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1. Introduction




Introduction || Why quantum fields?

¢ The Quantum Field Theory (QFT) is a synthesis of
— Special Relativity and
— Quantum Mechanics

[It is possible to write a relativistic version of Schrodinger equation. In fact, he
was the first to come up with what we call today the Klein-Gordon equation, that
he later discarded because it couldn’t describe properly the fine structure of
hydrogen spectrum, so he had to settle for its non-relativistic limit]

* However, wave equations (relativistic or not) cannot explain particle number
changing processes
Moreover, relatistic wave equations suffer from pathologies

— negative probability densities
— negative energy solutions

— violation of the causality principle
(non vanishing probability of particle propagation beyond the light cone)

Introduction || Why quantum fields?

* The QFT:

— provides a natural framework for states with arbitrary number of particles
(Fock space)

— makes sense of negative energy solutions
(antiparticles)

— solves the causality problem
(a particle propagating beyond the light cone is indistinguishable from its
antiparticle going in opposite direction; both amplitudes cancel each other)

— explains the spin-statistics connection
(as a consequence of field quantization)

— allows calculation of physical observables with very high accuracy in

agreement with experiment (cross sections, lifetimes, magnetic moments, ...)
|

ex: ge/2 = 1.001159 652182032 (720)

I 1" 1= 137.035999 150 (33)
th: QED (5 loops!) #
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Introduction || Notation, units and coventions

* We will use natural units h = ¢= 1. Then, the following physical magnitudes
have the same dimensions: [length] = [time] = [energy]" 1 = [mass] !

e A useful relation is:
hc= 197.3269631(49) MeV fm
hc# 200 MeV fm ! 25GeV 2 # 10 3 m? = 10 mbarn (1)

1fm = 10" '® m (one Fermi, the order of the proton radius), 1 barn = 10" 4 cm?

* QOur sign convention for Minkowski metric is

$ | $ |
ol 0 0 0 ol 000

O =g“"=§0 B g”-=g“!g!-'=#*-‘=§o D G
% 0 "1 0 % 0 1 0
00 0 "1 0001

Introduction || Notation, units and coventions

* We will use Einstein convention implying summation over repeated indices:

3 ,
AuBY = 1 A B"= g AMB = ABY" AIB'" AR A’RY, 3)
=0
where AH = (A%, A) = ( A%, A1, AZ, A%) are contravariant vectors and
Ap=geA = (A" A)= (A" AL" A2, A%) = (Ag, Ay, Ay, A3) are covariant.
In particular, x* = ( x% %) = (t,X) and

_ % . $
$H_M/ $—$_Xu, (4)
l =g =K"$ 2, $2=8+F+ . (5)

Greek indices (4,",...) take values 0,1,2,3. Latin indices (i, j,...) are reserved for
spatial components. The four-momentum is then

p“: i$U:(p0’p):(Elb) ’ pup“: EZ" b?_’: m2/ (6)
0_ iq0_ : 9 K ak— 2 _w. 8 _ .. e K
p—1$0—1$t, p—1$—1$xk— 1$Xk_ i% %"i$ (7)
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Introduction || Notation, units and coventions

* We will use Heaviside-Lorentz units for electromagnetism in which the

fine structure constant is

&

e 1/137.035999 150 . (8)

&_
Then the electric charge unit forh= c= lise=  4%! (dimensionless),

Maxwell equations read

$aE=¢&, $' B" $E=1]
$a=0, $ E+$B=0 9)

and the Coulomb potential between two charges Q; = eq and Q; = eg is

Q1Q2

V =
(0= ou

I
= Q1Q2F . (10)

Issues of relativistic wave equations || Negative probabilities

¢ In quantum mechanics, the one-particle state |' ( evolves with time as
ihi' (X, t) = H' (X,1)
$t

with ' (,t) = )k|' (t)( the wave function and H the Hamiltonian in position rep.

* For a non-relativistic (free) theory:

b2 $ hZ
= om p="in$ * ihﬁ' =" %$ 2 (Schrodinger eqn)

and one can interpret ((X,t) = |' (X, t)|? as the probability density to find the

particle in [k, X + d¥], satisfying a continuity equation (probability conservation):
+

AP S o g2y nig2 g g

$t Wt $t
. !- ih 1 1+ 1+ 1
w1thj%—2m( $ $').

Note: the Schrodinger eqn is a 1st order differential equationint and |' |*, O.

local /jillan
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Issues of relativistic wave equations || Negative probabilities

* For a relativistic (free) theory (for example):

2
E? = p’d+ mPct * hzz? = (" WA$ 2+ mich)
* 1 $2I — 21 n mzc2|
es - ¥

(h=c=1) * (! +m?)' =0 (Klein-Gordon eqn)

Now we cannot interpret ( as a probability density because in this case:

ih " .8 L8, s(_ ih e,

2me St St $t  2me $t2 $t2 /
— lh ' g 20w 21 + —_n -
= 5 $ $ ="$ 4§

satisfying the same continuity equation as before. However, ( may have any sign!

(:

Note: the KG eqn is a 2nd order differential equation and hence ' and $' /$t are
arbitrary leading to a value of ( which is real (( = (*) but may be negative.

11

local /illana

Issues of relativistic wave equations || Negative energies

» Non-relativistic wave equations have only positive energy solutions. For example, -

T h_2$ 20w (kt) - el HEUPAI/Ngp "0 UK iy B = L
$t 2m ’ 2m
implying that
ih% =E * ' has energy E > 0.

* However, relativistic wave equations have energy solutions of both signs:
(h=c=1)

0
1 v Jtipxt — " i(Et" p) 3
| 2y = * * ¢ - ¢ i = 2
(! + m) 0 2 . . bt = HI(ED PAY with E P2+ m
implying that
.$' + _ ' * 1
& =+ E 4 + has energy + E> 0
1% ="E. * '+ hasenergy " E< 0.
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Lie groups

* A group is a set of elements G, not necessarily countable, with an internal
operation satisfying the requirements: asssociativity, existence of a neutral
element e and existence of an inverse element a ! for every element a

* The elements g of a Lie group depend in a continuous and differentiable way on a
set of real parameters *5, a= 1,...,N, namely g(*), where:

g(0) = e (the neutral element)
g '(*)= g(" *) (inverse element).
The Lie group is also a manifold. N is the group dimension.
* A subgroup is a subset of G which is also a group.
— An invariant (or normal) subgroup H is such that. h/ Hand.g/ G,ghg '/ H.

— A simple group is a nontrivial group whose only invariant subgroups are the
trivial group and the group itself.

For instance, SU(n) is simple and U(n) is not simple.

13

Lie groups

e A representation R maps every element g to a linear operator Dgr(g) on a vector
space, g 01 Dr(Q), such that:

(i) Dr(€) = 1 (unit operator),

(ii) Dr(91)Dr(%2) = Dr(919).

On a vector space of finite dimension, g is represented by a matrix n' n,
[Dr(Q)]' j inducing a linear transformation on the vector space which is given by

how it acts on the basis vectors (+1,...,+"), +' 01 [DR(g)]ij+j.

e Two representations R and R?are equivalent if 3S such that
Dr(g) = S 'DrA9)S, . g Namely, they are related by a change of basis.

* The representation R is reducible if it leaves invariant a nontrivial subspace.
Otherwise it is irreducible (irrep). We say that R is completely reducible if . g,
Dr(g) can be written in blocks, i.e., one can choose a basis { +'} so that there are
vector subspaces not mixing with the others under the action of the group. In this
case, R can be written as the direct sum of several irreps: Dr = D14 Dy 4 ...

14
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Lie groups

* If an element of a Lie group is infinitely close to the identity then
Dr(#*) = 1" i#*3T8. The operators T3 = i$Dr/$*¥._,, witha=1,...,N, are
the group generators in the representation R. The number of generators is the
group dimension. For an arbitrary transformation: Dr(*) = exp{" i*®Tg}.

— If DR is a unitary representation (the inverse of each element is its adjoint)
then the generators are Hermitian.
And every unitary representation is completely reducible.
Remember that physical observables are Hermitian operators.

e The generators satisfy the Lie algebra: [T TP] = if3P°T¢ where f3Care the
structure constants of the group, independent of the representation. In order to
find the group representation it is enough to find the algebra representation.

e If Gis Abelian, [T TP] = 0 and exp{" i! 3T% exp{" i, PTP} = exp{" i(! ¢+ , ©)T¢}.
The irreps of an Abelian group are one-dimensional.

15
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Lie groups

* (Casimir operators are those commuting with every generator. They are a multiple
of the identity and the proportionality constant - is used to label the irreps. :

— For instance, SU(2) (group of rotations in three dimensions) has three generators,
the angular momentum operators Kwithk=1,2,3,
satisfying the Lie algebra [X, J] = i.K'™J",
SU(2) has one Casimir operator: P = ()2 + ( )2+ ( P)2 = - 1, with - = j(j + 1).
The irreps of SU(2) are labeled by j = 0 11,... and have dimension 2j + 1.

X
Here . is the totally antisymmetric Levi-Civita tensor,
0
4 +1 si (ijk) is an even permutation of (123),
Jk=" v 1 i (ijk) is an odd permutation of (123), (11)

3

0 otherwise.

16
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Lie groups

e A Lie group is compact if its parameter space is compact.
Examples: the group of rotations is compact; the group of translations is not.

— If a group is compact the parameter labeling the irreps takes discrete values
(e.g. the spin | of the group of rotations) and if it is not compact it takes
continuous values (e.g. the momentum p of space translations).

— The finite dimensional reps of a compact group are unitary.
The finite dimensional reps of a not compact, simple group are not unitary.?

* The Lorentz group, that we will review in the following, is a simple and non
compact Lie group. Its finite-dimensional representations are not unitary and its
unitary representations are infinite-dimensional (Hilbert space of one particle).

However, if the group is not simple the reps may be unitary or not. An example of a non compact,
non simple group with unitary finite dimensional representations is the group of translations in one
dimension. The group of boosts along one direction has non unitary representations. This latter group
is a non invariant and non simple subgroup of the Lorentz group, which is simple.

17
The Lorentz group
e It is defined as the group of linear coordinate transformations -
xF01x¥F =" x", w"/ {01,233, x*=(txY,2) (12)7
preserving the quadratic form
xx = g xHx’ = 2" X" y2" 2 (13)
Therefore, it is isomorphic to the group O(1,3). Formally,
g x¥x® = g (" texH(" X)) = gex™ (%) (14)
L ger = gt = (" Dot (15)
I g="Tg". (16)

18



The Lorentz group

* On the other hand, from the 00 component of (15),

local /jillan

0
1=("%)%" i " (", 1! S (17)
i=1 ’ 2 05" 1
and from (16),
(det")?2=11! det" = %1. (18)

Therefore, we can distinguish four types of Lorentz transformations:

The Lorentz group

1. Orthochronous (" %, 1) proper (det" =+ 1)

19
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They form a subgroup. It is isomorphic to SO(1,3). From now on, we will refer to ':

this as the Lorentz group Its elements are continuous transformations (Lie group)
that can be connected with the identity by successive infinitesimal

"\

The remaining transformations do not form a group and can be written as the
product of inversions (discrete transformations) and orthochronous proper
Lorentz transformations " p. They are the following

transformations. They are:

e rotations in three space dimensions:

* boosts (pure Lorentz transformations):

L
L

20
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The Lorentz group

2. Non orthochronous (" 00 5" 1) proper (det" =+ 1)
Transformations of the kind:
" p' {diag(" ," ,"," ), diag(" ," ,+,+), diag(" ,+," ,+),diag(" ,+,+," )}.
They include the total inversion, diag(" ," ," ," ).

3. Orthochronous (" 00 , 1) improper (det" =" 1)
Transformations of the kind:
"p' {diag(+,+,+," ), diag(+,+," ,+), diag(+," ,+,+), diag(+," ," ," )}.
They include the space inversion, diag(+," ," ," ).

4. Non orthochronous (" 00 5" 1) improper (det" =" 1)
Transformations of the kind:
" p' {diag("," ," ,+), diag(" ," ,+," ), diag(" ,+," ," ), diag(" ,+,+,+)}.
They include the time inversion, diag(" ,+,+,+) .

21
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The Lorentz group

* Let us see the number of parameters of the Lorentz group (of orthochronous
proper transformations). Taking an arbitrary infinitesimal transformation
R equation (15) implies:

0o = O o' = g (et ) RH +) )
=gu*t)a+)e+00?)! Yar=")a. (19)

Therefore, ) is antisymmetric and has 6 independent parameters.

