorentz group

Tensor and spinorial representations

e Note that (3,0) and (0, 1) are conjugate representations:

To check it, use c2c'c

2

0c?Aj0? = Ag.

— _o-i*

local /jillan

(68)

> We can then define the conjugate spinor of iy, that transforms as a g, as follows:

1

¥ =ic%yp; € (0,1) (thei factor is a convention)

since 02 — 02 (ALYL)* = 02 Afo?0? P = AR(0?Y}).

> Then, using 02* = —¢?, we must consistently define the conjugate of ¥,

2

transforming as a ¢, as follows,

Y = —ic?yPy € (3,0).

The Lorentz group

Tensor and spinorial representations

* [t is worth mentioning that the spinorial representations are complex, because

WL = eXP{(—ig—ﬁ) : g}lPL/

PR — exp{(—i§+17) : g}tpR.

(69)

(70)

41

local /illana

(71)

(72)

Although 11 and ¢ may be real in a given reference frame they will be complex

in another.

* However, in the vector representation and the higher rank tensor representations

one can impose the condition to be real, V;lk =V, T;,k,/ = Ty, etc., which is

consistent for every reference frame because A’ is real.
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The Lorentz group || Tensor and spinorial representations

e By the way, the spinorial representation (3, 1) has complex dimension 4.
Its vectors are composed of two independent Weyl spinors ((¢)a, (Cr)g),

a, B e{1,2}.

One can see that
T ot d c&ter
Cro"Yr and ¢ otyYp
transform as contravariant four-vectors where

L= —i0?8&, yYr =ic%yt, o = (1,7), o = (1,-7).
R L
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The Lorentz group || Field representations

* A field is a function of the spacetime coordinates with well defined
transformation properties under the Lorentz group.

In general, if the coordinates transform
xt s 2 = Afx"  (infinitesimally: x'# = x# 4 6x*) (73)
a field ¢(x) (that may have or not Lorentz indices or others) transforms

¢(x) = ¢'(x'). (74)
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The Lorentz group || Field representations

* Our aim is to build Lorentz invariant field theories. For finding the
representations of the Lorentz group in this space of functions we have to
compare ¢(x) with its infinitesimal transformation ¢'(x) = ¢'(x" — dx):

5p(x) = ¢/ (x) = p(x) = ¢/ (x' = 0x) = ()
¢ (x') = 520 3pp(x) — 9(x)
@' (x') = §(x) + 50 (" rx 3 ()

= —Ewwjgvgb(x), (75)

where | gv are the generators in the infinite-dimensional representation of the
Lorentz group on the field ¢. In the next-to-last step we have approximated
dp¢’(x) by 9p¢p(x), since they differ at the next order in dx, and in the last step we
have written

53 = S (e, () = i(g00Y — g055). (76)

local /jillan
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Field representations || Scalars

e Under Lorentz transformations, scalar fields satisfy

¢'(x') = p(x). 77)

e Then, from (75),
59(x) = S (1) exBpp(x) = — L9 (x) 78)
S LM = —(JM) 270, = i(x"d¥ — x'0W). (79)

* Recalling that p# = i0¥, we see that the generators read L*" = x¥pV — xVpV. In
particular, the generator of rotations is the orbital angular momentum, as
expected:

L' = Ee”kL]k = elfkxipk, (80)

* Note that the finite-dimensional representations of the Lorentz group may be
unitary and indeed this is unitary because the L*" are Hermitian.
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Field representations || Weyl, Dirac and Majorana

e Under Lorentz transformations, Weyl fields satisfy

local /jillan

PL(x) o ) = Agr(x), vr(x) = Ph(X) = Argr(x).  81)

e Then, from (75) and focussing on IPL(X),

Spr(x) = (AL = D)Pr(x) + swpu (J*) x79ppr(x)

- —invalPL(x) WL (x) = —wwl ), (62

2 2 2

where we have applied (78) to the second term and we have replaced

—

N|q¢

i - S . S
AL—HE—EwWS’zV —i(0-J+7-K), J=

2

e Therefore, the generators on this Weyl field representation are J}* = L¥ + S}'".

In particular, the rotation generators (total angular momentum) are J! = L' + S/,

which have two contributions: the orbital part, L = elikyi pk, and the one due to
spin, S = %ai

Field representations || Weyl, Dirac and Majorana

e The boost generators are | = L% — Io* which are not Hermitian, so the
infinite-dimensional representation of the Lorentz group on Weyl fields

is not unitary.

e Likewise, check that for pgr(x),

R=—i’. (83)
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local /jillan

SPr(x) = —sww K Pr(x), TR =L"+ S, (84)
where
Ap—1= —%wwsﬁ” —i(@-T+i-K), J= Z K:ig. (85)

The rotation generators, Ji = L' + S, are the same as for 1 (x). The boost
generators are [y Ok — 0k 4 %(Tk, also not Hermitian, so the infinite-dimensional
representation of the Lorentz group on Weyl fields ¢r is not unitary either.

48



local /jillan

Field representations || Weyl, Dirac and Majorana

e Note that under a space inversion, denoted parity transformation (excluded from -
our definition of the Lorentz group), i

(t,%) = (t, %) => B~ —-B=>]—] K—-K=A-B (86)

mirror
i

«—P —>

e This means that the representation (ji, j2) of the Lorentz group is not a valid
representation when parity is included, unless j; = jp, since the
parity-transformed of a vector in (ji, j2) is a vector in (jp, j1). In particular, Weyl
spinors, regardless of whether they are in (3,0) or (0, 5), do not form invariant

subspaces under parity.
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Field representations || Weyl, Dirac and Majorana

* However, we can define the Dirac field, of four complex components:

pl) = | )
Pr(x)

that under Lorentz transformations (orthochronous, proper), x* — x'* = AV XY,

Ar 0
P(x) = ¢'(x') = App(x), Ap= ( . ) (88)
0 Ag

and under parity, x* = (t,X) — & = (t, —X),

o Pr(%) 01 N
X X) = = X). 89
¥(x) = ¢'(%) (lPL(?D) (11 0)¢() (89)
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Field representations || Weyl, Dirac and Majorana

* The charge conjugate of a Dirac spinor is another Dirac spinor,

e (R _ (iR _ [ 0 %) . 90
"’(%) (w%vz) ( 0)"” ”

and, of course, (°)¢ = . Note that the coordinates x* do not change under
charge conjugation.

* Dirac fields, not Weyl fields, are the basic objects in field theories which are
invariant under parity, like QED (quantum electrodynamics) and QCD (quantum
chromodynamics).
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Field representations || Weyl, Dirac and Majorana

* Finally, a Majorana spinor is a Dirac spinor with non-independent ¥ and ¥z

components,

Pr = Cio*P] = Yy = (C;”ip*) , 1P =1. 91)
107y

A Majorana spinor has two degrees of freedom, like a Weyl spinor, but it is

P = (?;’Jﬁ) — Y ©2)
107,

charge self-conjugate,

local /jillan
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Field representations || vector

e Under Lorentz transformations, a vector field satisfies

local /jillan

VE(x) = V(') = AR VY (), ©3)

e Then, from (75) and (78),

meo:@ﬂﬁvmvmm—%wWMﬁﬂ@)z—%%H$VW@. (94)

e Writing | @U = [P7 + S as before, we see that

i

A%—%z—?wwﬁmz—wwwm%:ﬂ7zwl (95)

Poincaré group

53

local /illana

e The Poincaré group includes Lorentz transformations and spacetime translations, -

xt s x'M = xF 4 gk, (96)

* Taking an infinitesimal translation a* = €V,

X't = (1 —ie,PP)xt = oxt = el = —ie, PPxt

= PP = ioF. (97)

We see, as expected, that the generators of translations are the 4 components of
the four-momentum operator P¥. Then, a general translation reads exp{—ia, P*}.
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local /jillan

Poincaré group

* The Poincaré algebra, written in a covariant fashion, is

[P¥,P¥] =0, (98)

[PH,JF7] = i(g"PP7 — M PP), (99)
JFJP] = 1(MP TR — M ] — g™ T 4 g1 ). (100)

* The last line corresponds to the algebra of the Lorentz subgroup (41). Translations
are also a subgroup. It is convenient to write explicitly the commutation relations
of the generators of translations, rotations and boosts:

[P ] =0, (101)
[Pk, ]f] — iEkngm, (102)
[P°, K] = iPk, (103)
[Pk, k'] = iPOskY. (104)
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Poincaré group

* Note that, since the Hamiltonian is H = P? (generator of time translations), we :
have that [H, PX] = [H, J*] = 0 but [H, K¥] # 0. This does 70t mean that only linear
momentum and angular momentum are conserved quatities, because K’ depends
explicitly on time, and

d . ko, 9 ok
T _1[H,K]+atl< =0. (105)

As a consequence, there are also conserved quantities associated to boosts, as we
will see in next chapter when we will study the Noether’s theorem.
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Poincaré group || Field representations

local /jillan

* We have seen already that fields form infinite-dimensional representations of the

Lorentz group, with generators

JH = LI 4 SH, (106)

where L* =i(x#9" — xV9") and S*¥ depends on the field type (scalar, spinorial, ...)

* Let us find now the representation of translations. To that end, we impose that
every field component, whether it is tensorial or spinorial, must satisfy

¢ (X)) =p(x), 2" =xt+al (107)

Then, performing an infinitesimal translation a# = €¥,

p(x) = ¢'(x' —€) = p(x) = ¢'(x) — €9, Pp(x) — p(x) = —€"Iy@(x).  (108)

Therefore, comparing this expression to

§'(x' — €) = exp{—i(~,) P}/ (x') = 09(x) = ie,PPg(x)  (109)

we have P# = i9V.

Poincaré group || Field representations

* To verify that our findings are consistent, we can check the commutation rules
(99) using the representation on fields of the Lorentz group generators (106) and

the generators of translations (109) taking into account that S#¥ is independent of

the spacetime coordinates, and hence commutes with 0¥,

[PH, 7] = [PF L] = [id",i(x°0" — x70°)]
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local /jillan

= _(gVPaU — giwap) = j(gVPP‘T — glwpp), (110)

where we have applied the rule [A, BC] = [A, B]C + B[A, C] and the identity
[oH, xV] = gM.
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Poincaré group || Representation on one-particle states

* Now we have all we need to build field Lagrangians invariant under Poincaré
transformations. We will see that upon quantization the fields create and
annihilate particles (and antiparticles).

> It is then useful to identify the Poincaré invariant Hilbert space of one-particle
states, namely what are the irreps of the Poincaré group labeled by the Casimir

operators whose vectors are identified by quantum number which are the
eigenvalues of a set of commuting generators,

) = 1P.j3 )

* These irreps must be unitary to guarantee that the scalar products of states
remain invariant under changes of reference frame,

(1 |2) = (1| PTP |y2)

Therefore, the Poincaré transformations P are represented by unitary operators
on this space, and the generators | ! (rotations), K! (boosts) and P* (translations)

are given by Hermitian operators.

Poincaré group || Representation on one-particle states

* The Poincaré group is not compact, so its unitary representations are
infinite-dimensional. That is why the Hilbert space of one-particle states has
infinite dimension.

> However the field representations are not necessarily unitary, as we have seen.

Hence, it is important not to confuse representations on fields with
representations on the Hilbert space of one particle.

* The Poincaré group has two Casimir operators:

local /jillan
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local /jillan

m* = P,P* and W,WV, (111)

where W# is the Pauli-Lubanski vector defined by

1
WV — _EGVVPUIVPPO_. (112)
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Poincaré group || Representation on one-particle states

Both operators commute, because
1
[WF, P*] = — =€t [Jp P, P]

1
= = 5" (Jup[Por, P*] + [Jup, P*] Pr)

1
= e (g8P, — gLPy) Py

i i
= —Eel“’”“’Png + Ee”"‘p”PpPg = 0. (113)
and they also commute with every Poincaré generator, so they are Casimir
operators.

Moreover m? = Py P* and W, W# are Lorentz invariant, so we can use their
eigenvalues to label the irreps, and they are the same in any reference frame.
We must distinguish two cases (Wigner classification):

local /jillan
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Poincaré group || Representation on one-particle states

Casem # 0

It is then simpler to work in the rest frame, p# = (m,0,0,0). Then,

W0 =0

Wi — _%eijkoljk _ %GOijk]jk _ %eijk]jk — mJ

= W,WF = —m?j(j +1).

(114)

Therefore, the | irreps are labeled by m, j| (mass and spin) and the vectors are

labeled by |jz3 = —j...j;...).

We see that massive particles of spin j have |2j + 1 degrees of freedom

This is because, once we have performed a boost to take the massive particle to
the reference frame where it has a four-moment p* = (m,0,0,0), we still have
total freedom to rotate the system in three dimensions.

We say that SU(2) is the little group (set of Lorentz transformations leaving
invariant a given election of p¥).
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Poincaré group || Representation on one-particle states

Casem =0

In this case the rest frame does not exist. We can choose one where
p' = (w,0,0,w), describing a massless particle moving along the z axis. Then,

WO = W3 = w]3
W' =w(J'+K?) ;= WW'=-?[(J'+K)*+ (> -K')?.  (115)
W2 = w (]2~ K')

Now the little group is SO(2) (rotations in the plane perpendicular to the motion),

whose |irreps | are | one-dimensional | (Abelian group) and are labeled by a

number i € {0,43,+1,...} called helicity (projection of the angular momentum
along the direction of motion):*

h=7p-]. (116)

aThe elements of SO(2) in the irrep & are given by R(6) = exp{—ihf}.

local /jillan
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Poincaré group || Representation on one-particle states

Case m = 0| (cont’d)

Note that i = j3 for our choice of direction of motion, and j3 = +j.

The irreps h and —h are distinct (they do not mix under Poincaré
transformations), although in theories symmetric under parity the corresponding
massless particles are given the same name. We just say that they are the same
particle in two different helicity states.

Then we speak of ‘a photon” (m = 0,j = 1) that can be right-handed or
left-handed if i = %1, respectively. The photon is a massless particle of spin 1,
but the state with j3 = 0 does not exist.

Likewise, we will see that the massless Weyl fields ¢; and ¢gr (m =0,j = %) have
helicities h = —3, h = +1, respectively.
They represent different particles if the theory is not symmetric under parity

(e.g. in the SM the neutrino is massless and it is v7; the vg could simply not exist).

local /jillan
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Poincaré group || Representation on one-particle states

e Two final comments:

> We can always speak of helicity as the projection of the angular momentum along
the direction of motion, but it is an invariant quantity under Poincaré
transformations only if the particle is massless.
Sometimes we use the term chirality, to refer to a massless particle transforming as the left-handed or the right-handed
representation of the Poincaré group. The chirality coincides with the helicity for massless particles.

> The embedding of unitary representations of the Poincaré group (particles) into a
field theory is not trivial. For example, the vector field V,(x) describes both spin 0
and spin 1 (too many degrees of freedom).

— To construct a spin 1 unitary field theory of massive paticles we will have to
choose carefully the Lagrangian so that the spin 0 component of the field is
never excited.

— And for spin 1 massless particles we have to choose a Lagrangian that
propagates only transversely polarized states (left and right helicities). This is
achieved by introducing the gauge invariance, an invariance under
parametrizations related to charge conservation, at the origin of interactions.

65



local /jillan

2. Classical field theory

66

local /jillan

Euler-Lagrange equations || Systems of N particles

» Let us first review the basic principle of classical mechanics for a system of N
particles in the Lagrangian formalism. This system has 3N degrees of freedom
described by a set of coordinates g;(t),i =1,2,...,3N.

» The Lagrangian L is a function of the g; and and their time derivatives g;,
L = L(g,9). In general, L(q,4) = ¥; sm;i4? — V(q) (kinetic term minus potential).
We will assume that the system is conservative, so the Lagrangian does not
depend explicitly on time. The action S is defined as

5 — /dt L(q,d). )
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Euler-Lagrange equations || Systems of N particles

local /jillan

The principle of least action states that the trajectory of the system in the
configuration space from an initial state gi, = q(fin) to a final one g5 = q(tg),
both fixed, is an extreme of the action (usually a minimum):

tg tg

0S =6 dt L(g,9) = dt 6L(q,4) = 0. @)
tin tin
We can write
oL 8 JoL d
=X (g ] - L[ gm]
where we have used
— a(7i d dqz d aq — d .
001 = 350 = 54 (dt ) =g (a ou = 3;%i @

with « being a set of parameters such that q; = g;(a, t) is sufficiently smooth, in
such a way that the derivatives with respecto to & and ¢t commute, because we can
discretize both variations.
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Euler-Lagrange equations || Systems of N particles

local /jillan

= On the other hand, integrating by parts:*

i 9L d aL b d oL
" dt %dtdql = i i . - . dt — dt aq 55] (5)
Therefore,
tfl aL d aL
os= [ ot B35 g =0 X
oL d oL .
N a_ql _ Ea_ql = 0| (Euler-Lagrange equations) (7)

S
S
Q.
=

b
In fact: / dt u% = [uv], — [ dto—.
a
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Euler-Lagrange equations || Systems of N particles

= Remember that in the Hamiltonian formalism the basic object is

oL

H(po) =L pidi—L pi=5,- (8)
1
» Taking the differential of this expression we get
. , oL oL .
dH = ZZ; {qldpl + pzd% T (a_qidqz + a_q-id%) } (9)
=) _{qidp; — pida;} (10)
i

where we have used the Euler-Lagrange equations (7) and the momentum
definition in (8). This shows that the Hamiltonian H is a function of p and q.
The previous expression leads to:

. 0H . OoH . :
i = o p; = a0, (Hamilton equations) (11)
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Euler-Lagrange equations || Systems of N particles

» Defining the Poisson bracket of whatever two dynamical variables f; and f,

919f> _9fi afZ} |
bl = . 12
ofle =0 { 99 dp;  Ipi 4 (12
it is easy to check that
[Qr/ PS]P = Ors (13)

and the Hamilton equations can be rewritten as

gr = lgr, Hlp, pr=[pr, H]p (14)

and in general for any dynamical variable f one has

= (15)

where the term df /9t is non vanishing if f depends explicitly on time.
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Euler-Lagrange equations || Continuous medium

local /jillan

= Assume now that, instead of a system with a finite number of degrees of freedom,

we have a continuous medium. Then the system is described by a field ¢(x),

qi(t) — ¢(t,X) = ¢p(x) (16)

and its dymamics is described by a Lagrangian,

L= / dx L(p, dud). (17)

» From now on, we will call Lagrangian to the Lagrangian density L.
Then the action is

S = /dt L= /d4x L($,0u9). (18)
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Euler-Lagrange equations || Continuous medium

» The principle of least action reads:

local /jillan

e B N

where the boundary condition now is not ¢;(t,) and g;(t) fixed but
fields remain constant in the infinity, since

4 aE 4 d . 4 oL

and we have used the Stokes theorem,

/d4xa l } /dA nyl )&pl (21)

(n* is the vector normal to the surface) and the boundary condition

5|z = 0. (22)
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Euler-Lagrange equations || Continuous medium

s Then we have:

oL 0 i:O (Euler-Lagrange equation for field ¢). (23)

9 "9(0u9)

> Note that if one adds to the Lagrangian a term of the form (total derivative):
L — L+ 0,KF(¢p) (24)

the equations of motion do not change due to the boundary condition imposing
that fields are constant in the infinity, because using again the Stokes theorem,

/ d*x 9, K = / dA n,K", (25)
|4 2

a constant term is added to the action and equation S = 0 remains untouched.
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Euler-Lagrange equations || Continuous medium

= In the Hamiltonian formalism we define the conjugate momentum of field ¢,

_ aL()

II(x) = 26
=) 9(do¢) 26)

and the Hamiltonian density (or Hamiltonian in short),
H(x) = T1(x)op(x) — L(x) (27)

with

H= /d3x H(x). (28)
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Noether’s theorem

local /jillan

= We will discuss the relation between continuous symmetries and conservation
laws in classical field theory.

A global infinitesimal transformation of fields ¢;, i.e. with |e¢?| < 1 independent

of the coordinates, reads generically

¢i(x) = ¢;(x") = ¢i(x) + €"F; 4(¢, 09) (29)

and the transformation of coordinates,

XM XM = x4 Sxt = xt + e Al (x) (30)

Il 4

where can be one index, two, ... or none.

= We say that this transformation is a symmetry if it leaves the equations of motion
invariant, i.e. the action does not change:

S(¢) — S(¢") = S(¢). (31)
76
Noether’s theorem
» Then, to first order in dx, -
0=25(¢") —S(¢) = /d4x’ L( /d4x L(x /d4 — L(x) + ay(sxﬂc(x)}
where we have used (32)
14+ 060 960
ox0 ox!
4 _ |0y ox'¥ 2
d*x’ = , =| 96x! 96x! =1+ 9,0x" + O(6x)".
oxV oxV - -
oxY ox!
Then, since (33)
L'(x') = L'(x) + 6x19, L(x) + O(6x)? (34)

and 6L(x) = L'(x) — L(x), equation (32) reads

0= / dx {5L(x) + 3, [6x"L(x)]} (35)
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Noether’s theorem

= On the other hand,

laCPI opi + (gfq)i) 5(‘9#4’1')1

L
E{la@ o) o

and from
Pl(x") = ¢i(x) + €"F;, = ¢;(x'F — " A}) + €°F;,
we have
¢i(x) = ¢i(xt — €"Ah) + €"F;p = ¢i(x) — " Ahouepi(x) + €°Fi
SO

Spi(x) = §i(x) — ¢i(x) = —€"[Agougpi(x) — Fia]

Noether’s theorem

= Then |if ¢ = ¢ is a solution of the Euler-Lagrangian equations

equation (35) reads

oL
O:/d4x8 ———0¢; + oxV' L(x
H [Zl: a(a]/l(Pl) (PZ ( )
and substituting dx* from (30) and ¢ from (39) we have

0= ¢ / d*x 9yj (Pa),

where

£0) = 57 AN~ Fa,29)] — AL ()£

(36)

(37)

(38)

(39)

local /jillan
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(40)

(41)

(42)
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Noether’s theorem

local /jillan

» Suppose we perform a local transformation, €? = €*(x), on this action which is -
invariant under global transformations. Then it will not remain invariant but now -

5(¢/) = S(9) + [ dxle" ()Ku(9) — @, (9)] + O20€) + O(), @)

where the coefficient K,(¢) vanishes, because in the particular case of €* constant
the global invariance implies [ d*x K,(¢) = 0 for any ¢.

> Let us see why we have denoted by —ji (¢) the other coefficient. If every €”(x)
goes to zero fast enough at infinity, from the Stokes theorem we have

/d4x oy (€ () =0 = — /d4 0u€")jiy (¢ /d4x€ dujn (¢) (44
and then

S(¢ / d*x €”(x)aufa (¢)- (45)
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Noether’s theorem

= Now, taking in particular ¢ = ¢, a solution the the Euler-Lagrange equations,
which is an extreme of the action, the previous equation expresses a linear
variation of the action around this extreme, and hence it is zero. Therefore

0= / dix (1), (¢a) (46)

for any €*(x) and then

Oujh () =0 (47)

This means that (41) does not only implies a vanishing integral but also a
vanishing integrand. As a result, j} (¢ ) are conserved currents.
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Noether’s theorem

local /jillan

» Defining the charge
O = / B (1 7) (48)

we see that the conservation of the current (density) ]Zj (x) implies that the (total)
charge Q, is conserved, i.e. it is time independent, since

0:Qq = /d3x oo (t, %) = — /d3x ;L (t, %) =0 (49)

This is because we assume the fields decrease sufficiently fast at infinity and we
have applied the Stokes theorem again.

> Two types of symmetries: internal symmetries, when coordinates do not change,
i.e. A} (x) = 0, and spacetime symmetries if A} (x) # 0.
The conservation of electric charge, isospin, baryon number, etc., are

consequences of internal symmetries. Next we will focus on the second type: the
invariance under spacetime translations, rotations and boosts.
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Noether’s theorem || Spacetime translations

local /illana

= They are given by the following transformations of coordinates and fields
(every component if any):

sy =t et =" =€, Al(x)=4) (50)
$i(x) = $i(x') = ¢i(x) = Fia(¢,99) = 0. (51)

Hence, there are 4 conserved currents forming the energy-momentum tensor,
0 =) aiavcpi — 8L, 0,00, =0 (52)

i (aﬂ¢i)

and 4 conserved “charges”: the energy and the 3 components of momentum,

P, = / d3x 0%, = / d3x [Z aiav(pi — L. (53)
—~ 9(do¢;)
Therefore, the invariance under spacetime translations implies four-momentum

conservation, wP'=0, v=0,1273. (54)

Note that Py defined in (54) coincides with the Hamiltonian, defined in (28).
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» For simplicity, consider a scalar field. The Lorentz transformations read

s = %wpv(ag(sg — 5kel)x, = { ¢ :”C:;; j ;(‘;:; . (55)
a = 50007 =009,
¢(x) = ¢'(x') =9(x) = F(p) =0. (56)
= Applying Noether’s theorem,
flor = (?fqb) 1(5”xg 0 Xp)0vp — 1(5”xg Shxo) L
= (3£¢>) L (Qppxy — dppxy) — %(%{xg — <5gxp)£
% (0'0xs — 0'6xp),  Oujtor = 0. (57)

local /jillan
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» Therefore, the following tensor contains 6 conserved currents:

local /illana

TH? = —(6M°x7 — M7xP), 9, TH"P =0 (58)

and there are 6 charges which are constants of motion,
o — / d3x TOPT = / d3x (x°0% — x76%), 9MF7 = 0. (59)

Here M"Y (angular momentum) come from the invariance under rotations
and MY from the invariance under boosts.
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» Two remarks are now in order:

1. Note that equation (58) implies that the energy-momentum tensor must be
symmetric, because 8]49?“’ = 0 and

0 = 9, (xPOHT — x76M) = P9, 017 — 270,61 + 6175, — 61057 = 677 — 7P (60)

Since the 0#¥ defined in (52) is not necessarily symmetric, one has to
add a total derivative of the form 9, fA*V, with fAW = — f#\ 5o that

01 = 01 + 0, fMY, 0,01 = 0,0M + 9,0, f M = 0,00 =0  (61)
with g# = gvi and, from
/ dPx 0, f1 = / d’x 0 f" =0=P' = / d’x 6% = / Px 6%, (62

the conserved charges are the same as long as the fields, on which f depends,
decrease sufficiently fast at infinity.

> The symmetrization of the tensor 6/ derived from (52) will be needed in the
case of the electromagnetic field, as we will see later.
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= And the second remark:
2. We are used to the angular momentum conservation (0; M = 0) but not to the i
conservation of quantities associated to boosts (0;M% = 0).

Actually, in quantum mechanics, we have
K* = MO% = pFt — / d3x xk6%0 = MO () (Heisenberg picture)  (63)

and remember that 9; M = dM% /dt = i[H, K] + 9K* /ot = i?P* 4 Pk = 0.
However, unlike energy, momentum and angular momentum, the quantities
associated to boosts cannot be used to label states, since the operators
representing the boost generators are not always Hermitian and moreover they
do not commute with the Hamiltonian.

> Note that these K* are the representation of the generators on the
infinite-dimensional representation of scalar fields and, unlike the 4 x 4 matrix
operators introduced in the first chapter, they do depend on the spacetime
coordinates.
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local /jillan

» Consider first a real scalar field, ¢(x) = ¢*(x). An action describing the nontrivial

dynamics of the field must contain derivatives, d,,¢. The Lorentz indices must be '/

contracted, because the action is a scalar. The simplest action is®

S = % / d*x (9,0t — m*¢*) = / d*x L(x). (64)
s The Euler-Lagrange equation for ¢ is then the Klein-Gordon equation,
oL oL ’ B _ 5 o

The solutions are plane waves,
¢ o« eFP¥ with px = p,x and p? = pupt = (p°)? — 2 = m>.

The parameter m is the mass, and by definition m > 0.

2A term ¢¢p = $0,,0"¢ is equivalent to 9,0 ¢ up to a total derivative 9, (¢o*¢).
A linear term ¢3¢ is equivalent to the reparametrization ¢ — ¢ — ¢3/m?, leading to the same dynamics.
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= The most general solution of the Klein-Gordon equation is then,

local /illana

P(x) = /(ZNL (aﬁe—ipx+a%eipx) (66)

)31 / ZEF_"
pO=Ez=-++/m>+p?

The field normalization has been chosen for later convenience. Among the
solutions, there are positive energy modes (e *#¥) and negative energy modes
(et1P¥) 2 whose interpretation will emerge when the field is quantized.

= The sign of the action has been chosen to yield a positive definite Hamiltonian:
_dL
9(99)

The energy-momentum tensor is directly symmetric,

1, =309 = H =TTpdp¢p — L = % [(amp)z + (V) + mzqﬂ >0. (67)

oM = o pa'p — gL  and, in fact, H = 6%, (68)

2This is because interpreted as a wave function, the field ¢ ~ e TPt with p® > 0 satisfies the Schro-
dinger equation id¢¢ = +E¢ with energy +E and E = p° > 0.
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= As for the conserved charges associated to rotations,
M = / d3x (x'0% — x/9%) = % / d3x (pLU3gp — dopLl ), (69)

where we have used the definition of L7 = i(x'd/ — x/9") and integration by parts
for i # j,

/ d3x 3/ [px'dp¢] = 0 = / d3x ¥ px'dpp = — / d3x ¢x'd/dg¢, (70)
/d3x d[dppx’p] = 0 = /d3x ddpx'p = — /d3x doPpx'd¢p. (71)
= If we define the scalar product of two real scalar fields as

i

@ilga) = 5 [ xpidum, fog = fog -3, 72)

we have
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Scalar fields || The Klein-Gordon equation

MY = (p| LT |¢) 73)

which is as expected, because L7 is the representation of ]/ on the field space.

» Let use see that (¢ |¢») is time independent if ¢; and ¢, are solutions of the
Klein-Gordon equation, that is in agreement with M" being a conserved quantity.
In fact,

% (@11g2) = 5 [ &x dolgrdogz — ogig]
= % /dsx {30<P130<P2 + 1052 — 12 — 80<p180¢2}
= %/d3x {4’1V24’2 — V2Prpp — m* 1y + m2¢1¢2}

— 5 [ 5 (=901 Y42+ Vg1 Va} =0, 79
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where we have used
(D -+ mz)([)llz =0= 854)1,2 = Vchl,z — mzc[)llz
/d3x V- (gbszgDz,l) =0= /d3x 4)1/2V24)2,1 = — /d3x Voi12- V. (75)

» Likewise, we can write

pHt = / d3x 6% = (¢|io" |¢) (76)

>> In fact, using again the Klein-Gordon equation and integrating by parts,
PO = (¢] i |¢) = (¢]idp |9) = —% / dx 935 — (909)’]
— _% /d3x [PV — m*¢* — (do¢)’]
= 5 [ TR+ e+ g = [,

2
(77)
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] i 1 i i
P = (9]0 9) = —5 [ &x (49009 — 2092’9
= / d3x 9'paggp = / d3x 0° = / d3x 6%, (78)
= And also,
MO — <(P‘ 1,0i |(P> — /d3x (XOQOi o xiGOO) (79)
> In fact,

MY = (¢| LY |¢p) = —% / d3x [p(x°9" — x'0°)app — Do (x°0" — x'3°) ]
=[x {sPaugdie -+ 3 0% — Gup |
- / d3x {xoaogbaiqb — ’g[(amp)z — ¢V + m24>2]} . (80)
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= Note that, as anticipated, L¥" and id# are Hermitian operators, and hence we haveé
an infinite-dimensional unitary representation of the Poincaré group. :
Then MH*¥ are P¥ are real quatities.

= Finally, we could generalize the Klein-Gordon action to include interactions of the
scalar field introducing a potential V(¢),

S = /d4x {% [aycpa}‘cp - m24>2] - V(4>)}. (81)

Terms proportional to ¢>, ¢*, ... in the potential give rise to non linear

contributions in the equations of motion, corresponding to field self-interactions:

2y —
(O+m*)¢p = e (82)
94
Scalar fields || Complex fields
= Suppose now a complex scalar field,
1 5
¢ = E(% + i) (83)
where ¢ and ¢, are two real fields of the same mass m. Then
S = / d*x (9,9*0Hp — m*p* )
=5 [t @undgn — )+ 5 [ d'x (0,920~ mg})
= /d4x L(x). (84)

It is clear that the Klein-Gordon equation for the complex ¢ is the same as for
(65), since both real and imaginary parts satisfy it. The most general solution is

d3p

P(x) = / m (aﬁe_ipx+b;§eipx) (85)

PO=Ey=-+/m2 72

95



Scalar fields || Complex fields || Charge conservation

local /jillan

s The action of this complex field is invariant under global transformations of the

group U(1),
(x) = ¢'(x) = e P(x),  ¢7(x) = ¢ (x) = €97 ()
meaning that there is a conserved current associated (take ¢; = (¢, ¢*)):

Xt sy =yt = Al(x) =0

) = ¢'(x) = 9(x) —i0p(x) . Fpa =—ig
#(x) = 97 () = 9" (x) + 109" (x) Fpa= i¢"
e E - 05 . —i(p g — palgY) = ip .

d(9ug) o 9(9u*)

Scalar fields || Complex fields || Charge conservation

= The conserved charge is

Q= /deJ‘O =i/d3x oop = (919), #Q =0,

(86)

(87)

(88)

(89)

96

local /jillan

(90)

consistent with the generator of the symmetries e~ being the identity operator,

defining the scalar product of two complex scalar fields ¢4 and ¢p as

@algs) =1 [ &x g0,

©1)
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local /jillan

» Consider the Weyl spinors g and 1. Then

YRO"Yr, YLOPL (92)
with o# = (1,7), " = (1, —7), are Lorentz four-vectors.

> To show this, remember that
= O
YR — exp{(—19+17) . §}¢R. (93)

Consider, for example, an infinitesimal boost of rapidity # along direction x,

ol ol
PROVPR = YRoM YR + PR PR + PROY PR

L YRYR = YRYR T NYRO YR

+ t i i1t (94)
YRO'YR = YROYR + 10T PRYR,
where we have used oo/ + lg? = 267,
98
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We see that oy transforms under this boost like a four-vector v,
o0 1 7 00\ [
ol 7 100][]d!
> (95)
v? 0010|]?
v’ 0001/ \s®
Consider now an infinitesimal rotation 6 about the axis z,
T T o O ot O
YR YR > Profr +19¢R?‘7V¢R - 194’1{‘7”71/’12
YRR = PR
+ 1 t 1 )
o > o — 0ylo
s ¢’R (I VJR YR lPR PR (9 6)

YRoOPPR > PROCYR + OPRaIPR
+ 3 t 3
lIJRO- l/)R — ¢RU 1PR/
where we have used oo/ — oot = 2ielikgk,
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We see that (o yr transforms under this rotation like a four-vector v,

local /jillan

100

local /illana

0 10 0 0) (o
vl 01 —6 0] o
— (97)
v? 06 1 0]
v 00 0 1)\
And likewise for ¢foty;.
Spinorial fields || Weyl equation
= Now focus on 1. The simplest action involving this field,*
S=i / d*x ¢jo"0,y; = / d*x £(x). (98)
The factor i is introduced for the Lagrangian to be Hermitian. Let us find the
Euler-Lagrange equations, considering that ¢; and ¢; are independent fields:
1. ict9,pr =10 ,
[II)L] H¥L = E?‘aysz =0= (ao — Ulai)l[JL =0. (99)

(] : —ioyploh =0

(Weyl equation for ¢;)

aWe have just shown that picty; — AL oPiofp = pIA" o011, because A and @ act on different
spaces. On the other hand, ay — A]fag. Then, the following term is a Lorentz scalar because

YLo"oupr — Yror oA Oy = $1oP g0y = plotduyr.
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local /jillan

» The Weyl equation for ¢ is equivalent to a (massless) Klein-Gordon equation for -

its two components,

dopr = o' ipr = yr = V¢ = Oy, =0 (100)

and furthermore provides information about the helicity of the field modes.

> Taking a positive (negative) helicity mode of ¢,

Pr(x) = ure P (upe') (101)

with up (p) a constant spinor and p#* = (E, p) where E = |p| (zero mass), and
remembering that

N QL

J=

we see that

. 1, .
= (p-]) uL:Ep-auLEhuL (102)

EVE)MDL = (ao — aiai)uLejFipx = :Fi(E +7- ﬁ)uLe?ipx =0=7- ;5 up = —ug, (103)

NI—

meaning that all the modes of ¢ have negative helicity h = —

Spinorial fields || Weyl equation

= On the other hand, the energy-momentum tensor is

oL

102

local /illana

o — 5 gryn — ot L = iglatavyy, (104)

B a(aylpL)

where we have used that for fields satisfying the Euler-Lagrange equation (99) the

Lagrangian £ = 0. The Hamiltonian is H = 6% = ip1a%y,.

= Moreover, the action is invariant under global symmetry transformations of the

group U(1),
pr = ey, (105)
so there is a conserved current
oL
1 iy, = pioH " —
] a(awa)1¢L q)LU 1PL/ a]l] 0 (106)

and a conserved charge

Q= [&xf = [@xyip, aQ-o (107)
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= Likewise one can see that the Weyl equation for ¥y is
M, pr = 0 = (39 + 0';)pg = 0, (108)
which is equivalent to a massless Klein-Gordon equation for its two components,
PR = —0'9;Pr = g = Vg = Oy = 0. (109)

The modes of Y have positive helicity h = . The corresponding
energy-momentum tensor, current and conserved charge are, respectively,

o —iphotd'yr, ' = ykotyr, Q= [ &xyho (110)

104
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Spinorial fields || Dirac equation

= Note that, under a Lorentz transformation,
Wr — Arpr,  Yr = ARYR, y AIAR = ARAL =1 (111)

Therefore, ] Yr and Yk, are Lorentz scalars.

> Under parity (1, <+ Pr) the following Hermitian combinations transform as:

(Yiyr+PRyr) —  (Yipr+ PRypr) (scalar)
i(pfyr — L) — —i(YiPr — YRyr) (pseudoscalar) (112)

As a consequence, the Dirac Lagrangian,
Lo = ip[o"dup + ipre”dupr — m(YLYr + YiyL) (113)

is invariant under parity. In contrast, the Weyl Lagrangian is not.
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= Let us find the Euler-Lagrange equations:

[pi]: 09y —mpr =0
[pr]: —idupio” —myph=0 L T = mipr o
[yrl . io*uyr —myr=0  ic"dupr = myy.

[yr]: —i0uypko? —my[ =0

This is the Dirac equation in terms of Weyl spinors.

> Note that 17 and ¢ are no longer helicity eigenstates and the 2 components of
Y and of P satisfy a Klein-Gordon equation of mass m, because

iﬁ'yayl/)L = myr = (ia"av)iﬁyay% = mia"avsz
1, —
= —5 (017" + 0" T)duyr = mPyp = (O+ )y =0, (115)
where we have used (108) and the identity c#c" + ¢Vo" = 2g#*". The same for ¥,
(O + m*)yr = 0. (116)
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= [t is convenient to introduce the Dirac field, of 4 components,

P(x) = yulx) (chiral representation) (117)
Pr(x)

and define the Dirac gamma matrices,

o [0 1 ; 0 o 0 o _ ,
N , 7= . = gk = (chiral representation),
10 -0t 0 ot 0

(118)
satisfying the Clifford algebra,
{2} ="+ =28 (119)
> The Dirac equation is then

(ig—myp =0, A=q"A, (120)
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= We can write the Dirac Lagrangian in a compact form introducing
¢ = ¢’y (Dirac adjoint spinor). (121)

In the chiral representation, P = (¢}, ¥1) and

Lp = p(id — m)y. (122)
= Another definition is the matrix 5 = i7%y'9?+3, that reads
-1 0 , _
Y5 = ( ) (chiral representation) (123)
0 1

Therefore, the operators P, = 1(1 — 75) and Pr = (1 + 7s) are projectors on the
Weyl spinors ¢ and iR, respectively,

P = (%), Prp = (O) - (124)
0 PR
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= One can chose other representations, .
Y =Up(x), 7" =UrU', (@) =9 (207", (125)
where U is a constant unitary matrix.
> In this way,
Lp = ¢ U (1" — m)U'y' = (ir"9 — m)y, (126)
has the same form as the original Lagrangian.

> The Clifford algebra remains invariant, y/#v" 4 o/Vo/'# = 2¢M.
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= A representation used very frequently is the standard representation or
Dirac representation, obtained from the chiral one by

- b1 (127)
V2 -1 1)

> The Dirac field and gamma matrices in the standard representation read
1 +
_ L (¥Rt (128)
V2 \yr -y

1 0 . 0 ¢! , 0 1
o , 9= . , s =i = . (129)
0 —1 o0 10

> The Dirac representation is convenient in the non relativistic limit, while the
chiral representation is convenient in the ultrarelativistic limit.
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= The general solution of the Dirac equation is a superposition of plane waves,
¥(x) o« u(p)e 'P* (positive energy modes E > 0), (130)

x) < v(p)e'P* (negative energy modes —E < 0), E = 4y/m2+p2.  (131)
P p 8 gy

Applying (120) to these solutions we have

(¥ —m)u(p) =0, (¥+m)o(p) =0. (132)
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= We will find now the explicit form of these solutions in the chiral representation: -

o [(m®) L (P .
7 (um)’ 7 (mm) -

> Take first the case m # 0. Then, in the rest frame system,

pt = (m,0,0,0)
(¥ —m)u(0) = 0= (v’ = Du(0) = 0 = ur(0) = ug(0), (134)
(#+m)v(0) =0 = (7" +1)v(0) = 0 = v (0) = —vg(0). (135)

Then, focussing on the positive energy spinor u(p), we can choose

uéS)(O) _ u;;) (0) =v/m C(S), se{1,2}, g(r)'l'g(s) — 6.,

£ _ (1) 72— (0) . (136)
0 1
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= The solutions for an arbitrary j can be found performing a boost along p = 7/|[p|,

—Llup.5. (s) '
e 2P %77 (0
ul () = ( | ))- (137)

e+§’7P'0u§{s) (0)

Expanding the exponentials,

5.5 > 1 d 1
tnpd _ 2k 4 5 = 2k+1
¢ I T T DY ey
:coshiyiﬁ~('7’sinh17:%(Eiﬁ-?f'), (138)
with __E ) B B @
coshny =y = -’ sinhy =y = - (139)
(po) = puo" =E—p-6, (po)=p, 0" =E+p-7, (140)

(s) s
(Wu) ‘ <o>) _ <\/—<pa> d >> O am
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= One can write these solutions differently:
VIR (L) v (1) e
(122 e () e |
where we have used

(1if'&> tet (M) (143)

%:\/coshn:tsmhn—\/’yj:'y E:I:\p|' (144)

>
Ql

N

W) () =

QU

N\Q

e3P —cosh Ty p- Usmh T —

local /jillan

(142)
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» Taking the ultrarelativistic limit (E > m), p* — (E,0,0,E),
1—¢3)e® 0

W) JE (T aE
2\ (1+0%)eW ¢
E((1- 03)5(2) 5(2)

@) (5 = — V2E (145)
u —
(7) 2 ((1 + 03)&@?) 0

we see that u(!) has right-handed components only and u(? has left-handed
components only, so they are Dirac fields of well defined helicity (chirality), as
expected for massless fields.

local /jillana
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» Repeating the procedure above for the negative energy spinor v() we obtain

U(S)(ﬁ) _ L V (PU) 025) (0) _ V (pO’) 77(5) ;7(1’)1';7(5) _ 51’5 (146)
m\ —/(p7) 0% (0) —/(p7) 7
or
—(1—9p-0 —(1+p-0 s
[ B+w< z >+V@—Mﬂ< z ]ﬂ)
0P = 1+p-¢ 1-p.7 (147)
—[ E+\ﬁ\< 5 )+\/E—\ﬁ|( 5 )MS)
116
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» We will see that it turns out convenient to choose
0 1

Then, in the ultrarelativistic limit (E > m), p* — (E,0,0,E),

(1-c%)ytV
o )—>\/» 4y ( )

(1= | 0
(M)%¢_—ﬂ+ﬁm@ ;ﬁEQ@> e

meaning that (1) has left-handed components only and v(?) has right-handed
components only, so they are again massless Dirac fields with well defined

=

U

helicity.
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» Introducing now the corresponding Dirac adjoint spinors,®

.0

u=u-r, 5=v+'yo,

satisfying the Dirac equations,

u(p)(p—m) =0, o(p)(y+m)=0,

one can show the following orthonormality relations

aUse the identity y*t = 70#40.

Spinorial fields || Dirac equation

= [t is important to note that the 16 matrices,

i

1, vs, ¥¥, y'ys, o = 2[7”,7”]

local /jillan

(150)':
(151)

(152)
(153)
(154)

(155)
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(156)

are linearly independent and form a basis for the 4 x 4 matrices. Then one can

define the following fermion bilinears with well defined properties (covariant)

under Lorentz transformations,

PP, Yys, PyrY, Py sy, Poty.

(157)

= One can also check that the Lorentz transformations of the Dirac spinor @ can be

written, in any representation of the gamma matrices, as
s L e W = 1
P — exp 4w;w P, 1le. = 2(7 .

(it is sufficient to check that [#' = %(ﬂ“’ satisfies the Lorentz algebra.)

(158)
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= An interesting global symmetry that the massless Dirac Lagrangian has is the

chiral symmetry,
YL — e_iGLtpL, YR — e_i9R¢R (01 and 0 independent), (159)
that, in terms of the Dirac spinor, can be written
e %y, e PP (xand B independent). (160)

In fact, performing infinitesimal transformations,

/% : (1 —ia)yr
e W e e P B R (161
(VJL : (1+iB)yr
_ s e BYs ) — = 0r = —0; = B. (162)
i PR ¢ (1—iB)yr ¢ L=F
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= From
P e MY = > Pel® (163)7
P s e P = felfragl = Ty le 75 = e 1S, (164)
using v =75, {7#, 75} =0, (165)
the invariance of the Lagragian under these two independent transformations is
evident:
= e Y = L =igdp — ipede MY = ipdyp = L (166)

P e Py = L =ipgyp s ie 15919 ,e Py = ipgy = L. (167)

121



local /jillan

Spinorial fields || Dirac equation

= Asa consequence, there are two conserved currents,
iy = Py (vector current), jl, = Py"ysp (axial current). (168)

» If m # 0 only the vector current is conserved. It is enough to use the Dirac
equation to check it:

(F—myp=0= L PTMY (169)
—idy YY" = my, because YOty =
N Iy = Ou(Py'p) = QP! + P9y = imiptp — imypp = 0
Il = (P ysy) = Pyt ystp + Py s = imPpysyp + impysy = 2impysy.
(170)
> This is because the mass term my1p is invariant only if g = 6y because:
P = YRYL + Piyr. (71)
122
Spinorial fields || Majorana mass
» A Majorana field is a self-conjugate Dirac field,
_ (43 e 2ok 2 _
M = ;YR =G0y, |07 =1 (172)
PR
> It is evident that 1); can be massive in spite of being made of a single Weyl
spinor. It is enough to write
(ig — m)pp = 0 = {079,y = myr = i{mo*y; (173)
leading to a massive Klein-Gordon equation for ¢,
(O+ m2)ypy =0 (174)

regardless of whether ¢k is given by ¢; or not.
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= We will not write the classical Lagrangian for 51 because its mass term would be -

proportional to

s — (i, T2 YL
PaPpm = (Y, =il pro°) 1 0) \igoyr
= iyl o?y; —il*plo?y, = —il*wlo?y, +he. (175)

which is null unless the ¢, components are taken as anticommuting quantities

(Grassmann variables) because

gl oL = YLv] — PIyL. (176)
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Spinorial fields || Majorana mass

» Even more interesting is that, although the Dirac Lagrangian is invariant under
the group U(1) of global transformations

Y e MY, Yr e Yyp, (177)

this cannot be a symmetry of the Majorana field because its left- and right-handed
components are conjugate according to (172).

> This means that a Majorana field cannot have U(1) charges, as the electric charge,
the baryon number or the lepton number, for instance.

> Is the neutrino a Majorana fermion?
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Electromagnetic field || Covariant form of Maxwell equations

= The electromagnetic field is described by the four-vector A¥.

Defining the tensor F*¥ = ot AV — 9V A¥,
the electric field E and the magnetic field B are

. . . . . 1 ... . Ny
E'=—F% = —9,A' —VIA°, B = —Eelkafk = (V x A)}, (178)
where F/k = —e/* B! because elike/kt = ¢likelik = it

Namely:

E2 B3 0 -—B!
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Electromagnetic field || Covariant form of Maxwell equations

= Applying the Euler-Lagrange equations to the Maxwell Lagrangian,

1 1,2 = '
L= —ZFWP?“’ = E(*52 — B?) (179)

that can be also written £ = —%(BVAVGP‘AV — 0, A, 0" A¥), we obtain the equations
of motion (Maxwell equations in vaccuum)

o0 F"" =0 & |V-E=0, VxB=0oL (180)

The remaining two Maxwell equations are obtained from the dual tensor
Frv = %GVVP”FPU, whose four-divergence vanishes: ayﬁw = el"79,00Ar =0,

I F""=0| & |V-B=0, VxE=-9B (181)
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= The Maxwell Lagrangian is invariant under local transformations 6 = 6(x) of the -

form

Ay(x) = Ay(x) —0,0(x)

(U(1) gauge transformation).

(182)

The existence of this local symmetry implies that A,(x) provides a redundant

description of the electromagnetic field, because we may use the freedom to

choose the gauge to constrain A, (x).

Usually one calls “symmetry” to a transformation that leaves invariant the

Lagrangian (or rather the action). However, although a local symmetry implies a

global symmetry, that has physical consequences as the charged conservation

(Noether’s theorem), the gauge invariance is not a symmetry of the physical

system, because the physical states are not transformed.

particles of spin 1 (two degrees of freedom) using vector fields of four
components (two of them are spurious). The gauge symmetry is more

appropriately a gauge freedom.

Electromagnetic field

Gauge invariance

» We may take Ap(x) = 0 choosing

Au(x) > AL(x) = Ay(x) — 3y / dt’ Ag(¥, ),

and then Aj(x) = Ag(x) — Ap(x) = 0.

= We can further do another transformation, not changing the component Ay,

AL (x) = Ay(x) = Al (x) — 9,0(X), 6(F)

-/

d3y

QA" (t,7)

47t|X — 9|

oy’

Although it is not apparent, this 6 does not depend on t, because

El= —F% = 304" 4 piAT = 0"

Remember that the gauge invariance is necessary in order to describe massless
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(183)

(184)

(185)

and as V - E = 9;E! = 0 in absence of sources we have that 9p9;,A” = 0 and then
dpf = 0. Therefore, also Aj(x) = 0.

129



Electromagnetic field || Gauge invariance

local /jillan

> Let us see which consequences do the gauge transformations have:

S 0A" (t,7) 1 dA" (x) -
v?2 _ 3 V2 — .- A
6(x) = /d 4 dy! * (471\55—37|) ox! A (186)

where we have used that

2 1 I Y

SO
Mt Ay (x) = oAy (x) —9"0,0(X) = V-A"=V-A' -V =0. (189
Then we can also take V - A = 0. This choice,
A'=0, V-A=0 (189)

that is only possible in absence of sources, is called radiation gauge.
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Electromagnetic field || Gauge invariance

= Another choice, which is always possible, is .
Ay Ay = Ay — 09,0, 9,0"0 = 9, A¥ (190)
in such a way that we can always take
d, A = 0. (191)
This is the so called Lorenz gauge.® Then
0, F" =0 = 9,(d"A" — 0" Al) = 0A" = 0. (192)

We see that every component of A¥ satisfies a massless Klein-Gordon equation.
The solutions are of the form (A¥ is a massless real field):

Ayu(x) = ey (k)e ™ + e (k)e*, Kk =0. (193)

Do not confuse L.V. Lorenz (Danish physicist and mathematician), who stated the Lorenz gauge,
with H.A. Lorentz (Dutch physicist, Nobel prize in 1902), who proposed the Lorentz transformations.
Also do not confuse with E.N. Lorenz (American mathematician and meteorologist), founder of chaos
theory, who coined the term “butterfly effect” and discovered the Lorenz attractor.
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Electromagnetic field || Gauge invariance

>> The condition (191) implies that the polarization vector €* (k) satisfies

ke = 0. (194)

= In the radiation gauge, which is compatible with the Lorenz gauge, the field is
transverse because its polarizations have €’ = 0 and k-€=0.

= Clarification: Unlike the constraint V - A = 0, that can only be imposed in absence
of sources, the constraint A’ = 0 can be always applied. However, usually one
does not take this choice when there are sources.
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Electromagnetic field || Gauge invariance

> For example, consider an observer in front of a charge e at rest at a distance .
In this case one usually takes

AF = (¢, A) = (é,o), (195)

leading to the electromagnetic field

_ - e . = -
E:—atA—ngzmr, B=V xA=0. (196)
However, one could have chosen a gauge where
- t
At = (¢ A = (0, —-Z#), 197
¢ 2) = (0 5oa) 197)
leading to the same electromagnetic field,
= 7 / € . B y o
E=—-0A"-V¢ = 47Tr2r, B=V x A =0. (198)

Both choices are related by the gauge transformation

AL(x) = A(x) —3,0(x), O(x) = 46—7;. (199)
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Electromagnetic field || Gauge invariance

= Let us find now the energy-momentum tensor. Applying the Noether’s theorem:

1 S
oH = %awxp —gM" L =—F'"3"A, + ZgWPZ, F? = F, F", (200)

which is neither gauge invariant nor symmetric!

> We can symmetrize it adding d,(F*’ A"), that satisfies 9,,0,(F'* A”) = 0 and turns
it gauge invariant,

1
TH = —F'9Y A, + Zg”VFZ +9,(FM AY)

1
= FMPEY + 1 g"F*, whend,F'* =0. (201)
> The conserved charges under spacetime translations are then
E = /dsx T = %/d3x (E2 4+ B?) (energy) (202)
P = / d3x T = / d®x (E x B)' (Poynting vector). (203)
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Electromagnetic field || Minimal coupling to matter

= In the presence of sources of the electromagnetic field (charges and currents) the

Maxwell equations are

0F =j| & |V-E=p, VxB=&E+j| =] (204)
VB v

0 F" =0 < x E = —9;B (205)

> Note that the last two equations are the same in absence of sources, because
o F" = e'r79,0,As = 0 in any case.
These equations come from minimizing the action

S= / d*x (—%FWPV” —~ jVAy> = / d*x L(x) . (206)
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Electromagnetic field || Minimal coupling to matter

= This action is gauge invariant only if j* is a conserved current, d,,j# = 0, because

Ay o Ay — 12 (07)
and, since /d4x 9, (0j") =0 = /d4x 10,0 = — /d4x 09,j" = 0, we have that
/ d*x j* Ay — / d*x j'A, < 9,1 = 0. (208)

> The gauge invariance is the guiding principle dictating the interactions.
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Electromagnetic field || Minimal coupling to matter

= Let us see how the gauge principle works, applying it to the Dirac Lagrangian in
the presence of the electromagnetic field. i

> The free Dirac Lagrangian
Lp = P(id — m)yp (209)
is not invariant under U(1) gauge transformations (local phase transformations),
P e 1QPWy P el (210)

However, the Maxwell Lagrangian,

1

is invariant under gauge transformations
1
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Electromagnetic field || Minimal coupling to matter

> We can get a total Lagrangian that is gauge invariant by replacing the usual
derivative d,, by the covariant derivative

D, =9, +ieQA, (213)
because then

Dy = (9, +ieQA )Y (3, +ieQA, +iQ9,0)e 'y
= e '®(—iQ0,0 + 9, +ieQA, +iQ0,0)p = e D,y

(214)
and the resulting Lagrangian,
_ 1
L=9p(ip —m)yp — ZFI"/FW
— . 1 _
= P(ig —m)p — ZFWFW - eQA;ﬂP'YﬂlP (215)

is gauge invariant.
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Electromagnetic field || Minimal coupling to matter

» In this way, we have introduced an interaction of the form j# A,
(minimal coupling) between the electromagnetic field and the fermionic current,

j* = eQyyty (216)
allowing us to restore the local symmetry.

> Note that j# is a conserved current due the global invariance of £p under U(1)
transformations, leading to the conserved charge:

Q= /d3x (x) = eQ/d3x P70y = eQ/d3x 'Y (electric charge).  (217)

> Other types of gauge invariant couplings are possible, but they involve field
interaction terms of canonical dimension higher than four, that must be multiplied
by coupling constants with dimension of mass raised to a negative power.

For instance, the magnetic dipole moment interaction: £ = aypo"'pF,,, [a] = M1,

Such couplings will naturally emerge when quantizing the theory, providing
corrections to the minimal coupling to higher orders in perturbation theory.
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= In general, let {T"} be the generators of a gauge symmetry group, {W;;(x)} the
gauge bosons associated to each generator and {6%(x)} the parameters of the
transformation. It is easy to check that if the fields transform as

(fundamentalirrep) ¥ — UY¥, U = exp{—iT"0"(x)} (218)
Gdointirrep) Wy, UW,UT — é(aVU)qu, W, = T"W¢, (219)
(Y is a multiplet of fermionic fields) then introducing the covariant derivative
D, = 9, — igW, (220)
one has
D,¥Y — UD,Y (221)
and the resulting Lagrangian
L=Y({iDP-mY (222)

remains invariant.
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> For a group of non Abelian symmetries, the invariant gauge field Lagrangian
(211) must be extended to include, besides the kinetic terms, cubic and quartic
self-interactions, fixed by the structure constants:

1 ~ 1
EYM - _Etr (W‘uvav) = _ZWZVWLI,#V (223)
where Lyym = Lign + Leubic T Lquartic 18 the Yang-Mills Lagrangian:
1
Liin = _Z(ang — 9, W) (" W™ — 9"W™H) (224)
1
Levic = =58 (9uWy — W)W W (225)
1
Equartic — _Z g2 fube fcde WZ WSWC’V Wd,v (226)
with
Wy = 9, W, — 9, W, — ig[W,,, W,] — UW,, U" (227)

=W, = 0, Wy — 3, Wj, + g f W)W, (228)
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> In the particular case of the group U(1) of electromagnetism the only generator is

a multiple of the identity:

T = Q (the charge of the field in units of the coupling ¢ = e).

From now on we will call it Qf, because it will be the electric charge (in units of e)

of the fermion f annihilated by the quantum field .
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3. Quantization of free fields

Scalar fields || Fock space

= Remember that in order to quantize a classical system of coordinates ' and
momenta p' in the Schrodinger picture we promote ¢ and p' to operators and

impose the commutation rules (in natural units):
q' P} =id, 1441 =1p'p] =0
= In the Heisenberg picture, where operators depend on time,
qfl'{(t) _ ethqfe_th, P]ﬁ(t) _ ethpje—th
(= gy = iHq), —iqlH = —ilqu, H], if 3’ = 0)

we impose the equal-time commutation rules,

[ (1), Py ()] =165, [gk(8), ahy (D] = [Pk (1), ply(t)] = 0.
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1)

(2)

©)
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Scalar fields || Fock space

= In a field theory we have replaced g, (t) by ¢(t, %) and p',(t) by I1(t, %), so in
order to quantize the fields we promote them to operators and impose®

[p(t, %), 11(t, )] = i8> (¥ —¥), [p(t, %), ¢(t,§)] = [[1(t, %), 11(t,§)] =0| (4)

second quantization

> We will study first the case of the scalar field.

4This procedure is called canonical quantization. There is an alternative procedure, the Feynman path
integral formalism, that is particularly useful to quantize gauge field theories.
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» Consider a free real scalar field ,

d3p

P0x) = / (n) J2E; (o ), P =Ey= it 6
p

.I. .
where now ¢, ap and a 5 are operators. Recalling

d3q E[f . .
T 7 — —i4/ =1 _e—lqy _ gtcolqy
(e, 7) = o (t,7) = | (W( i 2) (age™™ —afe™) ®)
it is easy to check that (4) implies
ag.a] = @0PP(F—7), la.az] = [aba] =0 %
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> In fact,

where we have used

Scalar fields || Fock space

local /jillan

©)
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> The commutation rules (7) remind us of the creation and annihilation operators of -

the energy modes fiww of a harmonic oscillator with Hamiltonian

2
P 1 52
H—2 —l—zma)x,

whose solutions are found by introducing the operators
(we reinsert the 71 to refresh our memory):

h " . [hmw +
zmw(a—i—a), p=—i 5 (a—a"),

satisfying the commutation relations,

X =

[x,p] = ih = [a,a"] = 1.
From them we derive

H=hw(a'a+3).

(10)

(11)

(12)

(13)
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Scalar fields || Fock space

Defining the state of minimum energy (the vacuum) |0) as the one annihilated by
the operator a4 and applying (12) /

[H,a+] = hwa, [H,a] = —hwa, (14)

we have that, normalizing (0|0) =1,

1
aly =0=adataln)=nn), [n)=——(>G@"H"|0 15
0) ) =mnin), [n) \/ﬁ( )" 10) (15)
from where a'a is the operator number of modes, |0) has energy Ey = 3w
(zero-point energy) and |n) has energy E, = hw(n + 3).
The Hamiltonian eigenstates {|n)} form the system’s Hilbert space, called the
Fock space.
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Scalar fields || Fock space

= Coming back to our field theory, we see that (7) are the commutation relations of -
an infinite set of harmonic oscillators, one per value of 7, except for a :
normalization factor, which is the (infinite) volume of the system, since

lim (271)%0%(F — 7) = lim [ d3x e (P~ = V(= o0). (16)

F—q p—q

> Then, we can construct the Fock space of states using the operators creation (a;ij)
and annihilation (a3) of modes of momentum p, from (7) and a; |0) = 0.
This way we obtain the multiparticle states:

|1, P2+ ) = \/2Ep,\[2Ep, - - - ajg ag -+ [0) . (17)
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Scalar fields || Fock space

> The state normalization has been conveniently chosen to be Lorentz invariant.
In fact, taking to simplify the state of one particle of momentum g,

P) = \/2E; a}10) = (7F) = \/2E;\/2E; (0] aga’,|0) = 2E;20)%%(F— ) (18)

we see that this scalar product is a invariant because performing e.g. a boost
along the direction z,

E'=y(E+Bpz), Pi=px, Py=ry P:=7BE+p:) (19)
we have
F(p—19) EF(P—-q4) _E
vy B=—+1
P
= Epd>(F' —7) = Eg0°(P—4) - (20)
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Scalar fields || Fock space

In the first step we have used

SUF(x) — flxg) = 2ETH) oy — () = 9(BE £ ps), Q1)
'df(x = Xp)
dx

and in the second,

dE  p; B y | -
ap. =7 because E = /m* + p= . (22)
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= Let us see now what is the energy of the multiparticle states. For that, we will
express the Hamiltonian in terms of the creation and annihilation operators
(at t = 0 to simplify, because the Hamiltonian is a constant of motion anyway):

H= [ / Px > (112 + (V¢)2 + m?g?)

e
2 (2m)3,/2E5 ) (2m)3 2E~
{ E E- ( _,aq,e (P‘Hi) —+ a aqe (P‘Hi) aﬁa;ei(ﬁ_q')'f — a;aqe_i<ﬁ_7)'f)
— p q ( _,a_.e (P‘Hi) + a_,aq,e (P‘HI) ar_},a-rei(ﬁ_q’)'f — ata_.e_i(ﬁ_‘_f)'f)

+ m? (aﬁaﬁei(ﬁ“ﬂf + aﬁaéie_i(ﬁﬁ)'f + aﬁa{gei(ﬁ_q)"c

_1 p d’p t 1
= 2/(2n) E; (a a5 —I—apup) /(2n)3 E; (aﬁaP+EV :

Scalar fields || Fock space

> The second term is the sum of the zero-point energy of all oscillators,

1 [ d&% Evae 1 [ &3p
Evac = V= E; — v~ [ P Es
vac 2/ (271_)3 7 = Pvac v 2/ (27‘()3 7

It is not worrisome that the total energy of this infinite-size system is divergent,

but, moreover, the vacuum energy density pyac is infinite. This is also not a

problem, because we are interested in energy differences,® so we can subtract the

zero-point energy and declare that H is

1 d3
_ 3. .2 (12 2 2.2 . P v+
H_/dx .2(H + (Vo) +m¢)'_/(2n)3EPapaP

where : O : is the normal ordering of O, consisting in writing all creation
operators to the right of the annihilation operators. Therefore,

—»

apa

+
ﬂﬁﬂp.