Any " can be written as the product of rotations (R), that can be parametrized by
3 angles * / [0,2% about the axes X, Y, zZ counterclockwise, and boosts (L), that
can be parametrized by the 3 components of the velocity , / (" 1,1) along the
axes X, Y, z:

22
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The Lorentz group

* In particular,

100 0 ®1 0 00 ®10 0 0
’ ' ’
010 O %0 & 0 s 00 & "s 0
Re = &8 , Ry = , R, = , (@0
Xﬁoo@"s* y£0010 2£0&c*0 20
0 0 s« ¢ 0 "so 0 o 00 0 1
® 0 0 00 ®0 00, 0 0 000
S?] ) ?/ ) 9/ )
0, 0 00 B0 1 0 0 ®0 10 0
= 8 Ly = Ly = , (@1
Xgo 0 10 yﬁo,ooo Zgo 01 0 2
0 0 01 00 0 1 0, 00 0

with ¢ = cos*, s« = sin*and 0 =1/ 1" ,2

23
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The Lorentz group

e It is convenient to replace the velocity parameter , by the rapidity 1/ (" #,#)

1+,
1"’

1= %m (22)

which is an additive parameter, as is the angle *.

Namely, if we perform two boosts of rapidities 15 and 1g along the same
direction A then Lﬁ(lA) Lﬁ(lB) = Lﬁ(lA + 15)

This is very easy to check from the properties of the hyperbolic functions, since

= coshl, 0, = sinhl. (23)

24



The Lorentz group

y!A y $ 2' $ BT
E L R
!<> &X) _ &COS sin ) &X)
y? sin*  cos* y
X
W
$ $ "%
LA A t2 0O O, t
t | t &) = & ) &)
I x2 0, 0 X

0= coshl, 0, =sinhl

\/
\/

25

The Lorentz group

e Let us find the gen%rators algebra tlaking infinitesimal transformations:'

?100 0 %0000
%01 0 0 ., oq, a_%000 0
Ry(#*) = ﬁo D 1" gl g = go 00 (24)
00 # 1 00i 0
$ ' $ '
? 0 0 0 ?oooo
0 1 0 # 0 0 0 i
R #*:f = 1" i#F! f:f 25
) go 0 10 1 goooo )
0 "# 0 1 0"i 00
$ ' $ '
?10 0 0 %oooo
L0 1 tHE O _ %00 "i 0
Rz(#)—(/;O o 1 0 = 1" igF! ﬁ_go R (26)
00 0 1 00 0 O

local /jillan
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The Lorentz group

$ ‘ $ '

8/1#100 ?/0100

i1 1 0 0 1 l%iooo
Lx(#1) = % = 1" i#1K!' I K'= % (27)

°0 0 1 0 éoooo

0 0 01 0000

$ ' $ '

?10#10 ?0010

%0100 o 26&0000
Ly(#l):/;#lo Lo = 1" i#1K? ! Kzg. 0 0 (28)

1

00 0 1 0000

$ ' $ '

?100#1 yOOOi

%0 10 0 e 3 3foooo
Lo(#1) = % = 1" #IK3 ! K¥= % (29)

é0010 éoooo

#1 0 0 1 i 000

27
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The Lorentz group

e Note that, because the boost parameter space is not compact, the boost generators -
are not Hermitian ((K™)* = " K™M), g

* The Lie algebra of the Lorentz group is

[KJ]=1Kmam, [KKKT="1iKkmgm [FKT=1iKTK™ (k",m/ {1,2,3})
(30)

* We see that rotations close the algebra, since SU(2) is a subgroup of the Lorentz
group. However, boosts are not a subgroup.

e [t is convenient to rewrite these 6 generators as
m — 1 m sem m — 1 mo  -p/M
AT = i(J +iK™), B"= E(J iK™). (31)
A™ y B™ are Hermitian and satisfy the Lie algebra:

[AK, A1 = i.KmA™ B B]=iKmB™ [AKB']= 0. (32)

28
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The Lorentz group

o The fact that the Lorentz algebra can be written as the algebra of SU(2)" SU(2)
does not mean that the Lorentz group SO(1,3) and SU(2)" SU(2) are isomorphic,
because A and B are complexcombinations of Jand K. In particular, SU(2)" SU(2)
is compact but SO(1,3) is not.

This allows us to label its irreps as (j1, j2), of dimension (2j; + 1)(2j, + 1).

" Note that we have found finite-dimensional irreps of the Lorentz group, but they
are not unitary, because it is not compact:

"= exp{" i(*™I"+ 1MK™} %exp{" i(* &1+ 1 &K)}, (33)
"= exp{i(* &1+ 14&K)} 6 " T = exp{i(r &1" n&K)}. (34)

29
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The Lorentz group

* Another way to write the Lorentz group generators is the following. We take as
parameters the 6 independent elements of an antisymmetric matrix ) ,» = ") = °
Then the generators are the 6 independent components of the antisymmetric

operator M = " JH,
6 . 7
" 1 "
" = exp 5) s (35)
(the factor % compensates for the sum . j," instead of . p < ") with
0
§ J=P=r P
F=oKmimy =gz g (36)
d oo

Kk= k=" 390, (37)

30



The Lorentz group

These parameters relate to angles and rapidities by

g M=)P=")P=)pn=")5
*kzé'k"m)"m! §*2=)31=")13=)3l=")13 (38)
W)= )=)p=")n
1=)%=")=")a=) w0 (39)
The generators can be written in a covariant way as
(37 = i " g°H). (40)
The Lie algebra of these generators is
[, 1= i(g®P " "' " g’ P+ g TF). (41)

local /jillan

31

The Lorentz group || Tensor representations

We have just shown the four-dimensional representation of the Lorentz group,
that served to define the group. We may ask whether it is irreducible (it is) or
whether it is its smallest nontrivial representation (it is not, as we will see). This is

the so called vector representation of the Lorentz group:
* + 8 6 79,

p p H i
4: "Bz exp{" i(* 40+ 1 &K)} = exp " %) g (42)
A four-vector VH (or V) is a vector of the invariant irreducible vector space on
which " acts:
violt bV, v, 01" Ve (43)

Note that * " and " u are equivalent representations, since they are related by a
similarity transformation S= g,

"h= g ggr (44)

It is customary to identify the term representation with that of representation
space. In this sense, we say that V¥ and V|, are equivalent irreps.

32
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The Lorentz group || Tensor representations

e V, is the vector associated to V" in the dual space, so the matrix " “ is the inverseg
of " b In fact, using (15):

n " mn u — mn &ll / —
o= gh g g =

n " n —_— & —

291" 4 0" = goegté= . (45)

* One can build higher dimensional representations by performing the tensor
product 47 47 aaaThey are called tensor representations and their vectors are
tensors with several indices (its number is called rank). Then, a tensor of two
(contravariant) indices T transforms as:

47 4:  TH 0Ly LTHY (46)

The tensor-product representation is reducible. In particular, if TH is symmetric
(antisymmetric) its transformed tensor is also symmetric (antisymmetric).
Moreover, the trace is invariant (scalar).?

AThe trace T = gu"T”" Olgy" b Y T& = ggyT# = T, where we have used (15).

33
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The Lorentz group || Tensor representations

¢ In fact, rank-two tensors can be written as the direct sum of invariant irreducible
subspaces:

47 4=14 6409, (47)

so any rank-two tensor can be decomposed in

™ = ig““r+ AW + g, (48)
T=geTW =T (trace), (49)
AW = %(T“H " TM) (antisymmetric part), (50)
St = %(T“" + TH" }Lg“"T (traceless symmetric part). (51)

* By the same reasoning as before, ™ TH, Tu" and T, are equivalent reducible
representations of the Lorentz group.

* An example of a rank-two tensor is the metric tensor gy, which is also invariant
from the definition of Lorentz transformation (15).

34



The Lorentz group || Tensor representations

local /jillan

* An important irrep of any Lie group is the adjoint representation, whose
dimension is equal to the number of generators, that can be built from the
structure constants,

(Tay)Pe= " if2e (52)

a

One may show, in general, that the structure constants satisfy the Lie algebra of
the group using the Jacobi identity:

[A,[B,CII+[B,[C Al +[C,[A B]] = 0, (53)
replacing A = T8 B = TP C = T¢ which implies
fabdgcde, ¢bcdfade, fcadgbde_ 0. (54)

In the case of the Lorentz group, with same representations as SU(2)" SU(2), the
adjoint representation is the antisymmetric tensor representation A*".
(The structure constants of SU(n) are antisymmetric in the three indices.)

35

The Lorentz group || Tensor representations

local /jillan

* It is worth looking how the irreps of the Lorentz group transform under the :
subgroup of rotations. In general, the reducible representations can be written as ':
the direct sum of several irreps of the rotation group, each one labeled by a value
of the spin j (remember that they have dimension 2j + 1). Then,

VH = (V% V) / 4under the Lorentz group, (55)
VH/ 04 1labeled by j = 0,1 under the rotation group, (56)

i.e. V¥ is a scalar under rotations (spin 0) and V/ is a 3-vector (spin 1).
On the other hand,

TH' / 47 4= 14 64 9 under Lorentz (57)
(041)7(041)=04(141)4 (04 14 2) under rotations, (58)

where we have used that the direct product of irreps of the rotation group is

17 2= 1" 204 lih" j2+ 114 add |j; + jof. (59)

36



local /jillan

The Lorentz group || Tensor representations

" Therefore,
1: T/ 0 (also a gcalar under rotations) (60)
1 Aoi ;
; A two independent 3-vector under
6: AV /141 o (woindep (61)
2 % ik Al rotations mixing under Lorentz)
For instance, the electromagnetic tensor F*" contains two 3-vectors:
the electric field E' = " F% and the magnetic field B' = " 1.1k,
Another example are the generators themselves (36,37).
0
$ s
9: /04142 s
g Sicon!l gi="g®
i
(62)

In general, a tensor TH&- with N indices contains spins ] = 0,1,...,N.

37
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The Lorentz group || Tensor and spinorial representations

* We have seen that the vector representation and all the tensor representations of
the Lorentz group contain representations of integer spin j (0, 1, ...) under the
rotation group.

* Strictly speaking, the representations of half-integer j (%, %, ...) are not valid,
because for them RI(0) 6 RI(2%) = " 1. However, since the observables in

quantum mechanics are quadratic in the wave function, a global minus sign is
acceptable and we can allow them. Then the physically relevant rotation group is
not SO(3) but SU(2) (both have the same algebra, and hence, the same irreps). The
fundamental representation of SU(2) (group of 2" 2 unitary matrices with unit

determinant) has | = % (dimension 2) and is called spinorial representation or
spinor. The SU(2) generators in this representation are one half of the Pauli
matrices:
$ ' $ ' $ '
1 01 0 "i 1 0
K=~k yl=&° ), y2=& ), [3=& ) (63)
2 10 i 0 0 "1

38



The Lorentz group || Tensor and spinorial representations

local /jillan

e Any SU(2) representation can be obtained from the tensor product of the spinors. -

For example,

7

NI~
NI~

e Likewise, the representations (ji, j») of the Lorentz group can be built from the
tensor product of the spinorial representations (%, 0) and (0, %),
both of dimension (2j; + 1)(2j, + 1) = 2.
Their vectors are called Weyl spinors ' |/ (3,0),' r/ (0,1) and they have two
components.

They are denoted left-handed and right-handed for reasons that we will see soon.

The Lorentz group || Tensor and spinorial representations

* Let us find the explicit form of the spinorial representations (%, 0) and (0, %):

=04 1. (64)

39
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A = %(!J+ k), B= %(!J" Kyt U= h+b Kk="ih"B) (65

and recalling (33) we have

| | |
o A=Y B=o1 9=l k=-i
2 6 27 2
|
"L=exp ("i*" M) éjz (66)
| | |
'R A=o, b= L1 'J:j—, k=i
6 2 27 2
|
"R=exp ("ik+1) éj— (67)

40



The Lorentz group || Tensor and spinorial representations

local /jillan

e Note that (3,0) and (0, 1) are conjugate representations:
[2" 2= g, (68)

To check it, use / 2/ 1/ 2= " | I*,

We can then define the conjugate spinor of ' |, that transforms as a ' g, as follows:

'€ %i/ > [/ (0,1) (thei factor is a convention) (69)
since /2 FOL/2(" ' )=/ 22 = m(I ).
" Then, using / 2* = " /2, we must consistently define the conjugate of ' g,

transforming as a ' |, as follows,

"e %Ml R (2,0). (70)
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The Lorentz group || Tensor and spinorial representations

* [t is worth mentioning that the spinorial representations are complex, because

6 , 7 :

'L0lexp ("i*" H) éz "L (71)
6 , 7

'rROlexp ("i*+ 1) éE 'R (72)

Although ' | and ' r may be real in a given reference frame they will be complex

in another.

* However, in the vector representation and the higher rank tensor representations

one can impose the condition to be real, Vy = Vy, Tj» = Ty, etc., which is

u

consistent for every reference frame because " " is real.
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The Lorentz group || Tensor and spinorial representations

e By the way, the spinorial representation (3, 1) has complex dimension 4.

Its vectors are composed of two independent Weyl spinors ((* )1, (3r) ),
L, 1 {1,2}.

One can see that
3b/W g and 37H
transform as contravariant four-vectors where

3L%"iI23, T R%WUT, IH%(LY), TH%(L"V).

The Lorentz group || Field representations

* A field is a function of the spacetime coordinates with well defined
transformation properties under the Lorentz group.

In general, if the coordinates transform
xH01x* = " Ry’ (infinitesimally: x# = xH + #xH)
a field +(x) (that may have or not Lorentz indices or others) transforms

+(x) 01 +34x3).

local /jillan
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(73)

(74)
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The Lorentz group || Field representations

local /jillan

* Our aim is to build Lorentz invariant field theories. For finding the
representations of the Lorentz group in this space of functions we have to
compare +(X) with its infinitesimal transformation +{x) = +3{x2" #x):

#H(X) % +4x) " +(x) =

X2 #0" +(x)
HOA " g+ (x) " +(X)

3" +(0+ ) (35X e+

%" 1) w b +00), (75)

where J. " are the generators in the infinite-dimensional representation of the

Lorentz group on the field +. In the next-to-last step we have approximated
$s+4x) by $g+(x), since they differ at the next order in #x, and in the last step we

have written

= D) (5K, ()5 = i o). (76)
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e Under Lorentz transformations, scalar fields satisfy

+x) = +(x). <77>/

e Then, from (75),
#4X) = 1) e ()50 8400 % 7 2) o L +(0) 78)
DL = ()X $e= i(xMS " X $H). (79)

e Recalling that p* = i$#, we see that the generators read LM = xMp" " x pt. In
particular, the generator of rotations is the orbital angular momentum, as

expected:

L' =

%. ik = ikl k. (80)

* Note that the finite-dimensional representations of the Lorentz group may be

unitary and indeed this is unitary

because the L*" are Hermitian.
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Field representations || Weyl, Dirac and Majorana

e Under Lorentz transformations, Weyl fields satisfy

local /jillan

CLO) 0Lt BxXA =L LX), R(X) 01 A(xA = " R R(X). (81)T

e Then, from (75) and focussing on ' | (x),

#0001 L0+ ) e (F)5H 8 (W

=" %) p.--SLLIH' L(x)" %) " LK L(x) % " %) u" JE"I L(X), (82)

where we have applied (78) to the second term and we have replaced

n n n 1 |J~" —_ . l* | Z |7 — !/
L 1% D) wS = itk ads nak), b= > 5

* Therefore, the generators on this Weyl field representation are JE =L+ SE
In particular, the rotation generators (total angular momentum) are J = L'+ S,

Kk="i. (83)

which have two contributions: the orbital part, Ll = | ikyl pk, and the one due to
spin, S = 1/1.
47
Field representations || Weyl, Dirac and Majorana
* The boost generators are ‘fk = Ok %/ K which are not Hermitian, so the
infinite-dimensional representation of the Lorentz group on Weyl fields ' |
is not unitary.
e Likewise, check that for ' r(x),
] — n i " ] " — " "
#r()=" ) wk rRK), Kk =L+S, (84)
where
n n ||i p"—"'lk’ 7 |_!/ __!/
R" 1%" ) wSz = i(* 43+ nak), U= > K= iz (85)

The rotation generators, J'R = L'+ & are the same as for " L(X). The boost
generators are .l%k = L0k + %/ K also not Hermitian, so the infinite-dimensional
representation of the Lorentz group on Weyl fields ' r is not unitary either.
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Field representations || Weyl, Dirac and Majorana

e Note that under a space inversion, denoted parity transformation (excluded from -
our definition of the Lorentz group), i

(t,%)01(t," %) ! Lo1r!1 o1y koivk! A8 B (86)

mirror
i

«—P —>

e This means that the representation (ji,j2) of the Lorentz group is not a valid
representation when parity is included, unless j; = jp, since the
parity-transformed of a vector in (jy, j2) is a vector in (jp, j1). In particular, Weyl
spinors, regardless of whether they are in (%, 0) or (0, %), do not form invariant
subspaces under parity.
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Field representations || Weyl, Dirac and Majorana
* However, we can define the Dirac field, of four complex components:
$ 1
"X
=& ) (87)
' R(X)
that under Lorentz transformations (orthochronous, proper), x* 01 x# = H X,
$ 1
1 1 n 1 n " L O
()01 {x)="p'(x), "p=& = ) (88)
0 R
and under parity, x* = (t,k) 01 M = (t," k),
$ ' $ '
" rR(X 01
"(x) 01" %)= & R(~)) =& ) ' (x). (89)
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Field representations || Weyl, Dirac and Majorana

* The charge conjugate of a Dirac spinor is another Dirac spinor,

$ $ ' $ '
1 C n / 2+ 0 / 2
e=& R)p-g PR ovje ) e (90)
C il =" /=0
and, of course, (' ©)°= ' . Note that the coordinates x* do not change under

charge conjugation.

* Dirac fields, not Weyl fields, are the basic objects in field theories which are
invariant under parity, like QED (quantum electrodynamics) and QCD (quantum
chromodynamics).
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* Finally, a Majorana spinor is a Dirac spinor with non-independent ' | and ' r
components,
$ 1
1 — : 1 1 — ' L 2 —
rR= 4/ 1 ty=& ), 14P=1 (91)
) 42
A Majorana spinor has two degrees of freedom, like a Weyl spinor, but it is
charge self-conjugate,
4+|
")

sy 2+
il =" |

$
‘=& = 4% . (92)
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Field representations || vector

e Under Lorentz transformations, a vector field satisfies

local /jillan

VE(X) 01VE(x = " BV (x). (93)

e Then, from (75) and (78),

ARG = (V0" ) wlYVEX) % 1) w VR, (94)

e Writing ﬁ/ = L& + Si‘/, as before, we see that

he o ) (S = ) (@) S = 95)

Poincaré group
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e The Poincaré group includes Lorentz transformations and spacetime translations, -

xH 01 x¥ = xH+ &, (96)

e Taking an infinitesimal translation &' = . ¥,

XP 0 (1" i gPYXH 1 M= K= i o P&H

I P&= i (97)

We see, as expected, that the generators of translations are the 4 components of
the four-momentum operator PH. Then, a general translation reads exp{" ia,P"}.
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Poincaré group

* The Poincaré algebra, written in a covariant fashion, is

[PH,P]=0, (98)

[P, 3] = i(g"P' " g PY), )
[, ] = i(ged » &gl v gt Pe+ g I8y (100)

* The last line corresponds to the algebra of the Lorentz subgroup (41). Translations
are also a subgroup. It is convenient to write explicitly the commutation relations
of the generators of translations, rotations and boosts:

[P°, X =0, (101)
[Pk, J]=1Kmpm, (102)
[P%, KK = iP¥, (103)
[PX K'] = iPO#<. (104)
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Poincaré group

* Note that, since the Hamiltonian is H = P? (generator of time translations), we :
have that [H, PK] = [H, ] = 0 but [H,KX] 6 0. This does not mean that only linear”
momentum and angular momentum are conserved quatities, because K' depends
explicitly on time, and

dok_ . Ko Pk
K= iH K+ 2K =0 (105)

As a consequence, there are also conserved quantities associated to boosts, as we
will see in next chapter when we will study the Noether’s theorem.
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e We have seen already that fields form infinite-dimensional representations of the -
Lorentz group, with generators ]

o= LW+ gy (106)
where LF = i(x*$ " x $") and S*" depends on the field type (scalar, spinorial, ...)

* Let us find now the representation of translations. To that end, we impose that
every field component, whether it is tensorial or spinorial, must satisfy

+x3) = +(x), x¥ = xH+ (107)
Then, performing an infinitesimal translation a" = . ¥,
#+(x) = +0x%" )" H(X) = +0A " )" H(X) = " HEH(X). (108)
Therefore, comparing this expression to
+qx2" ) = exp{" i(" . PP+ #H(X) = iy PHH(X) (109)
we have P* = i$H.
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* To verify that our findings are consistent, we can check the commutation rules
(99) using the representation on fields of the Lorentz group generators (106) and
the generators of translations (109) taking into account that S*" is independent of
the spacetime coordinates, and hence commutes with $#,

[PH, 3] = [PH,L¥] = [i$",i(x% " x'$%)]
=" (¢ " g8 = i(gP " g PY, (110

where we have applied the rule [A,BC] = [ A, B]C + B[A, C] and the identity
[$4,x'] = g".
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Poincaré group || Representation on one-particle states
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* Now we have all we need to build field Lagrangians invariant under Poincaré

transformations. We will see that upon quantization the fields create and
annihilate particles (and antiparticles).

It is then useful to identify the Poincaré invariant Hilbert space of one-particle

states, namely what are the irreps of the Poincaré group labeled by the Casimir

operators whose vectors are identified by quantum number which are the
eigenvalues of a set of commuting generators,

|l (: |b/j3/---(

* These irreps must be unitary to guarantee that the scalar products of states
remain invariant under changes of reference frame,

) 1l 2(= )" 1| PTP " o

Therefore, the Poincaré transformations P are represented by unitary operators

on this space, and the generators J (rotations), K' (boosts) and PH (translations)

are given by Hermitian operators.

Poincaré group || Representation on one-particle states

* The Poincaré group is not compact, so its unitary representations are
infinite-dimensional. That is why the Hilbert space of one-particle states has
infinite dimension.
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However the field representations are not necessarily unitary, as we have seen.

Hence, it is important not to confuse representations on fields with
representations on the Hilbert space of one particle.

* The Poincaré group has two Casimir operators:
m* = P,P* and W,WH,
where WH is the Pauli-Lubanski vector defined by

1 .
WH =" E'“&/ JeP.

(111)

(112)
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Poincaré group || Representation on one-particle states

local /jillan

* Both operators commute, because

[WH,P']=" %.“"&’ [JeP,P']
= 2 (3P, P+ [ 9, PIR)
=" %-“"&’ (geP " g PP
= MV PR+ LMY R = 0 (113)

and they also commute with every Poincaré generator, so they are Casimir
operators.

e Moreover m? = Py PH and W“W“ are Lorentz invariant, so we can use their
eigenvalues to label the irreps, and they are the same in any reference frame.
We must distinguish two cases (Wigner classification):
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Poincaré group || Representation on one-particle states

e [CasemE 0

It is then simpler to work in the rest frame, p* = (m,0,0,0). Then,
|

WO =0 )
wi=" — ik0gk = 7 Oijk gk = " ik gk = 3§ #
2 2 2

LW WH = mPj( + 1).

(114)

Therefore, the |irreps are labeled by m, j | (mass and spin) and the vectors are
labeled by |jz = "j...j;...(.

We see that massive particles of spin j have |2j + 1 degrees of freedom
This is because, once we have performed a boost to take the massive particle to
the reference frame where it has a four-moment p* = (m,0,0,0), we still have
total freedom to rotate the system in three dimensions.

" We say that SU(2) is the little group (set of Lorentz transformations leaving
invariant a given election of p").
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Poincaré group || Representation on one-particle states
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e [Casem= 0

In this case the rest frame does not exist. We can choose one where

p' =() ,0,0,) ), describing a massless particle moving along the z axis. Then,
!
"Wo0=w3=) P 4

wl=) (3 +kK?) , !
%

W2 =) (F" K
Now the little group is SO(2) (rotations in the plane perpendicular to the motion),

WWH = ") 2[(F+ K2+ (P KHZ (115)

whose |irreps | are | one-dimensional | (Abelian group) and are labeled by a

number h/ {0,+3,+1,...} called helicity (projection of the angular momentum
along the direction of motion):*

h= pédl (116)

2The elements of SO(2) in the irrep h are given by R(*) = exp{" ih*}.

63

Poincaré group || Representation on one-particle states
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e |Casem= 0 (cont’d)

Note that h = j3 for our choice of direction of motion, and j3 = * .

The irreps hand " h are distinct (they do not mix under Poincaré
transformations), although in theories symmetric under parity the corresponding
massless particles are given the same name. We just say that they are the same
particle in two different helicity states.