‘El—i-

local /jillan

153

local /illana

(24) |

(25)

(26)

aThis cannot be done if gravity is included, because then the vacuum energy is relevant. The zero-

point energy is related to the cosmological constant. See discussion in Maggiore’s book, p. 141.
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Scalar fields || Fock space

> This way, the vacuum has zero energy and

H\ﬁ@...):/ i 5 Egthag, [2E5 \[2Ep, - 0)

= (Ep1+Ep2—|- b)), (27)

where we have used ap»a;g.i = (27)38% (P — ) + a;%iap» from (7) and a; |0) = 0.
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> Regarding the moment,
B P - /d3 / /
/ (277)3, /ZE (27)3 2E~
X { — Eﬁqiaﬁaﬁe_ i(p+a)x _ qza+a+e ip+a)x 1 Ezq' aﬁaqe_l( px 4 Eﬁqia;aﬁei(p_@x}

1 & t ot t ot &Pp iy
T2 / @) P i (0905 — g0y + apay +apap) = / anp Pt 38

where the first two terms in the sum are null because they result from the

integration of an odd function in a symmetric interval.

Pf|ﬁ1ﬁ2...>:/ E p'atag,/2E5 ) 2Ep, 0)

:(P1+P2 ) |pp2. .- ). (29)

Therefore,
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= Note that the multiparticle states |77, ...) are symmetric under the exchange of

any pair of particles, because the creation operators commute with one another.

> On the other hand, remember that from Noether’s theorem scalar fields have zero
spin, so quanta created and annihilated by a scalar field are spin-zero particles.

> As a consequence the spin-statistics connection stating that particles of integer
spin (0, 1, 2, ...) are bosons, i.e. they obey the Bose-Einstein statistics, implies that
their states are symmetric under particle exchange.

> We will see that imposing anticommutation rules for the quantization of spin 3

fields, necessary to prevent that the Hamiltonian is unbounded from below, leads
to multiparticle states that are antisymmetric under particle exchange,
accordingly to fermions.

> Therefore, in quantum field theory the spin-statistics connection is not a postulate
but a theorem.
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n [If the scalar field is complex,

local /illana

_ d3P —ipx t ipx
(P(x) = /W\/ﬁ (al‘je P +bﬁep ), (30)
+ _ d3P +_ipx —ipx
47(3(')—/(271')3—\/27%(51?»9;? +b5e p). (31)
Then,
9(t,%),11(t, 7)] = i6%(% — ) _ lopaf) = Bp bl = "8 - )
[9(t, %), ¢(t, )] = [11(t, %), 11(t, 7)) =0 [ap,a5] = [bp, bg] = [ap, bg] = [a, b}] = 0.
(32)

In analogy to the case of the real scalar field, we construct the Fock space from
a5 |0) = bz |0) =0, (33)

applying a;; and b;_; successively.
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= [t is easy to show that, taking the normal ordering,

3 ' 3
H= /dpEaa+b+b) Pl:/(;?3p(aa—i—b+b) (34)

We see that the quanta of a complex scalar field are two species of equal mass
created by a;g. and b;g, respectively.
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= The conserved U(1) charge is

| . | 4 d?
Qzl/dsx # 80¢°:1/d3x/(zn>3\77%/(2ﬂ>3q2Eq*

o { (et + bye)  (age btew) oo (et + bye ) (a4 51e)

/dg/zn\/f/ 21::

X { ( 5€ elf* 4 bye lpx) E; (aq»e — bﬁeiqx) + Ej; ( elP¥ — bﬁeipx> (a;]'eiqx + b}eiqx)
=[x [ ks | G (et
B / (27:))3 (aya5 — bybp). (35)

> Therefore, the state a% |0) has charge Q = +1 and b;; |0) has charge Q = —1.
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> We can now interpret the negative energy solutions of the Klein-Gordon equation: -

* The coefficient of the positive energy solution of a complex ¢ becomes the
annihilation operator of a particle (of a given charge) while the coefficient of
the negative energy solution becomes the creation operator of its antiparticle
(of opposite charge).

* For the field ¢ it is the other way around, because the roles of particles and
antiparticles are exchanged.

e If the field is real, a5 = bﬁ, then it creates and annihilates particles that coincide
with their antiparticles.
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= In order to quantize the Dirac field, which is a complex field,

d’ =\ L, —ipx = L1 |
p y (aﬁ,su(s)(lﬂ)e p +bJ;§',sU(S)(P)epx), (36)

¥(x) /(27[)3\/75;751’2

+ d36] t ()t (=) Ligx (Nt () o—igx
v = [ s B, (@ g o e o
7T

)31 / ZEf_f r=1,2

we promote the coefficients a5, b and their complex conjugates to operators
and their adjoints, as we did for the scalar field.
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Spin ; fields || Dirac field

> Before imposing any (anti)commutation relation on them, let us see which is the
Hamiltonian (with ¢+ = 0 to simplify, since we know it is time independent):

M = Tlydoyp — L = —ipy'9ip + mpy = 'idpy (38)

H= /d3 9% — /d3x¢1a¢ /d3 / /
27r ,/ZEH 27r 2Eﬂ

< L {afapse TP @) () = by b TP (S)(ﬁ)

_ g b+ 7i(ﬁ+p)'fu(r)+(q’)E

7:7ps¢
1 [ &p = ()t (v, (5) (3 b () (7
= 3 [ s L {hsapsd @ ()~ by b 0 o
—at bt (=)ol (B) + b_pa5.0 (—p)u (5) |
_ [ & E;Y (at a5, — bbb ) (39)
= | @t s~ Opsps)s
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where we have used
u(r)’r(ﬁ)u(s)(ﬁ) = 2E;0s, U(r)’r(ﬁ)v(s)(ﬁ) = 2E;0ys,
u (=)o (p) = o (—p)ul) (p) = 0. (40)

> If now we imposed the same commutation rules as for the complex scalar field
and applied the normal ordering (subtraction of the vacuum energy), we would
get a Hamiltonian unbounded from below, because the states created by b;;, the
antiparticles, for all momenta would contribute with an arbitrarily large negative
energy. In order to produce a meaningful energy spectrum, we are forced to
rather impose anticommutation rules:

{p(t, %), y(t, )} =i F -5, {p(t.2), 9t 5)} = {Iy(t, %), 1yt 7)} =0
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Spin ; fields || Dirac field

Therefore, we must consistently define the normal ordering for fermionic

operators as

. L t . t . t
DApay, =~y A5, bﬁ,rbﬁ,r := bp b3 (41)

leading to the Hamiltonian

H:/d3x  yTidgy : = Ey Y (ab a5, + b5 by0). (42)

Likewise, for the momentum operator one has

Pi:/d?’x :GOi::/d‘o’x cyptioty =

P Y (Al a5+ b5 bso).  (43)
S
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Spin ; fields || Dirac field

s The angular momentum (conserved Noether charge associated to the invariance -
under rotations) has an orbital part (identical to that of the scalar field) and a spin?
part (in addition). Applying the general expressions for the Noether currents, one
can show that the spin part in the chiral representation is

. 0
S= [ d% ﬂth where X! = 7 . (44)
0 ¢

Expressed in the Fock space, the spin about the z axis reads

_1 / B / d°p / d’q
2 (2m)3,/2E5 ) (2m)3, /2E;
xY: {e—i(ﬁ—ﬁ)'fa:]ﬂ/raﬁlsu(rﬁ(E]’)Z3u(s)(ﬁ) +e TP Ty bt o ()20 (7)

+ e TG bt w0 () 2200 (B) + TP Ty ay o @)E2u (5) | -
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Spin ; fields || Dirac field

> Then the spin |, of a state created by a . 10) or b ¢ 10) in its rest frame (7 = 0) is
obtained by applying S, to those states Remember

u(0) = uld (0) = vm &), 0\9(0) = —0¥(0) = vm 4 (46)

o= (). =) w-() (). w

The last line in (45) vanishes applying (39) and we get

1 1
Sz a3,110) = +5a0,10), Sz a2 10) = —5ag, |0), (48)
1 1
Sz b9,110) = +50110), SB35 [0) = =503, 10), (49)
where we have used that : b;—,»,sb;fj 1= —b; sb5,s- Note that, thanks to our
convention of taking the antiparticle spinors 7(®) = —ig2¢(5)* for a given s, which

is an eigenvector of 0° with opposite eigenvalue to that of &(*), the states of
particles and antiparticles with the same s are in the same spin state.
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Spin ; fields || Dirac field

> As [K, Jz] = 0, the state resulting from performing a boost along the direction of
axis z (the one used to define the spin) is still an eigenstate of spin. Remember g
that the projection of the spin along the direction of motion is called helicity.
One can check using the explicit expressions of the spinors that

p-EuV(@) = +uV(F),  p-Lu® @) = -u?@(p) (50)
p-Zo(p) =—oV(p), p-Zo@ () =+ (p), (51)

and hence the results of (48) y (49) can be extended to the helicity states:

.3 1 4 1
p.Sa}Jm) += a~1\0> p- S a~2|0> Ea%'2|0> (52)
.3 1 oo 1

p-Sbh,|0) = +§b;,,,1 0), -5 bl,]0) = _Eb:‘mm' (53)

namely, states of particle and antiparticle with the same s have the same helicity.
Remember that the helicities are Lorentz invariant only for massless states (and
then they are called chiralities).
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Spin 1 fields

Dirac field

= As for the U(1) charge:

d3
Q= /d3x :¢+¢ — /(2—7:;32@%’50;5"5

local /jillan

— b bys).

3 (54)

Therefore, the quantum field i annihilates particles and creates antiparticles of

equal mass, spin % and opposite charge.

Spin 1 fields

Dirac field

= Let us see now what is the meaning of the spin eigenstate labels s = 1, 2.

arbitrary direction 71(6, ¢). Then the spin eigenstates in that direction are

&0 = ((1),e()
&(t) = D2(6,9)cM) =
&(L) = D2(6,9)c® =

169
We associate s with the spin of the fermion about a given direction. Consider an
( cos § , L
o 0]’ since (71 -0)¢(1) = +¢(1),  (55)
e'? sin 5
(—e_iq’ sin g i .
2 since (1-3)6() = —¢(1). (56)
oS 5

(In particular, &) = (¢(1), #2)) are the spin eigenstates in the z axis.)
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Spin ; fields || Dirac field

> Now, the state with opposite eigenvalue to that of any & is 7 = —ic?Z*, because if
(fi-7)¢ = ¢ then

(n-d)yp=(n- 77)(—1(725*) = 0?7 - Frer = —(—1(725*) = -1, (57)
where we have used that dc? = —¢?7*. Therefore, we can also denote
9 = ) = _i0%60)* = (&(4), —€(1)) (58)

to remind us that these are eigenstates with opposite eigenvalue to the one given.

— Note, by the way, that a double inversion of the spin of ¢ takes it to
_10.2;7* — _10_2(_10.25*)* — 0.20.2*6 — _g (59)

which does not coincide with ¢, reflecting that a rotation of 27t does not take a
spin % system back to its original state (a rotation of 47t is needed).

171

local /illana

Spin ; fields || Dirac field

> To summarize, take the spinors introduced in the previous chapter:

oy _ \/p—o.g(s) (5) (= _ \/p_o-é'(—s) 60
u(p) <\/p_(7§(s))’ v(p) <_\/p_(7g(s> : (60)

We have seen that, given the field ¢(x) of (36), the operator a5, annihilates
particles whose spinor #(%)(7) contains the &*) and the operator b;_;,’ ; Creates

antiparticles whose spinor v(®) (%) contains the &(~9).

This will simplify things. For instance, we will see that the charge conjugate of a
field ¢(x) exchanges particles for antiparticles preserving the same state s,
namely, in the same spin state or the same helicity.
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Spin ; fields || Weyl fields (massless)

> And if we take the ultrarelativistic limit (E > m) to

d3p s + o
00 = [ —SE & (apen (Pl 10 (7))
(27m)3, 2E5 s=12 ’
remember that

u(l) e O , u(z) —= ML , 7)(1) — UL , U(z) — O . (61)
UR 0 0 UR

Therefore:
¢ The field ¢ :
o annihilates particles of helicity h = —% (spinor u(?))
o and creates antiparticles of helicity & = +3 (spinor v(1)).
¢ The field ¢r:
o annihilates particles of helicity h = +% (spinor u(1))
o and creates antiparticles of helicity h = —% (spinor v(2)).
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Spin  fields || Charge conjugation

» The charge conjugate of the classical Dirac field (in the chiral representation) is

—ic2 ¥ (x —
wm( “””)aﬁwm (= 29957 (x). ©2)

io? 1y (x)
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Spin ; fields || Charge conjugation

> Let us see the result of the charge conjugation operation on one-particle states. -
For that we need to introduce a unitary operator C, with C2=1, transforming the-
creation operators as follows,

Caﬁ,sC = T](jbﬁ’s , Cbﬁ,sC = Ucaﬁls , (63)

where 172 = 1, so that 57c = £1. Then, from (60) we have

[0 ()" = ( VPO(=io2g)%) ) _ (iaz\/ﬁ a(s)*)*

~rr-iege) | T\ ey g
0 —io?\ [ po 9 (s
=1, i e ()
io 0 VP &)
(64)
(first we have used 0?G0o? = —7* with (¢2)? = 1 and then ¢** = —¢?) from where
uO(p) = =iy’ (F)]", o (F) = - (F)] (65)

(because (7?)? = —1.)
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Spin  fields || Charge conjugation

> This way the operator version of (62) is satisfied:

3
d 4 Z (bﬁ,su<s>(ﬁ)e_ipx + a%,sv(s)(ﬁ)eipx)

Cy(x)C UC/W\/ZT:}; .
— i / (L Y (bl (7)) e + o [ul®) (5)] )

= —incy?YP*(x). (66)

Therefore, the charge conjugation exchanges particles for antiparticles preserving
the spin state, i.e. keeping the helicities.
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Spin ; fields || Charge conjugation

> For Majorana fields, that at classical level satisty |
Pm(x) = Cpm(x) ©7)
one has that®
é’?c/LZ (bﬁ,su(s)(ﬁ)e_i”x +ﬂ;sv(s>(f?’)eipx)
(2 s - ,
_ d3p

B / (zn)’s\/szﬁ;

=a5s =1c bgs, (68)

(a7 (Pl #* + b 0O (F)el?™)

namely, particle and antiparticle coincide, because
Caj;, |0) = Caj; ,CC|0) = ycby, 0) = aj;, [0), (69)

where we have taken C |0) = |0).

?The complex phase {* to the right of the equality (67) is incorporated in the definition (63) introduced
to the right of equality (68), so we can say that #c = { and hences it must be real, because 17c = £1.

177
Complex scalar fields [| Charge conjugation
» For a complex scalar field, ignore spinors and spinorial indices:
Co(x)C = nc¢*(x) = CafC = ycbk, CbiC = rcaj,. (70)

> The Majorana field is the analogous to the real scalar field.
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Spin  fields || Parity

= The parity transformed of the classical Dirac field (in the chiral representation) is -

g0 = [P0} o [PREN) o (V) oe) where £ = (1, —3).
Pr(x) pr(¥) Pr(X)
(71)

> We need that on one-particle states the parity acts as follows:

PagsP =1naa_5s, PbgsP =1pb_ (72)

prs
where P is a unitary operator, with P> = 1, and 7,, 17, being phases that we will
call intrinsic parities of particles and antiparticles, respectively.

We will assume P |0) = |0).

Because observables depend on an even number of fermionic operators, from the
constraint P> = 1 we may take 72, 77 = %1
(the minus sign with be needed for the Majorana fields).
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Spin ; fields || Parity

= Then,
d3p . f .
Py(t,X)P = /— Nal_p, M(S)(ﬁ)e ipx | prpt v(s)(ﬁ)elpx
<zn>3@§(ﬂ pe b )
d’p (8)(_ o\ amip? +  ipk
= [ ———Y" (maapsu (—P)e 7T + bl o) (= p)el?
/(27r)31/2Er—,»Zs:( e P )
d3 - i
_ .0 _ 9P (s) (3\n—ip% _ okt .(S) (37 Lip%
=7 / Maapsit™ (P)e Mybp,s0 (P)e
<zn>3¢z?ﬁ§( s Vps )
= 1279 (t,=%), i 50 = -1, (73)
where we have first changed p for —p, which implies replacing px by p% and
) (=p) = 1ul (@), o (=p) = %" (p). (74)
If it is a Majorana field, then a = b and the constraint , = —#, forces 17, = =%i
(7?2 = —1), as we had anticipated. Otherwise the intrinsic parity of a fermion

a = £1 is opposite to that of its antifermion, 7, = —#,.
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Spin  fields || Parity

= The value of 7, (0 73,) is irrelevant for any observable involving only fermions
(or antifermions), but the sign difference has consequences if both fermions and
antifermions are present.

(See for instance the positronium system, a bound state of electron and positron.)
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Scalar fields || Parity

» For a scalar field, ignoring spinors and spinorial indices, it is straightforward that
Po(t, X)P = 11 (t, =X), if 10 = 1pp. (75)

Namely, the intrinsic parities of a spin-zero particle and and its antiparticle are

the same.
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Spin % fields || Time inversion

= We need that the time inversion T changes
tes —t, B —F, Jr —].

Note first that if H is invariant under time inversion then T must be an
antiunitary operator because Te 'H! = e!HIT.

Then for any couple of states,
(Ta|Tb) = (alb)” = (bla), T(z|a)) =z'T|a).
The action of T is defined by

Taﬁ,sT =a_ Tbﬁ,sT = b—ﬁ,—s ,

p,—s
where

a_’_j,_s = (a—ﬁ,ZI —a_ﬁll) 4 b_ﬁ’_s = (b_ﬁ’zl _b_ﬁ’l)

Spin % fields || Time inversion

> Therefore,

d3 . .
Ty(t,X)T = /—P ZT (aﬁlsu(s)(ﬁ)e_lpx + b;/sv(s)(ﬁ)elf’x) T

(27‘()3\/2\%—5 S

d3p . .
= [ —E Y (a_5_([u® (@) P + bt _ [0 (p)] e "
/ (27)3, J2E5 ; ( P ’ P 2 )

d3 .
_ 1.3 P (=8)(_=\alpx + (=s)(_ =
=7y /—Z(a—ﬁ,—su (=p)e?* + 07, o (=p
(27)3, 2B ’
d3 . o
_ 1.3 P (s) (=) p—ipx t () (3)alpx
=7y / Y (apsu (e + b} ) (Fe? )
(27)3, 2B 5 ’

=7’ p(-t,%),

local /jillan

76)

(77)
(78)
(79)
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(80)
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Spin % fields || Time inversion

local /jillan

where first we have used

u(*s)(—*)— \/ﬁ(_igzg(s)*) B —iaz\/Wg(S)*
P)= \/P_O'(—iO‘ZC(S)*) o .

P —P), (81)
P& (B)]" = 11720 (—p), (82)

and then we have changed s for —s and p for —p that amounts to the substitution
of px by —px’ with x’ = (—t,X).
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Scalar fields || Time inversion

local /jillan

» For a scalar field, it is easy to show that

To(t,X)T = p(—t, 7). 83)

C, P, T of fermion bilinears

» From the transformation properties of 1(x) we can get those of the fermion
bilinears:

C P T CPT
S(x) = Pp(x)p(x) 5(x) 5(%) 5(=%) 5(—x)
P(x) = (x)rsp(x) P(x) ~ —P(x)  P(=%)  —P(=x)
VIx) = px)yfp(x) | V) Vu(®)  Vu(=%) —VF(—x)
AR(x) = Pl rsp(x) | AM(x)  —Au(x)  Au(=%) —AF(-x)
TH(x) = p(x)o"p(x) | =T"(x) Tw(x) —Tw(-%) TH(-x)
with ¥ = (t, —X).

186
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Electromagnetic field || Quantization in the radiation gauge

= Remember that in the radiation gauge, :
A'(x)=0, V-A=0, (84)

the three non zero components of A¥(x) satisfy a massless Klein-Gordon
equation,

OA' = 0. (85)

The solutions are of the form

A d’k =T —i =% (T *
Alx) = / TN Y (e(k,A)%e vy g (k,)\)amek") (86)

) /2wy A=1,2

with

»
by

"=

k-

wy=k| <« K¥=0

(UE, )/
(k,A) =0 = V-A=0 (87)

my

and 5(%, 1), € (E, 2) two polarization vectors orthogonal to each other.
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Electromagnetic field || Quantization in the radiation gauge

> Let us find the conjugate momenta,

9L 1
0 — — 1 _ —— pv
IT(x) 330 /o) 0, since £ 4PWF (88)
; oL : - ;
i _ _ — _ 20 i _ i S
IT(x) = 300A) F*(x) d°A'(x) = E'(x) (electric field). (89)

We see that A%(x) = 0 (in this gauge) and IT°(x) = 0 (in general),
so they are not dynamical variables.

> In order to quantize the electromagnetic field we promote, as so far, A(x) to an
operator imposing
lag voagu] = @) (k=)o [agy a500] = lag 0501 =0, (90)

where a%’ \ (az ,) are operators on the Fock space creating (annihilating) photons.
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Electromagnetic field || Quantization in the radiation gauge

> Note that previous commutation relations imply

!

3 3 -
A2, Bt 7)) = =i [ o T o278 — 7)o

2m)3, 2wy ) (27)3, 2w;

Electromagnetic field || Quantization in the radiation gauge

> In the last step we have used that the term in braces must be covariant under

local /jillan

189

local /illana

rotations and hence it is a combination of the rank-two tensors under rotations

that can be written using 5 and k/, that is,

.. 1 = . N
A + Bﬂzlz{ (K, A)el* (K, A) + € (— k,A)e](—k,A)}.

Multiplying by k', and from (87), we have that
A +BK =0=A=-B,

and taking, for example, k = (0,0, wy), &(k,1) = (1,0,0) and &(k,2) = (0,1,0)
enough to check the term i = j =1 to find

A:%(1+1):1.

(92)

(93)

it is

(94)
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Electromagnetic field || Quantization in the radiation gauge

> If not for the term k'k/ /k? in (91) we would have got

y 8k . n - y g

it | éT)f%elk'(x_” — 5168 (% — ) = ig 1 (x — 7). (95)
This term is responsible for the transversality condition of the electromagnetic
field to be satisfied in the radiation gauge (k-&=0), coming from V - A = 0 and
also V - E = 0. Then,

o o _ d3k FF—7) 1
[V -A(t,X),El(t, )] = Vi[A(t,X),E/(t,7)] = —1/We YK —-K)y=0,
(96)
(4 % By 7 iy 2\ B(t 7 N L T
A7),V - E(4, 7)) = VA (4 5), E(t 7)] = —1/Wek( (K —k)=0.
97)

That is why we have introduced in (91) the transverse delta 63.(% — 7).
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Electromagnetic field || Quantization in the radiation gauge

= We are ready to construct the Fock space by acting with a% ,on the vacuum

defined by a; , |0) = 0. Applying the normal ordering to the classical expression, T
for the reasons we already know, we obtain

Hzl/d3x 'EZ+§2':/d—3k Z wy at a;
5 : . (27_[) =, % kA kA7

3
A
_ 3. . R t
]P—/dx.EXB.—/WAzlzkaEAEIA. (98)

> Therefore ,/2w; a% N |0) is the state of a massless particle with energy w; and

momentum . It has two possible polarizations A = 1,2 that we will analyze next.
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Electromagnetic field || Quantization in the radiation gauge

» Applying Noether’s theorem one can find that the quantity conserved under

rotations is (show it!)

M = / d3x 99 AF (¥’ — xio') AF + / d3x (Al9gAl — AlgyAY).

local/jillana

(99)

The first term is the orbital angular momentum and the second is the spin part.

Let us focus on the spin:

il = / d3x : Al9gAl — AJ9yA!

_ d’q L7 AN (7 — (7 Al (A7) at
=i Y. (@A) (G A) e (q,A)e(q,A") ) ag yag .

(27T)3 A
Then, using (90),
agaag  10) = lagan,af \110) = (270)°6°(F — K)oy a0 10)

we get

sVat o) :iz<ei(E,A)ej*(E,)\’) *(k,AN)el (%, A)) at ., 10).

)L/

Electromagnetic field || Quantization in the radiation gauge

(100)

(101)

(102)
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> Take now k = (0,0, wE) and find the spin in the direction of the z axis, S3 =512,

Let us choose the basis of linearly polarized states €(k,1) = (1,0,0) and

é(k,2) = (0,1,0), that is, €'(k, A) = &}. Then,

3a£1|0> —|—1a~ ,10)

IZ 0705 — 63,83 )y v l0) =
3t _
a, |0) = 1aq ,10)

We see that the linear polarizations are not helicity eigenstates.
However, circular polarizations are helicity eigenstates:

€(k,+) = —(€(k,1) +i€(k,2))
because V2
1 .
S3a£+ |0) = —I—ai+ |0), a%+ = —Z(a%,l + 1a£2) ,
1
S%al |0) = —a%/_ 0}, a%_ = —2((1%/1 — 1a%2)

(103)

(104)

(105)

(106)
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Electromagnetic field || Quantization in the radiation gauge

> Then, the states /2wy a% . 0) describe massless particles of spin 1 and
helicity £1.

= A final comment is in order: although the Lorentz covariance is broken by the
choice of frame in this gauge, one can check that the Poincaré generators written
in terms of creation and annihilation operators satisfy the Lie algebra, as they

have to.
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Electromagnetic field || Covariant quantization

= We would like to be able to impose a covariant quantization,
[A¥(t, %), 11 (1, 7)) = igh' o> (¥ —7) ,  [A'(t,%), A"(1,7)] =0 (107)

However this is not possible because, as we have seen in (88) and (89), Ho(x) =0.
Instead, if the Lagrangian were

1 1
L= —ZFWFW — E(E)VA”)Z , (108)

which is not Maxwell Lagrangian, we would have

/ I = —0,AH
I (x) = — 25 () = 0 A7) (109)

N
d(doAy) IT(x) = —F% = Ei(x) (as before)
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Electromagnetic field || Covariant quantization

> Rewriting
1 1 7
L= =5 (0, A" AY = 8, A" AV) — 2810, ALd A (110)

the Euler-Lagrange equations are

oL 3 oL’
04, 19(9,A))
= 0A" — 9"9, A¥ + 99, A" =0
= [0A" =0, (111)

so A" is massless, where we have used

9, FM = 3, (9" AY — 3" AF) = DAY — 39, AV

0, (8" 0, A%) = 0”9, A", (112)
whose solutions are
Al (x) = / &k y (e"(%,)\)eb e 5% 1 et (§, \)at eikx) . (113)
(27)% /201 (= oA kA
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Electromagnetic field || Covariant quantization

> Because this time we have not imposed €” = 0 or k,e# = 0, the field A* has
four degrees of freedom, labeled by A = 0,1, 2,3.
Obviously the Lagrangian £’ is not gauge invariant.
In particular, it we take k* = (k,0,0,k) then e”(%, A) = 5%:

e (k,0) = (1,0,0,0),
e'(k,1) = (0,1,0,0),
e"(k,2) = (0,0,1,0),
e'(k,3) = (0,0,0,1).
Only e#(k,1) and e*(k, 2) satisfy k,e" = 0.

> It is easy to check that the commutation rules (107) imply
(a7 v aZ-}/A,] = 6w (2m)38% (k- 7) , oz A az 0] = [a%,)\,a};w] =0, (114)
where

Co=-1, L1=0=0=1. (115)
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Electromagnetic field || Covariant quantization

= The one-particle states,

E,A> = \/27;,7\_6%A 0) (116)j

have a negative norm for A = 0, because

<q’,A k,A> = 2w; (0] agaal | 0) = 2w 0] [azn,at | ]10) = (r2w;27)°6%(k — 7).
(117)

This is not acceptable, because the norms are interpreted as probabilities.

In any case, £ is not the Lagrangian of electromagnetism and, if it were, the

states 75,0> and 75,3> are not physical.

199

Electromagnetic field || Covariant quantization
= We can think of recovering the electromagnetism by requiring that

on the physical states,

<phys'| d, A" |phys) =0 . (118)

Then, instead of taking d, A¥ = 0 at the Lagrangian level, we will suppose that the
Lagrangian is £’ but we impose the constraint above on the physical states.
This is known as the Gupta-Bleuler quantization.

Let us see that in fact this is sufficient to eliminate from the Fock space all
unphysical states.
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Electromagnetic field || Covariant quantization

> For that purpose, let us denote
0y Al = (0, AM)T + (9,A") (119)

where we have separated the states of positive and negative energy,

(aVAV)+:_~/(27T \/_ Zk et k)\ —1kx

d3k - -
QAN =i [ = k. el* T oeikx
(0, AF) 1/ N )g) 1€ (k,)t)ak’)\e (120)
As (9,A")™ = [(9,A*)T]*, the constraint (118) is satisfied as long as
(0,A¥)™ |phys) =0 . (121)

Moreover, as (9, A")" is a linear operator, if |phys;) and |phys,) are physical
states then an arbitrary combination « |phys;) + B |phys,) is also physical.
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Electromagnetic field || Covariant quantization

> Then, given a physical one-particle state

= ZC)\Q%/\ 0) (122)
A 4
the constraint (121) implies
: d3 -
0= (3 A")" [p) = ﬂ/ﬁ Y caque’(q,A)a qA’“kA 10)
WY

v__ZquﬁkAﬂm—Oéu/2@+QH®—O$Q+Q—O

if kM = (w wy, 0,0, wk) and e (k,A) = 5%. (123)
As a consequence, a physical state is:

* An arbitrary combination |¢) of transverse states created by a% and aEz
as expected.

* And it is also physical a combination of the form (co + c3 = 0):

[¢) = (a, —az,) [0) . (124)

k,0
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Electromagnetic field || Covariant quantization

> Therefore, the subspace of physical one-particle states of momentum k is of the
form

local /jillan

¥) = lyr) +clp) , lyr)= ) caag, [0) (125)

A=1,2

where we will see that, first

(pl) =0, (y¥rlp) =0= (¥|y) = (¥r|vr) (126)

and, second, |i) and |¢7) have the same energy, momentum, angular momentum,

etc. Thus, we can introduce an equivalence relation

) ~ [¢r) it [¢) = [¢r) +clg) (127)

and choose any |¢) in the class of |{T), transverse or not, because this choice has

no physical consequences.