Then we speak of ‘a photon” (m = 0,] = 1) that can be right-handed or
left-handed if h = *1, respectively. The photon is a massless particle of spin 1,
but the state with j3 = 0 does not exist.

Likewise, we will see that the massless Weyl fields' | and' r (m= 0,j = %) have
helicitesh= " 3, h=+ %, respectively.

They represent different particles if the theory is not symmetric under parity

(e.g. in the SM the neutrino is massless and it is "| ; the "r could simply not exist).
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Poincaré group || Representation on one-particle states

e Two final comments:

We can always speak of helicity as the projection of the angular momentum along
the direction of motion, but it is an invariant quantity under Poincaré
transformations only if the particle is massless.

Sometimes we use the term chirality, to refer to a massless particle transforming as the left-handed or the right-handed
representation of the Poincaré group. The chirality coincides with the helicity for massless particles.

The embedding of unitary representations of the Poincaré group (particles) into a
field theory is not trivial. For example, the vector field V|;(x) describes both spin 0
and spin 1 (too many degrees of freedom).

— To construct a spin 1 unitary field theory of massive paticles we will have to
choose carefully the Lagrangian so that the spin 0 component of the field is
never excited.

— And for spin 1 massless particles we have to choose a Lagrangian that
propagates only transversely polarized states (left and right helicities). This is
achieved by introducing the gauge invariance, an invariance under
parametrizations related to charge conservation, at the origin of interactions.
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2. Classical peld theory

Euler-Lagrange equations

Systems of N particles

= Let us brst review the basic principle of classical mechanics for a system of N
particles in the Lagrangian formalism . This system has I\ degrees of freedom

described by a set of coordinates g;(t),i = 1,2,..., 3.

= The Lagrangian L is a function of the g and and their time derivatives dj,

L= L(q,d. Ingeneral, L(q, @) = ! ; %miq’f! V(q) (kinetic term minus potential).

We will assume that the system is conservative, so the Lagrangian does not
depend explicitly on time. The action Sis debned as

S= dtL(qgd.
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(1)
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Euler-Lagrange equations || Systems of N particles
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= The principle of least action states that the trajectory of the system in the
conbguration space from an initial state g, = q(tj,) to a Pnal one g = q(tp),
both bxed, is an extreme of the action (usually a minimum):

o] t o] )
1S=1 dt L(qg,q) = dt!'L(g, @) = 0. (2)
tin tin
We can write
! " | "
UL "L "L "Ld
lL=1 —lg+ —!'qgg =1 —lg+ —-—-'qg , 3
g g 0] I @ : g 0] @ dt 0] (3)
where we have used s .
# #
- " " dg; d "qg d
| = "1 = L | = L | = 1l
- "H# # "# dt # dt "# # dt'q' (4)

with # being a set of parameters such thatqg = q;j(#,1t) is sufbciently smooth, in
such a way that the derivatives with respecto to # and t commute, because we can
discretize both variations.
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= On the other hand, integrating by parts: 2 ﬁ
(.j tp n ! " "U O t " :
L d L, '™ P d"L
dt ——!q = g ! dt ——!q. 5
tin Ilq’l‘ dt q| | W q| tin tin dt "GH q| ( )
Therefore,
é tD ! " " "
L d"L
IS= dtl —! —— 1g=0, "lg 6
. g dig i i (6)
# l' E—L = 0| (Euler-Lagrange equations) (7)
|lqi " dtuq"
b gy O 4y
. — b
In fact: ] dtua =[uv]y! ) dtva.
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Euler-Lagrange equations || Systems of N particles

= Remember that in the Hamiltonian formalism the basic object is

www.ugr.es/local/jillana

] "L
H(p.d) =!I pdg! L p=.—. (8)

i @

= Taking the differential of this expression we get
% # . " $&

dH =1 ddp+ pdg! ;—dg+ ;—dg (9)

i q @
=1 {qdp! mdg} (10)

where we have used the Euler-Lagrange equations (7) and the momentum
debnition in ( 8). This shows that the Hamiltonian H is a function of p and q.
The previous expression leads to:

G=.—, mM=!.—| (Hamilton equations) (11)
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= Debning the Poisson bracketof whatever two dynamical variables f; and f;

www.ugr.es/local/jillana

Pty
[fa. T2le = !i "G " P ' P "G (12
it is easy to check that
[Or, Pslp = !rs (13)
and the Hamilton equations can be rewritten as
G =[a,Hlp, ®=[prHlp (14)
and in general for any dynamical variable f one has
i %:[f,H]Fﬁ% (15)

where the term " f/ "t is non vanishing if f depends explicitly on time.
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Euler-Lagrange equations || Continuous medium

= Assume now that, instead of a system with a bPnite number of degrees of freedom,
we have a continuous medium . Then the system is described by abeld $(x),

Gi(t) % $(t,%) = $(x)

and its dymamics is described by a Lagrangian,
0
L= d3%L($,".9).

= From now on, we will call Lagrangian to the Lagrangian density L.
Then the action is
0 0
S= dtL= d*xL($,"u$).

Euler-Lagrange equations || Continuous medium

= The principle of least action reads:

o} ! 0 !
"L "L "L "L
1S= d™ —I1$+ —1("y$) = d¥* —! "u—u" 1$ =0,
where the boundary condition now is not q;(ti,) and gj(tp) Pxed but
Pelds remain constant in the inbnity, since
0 0 ! w0
"L i "L
A% s () = At 1S L AN 18
g LS LA T (.8)
and we have used the Stokes theorem,
0 r "0 o "
d* "y —<!$ = dAn, 1%
v o us) " " us)

(nH is the vector normal to the surface) and the boundary condition

1$ ] =

www.ugr.es/local/jillana

(16)

(17)

(18)
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(19)

(20)

(21)

(22)
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s Then we have:

,,—L! "u%:o (Euler-Lagrange equation for beld $). (23)
$ ("u$)

I Note that if one adds to the Lagrangian a term of the form ( total derivative ):
L %% L+ "yKHNS$) (24)

the equations of motion do not change due to the boundary condition imposing
that belds are constant in the inPnity, because using again the Stokes theorem,

0 0
d* " KM= dAnyK", (25)
v "

a constant term is added to the action and equation ! S= 0 remains untouched.
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= In the Hamiltonian formalism we debne the conjugate momentum of bpeld $,

_ "L(¥)
# (X) T ("O$) (26)
and the Hamiltonian density (or Hamiltonian in short),
H(x) = # (x)"0$(x) ! L(x) (27)

with
5

H= d3H(x). (28)
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NoetherOs theorem

= We will discuss the relation between continuous symmetries and conservation
laws in classical bPeld theory.

www.ugr.es/local/jillana

A global inbnitesimal transformation of belds $;, i.e. with |9%8| & 1 independent
of the coordinates, reads generically

$i(x) "% $(x0) $ $i(x) + %BF ($,"$) (29)

and the transformation of coordinates,

XM '% xH = xH+ IxH$ xH+ 9BAL(X) (30)

where GO can be one index, two, ... or none.

= \We say that this transformation is a symmetry if it leaves the equations of motion
invariant, i.e. the action does not change:

S($) '% S(30) = S(3). (31)
76
NoetherOs theorem
= Then, to Prst order in !X, “
o) o) o) . (
0=9($0! s(3)=  dx(L{xO1 d*xLx)=  d* L{xO1 L)+ "t xPL(x)
where we have used (32)
" 0 " 0
1+ I X I X
ny (1 n (1 "X "Xt
d*x( = "XW d*x, oves Il B x1 14 x1 = 1+ " IxM+ O(1x)2
— — -
X X
Then, since (33)
L{x) = L{x)+ 1x* L (x)+ O(!x)? (34)

and 'L(x) = L{x)! L(x), equation (32) reads
0 x
0= d™ LX)+ ",[! x“L(x)]+. (35)
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NoetherOs theorem

= On the other hand,
!

L) = | e t$i+ = 1("8)

i %ﬁ.iL (Hfl) - .
R TR I O
and from
${(x0) = $;0) + BR = $i(xM1 BAL) + AR,
we have
${(x) = $i(x"! BAL) + BRa= $i(x)! BAL"LSi(X) + BFR4
SO

1$1(x) = ${(x) ! $i(x)= ! BAL"$i(X)! R

NoetherOs theorem

= Then|if $ = $ is a solution of the Euler-Lagrangian equations
equation (35) reads

6 : -

"L
0= d*", | ———1%;+ I x*L(x
U .i ( p$|) 1 ( )
and substituting ! x* from (30) and !$ from (39) we have

(0]
0=9% d*"ujh($a),

where

B8 1 s [AS00"a800 | Ral,"8)]! AKL(

(36)

(37)

(38)

(39)
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(40)

(41)

(42)
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NoetherOs theorem

= Suppose we perform a local transformation, 98 = 9%(x), on this action which is

invariant under global transformations. Then it will not remain invariant but now
0

www.ugr.es/local/jillana

S(30) = S(8)+  d™X[B(N)Ka($)! ("uAB)ja($)]+ O("9+ O(%),  (43)

where the coefbcient Ky($) va«nishes, because in the particular case of%8 constant

the global invariance implies  d*x Kq($) = 0 for any $.

Let us see why we have denoted by ! j5($) the other coefbcient. If every %(x)

goes to zero fast enough at inbnity, from the Stokes theorem we have
o] 0 0

and then
5

S($O! S($) = d* 9B(X)"Li&($).

NoetherOs theorem

= Now, taking in particular $ = $, a solution the the Euler-Lagrange equations,
which is an extreme of the action, the previous equation expresses a linear

variation of the action around this extreme, and hence it is zero. Therefore
0

0= d4X 0/{?’l(x)" ujg($cl)

for any %(x) and then

! ujg($cl) =0

This means that (41) does not only implies a vanishing integral but also a
vanishing integrand. As a result, j§($c|) are conserved currents.

d4x"u'o/8j§($)/=0#! d* ("uB)ja($) =  d*x B(X)"uia($)  (44)

(45)
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(46)

(47)
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NoetherOs theorem

= Debning the charge
5
Qa$  d*j3(tX)

www.ugr.es/local/jillana

(48)

we see that the conservation of the current (density) jh(x) implies that the (total)

charge Qg is conserved, i.e. it is time independent, since

a

Fat
A4

“Qa=  d%"oid(t,x) =1 d%"ji(tx) =0

(49)

This is because we assume the Pelds decrease sufbciently fast at inbnity and we

have applied the Stokes theorem again.

Two types of symmetries: internal symmetries, when coordinates do not change,

i.e. Ah(x) = 0, and spacetime symmetriesif Ah(x) ¥ 0.
The conservation of electric charge, isospin, baryon number, etc., are

consequences of internal symmetries. Next we will focus on the second type: the

invariance under spacetime translations, rotations and boosts.

NoetherOs theorem|| Spacetime translations

= They are given by the following transformations of coordinates and belds
(every component if any):

xHopxH = xH+ o # of=0f Ah(x)= 1%
$i(x) "% ${(x) = $i(x) # Fa($,"$)= 0.
Hence, there are4 conserved currents forming the energy-momentum tensor,
M= 1 e L, = 0
()
and 4 conserved Ocharges©the energy and the 3 components of momentum,
0 o ’ .
Pe= d%'%=d3 !i W"&$i R
Therefore, the invariance under spacetime translations implies four-momentum
conservation, "P%=0, &=0,1,2,3.

Note that Py debned in (54) coincides with the Hamiltonian, debned in ( 28).
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(50)
(51)

(52)

(53)

(54)
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= For simplicity, consider a scalar bPeld. The Lorentz transformations read

0

Loogg=(r =1 (",

2 AR = 30dhE 1Hidx,

$(x)'%$(x) = $(x)# Fu($)= 0.

XM 106 xM = xH + %( FOyEr hiSxe #

= Applying NoetherOs theorem,
AT 1

n 1
"L 1 n n 1
= mé yExs I " $xy) ! é(!)HX*! !Ex))L
1. / _
= = '“)X*! "ix) : "“j“)* = 0.

2

NoetherOs theorem || Rotations and boosts

= Therefore, the following tensor contains 6 conserved currents:
W $1 (WX WY), TR =0
and there are 6 charges which are constants of motion,
0 0
MY = A3 T = @ (T X O), M) = 0.