Electromagnetic field || Covariant quantization

> Let us prove the first statement:

(@19} = (0] (agy — ag3)(al, —ab.) 0) = (0] (aggal, + g al ) 0)
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= (0] (lag g, af o] + [ag 5,4 ,]) 0) = 0 (128)

k0

(prlp) = (0 (ciag, + c3ag,)(af —af,)|0) =0. (129)
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Electromagnetic field || Covariant quantization

> And now let us prove the second: the energy and momentum are given by

d3k s \ ,
"= / 2m)3 k(“E,o“E,oJr )3 “m”m) (130)
A=1,23
= A3k -
IP:/—k —al ag,+ Y, al q>. (131)
k k
(27)3 < k0°k0 s kAYEA

If we calculate the matrix elements of these operators, that always contain the

. . . -]- . -I- . . .
combination ( a oigo + aE’?)ak,B) between two physical states, we must take into

account that on a physical state |¢) = |¢) + ¢ |¢),

(aE,O - aE,?:) ‘lab> - C(”EIO - aﬁlg) “P> = C(“E/o - aﬁlg,)(a%,o - a%,3) ’0> =0 (132)

and, then
<phys/ ( kO k0+ak3 k3) ‘phys>:<phys,‘( kO k0+a ( k() )+ak3ak3) ‘phys>
= (phys'| (—aj jap 5 +af a; ;) [phys) = — (phys'| (a} ) — a}’,g))ak',g) [phys) =0, (133)

i.e. to energy and momentum contribute only the transverse oscillators.
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Electromagnetic field || C, P, T

» Finally, let us find the transformation properties of A*(x) under C, P and T.

> As CpyHypC = —pyHy, for C to be a symmetry of the QED Lagrangian we need
that Lopp O ey A, remains invariant, namely

CA¥(x)C = —A¥(x) = ncA¥(x) & Cap .C =1cag (134)
from where the charge conjugation of the photon is c = —1.

> Regarding P, as A(x) is a vector we have (consistently with P conserved in QED)

PA‘u(t, X)P = Ay(t, —f) A= Pﬁl%,ip = ﬂpa_%,i , (135)
from where the intrinsic parity of the photon is #p = —1, as it corresponds to a
state with ] = 1, consistent with a parity (—1)L = —1 for a system of orbital

angular momentum L = 1, whose wave function is given by YM(6, ¢).
> And regarding T (conserved in QED),
TAFEX)T = Ap(—t,X) & Tag , T = a_go
the same as for the vector T[¢(t, X)y"(t, X)]T = 1/}(—t,x)'yy1p(—t, X).

(136)
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C, P T || CPT theorem

= This completes the transformation properties under C, P and T of scalar (70, 75,

local /jillan

83), spinorial?® (66, 73, 80) and vector? fields (134, 135, 136), which are the building?

blocks used to construct Lagrangians describing elementary particle physics. The
interactions involve Lorentz invariant products of these fields and their
derivatives.

> We know that weak interactions violate C, P, CP and T, but strong and
electromagnetic interactions conserve C, P and T.

> The CPT theorem states that any local quantum field theory (Hermitian and Lorentz
invariant Lagrangian) is invariant under the combined action of CPT,

CPT L(x) CPT = £(—x) . (137)

This can be checked on any Hermitian scalar combination of femion bilinears,
scalar and vector fields and their derivatives.

4In particular, it is useful to derive the C, P and T properties of the fermion bilinears from these
properties of spinorial fields. Do it!
PFor a complex vector field the charge conjugation is not (134) but CA* (x)C = —A**(x).
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4. Field interactions
and Feynman diagrams
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The S matrix

* We have quantized free fields.
Now we will assume interactions:

H=Hy+Hy, Hio= [ & Hin(0) = = [ &% L)
(if Lint does not contain field derivatives)

For example: in QED, Ly = eE'quJAV and in the A4>4 theory, Lint = —%4)4

> We will always assume small coupling constant = perturbation
(the relevant parameter in QED: & = €2/ (47) ~ 1/137 < 1)

* Our aim: find transition probabilities in a scattering process
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The S matrix

¢ In the Schrodinger picture states depend on time:

|a(t)) is the time evolution until a time f of an initial state |a) = |a(¢;))
labeled by compatible observables with eigenvalues a (e.g. p; and s;)
b) = |b(ts)) in the final state after the scattering

> The probability amplitude that |a) evolves to |b) is then
(bla(ts)) = (b] e HUr~t) |q)

We call S matrix to the evolution operator e ' (tr=4) in the limit (tf —t;) — 0,

where H is the Hamiltonian of the field theory.

The scattering amplitude is given by

(b|Slay = lim (b|e HE =) |g)

(tffti)%oo
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The S matrix

> Note that if (z|a) =1 and |n) is a complete state basis, ) _ |n)(n| = 1, we have
n

1= Y| {n|S|a) = Y (a] S n)(n| S|a) = (a] $*S|a)

n n

meaning that SS™ = 1, so S is unitary. Therefore, the unitarity of S expresses the

probability conservation. It is convenient to write

S=1+iT

= —i(T-T") =TT"
SSt =1

Then, defining Ty, = (b| T |a) we have

—i(Tpy — T2y) = Y Tpn Ty = 2ImTy = Y | Tan|?
n n

that leads to the optical theorem
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* In the Heisenberg picture the operators, not the states, depend on time.
This is more appropriate for the QFT, where the fields are time-dependent
operators ¢(t,X), P (t, X), Au(t, %) ...

> The states |a) = |a(t;)) and |b) = |b(tf)) are in the Heisenberg picture
|a)y = elfl* |a(t)) and |b); = elf! |b(t)), independent of time

bitr) = e |b)

> Then, defining the Heisenberg picture states |a;t;) = e/ |a) and
the S matrix reads

(b|Sla)y = lim (p|le P |a) = lLim (b;ty

(tf*ti)ﬁoo (i’ffti)%oo

a;t;)
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The LSZ reduction formula

* Next we will see the S matrix between initial and final states of the same species
labeled by their momenta (assume for simplicity that they are spinless),

(Brfs- - Pl S ‘Elﬁz , .Em> _ <ﬁlﬁz"'ﬁn;tf E1E2"'Em}ti>

where it is understood that {; = —oco and ff — +00, can be expressed as a
function of the vacuum expectation values of time ordered products of fields
(that we will soon define).

> To that end, let us first note that for a free real scalar field,

3
d P ( ﬂe—ipx _|_a+eipx)

4)free(x) - /W\/TE?; ap P

then
oo O
A /ZEE ag = i/d3x elkx do Qbfree(x) ’ \/ZE% a% = —i/dgx e—1kx do (Pfree(x) . @D
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The LSZ reduction formula
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> In fact,
/de elkx ao (Pfree — 1/d3 / (ﬂr—jelkx 9 e P¥ 4 a%e1kx 9 elpx)
2E
3 ; i(k— .t i(k+
N 1/ dx / J2Es (_wﬁ(Eﬁ + Ep)el P al (B — Ep)el<T)Y)
ZE% LZE .
214
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The LSZ reduction formula

* One expects that
P() 2 2% un(x), ¢(x) T 2 pow(x) )

t——o0 t——+o0

where ¢y (x) and ¢pout(x) are free fields (before and after the interaction,
respectively) and Z is a constant factor called wave function renormalization
(whose meaning will be understood later). Then, using (1),

t(in i
\/2E; aE( ) = _jz1/2 tgmoo d3x e~ 8 $(x), 3)
_ tlout) _ 1/2 3. —ikx
2E; a; —iZ" tgglgoo d’x e 8 $(x) . 4)

Therefore

<ﬁ1i72 o D tf‘Elﬁz .. .Em;ti> = \/Ek'lgjlﬁz e P tf‘ a%l(in)

<~
—iZ7V2 lim [ dPx e (Bipn - Pust] 9o p(x)

t——o0

ky - - 'Em}ti>



The LSZ reduction formula

local /jillan

>> It is convenient to write previous expression in a covariant fashion noting that
— = =, -l'(ln) 7 7 .t
2B, (P uitgl ap ™ [Ra- kit

= 2B (i Pyl (a0 —af0) B Fosty)

t(out)

because a acts on (P1ps - - Pu; t f| annihilating a particle in the final state of

1
momentum k; and, given that in the scattering process there are no spectator

particles (no Ei coincides with a p;), this operation vanishes.

This is because we are actually computing the part iT of the S matrix.

216

The LSZ reduction formula
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> And, on the other hand, from (3) and (4),

\/TEE (a%(in) _ a%(out)): iZ—l/Z/d4x 9 (e—ikx E)HO 4))
—iz1/? / d'x 9 (7309 — pape ™)
_ iZ—l/Z/d4x [e—ikxa%¢+w_w_¢age—ikx]
_ iZ—l/Z/d4x [e—ikxa%qb — (V2 — m2)e—ikx}
—iz"1/? / d*x e k¥ (8%4) — V2% + m2¢)

— iz~ 1/2 / d*x e (O 4+ m?)¢(x), (6)
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The LSZ reduction formula

where in the first equality we used

. 1 3 3 _ 4 v
(tgr_noo tll)ri‘l()())/dxftx / dtat/dxf /dxatf(t,x),

(7)

L&
with f(t, %) = —iZ"1/2e7** 9, ¢,

in the next-to-last one we have replaced
4)82 —ikx _ 4)(V2 . mZ)e—ikx ,

because k? = m?, and in the last one we have used

/ dx V(e F"Vp) =0= / d®x (Ve M)V = — / d3x e V2

218

The LSZ reduction formula
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from where
0= / $x V(e Hgp) = / dx V (Ve ™ )p + e vy
~ / dx [(V2eT™)p+2(Ve ™)V + e R v2p|
— / d3x [(vze—ik’f)¢—e—ik"v2¢]
=2 / d3x pVZe F* = / d3x e V29 .
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The LSZ reduction formula

> Then, we can in fact write (5) in a covariant fashion,
<ﬁ1}72 e ﬁn}tf‘E1E2 s ks fz’>
= iZ_l/z/d4x e XA+ m?) (Prps -+ Pusts| p(x) ‘EZ - ti> :

We will next proceed by iterating previous procedure until all initial and final
state particles are eliminated, leaving only a product of fields acting on vacuum.
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The LSZ reduction formula
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> For that purpose, we write now

(Prp2- - Pusts| p(x ’kz Kt > \/Em<p2 pn,tf]aout (x)‘ﬁz...ﬁm;ti>
= 25 (P Pt | T{a5" = af™)p(x)} R Kot )

(8)
(in) |

where we have used that aﬁl

. Em ; ti> = 0 and we were forced to introduce

the time ordered product,

T{¢(y)o(x)} = {
¢

which implies

T{aiVp(x)} = p(x)al” , T{aPVp(x)} = af"p(x) .
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The LSZ reduction formula

> From (6) we have

2E5(a) — al) =iz [ty (D, + )l

and substituting this in (8) one gets
(P1p2- - Pusts| (x) ‘%z X 'Em}tz’>
=iz V2 [ dty @, ) (- Bty T{OW)000)} [fo- - Foits)
Then, we already see that

<ﬁ1}72 .. ﬁn}tf‘E1E2 - ti>

m+n m . n .
— (iZ—l/z) / (Hd4xi elkixi> (Hd4y]- elPJyj>
=1

i=1
X Oy +m?) - (Qy, +m?) 0] T{p(x1) -+ ¢p(xm)p(y1) - P(yn) }0) -
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> If now we define the N-point Green’s function,

G(x1,.., xn) = (O] T{¢(x1) - - - ¢(xn)} |0)

and we write it in terms of its Fourier transform G,

Noddq o\ & -
G, oxn) = [ (H i ) G- in)

i=1

we see that (substituting (e 1% = —g%e™11%)

<ﬁ1ﬁ2 c Pty ’Eﬁz = 'Em}ti>

_ (_iZ—1/z) m+n/ Hd4xi (zn)'4e_i(l~<i+ki)xi(l~clz . m2)>

X / (}f{d‘*yj

- (_iz—l/z)"”” (ﬁ(k? - m2)> (ﬁ(pf - m2)> G(—kty )~k 1y, )

i=1

d473]' —i(Fi—pi)yi (52 2| A1 A ~
(27r)4e PimPil¥i(ps —m*) | G(k1, ..., km, P1, -+, Pn)
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and solving for é(—kl, s —km,p1, - P0),

m \/Z n 1\/2 o o o )
(Hk;—nﬂ) ( —> (Pr1p2 - PuliT k1k2---km>

L2 p? —m2
j=1Fp =M

- [ (1T ") / (,”1 d*y, e*ipf%') OIT{9(x1) -+ pxn)p(y1) -+ (1)} 0)

]

©)

This is the LSZ reduction formula (Lehmann-Symanzik-Zimmermann). Remember
that for a physical particle the relation p?> — m? = 0 is fulfilled (it is said to be on-shell
or to be on its mass shell). Then, the right-hand side of the LSZ formula will have
poles when the incoming or the outgoing particles are on-shell, that (as expected and
we will see) will cancel the poles of the prefactor of the S matrix element on the
left-hand side, so the S matrix has a finite value.
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Perturbation theory

* The fields ¢ of the LSZ formula are solutions of H = Hp + Hjnt and hence they are
not combinations of plane waves, whose coefficients were interpreted as operators"
creation and annihilation of particles at the quantum level.

* However, we can define the field in the interaction picture,
¢r(t,X) = eiHO(t—t‘))gb(to, f)e_iHO(t_tO) , (10)

which is a field coinciding with the field ¢(¢, ¥) of the Heisenberg picture only at
a reference time t = t(, that is by definition a free field,

d3 . .
P (aqe—lpx + a;emx) ,

¢1(t, %) /m p

whose time evolution is then determined by the free Hamiltonian Hp.
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Perturbation theory

> Remember that a field in the Heisenberg picture evolves with time as
So, from (10)
o (to, X) = e_iHO(t_tO)(,b[(t, f)eiHo(f—fo)
we see that ¢(x) and ¢;(x) are related by
(P(t/ )_c') _ eiH(t—to)e—iHo(t—to)(PI(t, J—C»)eiHO(t—to)e—iH(t—to) _ U+(t, tO)(PI(tr f)U(t, tO) ,

U(t, tg) = ettlolt=to)g=iH(t—to) |
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Perturbation theory
> We will write now ¢ perturbatively as a function of ¢;. For that, note that
. 0 _iHy(t—to) “iH(t—ty)
1511(1‘, th) =e (H— Hp)e
— eiHo(t—i’o)Hint e—iHO(i’—to)eiHo(t—to)e—iH(t—fo)
= H(t)U(t, to) (11)

where we have introduced the Hamiltonian in the interaction picture?

Hi(t) = eiHO(t_tO)Hint e—iHo(t—t)

2Note that in general [Hy, H| = [Hy, Hint] # 0.
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Perturbation theory

> The solution of the differential equation (11) with the boundary condition
U(t,t) =1 is (check it by replacing the solution in the equation):

t

U(t, tg) =1+ (—i) tdtl Hi(ty) + (—i)z/t dty [ dty Hi(t1)H(t)

fo fo

fo
t t t)
+ (—1)3/ dtl/ dt, dts H[(tl)H[(tz)HI(tg,) “+ ...
to to t

0
t

=1+ (i) tdtl Hi(t) + (—i)%/t dt; [ dtx T{H(t1)Hi(t2)}

fo fo

to
1 t t t
+(—i)3§/ dtl/ dt, [ dts T{H(t;)H;(t2)H(t3)} + ...
- Ji t t

0

=T {exp l—i tdt’ HI(t’)] }

to

(Dyson series)
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Perturbation theory

> Another way of writing U which allows us to derive useful properties is

LI(t, t’) _ eiHO(t—to)e—iH(t—t’)e—iHo(t’—tO)

that indeed satisfies U(t,t) = 1 and (11) because

.0

1gll(t, t') = eiHo(f—fo)(H _ Ho)e—iH(t—t’)e_iHo(t'_tO)

_ eiHo(t—tO)Hint e 1Ho(t—to) oiHo(t—to) o —iH(t—t") o —iHo(t'—to)
= Hi(t)U(t,t') .
> From this one obtains easily that U is unitary and
u(t1, tZ)u(tZI t3) — elHO(tl_tO)e_lH(tl_tz)e_lHO(tz_tO)elHO(tZ_tO)e_lH(tZ_t3)e_1H0(t3_t0)
= U(t,t3)
:>U(t1, t3)ll+(t2, t3) = U(tl, tz)
=U'(t,t1) = U(t, 1) -
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Perturbation theory

> Let us see how to calculate (0| ¢(x1) - - - ¢(xy) |0), where we take the x; already
time ordered (t; > tp >...> ty),

(O] ¢(x1) - - - p(xn) |0)

= (0| U™ (t1, to)pr(x1)U(t1, to)U" (b2, o)1 (x2) U t2, to) - - - U (n, t0) pr(x) U (£, o) |0)
= (0| U™ (t1, to)pr(x1)U(t1, t2) 1 (x2) U (ta, t3) - - U(ty—1, t) 1 (xn)U(tn, £0) |0)

= (0| U™ (t, to)U(t, t1)pr (x1)U(tr, t2) - - U(tn—1, tn) 1 (xn) U (tn, —)U(—t, £0) 0)

= (0] U™ (¢, to) T{pr(x1) - Ppr(xn)U(t, 1)U (1, 2) - - - U(tn, —1)} U(—1,t0) |0)

t
= O (1) T{grlx0) - pu(vexp | =i [ ar H(1)] | U100
and where we have introduced t > t; > t, >...> t, > —t and substituted

Ut (ty,to) = UT (L t)U(t 1), Uty to) = U(ty, —t)U(—t,t)

U(t, t)U(ty, t) - - U(ty, —t) =U(t,—t) =T {exp l—i/_tt dt’ HI(t’)] } :
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Perturbation theory
> Taking now ty = —t with t — co and substituting the adjoint of
U(co, —0) [0) =e®[0) , e*=(0|T {exp l—i/oo dt’ Hl(t’)} } 0)
we have finally that
o|T {4)1(3(1) - pr(xn) exp [—i/d4x HI(x)} } 0)
O T{¢p(x1) -~ P(xn)} |0) =
|t {exp {—i/d‘Lx Hl(x)l } 0)
(12)

> Series expanding the exponentials in this expression and using the Wick theorem,
to be introduced next, we will be able to calculate order by order in perturbation
theory the scattering amplitude from the LSZ formula (9) resorting on Feynman
diagrams, also to be seen below.
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Perturbation theory

>> It is worth noting that the functional dependence of H; on ¢; is the same as that

of Hint on ¢. For example,
A
Hint = 54)4
7_[1 — eiHO(t_tO)%(P4e_iHO(t_t0)
A (eiHo(f—to)(Pe—iHo(f—to)) (eiHo(f—fo)(Pe—iHo(f—to))

T4l
% (eiHo(tto)(PeiHo(tto)) (eiHo(tto)(PeiHo(ti’o)) — %(PZIL )
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Feynman propagator

* Let us find the Feynman propagator, defined by

(01 T{¢r(x)¢1(y)} 0) .

From now on the index I will be omitted and we will always refer to fields in the
interaction picture, that can be decomposed as ¢(x) = ¢* (x) + ¢~ (x) with

3 3
d P aqe—ipx d P a‘l;eipx )

O gm0
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Feynman propagator

> Remember that ¢ |0) = 0 and (0| ¢~ = 0. Then,?

if x0—1%>0:

T{p(x)¢(y)} = ¢(x)p(y)

)¢ (y) + ¢ ()¢ (y) + ¢ ()T (y) + ¢ (x)¢ (y)
=:9p(x)p(y) : + [97(x). ¢~ V)],

where we have substituted

P ()P () =~ ()" (x) + [¢" (x), 0~ (v)]

local/jillana

=197 (x)9"(y) : +[9T(x), 9™ (y)] (13)

a1f x9 = 40 the fields are already time ordered, so then

T{p(x)p(y)} = p(x)p(y) =: p(X)¢(y) : +[9pT (x), ¢~ ()]

because in this case [¢p7(x), ¢~ (y)] = [¢pT(v), ¢~ (x)], as can be explicitly checked in (17, 18).

Feynman propagator

> Likewise,

if »%—y%<0:

because : ¢(x)p(y) : = : p(y)Pp(x) -.

where

T{p(x)¢(y)} = ¢(y)o(x)

=¢ WP () + 9T W) () +¢" W7 (¥) + ¢ ()9 (x)
= ¢(X)p(y) : + [07 (v), 9~ (x)],

Then, T{¢
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Dr(x —y) = 0(x* —y")A(x —y) +0(y" —2°)A(y — %) (14)
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Feynman propagator

> So the Feynman propagator is

01 T{gp(x)p(y)} |0) = (0] (: ¢(x)¢(y) : +Dr(x —y)) [0) = Dp(x —y)

Let us see that we can write (Feynman prescription)

d*p i :
) — —ip(x—y) - + . 15
Dp(x —y) /(27r)4p2—m2—|—i€e , withe =0 (15)
> In fact,
/ dp i iprey) / Py i / T dpt e W)
(27m)% p? — m? + e ) (2n)3 oo 27T (p9)2 — E% + ie

where we have written p? — m? = (p¥)? — p?> — m? = (p°)% — E%

remembering that E; = +1/m? + p2.
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Feynman propagator

> On the other hand, note that

3 . 3y s e (YY) '
P P
d3 o d3 N e—l—iEﬁ(xO—yO)
Ay —x) = /W;;B etip(x—y) _ / (2733 elP (A= T (18)
p p
(in the second line we have changed 7 by —p).
> So it is enough to show that
© 3.0 ;a—ip?(x0—y0) —iE5(x0—y?) +HE;(x0—0)
/ e =000 ) S 0 ) S (19)
—oo 27T (p0)2 — Eﬁ + ie 2E; 2E;

where note that, when ¢ — 0,

0 . ¢ 0 . €
P+ <E512—Eﬁ>] [P — (Eﬁlr%)] (20)
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Feynman propagator

local /jillan

> To calculate the previous integral with respect to p® one has to choose the
appropriate contour in the complex p° plane. The factor ie slightly moves the
poles away from the real axis. The pole p® = E; is moved downward,
p° = E; —ie/(2E5) and the pole p® = —Ej is shifted upward,
p’ = —Ej; +ie/(2E5).

—Ej+i—
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> Then if x% —° > 0 it is convenient to close the contour in the lower half plane,
around the pole p? = E —i0" clockwise so that

%f(z) dz = —2mi Res(f,z = zp) if (x°—1y%) >0

© qp0 je-ir’(x*~y") ie—1P0(x*—y°) —iEp(x"—y°)
/ A = —2mi lim (p° —E © ¢ .

—oo 27T (pY)2 — E% +ie pO—Ej; P 7) (277) (p° + Eﬁ)(pO — Ejp) N 2E;

And if x% — y° < 0 it is convenient to close the contour in the upper half plane,
around the pole p? = —E5 +i0" counterclockwise so that

%f(z) dz = 27ti Res(f,z = zg) if (x°—1y% <0

00 0 —ipo(xo—yo) . _ipo(xo_yo) +iEﬁ(xO—y0)
/ dp 1§ ———— =27 lim (p° + Ey) 1% 5 =& .
e 27T (p ) — Eﬁ + 1€ pO%—Eﬁ (27'[)(}? + Eﬁ)(P — Eﬁ) ZEﬁ
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Feynman propagator

> Then,

as we wanted to show.?

> The expression (15) is very useful because from it one can directly read the

Feynman propagator in momentum space, Dr(p),
d*p i

_ — _ip(x_y)N N = -
Dp(x y)—/(zn)éle Dr(p) = Dr(p) p? —m? +ie

4We can now unterstand why we had introduced a factor of 2 in the covariant normalization of states.
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e Also note that Dr(x — y) is a Green’s function of the Klein-Gordon operator
(Oy + m?) because

d* i Cip(r— .
O+ m)Dr(x—y) = [ Gl (g ) e W) igt(x )

(regardless of the prescription adopted to circumvent the poles) which justifies
that we have called (0| T{¢(x1) - - - ¢(xn)} |0) the N-point Green’s function.

> Further note that the Feynman propagator is not the only Green’s function of the
Klein-Gordon operator, because others are obtained by changing the prescription.
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Feynman propagator || Causality

e The Feynman propagator Dr(x — y) provides the probability amplitude that a
particle created in y freely propagates to x where it is annihilated, if x° —4° > 0,
or propagates from x to y, if x — y¥ < 0. In fact, if x° — 4° > 0 then

(0[p(x)9(y) 10) = Dp(x —y) = A(x —y) = [p7(x),¢~ (y)] = (0|¢" (x)¢~ () |0)

> Let us see that, apparently, a problem arises: the probability of propagation of a
particle from y to x with (x — y)? < 0 (spacelike interval), namely, beyond its light
cone is not zero but falls exponentially for large distances.

> In fact, one can choose in this case a reference frame in which (x —y) = (0,7) and
then (here p = |p| and r = |7]):

Bp P 21 aipr cos
A(x—y):/(zn)?)zEﬁ = 3/ d(p/ dcos@/ dpp 2+m2
elPr _ e—ipr pelpr
zm b /ood” N
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i

* We can calculate this integral in the complex p plane following the path in the
figure (the integrand has branch cuts starting at the poles p = £im).
Applying Cauchy’s residue theorem:

0 (L*L of +/Cp+/q+/cz)dpf<p>

In the limit ¢ — 0, p — 0, R — oo the integrals over ¢,, cg, and cg, vanish.?

The integral over c, vanishes p — 0 because lim (p —im)f(p) = 0.
p—im
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> Then,

Alx—y)=lim [ dpf(p) =— lim (/ /)dpf
et 0

_ (27‘( 22r (/ dPPelpr(P +m ~1/2 4 / dppelpr(p +m) 1/25—32 )

1 2 100 pelpl’
- @n)22r i \/p +m2’

T
where the factor e 227 =

done to the other side of the branch cut,” and we have exchanged the integration
limits flipping the global sign. It is then useful to do the change of variable p = ip,

—1 takes into account that the second integration is

i pe P’ 1 °° pe F"
Alx—y) = —21/ dp— —2/ dp ——.
(2m)22 m i\/p2 —m?2 471 S 2 — m2
aRemember that log z = log |z| +iarg(z) has a discontinuity of 271i when crossing the branch cut and
2 = exp(—log(p? + %)}

one can write (p? + m?)
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> And finally changing p = mt,

©  temrt m m T
Ax—y)=——2 [ gt ="k , —
(x =) 472r [4 NV 4727 1(mr) mr>1  472r \ 2mr

where we have used the limit of the modified Bessel function Kj.

* This result seems to indicate that causality is violated. However this is not the
case. In quantum mechanics what matters is whether two observables measured
at points x and y commute when there is a spacelike interval between them, i.e.
when (x — y)? < 0. It they commute then they are not correlated and one is not
affected by the other.
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e In practice, the causality principle is preserved whenever the commutator of two
fields at two points separated by a spacelike interval vanishes. i

Let us see that in this case the commutator is zero, as wanted.

se 1P a%eipx) , (a;fe_iqy + a}eiqy)]

_ d’p d’q ;
[(P(JC)AP(I/)]—/(27T)3\/2Tsﬁ/(271)3\/271507 [( p

—i(px— + i(px— T
e 1P [gy, at) 4 0 qy)[aﬁ,aq]}

/ d*p / d’q {
(2m)3\ 25 ) (27)3 J2E;

= / ((2173;;3 {e—ip(x—y) _ eip(x—y)} =Alx—y)—Ay—x), (22)

where we have used [a3, az_;.] = (2m)38% (7 — 7).
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> Now, if (x —y)? < 0 we can choose a reference frame in which (x —y) = (0,7) -
and then (y — x) = (0, —7), and recalling that for points separated by a spacelike
interval A(x — y) depends only on the modulus of 7 (21) we have that
A(x —y) = Ay — x) and

[p(x),p()] =0, if (x—y)*<0,

as we wanted to show.?

aJf (x —y)? > 0 (timelike interval) we can choose a frame in which (x — y) = (¢,0) and then

d3p eiiEﬁt 47t o 5 e*i\/mt 1 00 ) '
Alx — = = d = dEv/E2 — m2 —iEt _, ,—imt ¢
(x—y) /(271)3 2E; (27t)3/0 pr N 4”2/111 VE2 — m2e e (t — o0)

so A(x —y) — A(y — x) # 0 in this case.
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* At this point several important comments are in order:

1. For a complex scalar field the propagator is defined as

De(x —y) = (0| T{¢(x)¢" (v)} |0)
= 0(x* — 1) (01 p(x)¢p" () [0) + 04" — 2°) (0] " (y)p(x) [0) ~ (23)
expressing the probability amplitude that a particle created at y freely
propagates to x where it is annihilated, if x° — 4% > 0, or else the probability
amplitude that an antiparticle created in x freely propagates to y where it is
annihilated, if x¥ — y° < 0.

Remember that for a real field particle and antiparticle coincide.
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* At this point several important comments are in order:
2. To better understand the meaning of the two contributions to the Feynman
propagator (14) canceling in (22) when (x — y)? < 0, let us find the complex
scalar field commutator,

_aTipx t o ipx _o—1qy toiqy
e + bpe ) , (bqe + aze )}

[ & P9 1(,
o901 = [ Yo | o s

e Pt g, at] Pt by }

St !
(2m)3 J2E5 ) (27, [2E;
= (0] p(x)p" () |0) — (0] ¢" (y)p(x) |0) = Alx —y) —A(y —x)  (24)

where we see that A(x — y) is the probability amplitude that a particle created
in y propagates to x while A(y — x) is the probability amplitude that an
antiparticle created in x propagates to y.
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* At this point several important comments are in order:

> So if antiparticles did not exist the causality principle would be violated! as
both contributions are needed for the cancellation, that occurs because the
commutators (22) (or (24 for complex fields) yield identical results beyond the
light cone preventing correlations between observations causally disconnected.

3. Finally, note that above it was key that scalar fields satisfy commutation rather
than anticommutation relations, or otherwise the causality principle would not
be held. And it can be shown that fermionic fields must anticommute for the
same reason. This brings to light the tight link between the spin-statistics
theorem and causality at the quantum level.
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e We have seen that the time ordered product of two fields in the interaction picture
is T{¢(x1)p(x2)} = : ¢(x1)¢P(x2) : +Dr(x1 — x2). Let us find now the time i
ordered product of n fields ¢; = ¢(x;).

* The Wick theorem, to be proven next, states that

every combination of normal ordering

T{pr- Pn} =:¢1-Pn:+ (25)

and contractions of two fields

where contractions of two fields ¢(x;) and ¢(x;) mean

— .
¢(x;)¢(xj) = Dp(x; — xj) , orinshort ¢ip; = D;j,
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and every combination of normal ordering and contractions of two fields means, -
for example, °

1 1 1 1
T{p1p2p3ps} = : P12P3Ps : + : (P1P2P3Ps + P1P2P30s + Prd2P3Ps + P1P2P3Ps
— —— | =

— I
+ 91920301 + P1P2P3Pa + PrPoP3Ps + Prd2P3Ps + P1P2P3Pa) ¢,

where
— - 1
L P102P3Ps = P13 Papy i = Dz oy i, P1¢adadps i = D1pD3zy,  etc
Then, the vacuum expectation value of the time ordered product of fields receives
contributions only from terms where all fields are contracted, for example,

— —— | | — |
(O] T{p12¢3pa } [0) = P1P2¢3¢4 + P1P2P3Pa + P1P2P3P4

= D12D34 + D13Do4 + D14D23

and it vanishes for an odd number of fields.
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> To prove the Wick theorem one proceeds by induction. We already know that for
n = 2 it is fulfilled. Assume now that it is true for n — 1 fields. g

Then, starting with fields already time ordered (x{ > ... > x)),

T{p1p2-Pn} = P12 Pn = P1T{P2- - Pu}

_ (‘Pf n (1’1_) : {<P2 S ( every contraction of two ) } . (26)

tields not involving ¢,
On the other hand,

¢y i {g2- Pt = APy o Pl
because ¢; indroduces a' on the left, already normal ordered, and

¢ Ao put = {2 Put ¢y P, {p2 - u) :]

= {¢i 2 pu}t:+: (4'>1_<|P2¢3-..+... + ( simple contractions )) :

involving ¢,
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> Let us check the latter statement with an example:

(1)t 232 ] =[],y @3 + by b3 + Py D3 + 305 ]
— OF [T+ et T o+ oy (07, 051+ (97, 63 195 + 05 Lo di T
+ (91, 97107 + b3 L5 T + 67, 93 19

1 1 1 1 1 1
= ¢y 0103 + P193P; + Prdady + Prad; =: (G129 + Prha¢s)

1
where we have used [A, BC| = B[A,C] + [A, B]C and ¢;¢; = [cpf,cpj_], as x? > x?.
Then,

simple contractions
. (27)
involving ¢,

(P +¢1) {2 dn} = P12 +: (

) n _. [ every contraction of two
Repeating the procedure for (¢ + ¢; ):
fields not involving ¢,

we will find the terms with the remaining contractions (double, triple and so on).

254

local /illana

Feynman diagrams

* The LSZ reduction formula allows us to write the S matrix in terms of vacuum
expectation values of time ordered field products in the interaction picture,

O T {glmp) gl e | i [dx wi)| Ho)

that can be calculated order by order in perturbation theory (PT), by series
expanding the exponential.
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At zeroth order (no interactions) we just need (0| T{¢(x1) - - - p(x,)} |0), that
applying Wick theorem, involves products of propagators of particles between
different spacetime points x; # x;.

This provides a physical view with a simple graphical representation:

—
(O] T{¢1¢2} |0) = ¢p1¢p2 = D12
1 2

(0] T{p192¢3¢4} [0) = P1P2p3pa + P1P2P3ps + P1P2Pp3ps = D12D34 + D13Dps + D14Do3

1 2 1 2 1 /2
= + n
/

3 4 3 4 3 4

and so on. These are the Feynamn diagrams in position space.
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From the first order in PT we find local interactions involving products of fields at
the same spacetime point x, also with a simple graphical representation in terms ':
of Feynam diagrames.

The perturbative calculation is very complex but it can be organized with the help
of Feynman rules. Let us illustrate the procedure with an example.
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>

Consider the 2 — 2 scattering
(two particles in the initial state and two in the final state)
in the self-interacting scalar field theory A¢*.

The LSZ formula written in terms of fields in the interaction picture is:

2 7 2 WZ e
111 p? — m? gk]Z 2 (P1P2]iT ’k1k2>

S Ta— o7 {ptptgtagtn e [-ig; [t gt bo

O T {exp | -ig; [ atr o] 1)
(28)
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— Zeroth order. In absence of interactions the denominator is 1. The numerator is

4
No = /Hd4xi ellPrtpaxa=ixs—kaxa) (0| T{¢p(x1)(x2)p(x3)p(x4) } 0)
i=1

4
— /Hd4xi el(P1x1+paxy—kixs—kyxy) (D12D34 + D13Doy + D14Do3)
i=1

— /d4x d4 Xd4y d4y ei(P1+P2)X+i(P1—Pz)%—i(k1+k2)Y—i(k1—kz)% Dr(x)Dr(y)
_|_/d4x d4Xd4yd4Y ei(p1—kl)X+i(p1+k1)%+i(p2—k2)Y+i(p2+k2)% Dr(x)Dr(y)

+ /d4x d* Xd*y d*y el(P1—k2) X+i(p1+k2) 5 —i(ki—p2) Y —i(k1+p2) 3 Dr(x)Dr(y)

= (2m)%s* 271)*6% (ky + k i i
(270 (pr+ p2) (20)°0" (e + 2)p%—m2+iek%—m2+ie
1 1

+(27)%8% (1 — k1) (271)*6* (p2 — k2)

p3 — m? +ie p5 — m? +ie

270)46% (py — ko) (270)26%(py — k ! -
+ (271)°5%(p1 = k) (271)°0" (p2 1)p%—m2+iek%—m2+ie

(29)
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where in the first term of the third equality we have changed:

X=X]—Xp, Y=X3—X4 x1:X+g, x3:Y+%
=
X1+ X2 X3 + X4 X y
X P 2 2 2/ M 2
_aX1 % 1 1
ox 09X 2
dxq dxp = dxdX = dxdX =dxdX, etc.,
0xy 0% ~1
ox 0X 2

the second term is analogous to the first if xp <+ x3 implying p> <> —ky;
and the third term is analogous to the first if xy <+ x4 implying ps <+ —k».

In (29) there are terms with just two poles, not enough to cancel the four poles in
the left-hand side of (28), so
(P1P2|1iT ‘%1E2> =0 at zeroth order.

This result (vanishing amplitude) is general for disconnected diagrams
(those with at least one external point no connected to the others).
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— First order. Expanding the exponential of the numerator at O(A) we obtain
products of fields evaluated at the same spacetime point that, applying Wick
theorem, leads to an interaction vertex.

The only way to get connected diagrams is by contracting each ¢(x;) with ¢(x):

- |
(O] T{p(x1)p(x2)p(x3)p(x4)P*(x)} [0}, = 4! : Pp1poP3PaPrpxPucpi :

X1 X3

X2 X4

There are 4! possible combinations of such contractions, all identical: ¢(x1) with
one of the 4 ¢(x), ¢(x2) with one of the 3 ¢(x) remaining, ¢(x3) with one of the 2
¢(x) remaining and ¢(x4) with the ¢(x) remaining. The 4! cancels the 4!
introduced in the definition of the coupling constant (hence its convenience).
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Thus, at first order, the only relevant contribution to the numerator of the 2 — 2
amplitude is given by the following Feynman diagram in momentum space:
kq P1
4 .
— /Hd4x1. el(P1x1+p2x2—kixs—kyxy)
i=1

k2 p2 4!

4
= _iA/Hd‘lyi dx ellPrtp—ki—k)xgl(pintray2—kays—kays) D (y ) Dr(y2) De (y3) Dr (v4)
i=1

= —iA(27)*6*(p1 + p2 — k1 — k2) Dr(p1) Dr(p2) Dr (k1) D (k2) (30)

where the change of variables y; = x; — x has been performed.
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- : A [ a4
— Let us now fin the denominator (0| T {exp l—1a /d X ¢ (x)] } |0), that order by -

order is composed of disconnected diagrams without external points, given by
combinations of vacuum-vacuum diagrams:

( )\
Vze<8, § @ O@
\ J

Take one of these diagrams with n; pieces of each type V;. Calling also V; the

value of the piece of type i, it is easy to see that this type of diagrams contribute
i
to the denominator with ) #, where the 7;! comes from the exchange
n; i

-~

(31)

symmetry of the n; copies of V.
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To check this, consider just one type V;, and take it to be the first of the

vacuum-vacuum diagrams listed in (31).

Then
:_i%/d‘lx(ﬂ;xq;pxx?):%V:%Vzw
054
and so on.
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Then the total contribution to the denominator will be

11 (z) -1 e frv].

i

given by the exponential of the sum of all vacuum-vacuum diagrams.
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— Note that in the numerator we have, for each connected diagram, the contribution%’
of an arbitrary number of vacuum-vacuum diagrams. >

For example,
X0 -
RS IR

><< X« OO +©©©+...>

§<©

Therefore, the general contribution to the numerator can be written as

Z (connected) x exp {Z Vi} .
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> Thus, the vacuum-vacuum contributions to numerator and denominator in the
LSZ formula cancel each other and we conclude that in order to find the m — n
scattering amplitude it suffices to calculate, order by order, the sum of
disconnected diagrams with m + n external points.

Using these results and ignoring for the moment the Z factors (we will see soon
that Z = 1+ O(A?)), we can calculate the 2 — 2 scattering amplitude at first
order, derived from (28) y (30),

A N .
Hine = 3¢ (P1paliT ‘k1k2> = —iAQ27m)* 8 (p1+ p2 — k1 —k2) + O(A%) .
> We could already write some of the rules allowing us to obtain diagrammatically
the scattering amplitude, but we cannot get them all yet because we have not yet

encountered the case of diagrams with internal lines nor loops.
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>> To illustrate the case of diagrams with internal lines, let us suppose that our

2 — 2 scattering process is due to a different interaction, Hint = %4)3(x).

Looking for connected diagrams at lowest order yielding a non vanishing

contribution we find that it is at O(A?) and is given by the following diagrams:

X1

X2

1 x1 ¥ 1 x1 X / n
X y + + +(x < vy)
Y2 X2 Y Y2 X2 Y Y2

Let us calculate in detail the contribution of the first diagram (including the same

with x and y exchanged) that we will represent by the following Feynman

diagram in momentum space:
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ki 1
kl + k2 (32):
ko p2

1
]

/ dixdixdty,dty, ellPatrae—hn—ky:)

—iA
( - ) (31 22/d4xd4y Dp(x1 — x)Dp(x2 — x)Dp(x — y)Dr(y — y1) De(y — y2)

— — — 1 |
P(x1)p(x2)p(y1)P(y2)p(x)P(x)P(x)Pp(v)P(v)P(v):

= (—i/\)Z/d4f1d4fzd4]71d4]72d4xd4y el(Prtp2)x—i(ki+ko)y+i(p1¥1+pa¥o—kijr1—k2i2)

X Dp(%1)Dp(%2) De(§1) D (72) Dr(x — )

= (—=iA)2Dr(p1)Drg(p2) D (k1) Dr (k) /d492d4y ellPrtp)itilptr-hi-k)yp, (f)

= (—iA)?(2m)*6*(p1 + p2 — k1 — k2) D (ky + k2) Dp(p1) De(p2) D (k1) D (k2)
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where the factor (3!)? comes from all equivalent Wick contractions and the factor
2 comes from the exchange of x and y. We have also changed the variables
¥i=xi—x,Ji=yi—yand ¥ =x —v.
As in (30), we have obtained:

— a factor (—iA) for each vertex,

— a factor (271)*6*(p1 + p2 — k1 — k2) from the four-momentum conservation, and

the product of the four propagators of the external legs, that will cancel when

we solve for the scattering amplitude in the LSZ formula.
— Moreover, we had to introduce the propagator of each internal line.

Note that the factor 3! in the denominator of the coupling constant has canceled
when summing over all equivalent Wick contractions.
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Therefore, summing the three diagrams in momentum space

k1 P ki — Pk — / P1
itk + ki—m + ki—p2
k2 k=" T~ k P (33)
we have
A N )
Hint = 5 3. <p1p2’ iT ‘k1k2> = (—1/\)2(27'[)4(54(}?1 + Pz — k1 — kz)

x [Dr (k1 +ka) + Dr(ky — p1) + Dr(k1 — p2)]
+O(AY) .

Note that the integration over the spacetime coordinates of the interaction points
gives the four-momentum conservation at every vertex.
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> Now let us see what happens when there are loops in the diagrams.

Go back to the A¢* theory. In order to calculate the contribution at O(A?) to the
2 — 2 amplitude we need to compute the following connected diagrams:

X1 n X X1 X /]/1
X y + + +(x < y)
X2 Y2 X2 Y Y2 X2 Y Y2

They all feature a loop made of two internal lines sharing initial and final points.?

Focus now on the contribution of the first of these diagrams (including the same
with x and y exchanged) represented by the following Feynman diagram in

momentum space:

4A loop may also come from an internal line starting and ending in the same point. See e.g. the
diagram of (34).
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k1 q P1
) 1

. —ir\ 2
— /d4xld4X2d4]/1d4}/2 el(Pix1tpera—kiyi—kay2 o0 (4—1'>

ky /7 kitka—g N\ p,
x (4% 3)% x 2 x 2/d4xd4y Dp(x1 — x)Dp(x2 — x)D2(x — y)Dr(y — v1) Dp(y — y2)

-~

p(x1)P(x2)9(y1) ¢ (y2)9 (x)p(x)p(x) P (x)p(y)P ()P ()P (y):
(—iA)? [ d*xd* g dy dipdtadty ellPitp2)r—ilatke)yHpifitpaf ki —kp)

x Dp(%1)Dr(%2) D (§1) De(#2) DE(x — y)
(—iA)*Dr(p1) De(p2) De(k1) Dr(k2) /d49?d43/ el(Prtp)tilpitr—hi=k)yp2 (%)

(—iA)2(27)*6* (p1 + p2 — k1 — k2) Dr(p1) D (p2) Dr (k1) Dr (k2)
4 ~ ~
X / (;1734 Dr(q)Dr(ky + ko —q)

NI~

|
N =R =
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where we have substituted
(ky+ky) (ky+k») d*q i
/d4x el 1+K2 xDZ 55 /d4~ i(k1+ky) (f)/W e—quDF(q)

Z/ﬁ (ki +k —q)De(q) -

local /jillana

)

We see that, besides the usual factor (27t)*5*(p1 + p2 — k1 — kp) from global
four-momentum conservation, a factor (—iA) for every vertex and a propagator

for every internal line, there is an integration over the loop four-momentum

divided by (27)%.

We also obtain a symmetry factor 3 from the counting of factors of 1/4! and

equivalent Wick contractions. These are a frequent source of errors in the

computations.

And there are propagators of external legs in momentum space whose poles will

cancel when solving for the amplitude in the LSZ formula.

Feynman diagrams

22
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(Agp*h)

> Repeating the procedure for the three diagrams in momentum space:

>( )< + p1— k1+q% } +P2k1@
ki +ky—q

we get (Hint = 4,4>4)

(PliT [faks) = )8 (p1 + p2 — k1 — ko)

X { —iA + %(—i)\)z/ d4q4 [5F(6])5F(k1 +ky—q)

(27)
+ Dr(q)De(ky — p1 — q)

+mwmﬂh—m—m}+mﬁ»
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* The explicit calculation of these loop integrals yields a divergent result in the
ultraviolet: they approach infinity when g gets large.

> In order to make sense of this infinite correction to the prediction that we had
obtained at lower order in PT one has to renormalize the theory.

Feynman diagrams (| 2 — 2 | (A¢?)

* So far we have ignored the Z factors (wave function renormalization) appearing

local /jillan
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in the LSZ formula. We have also ignored diagrams where the propagator of any 'j

of the external legs gets corrected, as for example:*

ki g P1

k1 = (2m)*0* (k1 + ko — p1 — p2)(—iA) De(ka) D (p1) De(p2)

xﬁF(kl)x1<—m)/(d4‘7 L Drlky).

k2 P2 2 2m)4 g2 — m?

Apart of the loop correction (infinite, by the way) this expression contains a
double pole in Df(k;) that cannot be canceled by the simple pole of the LSZ
formula, yielding another infinity.

?From now on the ie of the Feynman prescription will be omitted, although it is always assumed.

(34)
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Feynman diagrams (| 2 — 2 | (A¢?)

> Note that the correction to the external leg factorizes and can be read directly
from the following diagram:

- - 4 i
i ) =Depembep, =g [t 69
p p

We can resum all these corrections to the propagator,

&M

(P)+DF(P )(—iB) DF p) —i—DP p)( Dr (p)(—iB) DF p)+
r(p) [1+(—iBDp(p))+(—iBDp(p)) +]

D
D

5 (p) 1 1 1 i
F ; - = pu— .
14+iBDf(p) p*—m> \1— pzfmz p2 —m?2—B
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Feynman diagrams (| 2 — 2 | (A¢?)

> We see that the net effect of these corrections amounts to a mass shift
from m? to m? + B.

> We could add other corrections, as for example the O (A?) +@—»

(that, unlike the previous one, depends on p?) and everyone else.

> To that end, we sum all two external leg diagrams that are one-particle irreducible
(those that cannot be separated into two disconnected parts by cutting a single
internal line) and call —iM?(p?) the contribution of all 1PI diagrams (removing

the external propagators),

+@+ = _iMA(p?) . (36)
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Feynman diagrams (| 2 — 2 | (A¢?)

> Now we can resum all corrections to the propagator using the same procedure as
before. We will rename m the mass parameter introduced in the Lagrangian. i
Then the full propagator is (to any order in PT):

1 1 1
= + [—iM?(p?)] — + ...
p>—mg  p*—mg p? —mg

14 Mz(p2)2+ (Mz(p2)2>2+...]

2
ps —my

_ ! . (37)
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Feynman diagrams (| 2 — 2 | (A¢?)

* The physical mass m is defined as the pole of the full propagator,

=0. (38)/

p2=m?2

p* — m§ — M*(p?)

Series expanding around p? = m? we find

pr=m?2

) 2) (near p? = m?) .
p*=m

—>—O—>— — ;ﬂ%Zmz + regular near pz = m? (39)

dMm?2 -
o . (40)
pe=m

dp?
This residue Z is the same factor introduced in (2) to account fo the field renormalization due to interactions.

Then,

where
m? = mj+ M*(m?), Z= (1—
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local /jillana

> We see, in particular, that the first correction to Z = 1 is of order A%, as
anticipated, because the correction of order A to the propagator (35)
does not depend on p?.

* In view of what happened to external leg corrections, it is convenient to define
amputated diagrams as those obtained by removing every subdiagram associated
to external legs that can be separated by cutting a single line. That is, when we
eliminate the full external leg propagators. For example,

amputate
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local /illana

> Then the four-point function of interacting fields

2
/H d4xi
i=1

has the following diagrammatic form

dy; & PETLEY) (0] T{g(x1)p(x2)P(y1)P(y2) } [0),

2
=1

]
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local /jillan

> And in general, using (39) we can rewrite the LSZ formula (9) as

(41)
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local /illana

* We can now list the Feynman rules for real scalar fields in momentum space,

assuming interactions of the form Hin = %qu .

To compute the scattering amplitude for a process of m — n particles:

1.

Draw every connected and amputated diagrams with m external legs incoming
and n external legs outgoing linked in vertices of N legs.

Impose four-momentum conservation in each vertex.

Write a factor (—iA) for each vertex.

Write a factor Drp(p) = .

—— - for every internal line of momentum p.
p* — m* +ie

Integrate over every four-momentum g not fixed by external momenta and

momentum conservation, one per loop with measure

(2m0)*
Multiply by the corresponding symmetry factor.
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Feynman diagrams || Feynman rules

7. The sum of the contributions of all Feynman diagrams leads to the so called
invariant amplitude iM (k; - - - Ky — P - - - Bn) related to the matrix element
S =1+iT by

(P1- --ﬁn|iT‘l_€1 - .Em> = (2m)*s* <Zpi Zk]-> iM, (42)
i j

m+n
where i M include the factors (\/2 ) , which are irrelevant for calculations

at lowest order in perturbation theory, but are important to compute higher
order corrections.
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On the virtuality of intermediate states

* Consider a diagram with internal lines, as for example (32). The LSZ formula
requires incoming and outgoing particles on-shell,

kK =k =pi=p;=m’

and conservation of the four-momentum at every vertex, so the intermediate
particle propagating between two vertices will be off-shell,

Pinverm = (k1 +k2)* = i + K3 + 2(kikz) = 2(m” + kakz)
> Choosing, for example, the center of mass frame for the incoming particles,
ki = (E,0,0,k), ky=(E,0,0,—k) = kiko = E2 +k* = m* + 2k*
= Pinterm = 4(m” + %) # m* .

It is easy to ckeck that pZ . of the internal lines of the other two diagrams in
(33) is even negative. So in QFT the intermediate states propagating between
interaction vertices are virtual particles, i.e. off their mass shell.
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e Fermionic fields appear in pairs in interaction Hamiltonians, belonging to bilinear -

covariants.

¢ Fermionic fields satisfy anticommutation relations, forcing us to define the
normal ordering of fermionic operators in a consistent way. As for example

+ t
L agag al = (—1)2a~taﬁ,ra,7ls = (— 1)3a~t G505, -

Likewise, we must consistently define the time ordering of fermionic fields,

x1)) W (x , xO x()
T{p(x1)P(x2)} = { px)p(x2), x> x,

—p(x2)P(x1), *) < x)

and similarly for T{y(x1)yp (xz)} and T{tp(xl) (x2)}.
Thus, for example, if xg > x1 > x4 > x2 then

T{p(x1)p(x2)p(x3)P(xa) } = —9(x3)p(x1) P (xa)p(x2) -

Feynman rules for fermions

e We will see now how to define the Wick contraction of two fermionic fields in

order to obtain an expression analogous to that of scalar fields,

T} = 9P : +HPEP)

Separating the Components of positive and negative energy,

¢+(x):/ (273 \/E Lapsu (Pl ¢ () / (27)3 \/E L byt
0= G @?W = [ o ﬁzp

we have?

a1f x9 = 10 then the fields are already time ordered and

()} = pEB0) = R0+ @), T ) = pEPO) : HPE)P)
because in this case {¢t (x), % (y)} = —{¢ " (x), 9 (y)}, as can be explicitly checked in (43).

—»

—»

(P)e
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elPx

1px
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T{p(x)P()} = 0= y")p(x)P(y) — 00° — ) P(y)p(x)
= 0" =) [T @PT W)+ @P W) @R W) Y@ W)
Y+ WY@+ )y ()]

e MG OE

]

=00 =0 [T WY () + 97 (y)
= 00—y TP W) T (0,8 (y
+;¢—(x)¢ W) :+:9 ()P (v

S < =

\./

—0(y" —x°) [1 PP Y@, W (WY ()
WY P W) () ]
= 00 —y") [+ ¢(OB) : +y (0,5 W)}
—0(° =) | )0 +Hy (2,5 (1)}
—YF) : HFE)
Feynman rules for fermions
where we have used that : P(y)p(x) := — : ¥(x)¥(y) : and defined

POP(y) =06 —y") Y™ (2,9 (1} =00 —2"){y~ (), 9" ()}

> It is easy to check that, as {aﬁ,w b:_]ﬁ/ r} = 0, the following contractions vanish,
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Feynman rules for fermions

> It can be shown that the Wick theorem has the same form for fermionic fields.
One has to pay attention because the normal ordering of fermionic Wick

contractions can imply a change of sign. For example,

AR el
PPt = —oipy

—— |

1 | 1
S P1pasy 1 = Pty .

As the vacuum expectation value of normal ordered operators is zero, we have
that, like in the case of scalar fields, the Feynman propagator for fermions is

O T{p(X)F(W)} 10) = PO)P(y) = Se(x —y) ,

that can be written, using the completeness relations, as:

Feynman rules for fermions

Sr(x—y) = 0(x"—y°)
—0(y° —x%)

= 0(x" 1)

—0(y" —x%)

= Q(xo—yo)(iax+m)/W2Eﬁe

—0(y" — 1) (—id, — m)/ 2n) 2Eﬁe

/ (;:;3 2]15}_7, Zs:ui—f)u(f)e—lp(x y)
/ (22@3 2115}7 ;vg)ﬁg)elp(x—y)
/ ((2127;3 zjlgﬁ (f +m)e P—)
/ ((21:33 legﬁ (f —m)elPx=Y)

3
d°p 1 ipx-y)

= (igx +m)Dp(x —y)

4

d*p i ~ip(x—y)

— (lax+m)/(2n)4p2—m2+1se .

local /jillan
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Feynman rules for fermions

> Therefore,

_ [ A iFm) ey _ [ AP I —ip(x—y)
Se(x—y) = / (27)4 pz—m2+iee B / (2n)4¢—m—i—ise

(43)
and, in momentum space,

Se(p) = / dx Sp(x)elPt =

i
Y —m+ie

where we have used that #y = p?. We see that the fermion propagator is a
Green’s function of the Dirac operator because

(idy —m)Sp(x —y) = —(Uy +m2)Dp(x —y) = i(54(x —y).

It is very important to note that Sr(p) # Sp(—p), so one has to pay attention to
the sign of the momentum.
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Feynman rules for fermions

e To find the S matrix between fermionic states we need to solve for the creation
and annihilation operators of the free field Wy,

d3 . N
E= Y oot (Fe 7" + b5 o) ()|

Wree(X) /m S

leading to

\/ 2E}' a /d3x u 1kx,)/ IPfree( )

ZE* b+ :/d3x57 (E) ik Olljfree( )

,bgwq_/ﬁ%¢m6 e~k (F)

k kr /dsx l/)free ()/ elkxv >(z) .
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Feynman rules for fermions

> In fact,
/ L ) (F)e ) pree (1)

d =) (T ) (#\ull(k—p)x —(r (T s) /= i x
N /d3X(27T—pZ [aﬁ,su< ) (K) 7y ul®) (p)ellk—P) +b;1;',s”( ) (F)7 0 (7)eilk+p) ]

and likewise for the others.
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Feynman rules for fermions

> As for scalar fields, we expect that

4’( ) — Zl/zle( )/ 4)( )—> Zl/ztl)out( )

t——o0 t——+oo

where this Z is the renormalization of field ¢. Then,

2E; al™ = lim z71/2 / d®x (x)y e F ) (k)
, ——00

_ tlout) _ 4. 1/2 3 —ikx, (r) (%

2Ek aE,T o tEElOOZ /d X ll] (k)

whose difference yields a covariant expression that we will need as a first step to
find the LSZ formula.
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Feynman rules for fermions

> Using (7),
2E~( %(r n) a%(out)) —z1/2 ( lim — lim ) /d3x @(x)’yoe_ikxu(r) (E)

7 t——o0 t—4oc0
_ _Z—1/2/d4x 9y (@(x),yoe—ikx) u(r) (_’)
— integrating by parts and using (¥ — m)u(k) = 0
J— — . —
_iz-12 / dtx P(x) (i 9x +m)e Fu) (%) |

> Likewise one can get

V2 (B — 610 ) =iz V2 [ @t o) B (i — m)p(x)

kr
V2E; () — ™) = iz V2 [atea) @ (i~ m)y (),
) < . —
2B (B0~ 6) = iz 7172 [ e )3+l F)

298
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local /illana

Use integration by parts:

[ 4t e

tay!

) = 0$/d4xV1[J yetkxy /d4x1p'y ke %0 (k)

and the Dirac equation:

As a consequence:
/d4xa w’}’ e 1kx /d4 a l/) —ikx,, /d4x¢,)/ 1k0) —ikx (E)
/d4 x(dop)7 e *u (k) — /d4 (V-5 —igm)e *u(k)
= i/d4x(iay¢’y” + Pm)e *¥u (k)
— — . -
_i / (i g +m)e Fu(F)
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Feynman rules for fermions

> Then we can substitute in the S matrix an incoming fermion of momentum k1 and

spin r by

(v = B -] (5 ) -t

:iZ‘l/z/d4x e (B Bt P ‘kz >(1 9, +m)u) (ky)
(44)

and next substitute, for example, an incoming antifermion of momentum k, and

spin s by
(Pr- - ity Pl ‘Ez...ﬁ ;t'>
26z, (P Bty T{BCe) (01 = b1 )} s oty )
_ iZ‘l/z/d4x2 e ikat2 59 (kz)(iaxz — m) <;5’1 Bty TG ()} s - i1
(45)
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Feynman rules for fermions

> Iterating the procedure one can find the L.SZ formula for fermions. Suppose that
among the m (1) incoming (outgoing) particles there are my (1) fermions of spins”
r; (r;) and the rest are antifermions of spins s; (s;-). Then:

f m ng 1\/2 n 1\/2 N R
B -+ | iT |K1ko - - - Ky

([{12%) (41.05) (7155) (A;w,-m) e BT )

m n i ,

(H k) / (Hd%- e“*’fyf) [T 7k IT5 ()
=1 j=1 i=ms+1 j=1
i nf mg ‘ n 0
x (0] T H p(x) [ [9(x) [ To( H Py) ¢ O [ Tu k) TT o (py)
i=my+1 i=1 j=1 j=ng+1 i=1 j=ng+1
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Feynman rules for fermions | (Yukawa theory)

e Let us focus on a simple particular case, direct application of the results we have -
found in (44) and (45). We will study the 2 — 2 scattering >

fermion(ky,r) + antifermion(ky,s) — scalar(p;) + scalar(py)

in the Yukawa theory, whose Lagrangian is

L= EDirac + EKG - g¢¢¢ = Hint = g@TJJCP .

To alleviate the notation, suppose that all fields have the same mass m.
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Feynman rules for fermions |(Yukawa theory)

> The scattering amplitude is given by

(P1P2|iT |kikz)

2 2 .
— (izgl/z) (iZif/z) /d4x1d4xzd4x3d4x4 ellpntpn-hxs—kx) (@, 4 m?)(0,, + m?)

B (k) (i, — m) (O] T{9 (1) (x2)P(x3)(x4)} [0) (i T 4+’ (ky)

= (_izq:l/Z)z (izl;l/Z>2 (P% . mz)(}?% _ mZ) /d4x1d4x2d4x3d4x4 ei(p1x1+p2x2—k1x3—k2x4)

x 3 (k) (=K — m) (O] T{p(x1)p(x2)P(x3)p (xa) } [0) (—Hs + m)u”) (ky)

where we have used the Fourier transform of the Green’s function, as we did to
obtain (9).

These fields are not free.
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Feynman rules for fermions | (Yukawa theory)

> To write the fields in the interaction picture we replace

(O] T{p(xa)p () xa)p(x0)} 0] by
O T {glmpCea)lrapn) exp | i [ dtx ()] | 1o

Then apply the Wick th and focus on connected contributions (arising at O(g?))

(A) X3 y e X1
+ (x <)
X4 X B * X7
L= R
q|>1<ll>2¢3¢4 P Pxx %%‘ll’y ‘ Pr1029391 P Prpx %Il)y‘ll’y
1 1 1
= = P19y P2fx Yatp, Y, Pyips = —<,'h_|x ‘lPO_ly 434_% Eﬁxlpxl_l%
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s/local /jillana

(B) X3 y . X1
' + (x ¢ y)
X4 X D X2
: §{>1<ll>2¢3¢4 P Pxx ‘l’y‘l’%"’y : : q?ﬂlbz%llkx PP %’a’ﬂyﬁy ’
1 1 1 a1
= —P1Px 2Py Pap, ¢X¢y¢ylp3 = _§b1'_4|)]/ 4|)2_|¢X llﬁy ﬁxli;%

>> Consider diagram (A), whose contribution gets multiplied by 2 if we include the
diagram resulting of exchanging x and y.

Note that there is a change of sign after normal ordering of the contractions:
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Feynman rules for fermions | (Yukawa theory)

(P1P2]iT |kika) 4 .
1/2\? ([ i=1/2\% 2 ovi2 D 4 kyxa—ko
=2X (—1Z¢ ) (—1Z¢ ) (p1 —m°)(p5 —m )/Hd xid*xdty ellprxtpaxe—hxs—k)
i=1
« (=ig)2- x (~1) x De(x1 — y)De(x2 — %)
x ) (kp) (Ko + m)Sp (x4 — x)Sp(x — ¥)S(y — x3) (1 — m)u' (ky)
4
— —(—ig)z(p% _ mz) (P% _ mz) /Hd4fid4xd4y el(PT1+pafotki¥s—kaZy) oi(p2—k2)x+i(p1—ki)y
x Dr(%1)Dr(22)7) (ko) (o + m) S (%4)SE(x — y)SE(%3) (#y — m)u' (k)
— —(—ig)ziz/d4xd4y el(Pa—k2)x+i(p1—ki)y

il -

—Wp —m Ky —m (h - m)u(’) (k1)

= (_ig)Z/d‘lfd‘ly elPa—ka)¥el(prpa—ki=k2)y5(8) (1) Sp (%) u") (kq)

x 90 (kp) (Ko + m)

Se(x —y)

i -

= (g P25 (1 + pa ks — ko) (o) o )
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Feynman rules for fermions | (Yukawa theory)

where we have changed %) = x; —y, ¥ = xp — x, ¥3 = y — x3, ¥4 = x4 — x, later
¥ = x —y, and we have taken every Z = 1 because their contributions are of
higher order in g.
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>> The diagram (B), including x <> y:

4

local /jillan

(P1P2|iT [kiko) = —(—ig)*(pf — m®)(p7 — m?) / d*xidxdty el Pt —hon)

i=1

x Dp(x1 — x)Dp(xa — )3 (k2) (o + m)Sg (x4 — x)S(x — y)SE(y — x3) (1 — m)u'") (ky)

4
— _(_jg)z(p% _ mz) (P% _ mz) /Hd4fid4xd4y el(P%1+pafotkiXz—kaZy) oi(p1—kz)x+i(p2—k1)y
i=1

x Dp(%1) DE(%2)0") (k) (Ko + m)SE (%) S (x — y)Sp(%3) (#a — m)u) (ky)
— —(—ig)ziz/d4xd4y el(P1—ka)x+i(pa—k1)y
i 1
—W —m K —m
= (—ig)z/d4gzd4y ellP1=k)¥el(prtpa—ki—k2)y5(8) (1,) S p (%) u) (kq)

i -

¥ — W — mu(r) (k1)

x 5 (k) (Mp + m) Sr(x—y) (by —m)u) (ky)

= (—ig)?(27)*¢* (p1 + p2 — k1 — k2)?®) (k)

Feynman rules for fermions | (Yukawa theory)

where we have changed ¥; = x; —x, ¥, =xy —y, X3 =y — x3, ¥4 = x4 — X, and

later ¥ = x — v.
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Feynman rules for fermions | (Yukawa theory)

> We can express both diagrams in momentum space:

k Rz k p1
\\ “'_— p
ki —p1 + ki—pay N
" S 5 ’ \“

ko | Tv~po ko ‘P2

> The momentum direction in a fermionic line is relevant. It is taken incoming for
initial states and outgoing for final states. This direction coincides with that of the
fermion number flux for internal lines and for external particle states (for the
electron one takes the negative charge flux), but it is opposite to the fermion flux
for external antiparticle states.