Here Ml (angular momentum) come from the invariance under rotations
and MY from the invariance under boosts.
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(55)

(56)

(57)
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(58)

(59)
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= Two remarks are now in order:

© www.ugr.es/local/jillana

1. Note that equation (58) implies that the energy-momentum tensor must be
symmetric, because! ,"** = 0 and

— I u(X$"“%! X%I u$) — X$| uuu%! Xo/q u"u$ + 1] u%&? ! n u$8€l/0= ||$%! ||%$i (60)

Since the "% debned in (52) is not necessarily symmetric, one has to
add a total derivative of the form . f ¥ with f W =1 fi# g0 that

with *W# = *# and. from
0 0 o} o]

d3x 1. f %= g8 1, f%=0" pf= d3x 0= 3x 0¥ (62)

the conserved charges are the same as long as the Pelds, on whichf depends,
decrease sufbciently fast at inPnity.

I The symmetrization of the tensor ""# derived from ( 52) will be needed in the
case of the electromagnetic beld, as we will see later.
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= And the second remark:
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2. We are used to the angular momentum conservation (! {MI = 0) but not to the -
conservation of quantities associated to boosts ( {M% = 0).

Actually, in quantum mechanics, we have
0

Kk= M%= Pkt d3x xk"%0 = M%(t) (Heisenberg picture)  (63)

wi

and remember that ! M% # dM%/d t = i[H, KK+ 1 KK/ I't = i2Pk+ Pk = 0,
However, unlike energy, momentum and angular momentum, the quantities
associated to boosts cannot be used to label states, since the operators
representing the boost generators are not always Hermitian and moreover they
do not commute with the Hamiltonian.

I Note that these KK are the representation of the generators on the
inPnite-dimensional representation of scalar belds and, unlike the 4 $ 4 matrix
operators introduced in the prst chapter, they do depend on the spacetime
coordinates.
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= Consider brst a real scalar Peld,$(x) = $"(x). An action describing the nontrivial
dynamics of the beld must contain derivatives, ";$. The Lorentz indices must be -
contracted, because the action is a scalar. The simplest action i3
0] 0

Lgs (ustis 1 m2$d) = dix L(x). (64)

Szé

= The Euler-Lagrange equation for $ is then the Klein-Gordon equation ,
—L' H—L =0# (" +m)$(x)=0, " $ "N (65)
$ ("u$)
The solutions are plane waves,
$$ e P with px$ puxH and p? $ pupH = (p°)?! p?= m?

The parameter m is the mass, and by debnition m > 0.

A term $" $ = $","H$ is equivalent to ";$"H$ up to a total derivative " ($"H$).
A linear term c3$ is equivalent to the reparametrization $ % $! ¢/ m?, leading to the same dynamics.
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= The most general solution of the Klein-Gordon equation is then,
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0 4 5 :
d3 - x
$(x)= — P ape' P+ g el (66)
(2+)3 2Eb +_
pO: Eb$ +  m2+ pz
The beld normalization has been chosen for later convenience. Among the
solutions, there are positive energy modes (e' 'PX) and negative energy modes

(e*'PX) 2 whose interpretation will emerge when the beld is quantized.

= The sign of the action has been chosen to yield apositive debnite Hamiltonian :

n 6 7
#e= - ,,L = oS # H=t#g"o$! L=2 ("0$)%+(, $)°+ m*$? > 0. (67)
("0$) 2
The energy-momentum tensor is directly symmetric,
‘H& = vHgr &) gM&  and,infact, H = '9%. (68)

aThis is because interpreted as a wave function, the beld $ - e Pt with p® > 0 satisbes the Schrs-
dinger equation i "t$ = + E$ with energy + Eand E= p°> 0.
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The Klein-Gordon equation

= As for the conserved charges associated to rotations
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0 .0 ~
MU = dSx (x" U1 X' Oy = IE d3x ($LU" oS! "oSLS), (69)
where we have used the depbnition of L = i(x'"/! xi"!) and integration by parts
fori ¥ j,
d3x "X 3] = 0#  d3x MI$x"$ =1 d3x $x"I"o$, (70)
d3x "I o$x'$] = 0#  d3xlme$x$ =1 d3x " o$x'"IS. (71)
= |If we debne the scalar product of two real scalar belds as
[ 0 3 1
/$1]$20$ > d°x $,"0$,, frg$ f'"g! "fg, (72)
we have
90
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Mil = /$| Ll |$0 (73)

which is as expected becauseL is the representation of JI on the beld space.

= Let use see that/$,|$,0is time independent if $; and $, are solutions of the

Klein-Gordon equation , that is in agreement with Ml being a conserved quantity.

In fact,

"0/$1]|$20=

NI = NI — NI — NI —

6

8

B

B

d3x "o[$1"0$2! " 05152

8

d3  "0$1" 0%+ $1"5%2! "551%2! 051" 0%2

8

d3x $1, 2$2!, 2$1$2! m2$1$2+ m2$1$2

d3x {!,

$1é1 $2+ ) $la,-s $2} = 01

9

9

(74)
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where we have used
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(" + mM)$1o= 0# "§$10=, “$1o! M Py,
o) 6
d3x, &($12 $21)= 0#  d3% By 2$o1="! d%, $1.4 $21. (75)

» Likewise, we can write

Fat
A%

PH= d3 %"= /$]i""|$0 (76)
I In fact, using again the Klein-Gordon equation and integrating by parts,
0
. . 1
PO=/$|i"%|$0= /$|i"o|$0= ! 5 d3x [$"2$! ("0$)?]
o]
=15 X8, %81 PSPl (68)7)
1(‘5 0
— E d3X [(’ $)2 + m2$2 + ( no$)2] — d3X ' OO’
(77)
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5
P' = /$|i"'|$0= ! % d3x [$"1"0$! "0$"'$]
0] 0] 0]
= d*"g"e$ = d 0= d¥% O (78)
= And also,
MO = /$| L0 [$0=  d3x (x> 01 X' 90 (79)
I In fact,
. , :|_(.j , . , ,
MO = /$| L% |$0= ! 5 d3x [$(x%T 1 X0 o$ 1 (x0T x!"0)g]
o % L &
= dx x™$" S+ TGS ! ("09)7]
0 % i &
= @3 xX0$ig! %[("0$)2! $, 26+ m%$? . (80)
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= Note that, as anticipated, L** and i"" are Hermitian operators, and hence we have
an inbnite-dimensional unitary representation of the PoincarZ group. :
Then M*& are P are real quatities.

= Finally, we could generalize the Klein-Gordon action to include interactions of the

scalar Peld introducing a potential V($),
0 %1 6

Terms proportional to $3, $4, ...

S=  d%

2

L$THS !

~

&

m?$2 | V(%)

in the potential give rise to non linear
contributions in the equations of motion, corresponding to Peld self-interactions:

(" +m)$ =

Scalar belds || Complex belds

= Suppose now a complex scalar peld,

IIV

T

$ = 4—1—§($1+ i$5)

where $; and $, are two real Pelds of the same massm. Then

8

d*x ("u$ "M !
5

m’$’" $)

d%x (" 1"y !

d*x L(x).

1
2¢:2

m?$7) + -
$1) 5

6

d%x (" 82" HS, !

m?$3)

(81)

(82)
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(83)

(84)

It is clear that the Klein-Gordon equation for the complex $ is the same as for
(65), since both real and imaginary parts satisfy it. The most general solution is

$(x) =

(2+)3

26,

R ael P

5
+ b;e|px

p0= Ep$ +

+

(85)
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= The action of this complex Peld is invariant under global transformations of the
group U(1),

$(x) '%$(x) = € "$(x), $(x)'%$ ' (x)= € $"(x) (86)
meaning that there is a conserved current associated (take$; = ($,$)):
XM xM = xh# AR(x)= 0

?(x) '%$(Ex)= $(i()! i'$ (x*) I Fsa = !i$ (68)
$°(x) "%$C(x)= $"(x)+ i'$"(x) Fg*a= |

(87)

*a= i$"
1
Ju- — Tu n * — *"“
) (H$)F$a (u$)F$a i($7"H$! $"HET) = i$THS. (89)
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= The conserved charge is
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0 0 L
Q= dxj%=i d%$™"$=/%/%0, "tQ=0, (90)

consistent with the generator of the symmetries e' " being the identity operator,
debning the scalar product of two complex scalar belds $, and $g as
0

!
/$a]$808 i d3x $,"o$B. (91)
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Spinorial belds

Weyl equation

= Consider the Weyl spinors , g and, . Then

1

R

*H

1 L

L

with ** $ (1,%),** $ (1,! ¥), are Lorentz four-vectors.

To show this, remember that

Consider, for example, an inbnitesimal boost of rapidity - along direction X,

% b
,r'%exp (i +.L)é'§ ) R-

y R*ul RI%’ R*ul R+ -

# ’R’R

i
1R*’R

"%
"%

where we have used *'*J + *ixi = 21}

Spinorial pelds

Weyl equation

We see that, ;*

H r transforms under this boost like a four-vector vH,

<
o

<
EEN

"%

)
~OVVVVV

N
<
N

<
w

1

0
0

Consider now an inbnitesimal rotation

1R*u’ R'%’ R*uv R+ il

"%
"%
"%
"%

1
0
0

&

00 O
> >
0 ®: vi
> >
103’<V2r_>;
01 v

about the axis z,

where we have used **i 1 *ixi = Djofk«k,

*3 _
’RE*H’R! |I,

' R' R

VR ;R! P R

’R*Z’R+'v R

’R*3’ R»

*1 *1
__*H - *H__
’ R2 1R+ r R 2’R
1
aR1R+-1 R* y R
i il
lR*lR+-! ' Ry Ry
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(92)

(93)

(94)
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(95)

(96)
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We see that, g* H g transforms under this rotation like a four-vector vH,

VO 10 0 0 W
Y 0 1 I Y
R S (97)
¥ V5 »0 1 0% ¥ V5
v3 00 0 1 3
And likewise for , *H .
100
Spinorial Pelds || Weyl equation
= Now focus on , | . The simplest action involving this beld, 2 “
0 0
S=i d%, M, L= d*L(x). (98)

The factor i is introduced for the Lagrangian to be Hermitian. Let us bnd the
Euler-Lagrange equations, considering that , | and , ’,i are independent pelds:

[’ t] i*_”"p.v L: 0
L] Vi, [*H=0

(Weyl equation for , |)

# H L= 0# ("o! *MM), L= 0. (99)

aWe have just shown that , | **, | "% %), | *), L =, %h*), |, because% and * act on different
spaces. On the other hand," |, '% %“* "«. Then, the following term is a Lorentz scalar because

’ LTu"u, L |%’ L?)O/OH)O/OI:"*, L =, Lf)g;"*’ L =, L*““u, L-
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= The Weyl equation for , | is equivalent to a (massles9 Klein-Gordon equation for
its two components,

L= UL L# G L=, AT, =0 (100)
and furthermore provides information about the helicity of the Peld modes.
Taking a positive (negative) helicity mode of , |,
L L(X) = upe X (u ¥ (101)

with u () a constant spinor and p* = ( E,'p) where E = |p| (zero mass), and
remembering that
b

|
J
2

# (Ppd)) u, = %p')él* u.$ hu, (102)
we see that

T“"u, L:("O! *i"i)uLe' Ipx = . i(E+!* éb)ULE' IpX = oO# K é.]ﬁ)UL =1 ug, (103)

meaning that all the modes of , | have negative helicity h=! %
102
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= On the other hand, the energy-momentum tensor is ﬁ
M& R I N L (104)
( V) L)
where we have used that for belds satisfying the Euler-Lagrange equation ( 99) the
Lagrangian L = 0. The Hamiltonianis H = %=1, "0 .

= Moreover, the action is invariant under global symmetry transformations of the
group U(1),

CL'%e (105)
so there is a conserved current

n/n L i! L = ' L*_u’ Ly ul.ljp = O (106)
( K L)

=
and a conserved charge
0 0

Q= d%j%= d%, .. "Q=0. (107)
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= Likewise one can see that the Weyl equation for , r is
M R= 08 (o* *), R =0, (108)

which is equivalent to a massless Klein-Gordon equation for its two components,
"o r=!*",r# "5, r=, %, r# ",r=0. (109)

The modes of , g have positive helicity h = % The corresponding
energy-momentum tensor, current and conserved charge are, respectively,

0
THE o & o M= R R Q= d3, R R (110)
104
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= Note that, under a Lorentz transformation, “
U%%, L R % %R R Y Y %R = %% = L (111)
Therefore, , |, rand, g, L are Lorentz scalars.
' Under parity (, . 1 , r) the following Hermitian combinations transform as:
GLrRY L)% (L rRT, R L) (scalar)
iC6 L R! vroL)%li(, L, rR! , g, L) (pseudoscalar) (112)
As a consequence, theDirac Lagrangian,
Lo =10, "™y o+ i, """ r! MG LRY R L) (113)

Is invariant under parity. In contrast, the Weyl Lagrangian is not.
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= Let us bnd the Euler-Lagrange equations:
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[’ t] i‘k_p-uu’ L' m, r= 0

[l DMy, (9 m, g=0 # ML L= m, R (114)
[’ ;] i*u"H’R! m, .= 0 i*u"uvR: m, .