> The fermion lines are represented by solid lines and the fermion flux by an arrow

inserted in the line.
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Feynman rules for fermions |(Yukawa theory)

> From now on we will reserve the dashed lines for scalar bosons.

> To write the Feynman rules, follow every fermion line in opposite direction to the |
fermion flux, assigning spinors, vertices and propagators in the order that they

appear.

> Let us summarize the Feynman rules of the Yukawa theory that follow from
previous calculation:

1. The invariant amplitude iM is defined, as before, from the S matrix element
extracting the factor (277)*5*(Y; p; — ¥ k;). To write it, skip external
propagators of scalars and fermions, as they cancel in the LSZ formula. Draw
all connected amputated diagrams. You may ignore the /Z factors to lowest
order in PT, but they must be included in higher order corrections.

311



local /jillana

Feynman rules for fermions | (Yukawa theory)

2. Assign spinors to external fermion legs as follows
(suppose that time flows from left to right):

incoming fermion: outgoing fermion:
p p
_,_/\ — u)(7) \_,_ — 76) (7)
incoming antifermion: outgoing antifermion
< =39(p) N e = 09(F)
p—>» . P>
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Feynman rules for fermions |(Yukawa theory)

4. Propagators:

i

- p2—m?+ie

Vy=

y=

i(f+m)

Cpr—m?+ie
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Feynman rules for fermions | (Yukawa theory)

5. Pay attention to the relative signs of diagrams involving several fermion lines,
coming from Wick contractions. For example, the following diagrams g
contribute with opposite signs to the amplitude because they differ in an odd
permutation of fermionic fields:

k1 P1

k p
\A\‘/ 1\ /1
kz/\Pz kz// p2
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Feynman rules for fermions | (Yukawa theory)

6. Assign a factor (—1) to every closed fermion loop, because

N alaRalnl L
Q — PP = T |9 ¥ 97 97| = ~Tr(S5S5555)
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5. Observables in field and particle theory
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Observables || Relativistic and non-relativistic state normalization

» In non-relativistic quantum mechanics the wave function of a particle of

momentum 7 freely moving in a box of volume V = L3 is
¥ 1
5(X) = (X¥|p) = CeP* con /d3x (X)P=1=C=—=
¥p(%) = (X1P) L4 s ()] v

and the possible momenta p' are quantized, p; = (27t/L)n; with
ni =0,£1,+£2,.... Then, in momentum space,

BN = [ @x (Bl 1) = [ & gDa(x) = by
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local /jillan

= In QFT, which is a quantum relativistic theory, previous normalization is not
Lorentz invariant. That is why we had introduced the normalization

(P7) = 2E5(27)°6(F - 7)
which is the limit when the volume approaches infinity of
(P|g) = 2E5V5;
because remember that

lim (277)36%(F — 7) = lim [ dx® e 1P-9% = V(— o0) .

p=q =1
Comparing both normalizations, we see that
= 1/2 |\ (NR
7 = EsV)V2 )N

n

Bip2 - Pn) = [ [QEV)V2 |Bripa - Bu) N
i=1
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Observables || Relativistic and non-relativistic state normalization

» In non-relativistic QM the S = 1 4 iT matrix element between |i) and |f) is
Sfi = 5]61' + (27‘()4(54(Pf — Pi) 17}‘1'
where for convenience we have factored out (271)*6*(Py — P;) that expresses the
energy and momentum conservation.

= Likewise, in QFT we have introduced the invariant matrix element M between
two relativistic states |i) = ‘Elﬁz > Em> and |f) = |p1P2- - - Pn), SO then
m n

My = lHl(zE@V)l/ 2 H(ZE’;],V)” T - (1)
= 7=
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Observables || Decay width

» Take as initial state |i) = ’E>, a particle of mass M and momentum k, and as

final state |f) = [F1P2 - - Pn), n particles of masses m; and momenta p;.

= The probability that the initial particle decays to n particles (1 — n), |f) # |i), is

dw = |(2m)*6*(Py — P,)iT5i[*dNy = (21)*6*(Pr — P)VT| T5i|*dNy
where we have symbolically substituted (277)%6*(0) = VT from

lim (277)%6%(p — q) = 1 dix ellP—D¥ — yT(
r}g;( )6 (p —q) lim e (— 00)

local /jillan

and dNy is the number of n particle states with momenta between p; and p; + dp;.

Observables || Decay width

> Let us find first the number of one-particle states of momentum between 7 and
p + dp. For that we need the completeness relation

d3p
1= [ S 1
(2m)32E;

that is easy to check, because

d3p

0= | GysE; 1P

=i

3
0= [ Gy, P 2500 E G 1) = )
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local /illana

which allows us to write dN as the product of the probability that a particle has a

momentum between p and p + dp, namely (F|p) = 2E;V, and the density of
states in that interval,
d3p Vd3p

PP (2m)32E;  (2m)3
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Observables

Decay width

> Therefore, in the case of n particles in the final state, we have

dNf = H (27)3

j=1

local /jillan

> Thus the decay probability per unit of time, that we call decay width, is given by

which, using (1), can be written as

where we have introduced the volume element in the n-body phase space,

dw

vd3

dI' = — = (2n)*6*(P; — P,) V\7}1]2H [ or

T

dlI' =

1
2F, (Myi[Pd,

pj
)3

d®, = (2m)%s* (Z pj— Pi>
j=1

n

L

dsp]

1 (2m)%2E;

Observables

Decay width

= The decay width has the dimensions of energy or inverse of time in our natural
system of units.

= If we work in the decaying particle rest frame the energy is the particle mass,

E; = M.

» The total width is the sum of the partial widths of every decay channel.

= The inverse of the total width is the particle lifetime,

T=r"1

()
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local /jillan

Observables || Decay width |[ 1 — 2

= Consider now the decay 1 — 2:
1, m
P,M
P2, 1y
The Lorentz invariant phase space (LIPS) integration for n = 2 final particles in

the center of mass (CM) frame gets reduced to an integral over the solid angle of
one of them (the other has opposite direction):

d3 d3
d3
= /(5(E1 + E; — Ecm) (27‘()22};112E2

:/ P[> d0 E1Ep :/ |p|d 3)
(27‘()24E1E2 |ﬁ‘(E1 + Ez) 167‘(2ECM ’
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Observables || Decay width |[ 1 — 2

where we have used

d’p1 = |p1/*d|p11dQ

O(E1 +Ex — Ecm) = 0(f(|p1]) = 17(]

Ey = \/m} +|p1]?, Ezz\/m%+|—ﬁl|2

= 8f 8E1 af aEz ‘ﬁl‘ ‘ﬁ1| N <E1 + Ez)
/ = st B = =4+ = :
f(‘pl‘) aElalpl‘ aEZa‘pl‘ E1 E2 ‘pl‘ ElEz

> Note that Ecpy = M and, for this particular 1 — 2 case, the masses M, m and my
fully determine the final energies and momenta:

M? — m% + m%
2M !

M? — m% + m%
2M
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local /jillan

Observables || Cross section

.I\
1 N\
o‘®
! i
1 @
1
7
@/
A/

]
1 b
e o ure ! ﬁ

A |’.+:. ..: NT »
00 ,° Target
Cee 7
N, ~~°

» The cross section ¢ is the effective area of a particle (target) as seen by a projectile

(in the incoming beam).

> Suppose that in the target there are Nt particles and the collision area is A.
Then the collision probability is
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Observables || Cross section

local /illana

> It ther are Np particles in the beam, then the number of events is NgP,

N # t
(# events) = NBLU =0 = (# events)

= A.
A NNt

> The beam is made of a cloud of particles of density p moving at speed v, so

(# events) ~ (# events)
potANT © pv tNr
__ transition probability per unit of time

Np = pvtA = 0 =

incoming flux
n_yvds pi
(2m)*6*(Py — Pi)VW}i\ZH (2—7t)3]
~ do = - , @)
o0
where we have substituted the transition probability per unit of time (number of
events per scatterer) by the analogous expression for the decay width in (2)

(equivalent to the number of decays if the initial state was a single particle).
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Observables || Cross section

> We will find now the incoming flux pv corresponding to one particle per unit of
volume,

PSR |

v=—|0] — | = E—E—Z
P—Vl 20=

Egp Er

_ |Erky — Egko| ~ A{(kiky)? — MM3}!/2

= 5
VEBET VEBET ©

where (77 — ¥,) is the relative velocity of a particle in the beam and a particle in
the target, with masses M; and M respectively, that we will assume collinear
(k1||k2),2 so, in fact, we find an expression for the flux that is invariant under

boosts in the collinear direction,

ki = (Eg k1), ko= (Er,k»)
= (kiky)? — M2M3 = (EgEr + |k1||k2|)? — M2M3 = |Erky — Egka|?,

where we have used k7 - ky = — \El | |E2\ because kq and k, are parallel.

4This is valid both for fix-target collisions, as in the figure, and for particle colliders.
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Observables || Cross section

local /jillana

reads
_ (2m)*6* (P — P)| Til? ; n Vd3p;
4 {( k1k2)2 — M%M%}l/Z ].:1 (27‘[)3

do

and substituting (1), we have finally

1
do =

2
a 2d®
4{(k1k2)2—M%M§}1/z|Mﬁ\ n

> If there are n, identical particles of species r in the final state then the total cross
section (integration over phase phase) must be divided by the symmetry factor

S=]]n!.
T

> If the initial state is unpolarized and/or the polarization of the final state is not
measured one has to average over initial polarizations and/or sum over final ones.
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Observables || Cross section || 2 — 2

local /jillan

» Consider now the particular case of the 2 — 2 scattering in the CM frame:

k1, My p1, M1

ka, M Pa, ma
> The LIPS integration can be read from (3). The flux factor is obtained from
kl = (El,E) , k2 = (Ez, —%) , ECM = El + Ez , 4 {(k1k2)2 — M%M%}l/z = 4ECM‘E‘ .

Then

do 1 |7

== TM'Z.
do 647IZE%M\|‘ sl
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Observables || Cross section

= A comment on the dimensions of the physical magnitudes we have introduced:

Spi = 85+ (2m)*6*(Pp — P)iTpi = [Spi] = lenergyl’, [Tpi] = [energy]‘f

ni+ng
Myi= TT (EjV)2Ts = [Myi] = [energy]* "
j=1
n d3]9
_ 44 ) j _ —442n
dd, = (27)%0% (P PZ)E—(2”)32Ej = [d®,| = [energy]
‘Mfilqu)n

do(n;=2—n) = = [0] = [energy] > = [length]?

4{(kika)? — MFM3}1/>
1 _
dl'(n;=1—n) = mu\/lﬁ\qu)n = [[] = [energy] = [time] 1
The following conversion factors are very useful:
h~6582x1072MeVs, (hc)®~0.389 GeV? mbarn

They are easy to remember from:

1=hc~200MeV fm, c~3x108m/s, 1fm=10""°m, 1barn=10"% m?
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Non-relativistic limit: interaction potentials

s/local /jillana

» Taking the non-relativistic limit (NR) the calculations done using Feynman
diagrams (QFT) must reproduce the results from the non-relativistic quantum
mechanics, where the particle interaction is described in terms of a potential V().

El

%

y =

6

To find the form of the potential remember that the elastic scattering cross section
of a mass m particle off a potential V(¥) is

d
35 = 1fOP ©)

where 6 is the scattering angle and f(6) is the non-relativistic scattering
amplitude, that can be calculated perturbatively.
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Non-relativistic limit: interaction potentials

s/local /jillana

> At first order (Born approximation),

—

£(0) = —% /d3x e TV (), F=K-k, k=Ikl=K]. (7)
For a central potential, V = V(r), previous expression can be written as
f(0) = _27711/ dr rV(r)singr, q=|q]= 2ksin§ :
0

Consider k < m (as corresponds to the NR limit) and let the target generating the
potential be a very heavy particle of mass M4 > m. This is, for example, the
typical situation when an electron is scattered by a nucleus, so the nucleus recoil
can be neglected. Diagrammatically:

k K k K

.
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Non-relativistic limit: interaction potentials

> The elactic cross section (k = |k| = |[K'|, Ecm & M) reads

1 K 1
64712 E2 | |‘M i1°d0) ~ an
TTEem |k\

dCelast = M2 ‘Mf, ‘ZdQ

To find the corresponding non-relativistic expression, remember that
M = (2EV)V2(2E, V)V2(QEAV)V2(2E4V) Y2 T m AmM AV T

so in the NR limit, neglecting the factors of V that we know will cancel with the

right normalization,

m* __
daelast ~ 4772 |7}1‘ d()
which, comparing with (6), tells us that

£(6) = =T,

where the global sign is the correct one as we will show in an example.

Non-relativistic limit: interaction potentials

> From (7),

(@) 7% - &g i
Ti(d) = - [ dxe V@ = V() = - [ SheT T )

local /jillan
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local /illana

3 -
e /fqe“MMm. ®)

dmMy | (27)3

Note that the interaction potential is a non-relativistic concept, describing an

instantaneous interaction. However, the more precise QFT description is based on

the exchange and propagation of particles, as shown along this course.
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local/jillana

6. Elementary processes in QED
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local /jillana

Lagrangian and Feynman rules of QED

» The quantum electrodynamics (QED) describes the interaction of electrons
(or any other charged particle of spin 1/2) and photons.

= It is most convenient to perform a covariant quantization of Maxwell field. And it
is customary to generalize the non gauge-invariant term of the Lagrangian by
1 1
L=——F,F" — —
Hv 2

4
where ¢ is a free parameter. In a preceding chapter we used ¢ = 1 but one can
show that, regardless of the value of ¢, by imposing that 0, A" vanishes between

(9, AM)?, (1)

physical states, the physical spectrum of the theory is given only by transverse
photon polarization states.
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Lagrangian and Feynman rules of QED

local/jillana

> The net effect of the second term in (1), called gauge fixing term, is breaking the
gauge invariance of the Lagrangian, but the matrix elements between physical
states will be independent of the choice of ¢.*
However, the field commutation rules and the progagator will depend on ¢.

> It is recommended to use a generic ¢ and check that the calculation is correct by
verifying the cancelation of ¢ in the matrix elements between physical states.
Nevertheless, depending on the type of problem, the calculations get simplified if
from the beginning an appropriate value of the so called R; gauge is chosen.
In particular,
e ¢ = 1is the 't Hooft-Feynman gauge,
¢ ¢ = 0is the Landau gauge, and

* ( — oo is the unitary gauge (with only physical degrees of freedom involved).

“In the presence of interactions the non-dependence on ¢ is achieved as long as A, couples to matter
respecting the gauge invariance, that is, when it couples to a conserved current.
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Lagrangian and Feynman rules of QED

> Let us find the photon propagator. In order to write the Euler-Lagrange equations -
for this Lagrangian note that i

1 1
£ = —5(OpARAY — 8y A" AY) — 528" uArBu A"

and hence

oL oL 1
_— _— = nv _|_ ZAVaH —

1
= DAY — <1 - E) 93" Ay =0

- [ (1- )] 4o
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Lagrangian and Feynman rules of QED

local/jillana

> We already know that the propagator is a Green’s function of the operator acting -
on the field in the equation of motion. In momentum space, the photon g
propagator is then, up to some phase factor, the inverse of

—k?g" + (1 — %) kiKY (2)

Note that this operator is invertible thanks to the introduction of the gauge fixing
term, because —k?¢#V + k¥ k" is singular (it has a null eigenvalue for the
eigenvector k#). This has to do with the gauge invariance: the vector field

Ay, = Ay + 9/ is also a solution of (¢#'[] — 9"9") A, = 0 but the introduction of
the gauge fixing term has broken the gauge invariance.

The inverse of (2), including the Feynman prescription as earlier discussed, is the
photon propagator

UV
g (1- ) ®

Dy’ (k)

o 1
k2 +1e
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Lagrangian and Feynman rules of QED

> In fact,
D (k) l—kzgyp + (1 —~ %) kvkp} = idh .

The choice of global sign is the right one, opposite to that for scalar fields, because
the commutation relation of creation and annihilation operators of the scalar field,
a5, 112%] = (271)36%(F — 7), differ from those of the photon Maxwell field with & = 1
in a minus sign, apart from the g, s factor from the polarization vectors:

[ag a8 1) = Caban (270)°6 (B — ) = —gan (2)°6° (F — 7).

» Remember that Maxwell equations in presence of sources are given by the U(1)
gauge-invariant Lagrangian obtained by the introduction of the covariant
derivative, leading to the minimal coupling of the electromagnetic field to charges
and currents j# = (p,f). This provides the classical electrodynamics Lagrangian.

In quantum electrodynamics, j* = eQs¢y"y, where Qy is the electric charge in
units of e of the fermion f annihilated by the field .
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Lagrangian and Feynman rules of QED

local/jillana

= To describe the electromagnetic interaction at the quantum level (QED) one has to

fix the gauge, as in (1), and interpret the interactions between quantum fields as
the exchange of particles (photons, electrons and antielectrons or positrons).

The full Lagrangian is

£QED = l/J(lD — m)1’b — _Fw/[_‘]ﬂ/ _ E

that contains just one type of interactions of the form

Lint = —eQrAPY1"Y . (4)

Lagrangian and Feynman rules of QED
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= To compute perturbatively the scattering matrix of a QED process one has just to

apply the corresponding Feynman rules. Compared to the cases studied in the

preceeding chapters, what is new is: the photon propagator in (3), the interaction

vertex that can be readily derived from (4) and a factor accounting for the
polarization of the photon when it appears as an external leg.

Let us summarize next the Feynman rules of QED:
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Lagrangian and Feynman rules of QED

— External legs:

incoming fermion: outgoing fermion:

p . P —(8) (=

_L v B L
incoming antifermion: outgoing antifermion:

— 50) (5 — o) (3

=7 =0

T—T{ (7) >_<_p_> (7)

incoming photon: outgoing photon:

/\?(\M = ey(Er )‘)

%
I
m
= ¥
=
=

344

local /jillana

Lagrangian and Feynman rules of QED

— Vertex:
>v\-/\/\ U = —ile’yV
— Propagators:
NN = — i VV_(l_g)@
Ay et Tt |8 K2
f i(p+m)

TP —mPtie

345



A simple process: e"e” — utu-

local/jillana

» Consider the annihilation of an electron and a positron to give a muon and an
antimuon. In QED this process is described at lowest order in PT (tree level) by
the diagram in the figure:

> The muon has the same charge as the electron, Q;, = Q. = —1, and a mass M
about 200 times greater than the electron mass m.

> Let us calculate step by step and in full detail the cross section of this process.
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A simple process: e"e” — utu-

local /jillana

» First, assign momenta to all particles in the diagram, using the four-momentum -
conservation at every vertex. This fixes the four-momentum of the virtual photon *
momentum propagating between the two interaction vertices,

g=ki+kx=p1+p2.

> The external legs are fermions, whose spinors are labeled by indices 1,72, 51, 52
taking any possible values in {1,2}.

= Applying the Feynman rules, following every fermion line in opposite direction
to the fermion flux, the invariant amplitude is then given by

iM=ﬁ<52><ﬁ2><ievﬂ>v<51><ﬁ1>(;;) Bap — (1= 0T |90V (1) e (o)
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A simple process: ete” — utu-

> Note that because external fermions are on-shell they satisfy the corresponding

Dirac equations,
klv(rl)(k’l) — _mv(rl)(k’l) ) ],gzu(rz)(}’z) — mu(rz)(ﬁz) ,
so the amplitude will not depend on the parameter ¢, as it must be, because

420" (k1) u?) (Ky) = o) (k1) (K1 + o) u") (kz) = 0.

local/jillana

> We could have worked from the beginning in the 't Hooft-Feynman gauge (§ = 1)

and obtain directly the same result. Therefore

2

M = p 12 (7)o (1) U (ky ) yars " (K2)

A simple process: e"e” — utu-

= To compute | M|?, note that

@7 0)* = 0" U = 070999, %u = B9u

where we have used
7 = u+’yo ) ’)’M — e, ’YO%/YO — 4

This is a complex number that can be multiplied in any ordering. The same
happens to the other fermion line.

> It is then convenient to write

4
M = q 752 (72)9%00) (1) T (1) 1Pl ()

71 )(k1)7 M(Tz)(kz) (7”2)(]{2)7!30(”1)(](1)

We can now use the properties of spinors and Dirac matrices, leading to a
plethora of identities (Diracology).
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A simple process: e"e” — utu-

local/jillana

> In particular, one can see that the two spin states along the Z axis satisty

W () (p) = (9 + m) =10
u® (FE) () = (p+-m)
o () (5) = (f —m)
o)) = (- m) 2,

where n* = (0,0,0,1) in the frame where p" = (m,0,0,0).
In general,

4 1+ ysil N 1+ ysil
u(F () = (f+m) =, o(Fm)o(p,n) = (f —m)—=
project on well defined polarizations along a given direction n#, with n?> = —1

and p,n* = 0.

A simple process: e"e” — utu-

> If we choose, for simplicity, the £ axis as the direction of motion, p# =

previous operators project on the two helicity states of particle and
respectively, taking n* = £(|p|/m,0,0, E/m).

> In particular, in the ultrarelativistic limit (E > m) the left and right
projectors of particle and antiparticle are:
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(E,0,0,IF),
antiparticle,

chirality

WO EEO ) = (+m) = s () (p) = 2

W@ (p) = (5+m) L o (pa(p) = g0,

U(l)(ﬁ)g(l)(ﬁ) — (f— m)l +2’Y577{ oL (p)BL(F) = Iél —275 ’
1 —sil _ 1—1s
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A simple process: e"e” — utu-

> Another property that can be easily derived from the above is

. B 1+9sd] . B 1+ ysi]
#(F,m)Tu(p,n) = Tr |[L(p+m) == |, B(F,n)To(p,n) = Tr |T(f —m)—"

where I' in an arbitrary 4 x 4 matrix.

> On the other hand, if fermions are not polarized the calculation becomes much
simpler because we can directly apply the completeness relations,

Z u =y+m, Z v v =y—m,
leading to

Y (Hru(p) =T [[(p+m)] , Yo (F)IoY(F) =T [[(y —m)] .

S
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A simple process: e"e” — utu-

» Coming back to our calculation (5) suppose for simplicity that initial and final
fermions are not polarized. Then we have to average over initial polarizations and
sum over the final ones:

YL IMP = LY IMP

ri S ri S
4

= ETI[ Y (1 — M)VP (o + M) Te[yu (Ko + m)yp (B — m)],

which is the product of the traces of two fermion chains.
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A simple process: e"e” — utu-

» To calculate the traces we resort again on the Diracology. We need in particular,
Tr[# impar 7's] = 0
Tr[y"y"] = 4¢™
Te[y " yP7] = 4(g"8"" — 8 ¢" + ¢ ¢"")
where
Te[y* (1 — M)VP (B2 + M)] = Te[y* 17 o) — MPTr[y* P
= 4(piph — (p1p2)g™P + pips) — AM2g"
Tr[ya (Ko + m)yp(Ky — m)] = Te[yabrvpha] — m*Tr[va7yg]
= 4(k1ak2‘3 - (klkZ)ga,B + kllBthx) - 4m2ga/3
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A simple process: e"e” — utu-

and then,

Y Y M2 = (mkl)(pzkz) — (p1p2) (kik2) + (p1k2) (p2ke) — m* (p1p2)

ri S

— (p1p2) (kik2) + 4(p1p2) (kik2) — (p1p2) (kikz) + 4m* (p1p2)
+ (prk2) (p2k1) — (p1p2) (kikz) + (prka) (p2ka) — m? (p1p2)
— M?(kiky) + 4M?(kikp) — M?(kiky) 4 4M?m?

8 4
- q—iumkl)(pzkz) + (prk2) (p2kn) + m2(prp2) + M2 (kikp) + 2M?m?] .

(6)
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A simple process: e"e” — utu-

» The following step is choosing a reference frame. Assume the center of mass
frame and let 6 be the angle of the outgoing p* with the incoming e™,

k| = E(1,0,0,B:),

k“ = E(1,0,0,—B;), Bi=V1-m2/E2,
E(1, ﬁfsin0,0,,chose) ,

p2 = (1,—,stin9,0,—,[3fc059) , Br= \/Wz/E2

Then,

7 = (k1 + k)2 = (p1 + p2)? = E%y; = 4E?,

(p1k1) = (p2k2) = E*(1 — BiBscosb)
(pik2) = (p2k1) = E*(1 + BiBfcosb)

(p1p2) = E*(1+ B7) = E*(2 — M?/E?),
(kiko) = E*(1+ B?) = E*(2 — m?/E?)
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A simple process: e"e” — utu-

and expression (6) reads

ZZ|M|2 2154 2E4(1+ﬁ B} cos?0) + 2E*(m* + M?)]

rl sl
2 2 4 4 2
1-1—4;]\/14—(1—2i 1—2£ cos? 0| .
ECM E ECM

» The differential cross section of the process is obtained from

do 1 @‘ 2

dQ ~ 64m2EZ, [F|

2 [E2, —4M? 2 ’
do _ o [tu 1+4—m M 1—44 1- 25 | oo
dQ  4EZ,,\ E% —4m? E2m Eem Ecm

where we have substituted the fine structure constant a = e?/ (47).
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A simple process: e"e” — utu-

> Note that Ecyy > 2M > 2m, the threshold energy of the process.
The total cross section is

do do
0—/de—Q—27T/dC089d—Q.

> In the ultrarelativistic limit (Ecpg > M > m),
do o2
2

dQ)  4EZ,

2

(1+ cos?)

4t

oO— —— .
3EZ\s

Comments || About the propagator and the polarization states

» For the covariant quantization the Maxwell field we had to introduce four
polarization vectors el (k, \) that satisfy the following orthonormality and

completeness relations:

6;‘1@/\)6”@ N)y=—=0bw, Qo=-1, Li=0L=0=1,

3
Y ae* (k A)e" (K A) = —gh
A=0

local/jillana
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Comments || About the propagator and the polarization states

> Let n¥ be a spacelike vector that satisfies n,n* = 1 and n° > 0.
We say that e/ (k,0) = n* is the scalar polarization vector.
We will call e/ (k,3) the longitudinal polarization in the 1 — k plane if
ey(ﬁ,3)ny =0 and ey(%,?))e"(%,?)) = —1, namely,

> o K — (kn)nt

e (k,3) TErE

The remaining two are the so called transverse polarizations e*(k,1) and e*(k, 2),
that we take orthogonal to each other and perpendicular to the n — k plane, so

en(k, et (k, Ny = =6, AA =1,2.
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Comments || About the propagator and the polarization states

> For example, in the reference frame where the propagation vector k defines the 2
axis, i.e. k" = (w,0,0,w), and n* = (1,0,0,0), from the above we can derive that

e (k,0) = (1,0,0,0), €*(k,3) = (0,0,0,1),
and we can choose several bases for the transverse polarizations, as
e’(k,1) = (0,1,0,0), €*(k,2) = (0,0,1,0) (linear)
or
e"(k,L) = (0,cos0,isin6,0), €"(k,R) = (0,cos6, —isinh,0) (elliptical)

(which are called circular polarizations when 6 = 77/4).
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Comments || About the propagator and the polarization states

> We have already seen that the scalar polarization state |, 0> has a negative norm. -

> On the other hand, the classical electromagnetic field in absence of sources
(radiation) has just two polarization states, while its quantum version seems to

have four.

> Both problems are related and are solved, as we have seen, by imposing that BVAP‘
vanishes when evaluated between physical states (Gupta-Bleuler quantization):
only the two transverse polarization states contribute to physical observables, so
we don’t need to care about scalar and longitudinal polarizations.

> However, all of them contribute to the propagator, that is not an observable.
Let us see this.

362

local /jillana

Comments || About the propagator and the polarization states

> Take the 't Hooft-Feynman gauge (¢ = 1), in which the propagator is

_ g
k% + ie

nHY —
Dy (k) =
that using the completeness relations (7) can be written as

i
k2 4 ie

DY (k) = i Tret (K, A)e" (k,A) .
A=0

Separating the transverse, longitudinal and scalar contributions we have

(kM — (kn)n*][k" — (kn)n"]
(kn)% — k?

~}41/ _ i ]/l — Uk —
D' (k) = Agze (F,A)e* (R, A) +

— ntnY

The last two terms can be rewritten as the sum of

intnV?
(kn)? — k2

DI (k) = and DY’ (k) K'k" — (kn) (KMn" + k¥nt)] .

~ 2[(kn)2 = K7 |
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Comments || About the propagator and the polarization states

> If we use the reference frame where n* = (1,0,0,0), i.e. n* = ¢g"%, kn = k? and
(kn)2 — k* = k2, we see that the first term reads

4. _ ,
D (x —x') = / dk ng(k)e_lk(x_ﬂ

(27r)*
_ / &k g"8" i(v) / dk? 0 (a0—x0)
(2m)3 R (2m)
B 1 gptOgVO 0 0
47r\x—x\5<x -

To understand the meaning of the different contributions, consider a process
mediated by the exchange of a photon (e.g. as the one before).
In this situation we are in the presence of sources.

> The matrix element of this process can be written as

/d4 /d4x’ j1 () DY (x — x') oy (x) (8)
where ]il (x)y ]g (x") are currents interacting by the mediation of the photon field.

364

local /jillana

Comments || About the propagator and the polarization states

> The piece DY of the propagator, in the reference frame we have chosen,
p C propag

/d4x/d4 , 15 (%)) (x)(S(x — X0y,

47t|X¥ — X'

contributes with

which is nothing but the instantaneous Coulomb interaction of both charge
densities /2(x) and j2(x’) in the same instant of time!

> As for the Remaining piece D V, note that (8) in momentum space is
&P p

4 ~
R SCLACING

and the currents are conserved, namely, 9,j*(x) = 0 or k,j#(k) = 0. Therefore the
terms proportional to k¥ or k¥ in f)?v are irrelevant and f)]]év(k) does not contribute
to the interaction. This is the reason why the "t Hooft-Feynman works: if we had
not taken ¢ = 1 there would be extra terms in the propagator proportional to
k¥k¥, that would be irrelevant because they couple to a conserved current.
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Comments || About the propagator and the polarization states

> We see that field of the electromagnetic interaction has a triple nature:*
1. One part is completely arbitrary (due to the gauge invariance);

2. Another one, the so called constrained field (the coulomb interaction, in the
reference frame we have chosen), is completely determined by the sources;

3. And the third part is dynamical, consisting of independent degrees of
freedom, is the pure electromagnetic radiation, that in quantum
electrodynamics corresponds to the photons.

4This also happens with the rest of fundamental interactions.
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Comments || About the propagator and the polarization states

> The dynamical contribution, present even in absence of sources, can be
subdominant with respect to the constrained contribution.

> It is the Coulomb interaction that explains in first approximation the atomic
structure of hydrogen: the Coulomb potential is given by the position of the

electron.

> The quantization of the atomic energy levels has to do with the fact that position
is an operator in quantum mechanics, not commuting with the momentum
operator, and hence the Hamiltonian has a discrete spectrum. However notice that
the quantum degrees of freedom of the electromagnetic field do not play any role
at this point. The truely quantum effects of the electromagnetic field manifest as a
small correction (the Lamb effect, for instance).
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Comments || About the relative signs of diagrams

= In QED we work with fermion fields and we have seen already that one has to be -
careful because the Wick contractions of these fields can give rise to relative signs °
between several diagrams contributing to the amplitude of a given process.
Remember that one has to see whether the reordering of spinors corresponds to
an even or an odd permutation. We show a few examples below.

— Bhabha scatttering: ete™ — eTe™

3 2 3 2
\\
4 14— 1
U102T3Uy —U U030
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Comments || About the relative signs of diagrams

— Moller scattering: e"e™ — e e~
4 3 4 3
\{ }
ol s 1 2 1
UiUU3UY —UU4U3U>

2 1 2/ 1 2 1

Uiy +uiun

— Compton scattering: ey — ey (no change of sign!)
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Comments || About identical particles

» Remember that when there are identical particles in the final state (for example,
17, eTet, e”e™) the total cross section is

1 do

Comments || About vector boson polarizations

— The case of a photon.
The photon has two (transverse) polarization states. Take the reference frame
where k* = (w, 0,0, w) (Lorentz covariance ensures that our conclusions will be

independent of this choice). Then, they can be
linear: €*(k,1) = (0,1,0,0), #

e’(k,2) = (0,0,1,0)
elliptical: € (E,L) = (0,cos6,isinf,0), €

k,2
H(k,R) = (0,cos 6, —isin,0) .

In any case, summing over polarization states,

100 O
S - 000 O

6‘* k,A € k,)\ = — +Q P Q —
; y( Jev(k,A) Suv pv pv 000 0
000 -1

Let us see that, due to gauge invariance, one can ignore in practice the term Q.

local/jillana
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Comments || About vector boson polarizations

— The case of a photon.
In fact, the amplitude of an arbitrary process in QED involving an external
photon of momentum k (take an outgoing photon) can be written without loss of
generality as

M(k,A) = €;,(k, A) M (k)
and any observable, in this reference frame, will be proportional to

;IM(E?\)F = Y ek Aeu(k )M (k)M (k)

A=1,2

local/jillana

= [M(K)]? + [MP(R) . )
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Comments || About vector boson polarizations

— The case of a photon.
We know that the photon field couples to a conserved current by an interaction
[ d*x j#(x)Au(x), with 9,,j#(x) = 0, so

—

") = [t e (] 1)

where initial and final states include all external particles except for the
concerned photon.

Because the gauge invariance must be preserved also at the quantum level, from
the current conservation and the expression above we have?®

K MEE) =i / dx & (£19,/#(x) i) =0 (Ward identity)
= kyMP (k) = wMO (k) — wMB(k) = 0= MO(k) = M3(k) .

ao—/d4xa e (f] 1 (x) |i) | = ik /d‘*xel"" (fl*(x /d4xe‘k" (fl o™ (x) ]i).

local /jillana
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Comments

About vector boson polarizations

— The case of a photon.

Therefore we can rewrite (9) as

Y. ek, Aey(k, A) M (k)M (k)

A=1,2

= M)+ [MP(K)P + |MP(R)]P = | MO k)2

that corresponds to replacing

;e;(k‘,mev(ﬁ,m — —&uv

(not an equality!)

Comments

About vector boson polarizations

— The case of a massive vector boson.

A massive vector bosons has three degrees of polarization (one longitudinal and

local/jillana
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two transverse). In this case we can choose the rest frame, k* = (M, 0,0,0) and the

polarization states

e(k,1) = (0,1,0,0), €"(k,2) =(0,0,1,0), e*(k,3)=(0,0,0,1) .

Summing over polarizations,

ZGZ(%/ )\)61,(%, A) = —Suw+Quw, Quw=

A

valid in the rest frame.

o o O -
o O o O
o O o O
o O O O
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Comments || About vector boson polarizations

— The case of a massive vector boson.

We can obtain the expression valid for k* = (k°,k) with M2 = (k%) — k2

performing a boost with v = k%/M, 'yﬁ =k/M,

Y B vB2 YB3

T vB1 R.
O] A

YB3

leading to

Comments || Crossing symmetry and Mandelstam variables

local/jillana
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» The matrix elements of processes like 1+2 — 3 +4 and 1+ 3 — 2 + 4 are related

by the so called crossing symmetry: the S matrix is the same replacing the

momenta accordingly.
1 3 3 4

crossing

A
N 7

1+2—+>3+4 1+3—>2+4

> In this case,

Crossin
ki, ko — p1, p2 < &, ki, —p1 — —ko, p2
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Comments || Crossing symmetry and Mandelstam variables

Before giving some examples of processes whose amplitudes are related by the
crossing symmetry, it is convenient to introduce the Mandelstam variables that
result very useful to describe the kinematics enabling a simple application of this
symmetry.

For the same process of previous example,
s= (ki +k2)? = (p1+ p2)°
crossing
_ — )2 — — k)2 t ¢ > (t
t= (k1 —p1)° = (p2—ka) (5t u) === (b 5, u)
u=(k1—p2)* = (p1— k)

It is easy to check that

s—l—t—l—u:Zm%
i

(the sum of squared masses of the four external particles)
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Comments || Crossing symmetry and Mandelstam variables

> Then, in terms of Mandelstam variables, the kinematics of the process prev1ously ]

studied in detail, eTe™ — u*u~, reads

q =s,
(pik1) = (p2ka) = (m* + M> —1)/2,
(pik2) = (p2k1) = (m* + M* —u)/2,
(p1p2) = (s — Mz)/2
(kika) = (s —2m*)/2

leading to

| I

R (O]

ri S

We say that this reaction proceeds through the s channel.

local/jillana
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Comments || Crossing symmetry and Mandelstam variables

= The crossing symmetry allows us to write the amplitude of the “crossed” process -
etu~ — ey~ exchanging s with t in previous expression, :

Cr Mt el =S () + (3)]

ri S;

This proceeds through the t channel:

e L M L
crossing
sert
e i ol = e
ete” = utu~ etu — ety

380
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Comments || Crossing symmetry and Mandelstam variables

» Other examples, where two channels contribute, are:

- | crossing / %5
) S<>u ’
_— e

Bhabha Moller
ete” —ete” e e —e e
\\
/l/\/l ) crossing . &:\
) S<>t ’ S\'
//
Compton Annihilation

yeo — ye~ ete™ — vy
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7. The Standard Model

382

— Gauge Theories

local /jillana

> The gauge symmetry principle

> Quantization of gauge theories

— Spontaneous Symmetry Breaking
> Discrete symmetry

> Continuous symmetry: global vs gauge

e The Standard Model

> Gauge group and particle representations

— Electroweak interactions
> Case of one family
> Electroweak SSB: Higgs sector, electroweak gauge boson and fermion masses
> Additional generations: fermion mixings (quark sector)
> Complete Lagrangian and Feynman rules

> Electroweak phenomenology

Strong interactions
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Gauge Theories

The symmetry principle || free Lagrangian

» In addition to | spacetime | (Poincaré) symmetries, the free Lagrangian

(Dirac)  |Lo = P(ig—m)p| I=1"3,, =y

= Invariant under | internal | global U(1) phase transformations:

P(x) = ¢ (x) =e Py(x), Q, 0 (constants) € R

= By Noether’s theorem, divergentless current:
JH = Q@'r”lp, ayjﬂ =0

and a conserved «charge»

o= [@xg’, 4Q=0
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The symmetry principle || free Lagrangian

» A|quantized | free fermion field:

_ d3p (8) ( 2\ a—ipx t . (5) (3)aipx
www—/a;———-z(@w (F)e™ 7 + b5 o) (e

)31 /ZEF_" 5=1,2

— is a solution of the Dirac equation (Euler-Lagrange):

(7~ mp(x) =0, (f—mu(F)=0, (§+mp(p)=0,

— is an operator from the canonical quantization rules (anticommutation):

{aﬁ,r, ﬂis} = {bﬁ,r, b%/s} = (27{)353(;—9’ —k)ors , {aﬁ,r'”ﬁs} =...=0,
that annihilates/creates particles/antiparticles on the Fock space of fermions
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The symmetry principle || free Lagrangian

» For a [quantized | free fermion field:

= Normal ordering for fermionic operators (H spectrum bounded from below):

= The Noether charge is an operator:*
_ d3
_ 3, . Oy - — p
Q —Q/dx .quytp.—Q/(zn)S

t _ t : T _ t S
Q a 0) = +Q a . |0) (particle), Q bE,s 0) = —-Q b |0) (antiparticle)

t t
)3 (aﬁ,suﬁfs —b ﬁ,sbﬁfs)
s=1,2
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The symmetry principle || gauge invariance dictates interactions

» To make £ invariant under local = gauge transformations of U(1):

Pp(x) = ¢ (x) =7 PWy(x), #=6(x) €R
perform the minimal substitution:
dy — Dy = 9, +ieQA, (covariant derivative)

where a gauge field A, (x) is introduced transforming as:

Au(x) = AL(x) = Ay(x) + %aﬂe(x) <« [Dyyp s e @D,y G0y inv.

= The new Lagrangian contains | interactions | between ¢ and A,:

L O T coupling e
Fint eQ¥ Y] o { charge Q

(= —e J"4,)
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The symmetry principle || gauge invariance dictates interactions

» Dynamics for the gauge field = add gauge invariant kinetic term:

1

— The full U(1) gauge invariant Lagrangian for a fermion field (x) reads:

_ 1
»Csym = ¢(ID - m)ll) - ZFyVF'uV (: £O + Eint + £1) (QED)

— The same applies to a complex scalar field ¢(x):

Logm = (D) D' — 129 — A(9*9)* — FuF™  (sQED)
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The symmetry principle

non-Abelian gauge theories

» A general gauge symmetry group G is a compact N-dimensional Lie group

geG

, g(@) —e L 5=1,... N

local/jillana

0" =6"(x) € R, T, = Hermitian generators, [T, Tp] =ifm.Tc (Lie algebra)

structure constants: f,;,c =0 Abelian

fare 70 non-Abelian

= Unitary finite-dimensional irreducible representations:

g(6) represented by U(6)

d x d matrices : U(f) [given by {T,} algebra representation]

1
d-multiplet: ¥(x) — ¥ (x) = U ¥(x), ¥=|:
Ya
The symmetry principle || non-Abelian gauge theories
» Examples: G ‘ N  Abelian
u() 1 Yes
SU(n) | n*> -1 No (n X n unitary matrices with det = 1)

¢ U(1): 1 generator (g), one-dimensional irreps only

e SU(2): 3 generators

fave = €ape (Levi-Civita symbol)
o Fundamental irrep (d = 2): T, = 50, (3 Pauli matrices)

adj

o Adjoint irrep (d = N = 3): (Ts)pe = —ifape

e SU(3): 8 generators
f123 =1, fasg = fers =

é, fia7 = fise = foae = foa7 = faus = —fae7 = 3

o Fundamental irrep (d = 3): T, = 1X4 (8 Gell-Mann matrices)

adj

o Adjoint irrep (d = N = 8): (T, ")pe = —ifapc

(for SU(n): f,p. totally antisymmetric)
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The symmetry principle || non-Abelian gauge theories

» To make £ invariant under local = gauge transformations of G:

Lo=F(g—m¥, YY) —¥x)=UGMY¥1x), 6§=0x cR

substitute the covariant derivative:

9y — Dy =3, —igW,, W, =T,W;

where a gauge field Wj(x) per generator is introduced, transforming as:

Wa(x) = Wi(x) = UN, (U —>@,U)u" < [D,¥ — UD,¥
—— &

adjoint irrep

= The new Lagrangian contains |interactions | between ¥ and W;:

Lint =g ‘?’)/VT“‘FWZ oS {

(=8 Ji W)

coupling ¢
charge T°

The symmetry principle || non-Abelian gauge theories

» Dynamics for the gauge fields = add gauge invariant kinetic terms:

. 1 ~ =
(Yang-Mills) |Lym = —ETr {WWWW} =

1 a a,uv
—

v —
= Wi, =0, W) — 0, Wi + gfanc WiWE

¥YDVY inv.

= Lywm contains cubic and quartic | self-interactions | of the gauge fields Wy:

1
Lagn = =7 (8,7 — 3, Wj) (W™ — W)

1
‘Ccubic = _ngabc (ang - BVWZ)Wb’VWC’V

1
['quartic = _Zngabg f cde Wﬁ W5 WEHWAY

local/jillana
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Wy = T,W8, = D,W, — D)W, = 3, W, — 3, W, —ig[W,, W,] < Wy, — UW,,U"
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Quantization || propagators (particle interpretation of field correlators)ié

» The (Feynman) propagator of a scalar field:

4 ; ,
Di(r=3) = O T ) 10) = [ S F e v

(Feynman prescription ¢ — 07)

is a Green’s function of the Klein-Gordon operator:

2 iot D i
(Ox +m7)De(x —y) = —i0°(x —y) DF(P):m

» The propagator of a fermion field:
4

Se(x =) = O T{YFW} 0) = -+ m) [ G hem e

is a Green’s function of the Dirac operator:
i

(i0x —m)Sp(x —y) =id*(x —y) < Sp(p) = J—mtie
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Quantization of gauge theories || propagators

» HOWEVER a gauge field propagator cannot be defined unless £ is modified:

(e.g. modified Maxwell) L= —113;“,1-"7‘”—21—(:(8”14#)2

4

oL oL 1
_ . nv uAv
Euler-Lagrange: A, 8”8(6;4 0 0 = [g O— (1 - E) oo } Ay, =0

— In momentum space the propagator is the inverse of:

) 1 ~ i k,k
g (1)l > Bult) = g | (- 07|

= Note that (—k?¢"” + k#kV) is singular!
= One may argue that £ above will not lead to Maxwell equations ...

unless we fix a (Lorenz) gauge where: (remove redundancy)
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Quantization of gauge theories

gauge fixing | (Abelian case)

» The extra term is called Gauge Fixing;:

Lk = —i(ayAy)z

2¢

= modified £ equivalent to Maxwell Lagrangian just in the gauge 0" A, =0

= the ¢-dependence always cancels out in physical amplitudes

» Several choices for the gauge fixing term (simplify calculations): Rz gauges

('t Hooft-Feynman gauge) ¢ =1:

(Landau gauge) ¢ =0:

18w
k2 +ie

Dy (k) =

- i kyky
B () = e | ~am+ |

Quantization of gauge theories

gauge fixing | (non-Abelian case)

» For a non-Abelian gauge theory, the

gauge fixing terms:

Lcr = _ZZCa CATHE

1

a

allow to define the propagators:

o | 8wt (1- @z)k—z

HOWEVER, unlike the Abelian case, this is not the end of the story ...

local/jillana
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Quantization of gauge theories || Faddeev-Popov ghosts | (x)

s/local /jillane

= Add Faddeev-Popov ghost fields ¢, (x), a =1,..., N: ('t Hooft-Feynman gauge)?

—_\ adi ~ . adj Y
Lyp = (a“ca)(D; ])abcb - (aycﬂ)(ayca - gfabccbwy) = D; = ay - 1gT; ]W;Cz

Computational trick: anticommuting scalar fields, just in loops as virtual particles
— Faddeev-Popov ghosts needed to preserve gauge symmetry:

i } Self Energy
(® (b)

= Iy = i(k*guw — kyky ) T1(K?)

rmrn M Ward identity: k*IT,, =0
(©
with
_ i5
D, (k) = k21 —T—bie [(—1) sign for closed loops! (like fermions)]
398
Quantization of gauge theories || Full quantum Lagrangian f“
» Then the full quantum Lagrangian is |

Lsym + Lgr + Lrp

= Note that in the case of a massive vector field

1 1
(Proca) L = = FuF" + S M?A, A"
I\
it is not gauge invariant!!! 41 o) What about the gauge principle???
N
— The propagator is:
~ i k*kY
Dulk) = et <_g”“ e )
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Spontaneous Symmetry Breaking

400
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Spontaneous Symmetry Breaking || discrete symmetry

» Consider a real scalar field ¢(x) with Lagrangian:

L= %(ayq;)(aﬂ(p) - %yz(pz — %(])4 invariant under ¢ — —¢
V()

4
= =S+ (V9P + V() / /
¢

1 1
V:_22 —A4
P+ A

0

u?, A € R (Real/Hermitian Hamiltonian) and A > 0 (existence of a ground state)
(@) 4 > 0: min of V(¢) at ¢pq =0

_ 2
(b) 42 < 0: min of V(¢) at ¢pg = v = + T” in QFT (0| ¢ |0) = v # 0 (VEV)

— A quantum field must have v = 0

a|0) =0 = d(x)=v+n(x), (0/7]0)=0
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Spontaneous Symmetry Breaking || discrete symmetry

» At the quantum level, the same system is described by 7(x) with Lagrangian:

L = %(ayﬂ)(ayﬂ) — szﬂz — /\0173 — %;74 + i/\,vj‘ not invariant under # +— —y
(my = V2A0)

= Lesson:

L(¢) had the symmetry but the parameters can be such that the ground state of
the Hamiltonian is not symmetric (Spontaneous Symmetry Breaking)

= Note:

One may argue that £(17) exhibits an explicit breaking of the symmetry. However
this is not the case since the coefficients of terms 72, % and 7* are determined by
just two parameters, A and v (remnant of the original symmetry)
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Spontaneous Symmetry Breaking || continuous symmetry

» Consider a complex scalar field ¢(x) with Lagrangian:

L= (au4’+)(ay4’) —u?pTp — A(¢'p)? invariant under U(1): ¢ — e Q%

2 v —u?
A>0,u”<0: <0‘4)|0>EE, lv| = —

Take v € R™. In terms of quantum fields:

¢(x) = —=[o+n(x)+ix(x)], (0]7]0) = (0]x]0) =0

Nk

1 1 A 1.,
L= 5 @um)(0") + 5 (9ux)(9"x) = Av*y* = Aon(* + x7) = L (n + 1) + A"
Note: if vel* (complex) replace 17 by (17 cosa — xsina) and x by (17sina + x cosa)

= The actual quantum Lagrangian £(#, x) is not invariant under U(1)

U(1) broken = one scalar field remains massless: my, = 0, m; = v2A 0
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Spontaneous Symmetry Breaking || continuous symmetry

= Another example: consider a real scalar SU(2) triplet ®(x)

L= %(aﬂqﬁ)(aﬂ@) — %yZCDTCI) — %(CI)T@)Z inv. under SUQ2): @ — e 1 T""®
that for A > 0, u? < 0 acquires a VEV (0| ®T® |0) = 2 (1% = —Av?)
¢1(x) 1
Assume ®(x) = @2(x) and define ¢ = ﬁ(q)l +1i¢»)
v+ ¢3(x)

1 A 1.
L= (0,9")(0"9) + 5 (0, 93) (9" p3) — A0’ @3 — A0 (29" @+ 93) 3 — 7 (299 + 93)*+ 10"
= Not symmetric under SU(2) but invariant under U(1):
¢ — e (Q = arbitrary) p3— @3 (Q=0)

SU(2) broken to U(1) = 3 — 1 = 2 broken generators

= 2 (real) scalar fields (= 1 complex) remain massless: my = 0, mgy, = V2A0
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Spontaneous Symmetry Breaking || continuous symmetry

= Goldstone’s theorem: [Nambu '60; Goldstone '61] 2

The number of massless particles (Nambu-Goldstone bosons) is equal to the number of
spontaneously broken generators of the symmetry

Hamiltonian symmetric under group G = [T%,H] =0, a=1,...,N
By definition: H|0) =0 = H(T"|0)) =T"H|0) =0

—If |0) is such that T” |0) = 0 for all generators
= non-degenerate minimum: the vacuum

—1f |0) is such that T? |0) # 0 for some (broken) generators a’
= degenerate minimum: chose one (true vacuum) and e=iTe" |0) # |0)

i nd
= excitations (particles) from |0) to e 77" ¥ |0) cost no energy: massless!
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Spontaneous Symmetry Breaking || gauge symmetry

» Consider a U(1) gauge invariant Lagrangian for a complex scalar field ¢(x):
1 .
L= _ZF;WFW + (Dy‘P)Jr(DM‘P) —19Te—A(p'9)*, Dy = du +ieQAy,

inv. under ¢(x) — ¢'(x) = e PWp(x), A,(x) — Ay(x) = Au(x) + EBVQ(JC)
IfA >0, yz < 0, the £ in terms of quantum fields # and x with null VEVs:

p(x) = —=[v+n(x) +ix(x)], w>=—-A0? Comments:
\/_
1 1 1 . _
L= ZFwF™ + 2 @um) (@) + 50200 (%) (1) oy = Y 240
m —
A 1., x
— Ao | = Aoy (7 + x%) — Z(’? + X% + 1/\04 (i) My = |eQu] ()
+ eQuA ot x [+ eQA, (10" x — x'n) (iii) Term A,0"x (?)
1 1 (iv) Add Lgr
+ 5(eQ)? Ay AM |+ 2 (eQ)* Ay AM (1 + 201 + 1)
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Spontaneous Symmetry Breaking || gauge symmetry

= Removing the cross term and the (new) gauge fixing Lagrangian:

Lcr = g(a WAl — EMax)?

total deriv.

1 v Lymo 1 2,7 RN
1 1
+ i(auX) (0"x) — ECMixXZ +...
and the propagators of A, and x are:
~ i kyk,
D,y (k) = — 1 &) —Hr"Yv
~ i
D(k) =
(®) — M3 + e

= X has a gauge-dependent mass: actually it is not a physical field!

407



local/jillana

Spontaneous Symmetry Breaking || gauge symmetry

» A more transparent parameterization of the quantum field ¢ is

¢(x) = eng(x)/”%[v +1(x)], (0]1]0) = (0] £]0) =0

() > € p(x) = —fo 4 y(x)] = { gauged away!

1 1 Comments:

L =— —FF" 4 ~(0,1) (")
4 2 (i) my = V270

A 1.,
2.2 3 4 4
— Av N — )\UT] — ZU + i/\d (11) MA — ’er|

+ %(QQU)ZAVAV + %(eQ)zAﬂAV(ZUU + 172) (iii) No need for Lgg

= This is the unitary gauge ({ — o0): just physical fields

k,k

- i uky
2
My

D,, (k) —
pv (K) kZ—Mi—Fié‘

_g]/“/ _|_

] and D(k) — 0
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Spontaneous Symmetry Breaking || gauge symmetry

= Brout-Englert-Higgs mechanism: [Anderson 62]
[Higgs '64; Englert, Brout '64; Guralnik, Hagen, Kibble "64] z

The gauge bosons associated with the spontaneously broken generators become massive,
the corresponding would-be Goldstone bosons are unphysical and can be absorbed,
the remaining massive scalars (Higgs bosons) are physical (the smoking gun!)

* The would-be Goldstone bosons are ‘eaten up’ by the gauge bosons (‘get fat’)
and disappear (gauge away) in the unitary gauge (§ — o)
= Degrees of freedom are preserved

Before SSB: 2 (massless gauge boson) + 1 (Goldstone boson)

After SSB: 3 (massive gauge boson) + 0 (absorbed would-be Goldstone)

¢ For loops calculations, 't Hooft-Feynman gauge (¢ = 1) is more convenient:
= Gauge boson propagators are simpler, but

= Goldstone bosons must be included in internal lines
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Spontaneous Symmetry Breaking

gauge symmetry

» Comments:

* After SSB the FP ghost fields (unphysical) acquire a gauge-dependent mass,

due to interactions with the scalar field(s):

10,41

IN)ab (k)

* Gauge theories with SSB are renormalizable

"k

2 - gaszva + iS

local/jillana

[t Hooft, Veltman "72]

UV divergences appearing at loop level can be removed by renormalization of

parameters and fields of the classical Lagrangian = predictive!
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The Standard Model

411



SM: Gauge group and particle reps

[Glashow '61; Weinberg ‘67, Salam ’68] f:
[D. Gross, F. Wilczek; D. Politzer '73] 2

» The Standard Model is a gauge theory based on the local symmetry group:

SU(3). ®SU(2)r ® U(1)y — SU(3)
N AN - L,

strong

electroweak

c® U(l)Q
——
em

with the electroweak symmetry spontaneously broken to the electromagnetic

U(1)o symmetry by the Brout-Englert-Higgs mechanism

» The particle (field) content:

(ingredients: 12 flavors + 12 gauge bosons + H)

Fermions I II | II Q Bosons
spin % Quarks | f || uuu | ccc | fttt % spin 1 | 8 gluons || strong interaction
f' || ddd | sss | bbb || —1 W+, Z weak interaction
Leptons | f Ve v, | v 0 % em interaction
f e u T —1 || spin 0 | Higgs origin of mass
Qf = Qs +1

SM: Gauge group and particle representations
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» The fields lay in the following representations (color, weak isospin, hypercharge):

= Electroweak (QFD): SU(2);®U(1)y

Multiplets | SU(3). ® SU(2). ® U(1)y I 11 I Q= T>+Y
Quarks (3, 2, %) (uL) (CL) (tL> % - % * é
dr SL b —1=—-1+1
3,1 3) UR CR tr = 0+3
3,1, —3) dgr SR br —1= 0-1
Leptons 1,2 —3 (Vq ) (Vﬂ t ) (VTL ) 0= 22
er ur o —1=-3-1
1,1,-1) er MR TR 1= 0-1
(1,1,0) Ver Vi Vg 0= 040
Higgs 1,2 3) (3 families of quarks & leptons) UNIVERSAL

Strong (QCD): SU(3),
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Electroweak interactions

414
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The EWSM with one family | (of quarks or leptons)

» Consider two massless fermion fields f(x) and f’(x) with electric charges
Qf = Qp + 1 in three irreps of SU(2),®U(1)y:

_ — 1 1 /
L0 =ifgf+if df fri=50£7)f, frp=50£75)f
= i‘?]aqjl + 1@231702 + 1@331/)3 ; Tl = (f%) s 1702 - fR ’ 1P3 = fI/{
fi v )
—— (L}/Z) (1’ y3)

(2,y1)

» To get a Langrangian invariant under gauge transformations:

. i . i
Yi(x) — UL(x)e_lylﬁ(x)‘Yl (x), Up(x)= e iTa(x) Tl — % (weak isospin gen.)

Po(x) > e 2P, (1)
P3(x) > e WPy (x)
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The EWSM with one family || covariant derivatives

= Introduce gauge fields W;l(x) (i=1,2,3) and By (x) through covariant derivatives:

L ~ g
D,¥1 = (9, —igW, +1g’y1BV)‘P1 , Wy = >

Duypr, = (874 +ig,3/23ﬂ)l/72
Duy3 = (9 +ig'y3By) 3

where two couplings ¢ and ¢’ have been introduced and

i
WV

= |Lr| (P.€)

W) = U (3) W ()L 3) = = (L1 () U )

By (x) — By(x) + llayﬁ(x)

8
= Add Yang-Mills: gauge invariant kinetic terms for the gauge fields
1. . 1 , . , e
Lym|= — Wi W — 1BwB" Wy, = 8, W, — 0, W, + ge WL Wk

(include self-interactions of the SU(2) gauge fields) and By, = 9,B, — 9, B,
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The EWSM with one family || mass terms forbidden

= Note that mass terms are not invariant under SU(2); ®U(1)y, since LH and RH
components do not transform the same:

mff =m(frfr + fr/L)

= Mass terms for the gauge bosons are not allowed either

= Next the different types of interactions are analyzed,
and later the EWSB will be discussed
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The EWSM with one family || charged current interactions
- — 1 w3 V2w!
. LrDg¥1y"W,¥1, W, =2 ) g
F 8Ty VW, 1y U 2(\/§Wy —Wf;’)

= charged current interactions of LH fermions with complex vector boson field Wy,:

Loc = %fﬂﬂ fIWS + hee.

- 2%7%(1 —15)f'W) +he., W, = %(wﬁ +iW2)
er dr
4% 4%
%8 ur
VL ur
W 4%
er dp
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The EWSM with one family || neutral current interactions

» The diagonal part of
Lr D Y17 Wy¥1 — &'Bu (i F1v" 1 + y21,7 "2 + ya37 ! 3)

= neutral current interactions with neutral vector boson fields Wﬁ and B,

We would like to identify B, with the photon field A, but that requires:
yi=y2=y3 and g'y;=eQ; = impossible!