[, R]Z ! i"U’ R*U! m’L=O

This is the Dirac equation in terms of Weyl spinors.

I Note that , | and , r are no longer helicity eigenstates and the 2 components of
, L and of , g satisfy a Klein-Gordon equation of mass m, because

R L= moR# (0T, L= mixEe, R
BI J(WrEa sSSP (H M), =0, (115)
where we have used (108 and the identity *#*&+ *&H = pgH& The same for, g,
(" +m?), g= 0. (116)
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= |t is convenient to introduce the Dirac beld, of 4 components,

()= < LX)

(chiral representation) (117)
, R(X)
and debne the Dirac gamma matrices,
.0 . 0 0 *H
1° =< 7?4 K=< ?  (chiral representation),
10 F*l0 10
(118)
satisfying the Clifford algebra ,
{.H.&8 = H &t &K= ogh& (119)

I The Dirac equation is then

(Pt m), =0, AS$."A, (120)
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= We can write the Dirac Lagrangian in a compact form introducing

. $, .9 (Dirac adjoint spinor ). (121)
In the chiral representation, , = (, Ry L) and
Lp=, ("' m),. (122)

= Another debnition is the matrix .s5$ i. 9. 1. 2. 3 that reads

| 1
5= < ?  (chiral representation) (123)
0 1

Therefore, the operators P, = %(1! .5) and P = %(1+ . 5) are projectors on the
Weyl spinors , | and , g, respectively,

P, =<', Pg, =< 7. (124)
0 ' R
108
Spinorial Pelds || Dirac equation
= One can choseother representations, ﬁ
0=U, 0, . ®=utu, =, (0.0 (125)
where U is a constant unitary matrix.

I In this way,

Lo=, (u. oG " 1 mu , (=G ® 1 m), ¢ (126)

has the same form as the original Lagrangian.

| The Clifford algebra remains invariant, . ®, &+ (& (= pgu&

109



Spinorial Pelds || Dirac equation

= A representation used very frequently is the standard representation or
Dirac representation, obtained from the chiral one by
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U= +< L (127)
2 1

I The Dirac bPeld and gamma matrices in the standard representation read

+
LTS azs)
2 ’R!1L
1 0 - o I 0
L T e I T BT
I 1 1 *1 0 1 0

I The Dirac representation is convenient in the non relativistic limit, while the
chiral representation is convenient in the ultrarelativistic limit.
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= The general solution of the Dirac equation is a superposition of plane waves,
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, (X) $ u(p)e' 'P* (positive energy modes E > 0), (130):
3

, (X) $ v(p)e'P* (negative energy modes! E< 0), E=+ m2+ b2  (131)

Applying ( 120 to these solutions we have

(p! mu(k) =0, (p+ m)v(p)= 0. (132)
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= We will bnd now the explicit form of these solutions in the chiral representation:

U(b) - < uL(b)? ’ V(b) - < VL(p)? _

(133)
ur(p) Vr(D)
I Take brst the casem ¥ 0. Then, in the rest frame system,
p'=(m,0,0,0
(p! mu(@0)=0# (.°% Du(0)= 0# uL(0) = ur(0), (134)
(b+ m)v(0)= 0# (.%+ 1)v(0)= 0# v, (0)= ! vg(0). (135)
Then, focussing on the positive energy spinor u(p), we can choose
+_
u®) = u®©) = M/, s2{1,3, 1O/ =14
jw=< o2<0% (136)

0

112
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ugr.e:

= The solutions for an arbitrary ' can be found performmg a boost along = b/ |p|

L 3-id (9 g
O = <€ “L()o
u®(p) = ) ? . (137)
e" 2 (9 (q)
Expanding the exponentials,
_ & 1 & 1
+-0d — | _2Kk 4 5 | _2k+1
e +
L @ P G )
= cosh- £ P& sinh- = %(Ei bd), (138)
with cosh- = . = E sinh- = .0 = % (139)
(p*) = py*"=E! &, (pF)= p*"=E+ba, (140)
' O @y
0 /
# uO(p) = @(IO U0 - < glP) T (141)

T %m0 T Cemie
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= One can write these solutions differently:
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D # $ # $" =
I 7] @ + 7
Ev ol 2T s TR P 0,
(9 (1) = W o2
u(p) = ! # R it R >, (142)
<@ + (C— ?
L = o~ L O
2 2
where we have used
# $ # $
et 2P = cosh + B& sinh - = ez ! zp +e 2 zpd* (143)
@ A E
+
e"2= cosh- £sinh-= .+ .0 = _ml P (144)
114
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= Taking the ultrarelativistic limit (E3 m), p* % (E,O0,0,E), ﬁ
A = : = 6
* 3/ (1)
Wy o E<@ T _Top 0,
2 (1+*3)/ (@ /(D)
E (11 *3@_  +_ @
U(Z)(b) % E<( ) ? = 92E< ? (145)
2 (1+*3) 0

we see thatu(D) hasright-handed components only and u(® has left-handed
components only, so they are Dirac Pelds of well dePned helicity (chirality), as
expected for masslesspbelds.
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= Repeating the procedure above for the negative energy spinor v(b) we obtain

(s) -
(8) () = 4-_< (p ) v (0) ? =< (p ) - (S) () ) = 146
\ (b) @ (S) ’ * ISy ( )
m (p¥) vg'(0) L (pF) -(S)
or
! # $ i $" =
@ ! . 7 @ 7
. CE+p 2 Zpd* + E! [p] 1+2'°’a* NCIN
() () — " >
vii(p) =, ! # R # R 2. (147)
"1 2
1 % = “Ermg 1P o
116
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= \We will see that it turns out convenient to choose “
. x 0 1
1 0
Then, in the ultrarelativistic limit (E 3 m), p“ % (E,0,0,E),
11 *3 (1) +_' _(1)
viD(p) % = < @) = 2E<
2 I (1+ *3)- (1) 0
A_- ST
11 *3 @ +__ 0
vi? () % E. ( ) ? =1 2E< ? (149)
2 1 (1++3)- -2

meaning that v(? has left-handed components only and v(? has right-handed
components only, so they are again massless Dirac belds with well debPned
helicity.
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= Introducing now the corresponding Dirac adjoint spinors, 2

u=u.% v=v.9 (150)?
satisfying the Dirac equations,
u(p)(p! m)= 0, v(p)(p+ m)=0, (151)
one can show the following orthonormality relations
uO(P)u(p) = 2mirs, VO (D) () = | 2mis (152)
u (p)ud(p) = 2Eglrs, vV (P)VO (D) = 2Ep! s, (153)
a (p)v () = v (h)u (b) = 0 (154)

and the completeness relations,

I uOmum)= p+m, 1 vOmVI(h)= p! m. (155)

=12 =12
aUse the identity . * = .0 1 0
118
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= |t is important to note that the 16 matrices, ﬁ
I A (156)
are linearly independent and form a basisfor the 4 4 4 matrices. Then one can
debne the following fermion bilinears with well dePned properties (covariant)
under Lorentz transformations,
[ (157)

= One can also check that the Lorentz transformations of the Dirac spinor , can be

written, in any representation of the gamma matrices, as
% &

' . 1
, '%exp ! 4I_1( weME L e M= E*“&. (158)

(it is sufbcient to check that J& = %* & satisbes the Lorentz algebra.)
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= An interesting global symmetry that the masslessDirac Lagrangian has is the

chiral symmetry ,
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L L'%e L, L rR'%WE "R g ('L and'Rgindependent), (159)

that, in terms of the Dirac spinor, can be written

, '%e . '9e 105 (#and 0 independent). (160)

In fact, performing inPnitesimal transformations,

=<' L7 '%e”#,:<(1! i#)’L?#'R:'L$# (161)
R (1! i#), r

_<'l9 .%e!io.s’:<(1+i0)’L?#'R:!'L$0. (162)
R (1! i0), r
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= From
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e # # o e (163)
. '0% e! i0. 5 # ’_ "% | eiO. 5 0_— o Oe! i0.5 — ’_e! i0. 5, (164)
using.g= .5 {.4".5} =0, (165)

the invariance of the Lagragian under these two independent transformations is

evident:;

C'%e o L=t % efre ¥ =01, =L (166)
,'%e 105 # L=i001 '%i, e 05 KOs =iy =L, (167)
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= AS a conseqguence, there are two conserved currents,

jy =, M (vectorcurrent), jh =7 W 5 (axial current). (168)

= If m ¥ 0 only the vector current is conserved. It is enough to use the Dirac
equation to check it:

oy = m,

(i"r' m), =0# _ o (169)
Li"y,. ¥=m,, because. 0. ¥ 0= H
# Wy =G M) = ey = imy Him, =0
"wh = uG Rs )= Rs, + Kgty, = imy s, +im,. 5, = 2im, s,
(170)
| This is because the mass termm,, is invariantonly if 'r = '| because:
s TLRLTLLR (171)
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= A Majorana beld is a self-conjugate Dirac beld, ﬁ
m=<'"? . Rr=1*2 7 [12=1. (172)
' R
I Itis evident that , yy can be massive in spite of being made of a single Weyl
spinor. It is enough to write
(ir! my, q=0# i, = m, g=ilm*2 | (173)
leading to a massive Klein-Gordon equation for , |,
(" +m?), =0 (174)

regardless of whether , r is given by , | or not.
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= \We will not write the classical Lagrangian for , \ because its mass term would be
proportional to

v M M (l Ly~ | ) ) . 2 *
10 i1*s,
=1, %2 i, 2 = rin, %2 L+ he. (175)
which is null unlessthe , \y components are taken asanticommuting quantities
(Grassmann variables) because

i, 2 =42, 21 (176)
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= Even more interesting is that, although the Dirac Lagrangian is invariant under
the group U(1) of global transformations

L L'%e L R'%e F g, (177)

this cannot be a symmetry of the Majorana Peld because its left- and right-handed
components are conjugate according to (172.

I This means that a Majorana Peld cannot have U(1) charges, as the electric charge,
the baryon number or the lepton number, for instance.

I Is the neutrino a Majorana fermion?
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Electromagnetic beld || Covariant form of Maxwell equations

= The electromagnetic beld is described by the four-vector AH.

Debning the tensor FH& = "HA&L &R
the electric Peld E and the magnetic beld B are

www.ugr.es/local/jillana

E=1Fi=1"All a0 Bz %WHK:(A N, (178)

where FIK = 1 of"B" becausedku" = oikopk = 211"

Namely:

0 'l 1E2 I B

>
EL o0 ! B3 |32§
E2 B® 0 !B!3

ES 1 B2 B! 0

FH& =

IR

126

Electromagnetic Peld || Covariant form of Maxwell equations

= Applying the Euler-Lagrange equations to the Maxwell Lagrangian ,
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1 1 :
=1 R = Z(E?! B?) (179)
4 2
that can be also written L = ! %("HA&"“A&! " Ag"4AH), we obtain the equations

of motion ( Maxwell equations in vaccuum)

" FE&=0| 5 =0, ,4 B="E (180)

The remaining two Maxwell equations are obtained from the dual tensor
P& = 148" [ , whose four-divergence vanishes: " P& = o4& "y A« = 0,

Be-ol 5 [ aB=0, .4 E-1'B (181)
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= The Maxwell Lagrangian is invariant under local transformations ' = ' (x) of the
form

Au(x) "% A(x)! "y (x) (U(1) gauge transformation). (182)

The existence of thislocal symmetry implies that Ay(x) provides a redundant
description of the electromagnetic beld, because we may use the freedom to
choose the gauge to constrain A;(x).

Usually one calls OsymmetryO to a transformation that leaves invariant the
Lagrangian (or rather the action). However, although a local symmetry implies a
global symmetry, that has physical consequences as the charged conservation
(NoetherOs theorem), thegauge invariance is not a symmetry of the physical
system, because the physical states are not transformed.

Remember that the gauge invariance is necessary in order to describe massless
particles of spin 1 (two degrees of freedom) using vector belds of four
components (two of them are spurious). The gauge symmetry is more
appropriately a gauge freedom.
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= We may take Ag(x) = 0 choosing
0 t
Au(x) "W A(x) = Ap(x) ! "p dtCAg(t k), (183)
and then A{(x) = Ag(x)! Ao(x) = 0.