= Since they are both neutral, try a combination:
Wﬁ _[ew —sw Zy Ssw =sinfyy , cw = cosOy
B, \sw ew Ay O = weak mixing angle
>, _ 3 / 3 /
Lne =) " {— {gSWT +8 CW]/]} Ap+ [gCWT -8 sWy]} Zy} ¥
j=1

with T3 = ? (0) the third weak isospin component of the doublet (singlet)
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The EWSM with one family || neutral current interactions

» To make A, the photon field:

(1) [e=gsw=gew| (2|Q=T"+Y

Qr 0 _ _o.
0 Qf/) ’ QZ_Qf/ Q3 Qf

where the electric charge operator is: Qp = (
/
= (1) Electroweak unification: ¢ of SU(2) and ¢’ of U(1) related to e = —‘;’Ji —
V&8 T&

= (2) The hyperchages are fixed in terms of electric charges and weak isospin:

1 1
Nn=Qr—5=Qr+5, 1»=Q, =0

Logp = —e QefY'f Ay + (1)

= RH neutrinos are sterile: y, = Qf =0
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The EWSM with one family || neutral current interactions

n The Zy is the neutral weak boson field:
Lﬁc :effy”(vf—af%)f Zy +(f=f)
with
3 2 3
TfL —2Qrsy B TfL

ZSWCW

Z)f:

» The complete neutral current Lagrangian reads:

Lne = »CQED —+ ‘CI%IC

f:u’d’e f:u/dle/e

421



local/jillana

The EWSM with one family || gauge boson self-interactions

» Cubic:
Lym D L3 = 1ZCWW {WWW — WhWHZ w;wUZW}
+ie {WWWJAV — W WHAY W;WVF’““}
with

P‘uy — a‘uAy - aVAV Z]ll/ — a]/[Zy - ayZV W;“/ — aywl/ - aVWy
W W
g wtt:’ Z Wli:’
W W

422

local /jillana

The EWSM with one family || gauge boson self-interactions

= Quartic:

€

Lym D Ly = {(W*WV W;[WP”WVWV}

N
N Ll

Wiwrz,z" — W;Z”WVZV}

QEI\J

- {
o
W;WVA AV — W;AVWVAV}

L,

Note: even number of W and no vertex with just y or Z

2WIWHFZ, AY — WIZFW, A — w;AVW,,ZV}

|
/—/H E
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Electroweak symmetry breaking || setup

= Out of the 4 gauge bosons of SU(2), ®U(1)y with generators T!, T?, T3, Y we
need all to be broken except the combination Q = T° + Y so that A, remains
massless and the other three gauge bosons get massive after SSB

= Introduce a complex SU(2) Higgs doublet

_ (e _ 10
q’<¢o)' <oq>o>ﬁ(v)

with gauge invariant Lagrangian (4> = —Av?):

Lo|= (Du@)'DFD — 20t — A(@T®)2, D@ = (3, — igW, +ig'yoB,) @

takeyq>:% = (T3—|—Y)<O> :Q<O> =0
v v

{1, 72, 7% - }( ) £0
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Electroweak symmetry breaking || gauge boson masses

» Quantum fields in the unitary gauge:

d(x) = exp { ;T;Gi(x)} % (v + (I)—I(x))

1 physical Higgs field

i 0 H
O(x) s exp {—iiel(x)} O(x) = = - HE)
20 V2 \v+H (x) 3 would-be Goldstones
6'(x) gauged away

— The 3 dof apparently lost become the longitudinal polarizations of W* and Z that
get massive after SSB:

§0% ot g0’ 1
Lo DLy = W, WH + - g2 5 ZuZl = My = Mzcy = 8v
N ¢ g

2 ~—— custodial

Miy %M% symmetry
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Electroweak symmetry breaking || Higgs sector

= In the unitary gauge (just physical fields): Lo = Ly + Ly + Lygyz + ;A0

MZ MZ
Ly = %a#HaﬂH g Mg Mg oy, o \ —2u2 = V2A0

2 20 802
¢'H H S ,’H
,/ ~ ,/
H""‘ \,of
N P A Y
N P [N
A Y ’ \
“H H~* “H

2 H? 1 2 H?
—ax2 wrt 2
ﬁM—f—ﬁHvz—MWW‘uWy {1+5H+?}+§MZZVZV{1+5H+?}

=
=
=
N
7
N
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Electroweak symmetry breaking || Higgs sector

» Quantum fields in the Rz gauges:

(x) = 77 () o) = o ()
Lo H(x) +ix()

1.,
£q> - »CH + »CM + ‘CHVZ + ZL/\Z,?_L
_ 1
+ (9:97)(9"97) + 5 (010 (9" x)
+iMy (W, 0T — Widle™) + Mgz Z,0"x
+ trilinear interactions [SSS, SSV, SVV]

+ quadrilinear interactions [SSSS, SSVV]
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Electroweak symmetry breaking || gauge fixing

s/local /jillana

s To remove the cross terms Wyaﬂclﬁ, WI’; ¢, Z,0"x and define propagators add: f

b

Lcr|=

1 1
0,AM? — — (9, Z* — E;Mox)? — — 0, WH + ifwMwo |2

= Massive propagators for gauge and (unphysical) would-be Goldstone fields:

~ i kyky
D;Z,(k) T tie [_gyv +(1- gv)k_z]

- i k,k ~ i

Py = — e 1 L] . DAk =

0= g o 0 N T
- i k,k ~ i

DY (k - |- 1-—- — ] ; D?(k) =

k) kz_MgﬁiE[ St =g e v, N T AT

('t Hooft-Feynman gauge: { = {z = ¢w = 1)

Electroweak symmetry breaking || Faddeev-Popov ghosts | (x)

= The SM is a non-Abelian theory = add Faddeev-Popov ghosts c¢'(x) (i = 1,2,3)

C;

= s, E=s(umu), S=avuz—swin

Lrp = (9#¢") (3’ — ge'lkc Wlf) + interactions with &

U kinetic + [UUV] U masses + [SUU]

= Massive propagators for (unphysical) FP ghost fields:

~ 1 ~ 1 ~ 1
DU (k) = ——, D'(k) = , DU (k) =
(k) k2 +ie (k) K2 —ZzM2 +ie (k) k> — CwM3, + ie

('t Hooft-Feynman gauge: {7z = ¢w = 1)

428

429



Electroweak symmetry breaking

Faddeev-Popov ghosts | (x)

Lrp = (9,1y)(0"uy) + (0utiz) ("uz) + (9,14 ) ( uy ) + (9,1 ) (o u_)
(ie[(3uy )uy — (M )u_]A, — f”“[(aﬂu+)u+ — ("1 )u_)Z,
W
[UUV] { —ie[(o 1y )uy — (ai’ﬂv)u,}W; + w;/\‘;v[(a“u+)uz — (ayﬁz)u,]w;[
|+ ie[(0" 7 )iy — (3VTy )us W, — icww (0" Yuz — (g )us W,
— éZM% UzUy — (ZWM%/\/ Uity — éWMév U_u_
( . _ 1 -
—ely My iy WCWH”Z " e (Tu_+¢ u+)1
) 2@ \]
[SUU] { —eCywMw U K(H +ix)uy — ¢t | uy — Y Uy
| [ 1 2 =%\
—eCwMpy 1_ m(H —ix)u_ — ¢~ (”7 -~ C;«/SW;\,W u )

Electroweak symmetry breaking

fermion masses

» We need masses for quarks and leptons without breaking gauge symmetry

= Introduce Yukawa interactions:

Ly = —A4 (ﬁL

(0F3
where &° = i d* = ?

a.) (‘(’;;) dx— A (w0 d1) (¢> ux

— Ay (17L ZL> (j;) lr —

+
( qb) transforms under SU(2) like & = (ZO)

qu*

Ay <1/L !)L> (4)::) VR

= After EW SSB, fermions acquire masses:

Ly D —%(erH) {Ad3d+)\uﬁu+)»ﬂ£+m/ w} = mp=As Y

V2
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Additional generations || Yukawa matrices

» There are 3 generations of quarks and leptons in Nature. They are identical c0p1es
with the same properties under SU(2); ® U(1), differing only in their masses

= Take a general case of n generations and let ull , dll , II , EZI be the members of

family i (i =1,...,n). Superindex I (interaction basis) was omitted so far

= General gauge invariant Yukawa Lagrangian:

+ 0%
l=-y4 (@ @) |7, ) A+ [ 7] a0,

o) 7 —¢=) 7
+ 0

+<v1L ZfL) ? 0y +<¢ )AI;) Lt +he
¢° —¢

where /\5]4), )\Ej”), )\(. ), /\ ) are arbitrary Yukawa matrices

* Neutrinos are special: vg’s do not exist in the SM (then how about oscillations!?).
Light v masses are possible Beyond SM if v; and Ny are Majorana fermions
or in SMEFT (dim-5 Weinberg operator), involving Lepton Number Violation

432

local /jillana

Additional generations || mass matrices

= After EW SSB, in ng-dimensional matrix form:
H — _
Ly - (1+;) (@ Mydh + af Mok + MG+ 70 M0k + he)

with mass matrices
v = Y _ 0 v _ W
i /2 (My);; = Aj NG (My);; = Ay (My);; = A
= Diagonalization determines mass eigenstates dj, uj, Ej, v;

in terms of interaction states d]l , u][ , 6]1. , 1/]-1 , respectively

(Md)z] = )\( :

= Each Mf can be written as

with H F=/M fM;E a Hermitian positive definite matrix and &/ r unitary
— Every H can be diagonalized by a unitary matrix S f
— The resulting M 5 is diagonal and positive definite
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Additional generations || fermion masses and mixings

s In terms of diagonal mass matrices (mass eigenstate basis):

M, = diag(my, ms, my,...), M, = diag(m,, m.,my,...)
M, = diag(me, my, me,...), M, = diag(m,, My, My, - - )

H\ (= -
Ly D — <1+;> {d/\/ldd +uMyu + 1M1 +v/\/ll,v}
where fermion couplings to Higgs are proportional to masses and
d, =S, d£ u, =S, ui I, =Sy l£ v = S, ui

dR = SdZ/{d dII{ uRr = S.U, uf{ lR = SgUg 1%{ VR = S, U, L’]IQ

Neutral Currents preserve chirality

_ _ Z _ = Lnc does not change flavor
fi f{ = f; f; and f{{ f%{ = fr fy

= GIM mechanism [Glashow, Tliopoulos, Maiani 70]
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Additional generations || quark sector

» However, in Charged Currents (also chirality preserving and only LH):
uldl =4, S,8'd, =w,vd;
with V=S, S; the (unitary) CKM mixing matrix [Cabibbo '63; Kobayashi, Maskawa '73]

_ 8 - 4wt
=  Lcc= 22 iZj“z’Y”(l —7s) Vijdj W, +he.

Lcc changes family !!

. u .
W Vij W Vi I"{;u.{%‘f_\—;? ’I
‘ d . }A/'"—\‘\ }V\’;\
uir JjL dp sp br

= If u; or d; had degenerate masses one could choose S, = S; (field redefinition)
and quark families would not mix. But they are not degenerate, so they mix!

= S, and S, are not observable. Just masses and CKM mixings are observable
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Additional generations || quark sector

» How many physical parameters in this sector?

* Quark masses and CKM mixings determined by mass (or Yukawa) matrices

* A general n X n unitary matrix, like the CKM, is given by

2

Some phases are unphysical since they can be absorbed by field redefinitions:

u; — eicpi u;, d] — ein d] = Vi]' — Vi]' eiwj_(l)i)

Therefore 2n — 1 unphysical phases and the physical parameters are:

(n—1)2=n(n—1)/2moduli + (n—1)(n—2)/2 phases

Additional generations || quark sector

= Case of n = 2 generations: 1 parameter, the Cabibbo angle 0:

cosfOc sinfc

—sinfc cosfc

= Case of n = 3 generations: 3 angles + 1 phase. In the standard parameterization:

Vi Vus Vyp 10 0 c1i3 0 sze 12
V=1Vy Vi Vu | =10 c3 s 0 1 0 —s12 ¢12 0
i6
Vi Vis Vg 0 —sp3 c23/ \—s13¢” 0 c13 0
€12€13 512€13 s13€ 10
0 only source
= —S812C23 — c12523513e1‘5 C12C23 — 812523813615 523C13 = of CP violation
6 is in the SM !
§12523 — €12€23813€ —C125823 — 812023513€°  €23C13

withci]-zcoseijZO, sijzsineijZO (i<j=123 and0<é <27

n” real parameters = n(n — 1) /2 moduli + n(n + 1) /2 phases

local/jillana
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The full EWSM Lagrangian || fields and interactions

L=Lr+Lym+Les+Ly+ Lgg+ Lpp

Lr D Lcc+ Lne
Lym D Lyvyv + Lyyyy
Lo D gauge boson masses

Ly D fermion masses and mixings

e Fields: [F] fermions [S] scalars (Higgs and unphysical Goldstones)

[V] vector bosons [U] unphysical ghosts

e Interactions: [FFV] [FFS] [SSV] [SVV] [SSVV]
[VVV] [VVVV] [SSS] [SSSS]
[SUU] [UUVV]

Full SM Lagrangian || types of interactions

» Lorentz structure of generic interactions (normalized to e):

Lrpy = ey (v — 8avs)¥; Vi = ep;v" (§LPL + grPR)W; V),
Lrps = eP;(gs — gpYs) i ¢ = ep;(cLPL + cRPR)Y; ¢
Lyvy = —iecyyy (www; V, — W WV — W;[WVV?“’)
Lvvwy = E cuyyy (2W; WHV, V" — WIVEW, VY — WEV'H WVVV)

Lssy = —iecssy <P§y>4>' 44
Lsyy = ecsyy ¢ VIV,

Lssyv = € cssyv p¢' VIV,
Lsss = ecsss pP'¢p”

2
Lssss = €” cssss pP'd"¢"",

where 4>§;q>’54>iay4>’—(ay¢i)q>’ and V€ {Ay, Zy, Wy, Wi},

local/jillana
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Complete EWSM Lagrangian || Feynman rules

» Feynman rules for generic vertices normalized to e (all momenta incoming):
(il) [FFV,.] = iev"(gLPL + grPR)
[FFS] = ie(cpPL + crPR)
[Vu (k1) Vo (ko) Vp(ks)] = ie cvvy [guw (k2 —k1)p + Qup (ks — k2)yu + &up (k1 — k3),]
[VuViVpVol = ie® cvvvy [28uw8pr — Sup8ve — Suogup)
[S(p)S(P)Vul = iecssv (pu — py)
[SV,Vu] =iecsyvgu
[SSV,V,] = ie? cssyy guvalso [UUVV]
[SSS] = iecggs also [SUU]
[SSSS] = ie? cggss
Note: ¢grr = gv£3a dy — —ipy Attention to symmetry factors!
CLR = §sEgr eg.2x HZZ

— All Feynman rules from FeynArts (same conventions; x, ¢+ — G, G¥):
http://www.ugr.es/local /jillana/SM/FeynmanRulesSM.pdf

EW phenomenology || Input parameters

= Parameters: (*vSM)

17+9" = 1 1 1 1 943" 4 6

formal: ¢ ¢ ©v A Ag

practical: a« My Mz My my Vekm Upnins

where ¢ = gsy = ¢'cy and

62 1 MW
n=-— szigv My = — My =V2Av ms = Af

51 ©

= Many (more) experiments

= After Higgs discovery, for the first time all parameters measured!

local/jillana
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EW phenomenology || Input parameters

s/local /jillana

» Experimental values [Particle Data Group "20]

¢ Fine structure constant:

a~1 =137.035999 150 (33) Harvard cyclotron (g.) [1712.06060]
a~! = 137.035999 046 (27) atom interferometry (Cesium) [1812.04130]
a~! = 137.035999 206 (11) atom interferometry (Rubidium) [Nature 588, 61(2020)]

The SM predicts My < Mz in agreement with measurements:
Mz = (91.1876 £ 0.0021) GeV LEP1/SLD
My = (80.379 +0.012) GeV  LEP2/Tevatron/LHC

Top quark mass:

my = (172.76 + 0.30) GeV Tevatron/LHC

Higgs boson mass:
Mpy = (12525 +0.17) GeV LHC

442

EW phenomenology || Observables and experiments |Weak NC discovery (1973)-

Vu Vu o

= Low energy observables (Q? < M%)
¢ v-nucleon (NuTeV) and ve (CERN) scattering

asymmetries CC/NC and v/7 = |s%,

¢ Parity and Atomic Parity violation (SLAC, CERN, Jefferson Lab, Mainz)

LR asymmetries eg ; N — eX and Z effects on atomic transitions = |siy

Zn

* muon decay: y — eV.v, (PSI)

lifetime
1 Gemy 5,
o = T = o S /)
= |G
o f(x) =1—8x+8x>—x*—12x2Inx L
W = (0.99981295

Fermi theory (—q><M3,)




EW phenomenology || Observables and experiments

= Low energy observables

= Fermi constant provides the Higgs VEV (electroweak scale):

v = (\/EGF) 2 246 Gev

and constrains the product Mwsw, which implies
X - T
V2Gps?, ~ V2Gp

= Consistency checks: e.g. from muon lifetime:

M% > M3, =

~ (37.4 GeV)?

Gr = 1.1663787(6) x 107> GeV 2
If one compares with (tree level result)

Gr T T _5
- = ~ 1.125 x 10
V2 283, MZ, 2(1— M3, /ME)M3,

a discrepancy that disappears when quantum corrections are included

EW phenomenology || Observables and experiments

» e"e” — ff (PEP, PETRA, TRISTAN, ..., LEP1, SLD)

+
© do _ \re? 2y qin2
. FTo) = N; ,Bf{ [1—1—(:05 6+ (1 — By)sin 9] Gi(s)
— Y
e +2(ﬁf—1) Ga(s) +2Bfcost G3(s)}
Gi(s) = QgQ} +2QeQvevsRexz(s) + (v + a?)(v} + ﬂ%)b{z(s)\z 105

Ga(s) = (v +az)at|xz(s)? o]
3 e*e"— hadrons

Gs(s) = ZQleagafReXZ(s) +4vevfaf,af|)(z(s)\2 = Arp(s) ]
10°4

S
XZ(S) = m, Nbf =1 (3) for f = lepton (quark)

cross-section (pb)

102 §6As
E PEP

PERA  — !
TRISTAN sLe

f27m

o(s) =

T B [ G 30 - Ga(s)] 0] 5w

T T T T
0 40 80 120 160

,Bf — 1 _ 4mf/s centre-of-mass-energy (GeV)
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EW phenomenology || efe” — ff (f # e) in the SM

Unitary gauge: M=M,+ Mz
e f

—1

= 0(p1) (—ieQe)7" u(p2)

iMy = ii(pa) (—ieQp)7" v(ps)—

O f
e f
; : 2
. i _ —i(guy — k'k" / M5,)
iMz = i(pyg)iey"(vf—arys) v(ps) S f%z —|—iMZFzZ
Z
; XZ?(Pl) iey" (ve — aeys) u(pz)
e

Note: The term with k¥#kV is irrelevant in the m, = 0 limit

446

local /jillana

EW phenomenology || efe — ff (f # e) in the SM

The differential cross section in the CoM (non polarized case and m, = 0) is:

4o _ /% {14 cos?0+ (1 - B3)sin 0| Gi(s) +2(B} — 1)Gals) + 2 cos9G3(s)}
dQ € 45"t f f f ’

Gi(s) = Q?Q]% +2Q.QrvevsRexz(s) + (0% + a?)(v]zc + a]%) Ixz(s)[?,

Ga(s) = (22 +@)xz(s)

G3(S) = ZQEQfaeafRexz(s) +4vevfaeaf|)gz(s)|2,

S

s — M2 +iMzIy,
It is easy to identify the terms coming form -y, Z exchange or the interference.

where xz(s) = and N[ =1 (3) for f = lepton (quark).

The total cross section and the forward-backward asymmetry in the CoM are

2
o= N g, (3 F)Gi(s) 301~ F)Ga(s)]
_ 6:8fG3(5) 3G3(s) 3 2v.a. 2vfay
A= 16— FOGI(s) + 12(B —1)Ga(s)  4Gi(s) 4o +ad ol + a2 when f7 =1

447



EW phenomenology || Observables and experiments

» Z pole observables (LEP1/SLD)
Mgz, Tz, Ohad, A, ALr, Ry, Re, Ry = | Mg, s,

from ete™ — ff at the Z pole (y — Z interference vanishes). Neglecting

40E.'..I..'yl'rv.ly...lrv..]....I....'....’v'vvg .

3 | 2vs \ . I'(e"e™ )I'(had
fa0f v \ v DELPH | Ohad = 1271 ( MZ)FZ( )
gzs?— _ z"Z
Eap R. — I'(bb) R — I'(cc) R, — I'(had)
5 T T(had) ¢ T(had) ° T(F0)
of :

| [tz =rn = NOE @ 4 a2
I OV TUUUT TUUUR DUV FUUUY DTN TOUUT DUVIN T ff)=T(ff) =N 3 Uf T 4%

87 88 89 90 91 92 93 94 95 96

V5 =Ey (GeV)

Forward-Backward and (if polarized e™) Left-Right asymmetries due to Z:

s/local /jillana
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or—og 3, A.+ P op — OR : 2vay
Arp = = Af———  ARR= = AP th A =
P ortop 471+ PA T ot ox e WA v+ a;
EW phenomenology || Observables and experiments
» W-pair production (LEP2) = W production (Tevatron/LHC)
ete” > WW — 4 f (+7) pp/pp — W — Ly (+7)
\
e—i— W e+ —4—0\/\/\/\/\)< P
Ve
_ v, Z — %%
e e _
w M%m< P, P
= | Mw A
= [Mw
4
:g 30 T LEP‘ T T T T .
F | » Top-quark production (Tevatron/LHC)
° 2 . i pp/pp — tt—6 f
10 + g
| |12 = -mt
ol . .
160 180 200
Vs (GeV)
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EW phenomenology

Observables and experiments

» Higgs (LHC)

Single and Double H production and decay to different channels =

[ggF] [VBF] [VH] [ttH]
/ W, Z
g q 9 50—
H W, Z
g q N 9 50005 e !

T e e e o [

—10%E M(H)= 125 GeV =8 S

‘é E +NLOEW) i < bb

< - (a0 QS [ggF] % gv Ly -

+ 5 5 -1,96 )

T10E [VBF] g1

J: o qcp +NOEW ] g E T

2 [ o . qaH (NN - [VH] —

B 1? :WH(NNLOQCDJr‘ o 1072?22
i ) F

10} L
F [tH] A 1075 7,

102k = Mo
A N P I P P AT L b o
6 7 8 9 10 11 12 13 _14 15 120 121 122 12

s[TeV]

[tH]

© www.ugr.es/local/jillana
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EW phenomenology

Observables and experiments

» Higgs (LHC)

Per channel:

(U ) BR) obs

Signal strength y = (@ BR)sy Run 1 Run 2
BR)sm
ATLAS | 117+£027 1.02£0.14
CMS | 1.18%9% 11879017

Yy, ZZ, WrW~, t71~ > 50
— , — 7
bb| > 50 [Jul "18!] utu [~ 30 [Jul "20!]
R CMS 137 o' (13 TeV)
ATLAS H—bb  Vs=7TeV,8TeV, and 13 TeV E T T
4.7 o, 20.3 fbo', and 24.5-79.8 fb™! g T

—Total Stat. & [ 1
© A 10

VBF+ggF Run1| p———e—— -0.78 t::g (ﬂgg , f;:gg ) §1o’1 3 > /
VBF+ggF Run2 —e—1 247 3 (435,205 ) f A / 32
[ 140

ttH Runt [ — 1.50 jff (:?_';13 , :g'-gg ) ol ~ i

ttH Run2 085 U8 (93,703 : ;
VH Runt o 0.51 *090 (2031 :02) 1se

-3 | -

VH Run2 o 1.15 *°_‘27 (}?_‘112 ) 2232; ) 107 — Combined — VBF-cat.
T 0.0 N 10120 E [ Observed — ggH-cat. ttH-cat.
Comb.| i M Q10T oz )(przy pis) [ — Vhoat

<4 2 0 2 4 B 8 10 12 14 10 b e e

u 120 121 122 123 124 125 126 127 128 129 130
H—sbb

m, (GeV)

o

SOH
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EW phenomenology

Observables and experiments

» Higgs mass (LHC)

Events / GeV

Data-Background
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[PDG "20] 2
H — vy H—Z7Z7* — 4(
CMS Preliminary 2016 + 2017 + 2018 137.1 b7 (13 TeV)
T |. B T T T : > 240 j’\ TT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TT \t
ATLAS Prehmmaqy ¢ Data . [0} C + Data ]
Vs =13 TeV, 139 fo — Fit i 2F CIH(25)
C% e Background g 200 % [lag—~2Z, Zy*
C 7 §2] C Wo9—2Z,Zy* 7
- = S 180 W z+X E
- 4 D 160F =
- = 140 =
- = 1201 =
= 100 =
S = 80f- =
= 3 60F =
= - 40 2
4 2 F sok 4
RO E :
110 120 130 140 150 160 80 100 120 140 160

m,, [GeV] m,, (GeV)
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[PDG "20] 2

» Higgs mass (LHC)

ATLAS and CMS -~ Total [ Stat. == Syst.

7 TeV, 8 TeV and 13 TeV Tot. Stat. Syst.
ATLAS H —yy Run1 == 126.02 = 0.51 (= 0.43 = 0.27) GeV
H —yy Run1 I o 124.70 = 0.34 (= 0.31 = 0.15) GeV
ATLAS H — 4l Run 1 —— 124.51 = 0.52 (= 0.52 = 0.04) GeV
CMS H — 4lRun 1 ) 125.59 = 0.45 (= 0.42 = 0.17) GeV

ATLAS-CMS yy Run 1

ATLAS-CMS 4l Run 1

ATLAS-CMS Comb. Run 1

ATLAS H —yy Run 2

ATLAS H — 4lRun 2

ATLAS Comb. Run 2

CMS H —4lRun2

CMS H — yyRun2

CMS Comb. Run 2

125.07 = 0.29 (x 0.25 = 0.14) GeV
125.15 + 0.40 (= 0.37 = 0.15) GeV
125.09 = 0.24 (= 0.21 = 0.15) GeV
124.93 =+ 0.40 (= 0.21 = 0.34) GeV
124.79 + 0.37 (= 0.36 = 0.05) GeV

124.86 = 0.27 (= 0.18 = 0.20) GeV

125.26 = 0.21 (= 0.20 = 0.08) GeV
= 125.78 = 0.26 (= 0.18 = 0.19) GeV

& 125.46 = 0.17 (= 0.13 = 0.11) GeV
1 ‘ 11 1 ‘ 11 1 ‘ 11 1 I 1|

120 122 124 126 128 130 132

© www.u,
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EW phenomenology

Observables and experiments

» Higgs couplings (LHC)

[2009.04363]

35.9-137 fb' (13 TeV)

e 1_.‘, ——rrrrr : ]
> £ CMS Preliminary z ¥
] : . .
g W H self-couplings
5 [ Mu=12538GeV | not yet observed
ELL|>10‘1 £ p-value = 44% e E y
/N n i 1
¥ b
102} T, E
E L ®  Leptons and neutrinos Quarks B
T | -
-3 | . ] .
oy DB oan
L Force carriers Higgs boson
10-4 e E —
s | L il Ll L |
1.5pm —rr [ — : -
g 15.-¥ ---------------- S N I Kp O Ky = o_bs
g t z SM
&£ o5t L | [ Ll
~10 1 10 10°
particle mass (GeV)
proben over more than 3 orders of magnitude!

s/local /jillana

© www.ugr.e

454

/local/jillana

© www.ugr.es

Strong interactions

455



Strong interactions

Properties

» |Quantum Chromodynamics

(QCD) is the theory of strong interactions

» Quarks and gluons are the fundamental dof but they never show up as free states:
they are bound in hadrons (confinement):

Baryons (414243 or q,4,45) Mesons (419,)
name content Q[e] m[GeV] || name content Q[e] m[GeV]
p proton uud +1 7°  neutral pion uu, dd 0 0,135
= — 0,938 =
tiprot uud -1 ¢ t ud 41
P antiproton charged pion 0,140
N neutron ddu T du -1
n antineutron Eﬁ 0 0'939 K + us + 1
charged kaon 0,494
A lambda uds K~ su —1
A antilambda uds 0 1116 KO ds 0
neutral kaon _
.~ 120 K sd e
..~ 140 ...
and exotics (glueballs, tetraquarks, pentaquarks, .. .)
456

Strong interactions

Properties

= Strong interactions are responsible for:

e Stability of nuclei (nucleon-nucleon interaction is a residual strong force)

strong attraction is greater than electric repulsion

* ~ 99 % of nucleon mass is binding energy, i.e. most of the mass in everything!

Q

proton

electron
~ 0.5 MeV

(neutron)

®

~ 1000 MeV

u
quark d

9

Q

2 MeV
5 MeV
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QCD || Lagrangian || SU(3) gauge symmetry

— 1
Laocp = ¥y (iDij — méj) ¥yj — s F, F* (flavor diagonal)
N ~ _y
quarks gluons

i, = 0y AL — 0y A% + g fape ALAS

= (Anti-)quarks ¢y come in N; = 3 colors (anticolors) and there are n¢ = 6 flavors:

fundamental irrep 3 (3)

v f=ud, s c b, t (flavor index)
fi i=1,...,N. =3 (color index)

= Gluons Aj come in N? — 1 = 8 combinations of color and anticolor:

” a=1,...,N>—~1=28 (color index) adjoint irrep 8

458
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QCD || Lagrangian || SU(3) gauge symmetry

1

Locp = @ﬁ- (iDij — m(Sij) Yri— —FSUP“"““ (flavor diagonal)
N ~~ 7 ————
quarks gluons

i, = 0 AL — 3y A% + gs fape ALAS
» Quark kinetic terms and quark-gluon interactions come from covariant derivative:

1
D,)ii = 6;;0, —igstt A%, t7. = =A% (8 Gell-Mann matrices 3 x 3)
miy jOu — 8stijAp ij = o”j

» Gluon kinetic terms and self-interactions fixed by SU(3) structure constants f,.:

Lrin = — 3 (0 AL — 9, AL) (M A™ — 3V A™)

1
4

1
L"cubic = _Egsfabc (ay-A?/ — ay.AZ)Ab/P‘.AC’V

1
ﬁquartic = _Zggfabgfcdg A‘ZA?/AC’VAd’V
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QCD

Lagrangian

Feynman rules

» Quark and gluon external legs and propagators are as usual

m Vertices:

o
ki
P

= gSfabc Suv (kl

lgs 1]’)/ (Sff’

fabefcde (gy)\gl/p - gupgw\)
_lgs + face fave (gﬂpgv)\ - gyvg/\p)
+fadefbce (g,lﬂ/g)tp - gy)Lng)

(interactions with Faddeev-Popov ghosts omitted here)

QCD

About color charges

R
» Quarks carry color charge: p=9v(x)® |G
B

» Antiquarks carry anticolor charge: ¥ = ¥(x) ® (R G E)

» Gluons carry color and anticolor. A gluon emission repaints the quark:

e.g.

>

.

Il
N
o = O
o O =
o oo
~_—

>

N

I
~/

B 0 1
lpit}jlij%(o 1 o) 10
0 0

o oo

OO =

S © ©
~

k2)a + gua ke —k3)u + gau(ks —

local/jillana
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QCD || About color charges

s/local /jillana

Gluons

W)AA.W

» 8 gluons: m w

VV\)IWM/\)’W

303=198

(1 in 9 combinations is color-neutral)

RR - GG
¢ ¢ ¢ {RR+GGZBB

If the color-singlet massless gluon state RR + GG + BB existed, it would give rise
to a strong force of infinite range!

» Likewise, only color-singlet states can exist as free particles:

qq/ 303=108 : mesons %(51']' qiq}>
i i,j,k € {R,G,B}
qq/q// 3®3®3=108 © 8 ©10 :baryons %eijk Qifl}‘#>

but g4’ color singlets do not exist, since 3®3 =3® 6

462

QCD || About color charges

s/local /jillana

» Color algebra (useful identities): th = %A”, Nc =3

1

b /QOa (0.8 Tr(tatb) = TRéab/ TR = E
g0 — oy, Cp— e 14
j+é£%+i I A T VA

b@‘b‘igw 1 & faeifped = Cadap, Cap=N.=3

probability for a gluon to emit g7 <quark to emit a gluon <gluon to emit gluons

(gluons interact more strongly than quarks)
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QED vs QCD || running coupling

» All coupling constants run:

2
a=93 — x(Q?), where Q is the momentum scale of the process

47
(N)Zaa—Q"‘2 — B(a), B(a) = —a®(Bo+ Pra+ pa® +...)
0(Q?) = *(Q) (Leading Ord
= 5 ading Order)
1 —l—ﬁozx(Qg)ln%
0

» Physically, this is related to the (anti-)screening of the fundamental charges by
quantum fluctuations, depending on the sign of Bo:

e? 1
2 | 11C4 —4TRN; 33— 2N;

(> 0 for Ny < 16)

e NQCD: ;= 55 By(as) =

47T 127 127

464
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QED || running coupling

» In QED, the fluctuating vacuum behaves like a dielectric medium,
screening the bare electric charge ey at increasing distances R ~ 1/Q:

144
(04
1 1
137 13—7 ______________________
0 Q R

e.g. a(M2%) ~1/128
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QCD || running coupling

» Contributions to the QCD beta function B(«s) (from QCD vacuum polarization):

(1) screening
QO " @Dﬁ%@“ + (2), (3) anti-screening (non-abelian!)
Ks E infrared \ I
! slavery a, :
E asymptotic E
E freedom !
1 0 ! R
Aqcp Q 1fm R

AQCD ~ 200 MeV

QCD || running coupling

local/jillana
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= There is a scale Aqcp where a; — oo (dimensional transmutation) given at LO by

1 1
Adcp = Q% exp {—W} & a(Q%) = o (Q* > Adep)
) 1
o s

Aqcp ~ 200 MeV, thatis R ~ 1/Q =~ 1 fm (the size of a proton!)

= Asymptotic freedom:
At short distances (Q > Aqcp) quarks and gluons are almost free,
they interact weakly: perturbative regime

» Infrared slavery:
At long distances (Q ~ Aqcp) the coupling diverges (Landau pole),
quarks and gluons interact very strongly (confinement into hadrons):
non-perturbative regime

= Strong interactions are short-range, despite of gluon being massless

467



QCD

running coupling

0.35 T
[ T decay (NLO) F= ]
low Q? cont. (N>LO) e |
03 F DIS jets (NLO) = ]
Tt Heavy Quarkonia (NLO)
e'e jets/shapes (NNLO+res) F= ]
- pp/pp (jets NLO) H=— -
025 EW precision fit (N>LOy—=— ]
pp (top, NNLO) F—— 4
S 02t
= I
0.15
0.1 |
= ay(Mz?) = 0.1179 £ 0.0010
005 b
1 10 100 1000
Q [GeV]
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