= We can further do another transformation, not changing the component Ay,
0

dy "Al(tY)
( 05 All(y) = Al | oo ' I :
Ap(x) "% ARX) = ALC) D (%), (k) B! ALYy (184)
Although it is not apparent, this ' does not depend on t, because
Ei=1 FO =1 "OAl4 a0 = | wOAL (185)

and as, &E = ";E' = 0in absence of sourceswe have that "";Al = 0 and then
"o' = 0. Therefore, alsoA{(x) = 0.
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I Let us see which consequences do the gauge transformations have:

0 : # $ : :
"Al(t,y) 1 "Al(x) ,
2 =1 3y ~\¥) 2 - 0 = = (
b (b() . d y "yi 1] X 4+|b(! yl "Xi ] aA y (186)
where we have used that
# 1 $
2 = =1 13Kl
X A KT Y] FIo(k! ), (187)

SO

"HAl(x) = "HA((x) ! ) #, aA(= ) ahG ) 2 =, (188)
H H H

Then we can also take, aA = 0. This choice,
A=0, , &A=0 (189)

that is only possible in absence of sourcesis called radiation gauge.
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= Another choice, which is always possible, is “
Ap'%A = Ayl o e g AR (190)
in such a way that we can always take
"WAM = 0. (191)
This is the so called Lorenz gauge.? Then
"LFHME=0# v ("HA%L m&al) = A& = O, (192)
We see that every component of AH satisbes a massless Klein-Gordon equation.
The solutions are of the form ( A" is a massless real beld):
Au(x) = (ke ™+ R(ker, K= 0. (193)

aDo not confuse L.V. Lorenz (Danish physicist and mathematician), who stated the Lorenz gauge,
with H.A. Lorentz (Dutch physicist, Nobel prize in 1902), who proposed the Lorentz transformations .
Also do not confuse with E.N. Lorenz (American mathematician and meteorologist), founder of chaos
theory, who coined the term ObutterRy effectO and discovered the Lorenz attractor .
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The condition (191) implies that the polarization vector % (k) satisbes
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k%= 0. (194)

= In the radiation gauge, which is compatible with the Lorenz gauge, the beld is
transverse because its polarizations have 98 = 0 and'k &6= 0.

= Claribcation: Unlike the constraint , &A = 0, that can only be imposed in absence
of sources, the constraint A% = 0 can be always applied. However, usually one
does not take this choice when there are sources.
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I For example, consider an observer in front of a charge eat rest at a distancer.

In this case one usually takes
4 5

e
AH = A = — 195
($.M)= 20, (195)
leading to the electromagnetic peld
e
=" | = — 0 = =
E=1"A!, $ 120 B=,4 A=0. (196)
However, one could have chosen a gauge where
# $
M = ( h(y = | it
Al = (s A= o, 220 (197)
leading to the same electromagnetic Peld,
=" (1 (: € 5 = (:
E=1"Al, 3 praie B=,4 Al=o0. (198)

Both choices are related by the gauge transformation
et

) 199
4+r ( )

AL(X) = Ap(x) ! "W (0, () =
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Gauge invariance

= Let us bnd now the energy-momentum tensor. Applying the NoetherOs theorem:

"L

' & —
"("uA))

which is neither gauge invariant nor symmetric!

We can symmetrize it adding "y (F* A%), that satispes" "y (F*) A% = 0 and turns

it gauge invariant,

"EA) L gMSL = 1 POEA) + %g“&FZ, F*$ g,

1
THE= 1 RITEA) + ZgHFE ) (FW AT

1
= PR+ 21g“&FZ, when “yFW = 0.

o

o

= d%T®= ) dx(E+ B

8

0

Pl= d3%T%= d3 (E4 B)

The conserved charges under spacetime translations are then

(energy)

(Poynting vector).

Electromagnetic beld

Minimal coupling to matter

= |n the presence of sources of the electromagnetic beld(charges and currents) the

Maxwell equations are

"FRE= & 5

“Beso| s

=), ,4 B=rE+]

i*$ 0.4)

=0 ,4 E=z1"B
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(200)

(201)

(202)

(203)
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(204)

(205)

I Note that the last two equations are the same in absence of sources, because
" BHE = o0& "y A = 0in any case.

These equations come from minimizing the action

5
S=

d*x

F
! 21ngLF“&! MAL

$

B

d*x L(x) .

(206)
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= This action is gauge invariant only if jH is a conserved current, ",j! = 0, because

MAL % JHALT H (207)
0 (0] 0
and, since  d*",("j")=0# d™ ", =1 d* ™ " = 0, we have that
0 0
d* j*AL'%  d* j*AL5 "ujf = 0. (208)

I The gauge invariance is the guiding principle dictating the interactions.

136

Electromagnetic bPeld || Minimal coupling to matter

www.ugr.es/local/jillana

= Let us see how the gauge principle works, applying it to the Dirac Lagrangian in
the presence of the electromagnetic beld.

I The freeDirac Lagrangian
Lp=, (ir! m), (209)
Is not invariant under U(1) gauge transformations (local phase transformations),
L %e Q) T e Q00 (210)

However, the Maxwell Lagrangian,

LA:!}

4FH&F“& (211)

Is invariant under gauge transformations

1 1" 1
A% At "y (%), (212)
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I We can get a total Lagrangian that is gauge invariant by replacing the usual
derivative " by the covariant derivative
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Dy = "u+ ieQA (213)
because then
Dp, =("p+ ieQA)), '%("y+ ieQA +iQ"y )e ',
=€ 1Q(iQy + "+ ieQA+iQy), = € ¥D,

(214)
and the resulting Lagrangian,
_,. 1 2
L=,(D! m), ! ZF“&F“
=, (@Gr! m), ! %FH&F“&! eQA,,. ¥, (215)

IS gauge invariant.
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= In this way, we have introduced an interaction of the form jHA,
(minimal coupling ) between the electromagnetic Peld and the fermionic current,

www.ugr.es/local/jillana

F=eQ. ¥ (216)
allowing us to restore the local symmetry .

I Note that jH is a conserved current due the global invariance of Lp under U(1)

transformations, leading to the conserved charge:
0 0 0

Q= d*j°%)=eQ d3,. 9 =eQ d3, , (electriccharge). (217)

I Other types of gauge invariant couplings are possible, but they involve peld
interaction terms of canonical dimension higher than four, that must be multiplied
by coupling constants with dimension of mass raised to a negative power.

For instance, the magnetic dipole moment interaction: L = a* & Fue [a@] = M*' L

Such couplings will naturally emerge when quantizing the theory, providing
corrections to the minimal coupling to higher orders in perturbation theory.
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= In general, let {T?} be the generators of a gauge symmetry group, { Wi(x)} the
gauge bosons associated to each generator and ' #(x)} the parameters of the
transformation. It is easy to check that if the belds transform as

(fundamental irrep) "% U', U= exp{!iT*?3Xx)} (218)
(adjointirep)  \H, "% U\B,U ! ;—J("HU)U, W, $ TWS, (219)
(' is amultiplet of fermionic Pelds) then introducing the covariant derivative
Dp="yu! ig\l, (220)
one has
Dy’ '%UD,’ (221)
and the resulting Lagrangian
L="(iD! m) (222)

remains invariant.
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I For a group of non Abelian symmetries , the invariant gauge beld Lagrangian
(211 must be extended to include, besides the kinetic terms, cubic and quartic
self-interactions, bxed by the structure constants:

1 4 SO
Ly = ! St W WHE = ng&wa“& (223)
where Lym = Lgin + Lecubic + L quartic 1S the Yang-Mills Lagrangian :
l n 11} n "
Lign = ! 5( AWE L "W (MWL Al (224)
1
Lowic = ! 59 ("uWg! "aWWOoHWOe (225)
1
Lauaric = 1 707 F 22 CeWwWgwekw o (226)
with

# Wi = "WWE! "QW3a+ g FAPWEWE. (228)
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Electromagnetic beld

Minimal coupling to matter

In the particular case of the group U(1) of electromagnetism the only generator is

a multiple of the identity:

T = Q (the charge of the Peld in units of the coupling g= €.

From now on we will call it

www.ugr.es/local/jillana

Q+, because it will be the electric charge (in units of €)
of the fermion f annihilated by the quantum beld , .
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3. Quantization of free Pelds
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Scalar belds || Fock space

Remember that in order to quantize a classical system of coordinatesq and

momenta p' in the Schridinger picture we promote d and p' to operators and
impose the commutation rules (in natural units):

[d,P]=iy [d,d]1=[p Pl=0. (1)
In the Heisenberg picture, where operators depend on time,
qu(t) — ethqje! iHt ij(t) = elHt pje! iHt )
(" "y = iHay ! igyH = ilgu, H], i "ed = 0)

we impose the equal-time commutation rules,

o (1), PL(OT = %y, ok (8), g ()] = [ P (1), Pl ()] = O. 3)
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Scalar belds || Fock space

= In a beld theory we have replaced g}, (t) by #(t,%) and pi,(t) by ! (t,%), soin
order to quantize the belds we promote them to operators and impose?

(LX), (L)) = i3kt ), [#LX),#EY] =1 (LX), (LY)] =

second quantization

' We will study Prst the case of the scalar beld.
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(4)

aThis procedure is called canonical quantization . There is an alternative procedure, the Feynman path

integral formalism , that is particularly useful to quantize gauge Peld theories.

Scalar belds || Fock space

= Consider a free real scalar beld ,

0 3 !
#(x) = —d'p—(ape' x4 abe'px) PP= Ep# + m2+ p2,
(2$)° 2E,
where now #, a, and a, are operators. Recalling
0 dSq ’ # E$ % L &
_n —_ H L |
L(t,y) = "u#(t,Y) = (25)3 L > ae Y1 g€V

it is easy to check that (4) implies

[ap, 3] = (28)%%(b! 0), [ap &gl = [a,3,] = O
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(5)

(6)

(7)
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In fact,
o #

dg,’p d’q By 33
@y @ 20V

%

6

[#(t.%), ! (t.Y)] =i

. 0O

where we have used

b goa 130 1= 13,

13(k) = 53¢

Scalar belds || Fock space

&
$ 08! i(Bp! Egtgi(b&! bd) 4 oi(Ep! Eg)ty! i(pd! bdy)

&
gPdX! Y) 4 gl A Y) = i3 1 )
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(8)

(9)
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I The commutation rules (7) remind us of the creation and annihilation operators ofﬁ

the energy modes 8% of a harmonic oscillator with Hamiltonian

2
_ P 1 o0
H= —+ -m%x*,
oam” 20
whose solutions are found by introducing the operators
(we reinsert the & to refresh our memory):
#_ #

(ata), p="ti

0,
hm/o(a! a),

2m%

satisfying the commutation relations,
[x,p] = iB" [aa]= 1.

From them we derive

H = bB%(a a+ 3).

(10)

(11)

(12)

(13)
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Scalar belds

Fock space

Debning the state of minimum energy (the vacuum) |0%as the one annihilated by -

the operator a and applying ( 12)

[H,a]= b%a, [H,a]="! b%a,

we have that, normalizing &|0%= 1,

from where a ais the operator number of modes, |0%has energy Eg = %b%

1
al0%= 0" aaln¥% n|n% |n% “——(a)"|0%

n!

(zero-point energy) and |n%has energy E, = bB%(n + %).
The Hamiltonian eigenstates {|n% form the systemOs Hilbert space, called the

Fock space

Scalar belds

Fock space

= Coming back to our beld theory, we see that (7) are the commutation relations of
an inbnite set of harmonic oscillators, one per value of b, except for a
normalization factor, which is the (inPnite) volume of the system, since

~ 3,3 — & 3y ol i(P! GA — "
L((arg(2$) °(p! ) L((anl; d°x e V(i ").

0]
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(14)

(15)
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(16)

I Then, we can construct the Fock space of states using the operators creation éb)

and annihilation ( a,) of modes of momentum Y, from (7) and &, |0%= O.

This way we obtain the multiparticle states:

|1, Y00, . .. %

2By, 2,444, 3, 44M%

(17)

150



Scalar belds || Fock space

I The state normalization has been conveniently chosen to be Lorentz invariant.

In fact, taking to simplify the state of one particle of momentum b,
! ! !

% 2E,a,|0% &% 25, 2E, 8| a4, |0% 2E,(25)%3(p! b) (18)

we see that this scalar product is a invariant because performing e.g. a boost
along the direction z,

E=&E+"p), p=p« P=py, pb=&" E+p) (19)

we have

13(b! ) ElIS(b! ) E
B )= L0 B = Srm! o)

Ep!3(P! ) = E3(p! ). (20)
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In the brst step we have used
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(100 fo) =}y 19 = pip) = &C E+ ), (21)
; (X Xo)a

and in the second,

E becauseE= m2+ p2. (22)
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= Let us see now what is the energy of the multiparticle states. For that, we will
express the Hamiltonian in terms of the creation and annihilation operators
(att = 0O to simplify, because the Hamiltonian is a constant of motion anyway):
0 0 % &
d3x H(x) = dsxé I 24+ (* #)%+ mP#?
0 0 0
= % d3x
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H
dg!’p_ d3!’q_
(2$)3 2B, (2$)% 2g,
' B i(p+ )& i(p+ )& i(p! )& i(p !q)é<&
$ ! gl(Proa e i(prac ol (bl B)& o i(p!
EbEh%%aq %, apd, a8y .
! péq abaqei(b+h)é<+ apahe! i(p+o)d ab%ei(pl B)& | apaqe! i(p! )&

&+
+ m apq:lel(b"'h)é(-}- abahe I(b"'h{)é(_'_ abahel(p k:{)é(-|- ab%e |(b| Q)é(

3 0 3

1 d°p d°p 1
=3 (2$)3 Ep(apap + apa,) = (2$)3 By ayap+ —V _ (23)
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I The second term is the sum of the zero-point energy of all oscillators,

0 o}
1 d3p _ Evac _ 1 d3p

Evac = VE (2$)3Ep (vac = v 2 WED- (24)

It is not worrisome that the total energy of this inPnite-size system is divergent,
but, moreover, the vacuum energy density (vac IS inPnite. This is also not a
problem, because we are interested in energy differences? so we can subtract the
zero-point energy and declare that H is

H# a5 12+ ()2 mi? = )3 Eo%a (25)

where : O : is the normal ordering of O, consisting in writing all creation
operators to the right of the annihilation operators. Therefore,

apdy, # 8, 3p- (26)

aThis cannot be done if gravity is included, because then the vacuum energy is relevant. The zero-
point energy is related to the cosmological constant. See discussion in MaggioreOs book, p. 141.
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This way, the vacuum has zero energy and

0 I I

d°p T T aia o A
H|pidpo... % 23)3 Epayay, 2B, 2Ep,aaa, a, ad@%
= (Ep, *+ Ep, + a4HPID2. . % (27)

where we have used a,a, = (2$)313(b! b))+ 8, & from (7) and a, [0%= 0.
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I Regarding the moment,
0 0 0
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B

3 3
P = d3 :"O%i#:= d% dp__ da
(28)% 2B, (2%)% 2E,
’ +
$: | Epdapae T Epdaae™ O+ Bydapae 7+ Epdgae™
1° d3p 0 d3p

T2 (28)° Pt ! A3yt B3t AR = SE p'aya, (28)

where the Pbrst two terms in the sum are null because they result from the
integration of an odd function in a symmetric interval.

Therefore,

0 | |
. d3 ) o — o
P' b .. %= (2$|;)3 pasa, 2Ep, 2Ep, 444, a3, 44l@%

= (pL+ ph+ adfpips... % (29)
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= Note that the multiparticle states |p1¥p,...%are symmetric under the exchange of
any pair of particles, because the creation operators commute with one another.

| On the other hand, remember that from NoetherOs theorem scalar belds have ze
spin, so quanta created and annihilated by a scalar Peld are spin-zero particles.

I As a consequence thespin-statistics connection stating that particles of integer

www.ugr.es/local/jillana

ro

spin (0, 1, 2, ...) are bosons, i.e. they obey the Bose-Einstein statistics, implies that

their states are symmetric under particle exchange.

I We will see that imposing anticommutation rules for the quantization of spin %
Pelds, necessary to prevent that the Hamiltonian is unbounded from below, leads
to multiparticle states that are antisymmetric under particle exchange,
accordingly to fermions.

I Therefore, in quantum Peld theory the spin-statistics connection is not a postulate

but a theorem.

Complex belds || Antiparticles

= |f the scalar beld is complex,
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#(x) = ’ —l—d3p " lipx ipx& |
= 58 Z_Eb age P+ e, (30)
# (x) = ’ _d3!p__% P+ bye' ipx&. (31)
(2$)3 2E, %
Then,
[#(6,%),! (tL,Y)] = i13(x! V) ey g,] = [by, ] = (28)3(p! b)

[#(t. %), #(t.Y)] = [! (t.X),! (tLY)]= 0 [3p, ag] = [y, by] = [ap, byl = [ap, b = 0.
(32)

In analogy to the case of the real scalar Peld, we construct the Fock space from

a, |0%= by, |0%= O, (33)

applying a, and b\o successively.
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= |t is easy to show that, taking the normal ordering,
0 3 06 3
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i — d i |
H = (sz)’g Ep(a,a + byby), P = (ZTE)?’ p(aa+ byby).  (34)

We see that the quanta of a complex scalar beld aretwo species of equal mass
created by a, and bb respectively.
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= The conserved U(1) charge is “

0 N 0 0 3 0 3

Q=i d3 :# "o#:=i d3 ap__ da
(2$)3 2B, (2%)° 2E,
*% & % & % &% &
$ :“ apP{pX+ bpe! ipx -j.o aqe! igx 4 bqequ Ly ape|px+ bpe! ipx aqe! igx 4 bqe|qx
0 0 0
= d3 d3!’p_ d?q_
(2$)3 2B, (2%)° 2g,
*% & % & % &% &
$ - apeipx+ bpe! ipx Eq 6‘qe! iqx! bqeiqx + Ep apeipx! bpe! ipx aqe! igx 4 bqeiqx
0 0 0 W% &
d3p d3q 0 . .
= 3 - i(al p)x Li(a p)x
T e ()3 AAET T A
_ &% |
= W(a‘”a’o' bybp). (35)

I Therefore, the state a, |0%has chargeQ =+ 1 and bp |0%has chargeQ = ! 1.
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I We can now interpret the negative energy solutions of the Klein-Gordon equation:

¥ The coefbcient of the positive energy solution of a complex # becomes the
annihilation operator of a particle (of a given charge) while the coefpcient of
the negative energy solution becomes the creation operator of its antiparticle
(of opposite charge).

¥ For the bPeld # it is the other way around, because the roles of particles and
antiparticles are exchanged.

¥ If the Peld is real, a, = by, then it creates and annihilates particles that coincide
with their antiparticles.
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= In order to quantize the Dirac Peld, which is a complex beld,
0 d3p % | _ &
)(x)=  —F—#  au(p)e P+ b VO, (36)
(2$)3 2Eb =12 ,
0 d3q % ) | &
) ()= P f# g,u (P + by v (e ™, (37)
(28)° 2BEgr=12

we promote the coefbcients a, s, by, s and their complex conjugates to operators
and their adjoints, as we did for the scalar peld.
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Before imposing any (anti)commutation relation on them, let us see which is the
Hamiltonian (with t = 0 to simplify, since we know it is time independent):
H=1 "' L=1i™1 +ml =1 i (38)
0 0 0 0 3 0 3
d3 0= d3! i"gl = d% da__ ap__
(2993 2B, (2993 2E,

a2 ' DX BEUOD) ! ey, T DA BN (D)

H

r,s

#
! a'q,rbp,se! i(!q+b)é<u(r) () EpV(S)(b)"' bq,rap,sei(‘q* b)a, (1) (qQ) Epu(s)(b)
0 3
- 3 (g%ps " apapu® (DU (D) by b, VO (D)VO ()

L gy by U™ (1 D)V (D) + by pap v (! b)u(s)(b)

6

_ d
- (20/)3 b (apsa'ps ,pr,s)’ (39)
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where we have used

1gr

u® (P)u(p) = 2Ep&s, V) D)V (h) = 2E,&s,
u® (1 PV (p) = v (1 PuF(p) = 0. (40)

If now we imposed the same commutation rules as for the complex scalar beld
and applied the normal ordering (subtraction of the vacuum energy), we would
get a Hamiltonian unbounded from below, because the states created by bb the
antiparticles, for all momenta would contribute with an arbitrarily large negative

energy. In order to produce a meaningful energy spectrum, we are forced to
rather impose anticommutation rules :

0K, (O =08 Y, (K, WY = {1 K, (LY} =0
{anraye) = {Boro by = (29°€(D! 0)&s

{ap,rv aqs} = {bp,r’ bqs} = {ab,r’ bqs} = {ap,r, bqs} = 0.
(41)
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Therefore, we must consistently debPne the normal ordering for fermionic
operators as
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capray 1 H#H By agr 1bgeby t#T by by, (41)
leading to the Hamiltonian
0 0 d3p
H= d%:) i") := WEb?Er:(ap,sab,s"' by, sPo.s) - (42)

Likewise, for the momentum operator one has
o] o] 0
PP= d3% :*0:= d3% :) i") :=

d3p i
(25)3" #: (B sBpst Dy bps).  (43)
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= The angular momentum (conserved Noether charge associated to the invariance “
under rotations) has an orbital part (identical to that of the scalar beld) and a spin *
part (in addition). Applying the general expressions for the Noether currents, one
can show that the spin part in the chiral representation is
° 3 1 i +# 0
S= d3 :) %) : where$'=- !’ (44)
0 +
Expressed in the Fock space, the spin about thez axis reads
0 0 3 0 3
S, = ERRES dip_ g
2 (2$)2 2B, (2$)° 2E,
$ # : e! i(o b)é(%rab,su(r) (t])$3u(s)(b) + e'(q' b)é(bq’rbpsv(r) (q)$3\/(5)(b)
r,s
+
+ ¢ i(h+b)é<%rbpsu(r) (9 $3v () + ei(mb)é‘bqrabsv(r) )$3u® ) .
(45)
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Dirac beld

I Then the spin J, of a state created by s |0%or bb,s |0%n its rest frame (= 0) is

obtained by applying S, to those states. Remember:

www.ugr.es/local/jillana

u©) = u@= m, 9, vPo=1v0= m-© (46)
w=-Y 0:-% 0:-% _o-,-1 47
0 1 0
The last line in (45) vanishes applying (39) and we get
S, 201109 + 52, 10% S, 210% ! Sa,210% (48)
S, 1 [0%= + Ty 10% S, o 0%= | Sy 5[0% (49)
where we have used that : by sb,  : = ! by, Jbys. Note that, thanks to our
convention of taking the antiparticle spinors - (9 =1 i+2, (9. for a given s, which

is an eigenvector of +3 with opposite eigenvalue to that of , (9, the states of
particles and antiparticles with the same s are in the same spin state

Spin 3 Pelds

Dirac beld

As [Kz, J] = 0, the state resulting from performing a boost along the direction of

167
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axis z (the one used to debne the spin) is still an eigenstate of spin. Remember

that the projection of the spin along the direction of motion is called helicity.

One can check using the explicit expressions of the spinors that

and hence the results of (48) y (49) can be extended to the helicity states:

pa% uP(p) =+ uB(p), pas u@(p) =1 u@(p)

pas v (p) = 1 vD(p), &S vA(p) =+ viA(p),

, 1
BES g, [0%= + Sa,1[0% &S g,,|0% !

, 1
BAS Iy, 1 [0%= + Sby,; [0% &S b, |0% !

1
éap’z |0%

1
5P,210%

(50)
(51)

(52)

(53)

namely, states of particle and antiparticle with the same s have the same helicity.
Remember that the helicities are Lorentz invariant only for massless states (and
then they are called chiralities).
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= As for the U(1) charge:
0 0

3
Q= d% ) )= e # (! By (54)

Therefore, the quantum Peld ) annihilates particles and creates antiparticles of
equal mass, spin% and opposite charge.
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= Let us see now what is the meaning of the spin eigenstate labelss= 1, 2.
We associates with the spin of the fermion about a given direction. Consider an
arbitrary direction &*,. ). Then the spin eigenstates in that direction are

www.ugr.es/local/jillana

O =), )
() # D), W= P21 since(wa), (-)=+,(-), (55
e sin,
() # DI )@= Ty G 6an, ()= 1.().  (56)
COSQ

(In particular, ,(® = (, @, ) are the spin eigenstates in the z axis.)
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I Now, the state with opposite eigenvalue to that of any , is- = ! i+2,, because |f
(v&+), =, then ‘
(a+)- = (Ba) (! i+2,) = i+20d, =1 (Li+?, )= 1 -, (57)

where we have used that ++2 = | +2+ , Therefore, we can also denote
A9 O =i O = ()0 () (58)

to remind us that these are eigenstates with opposite eigenvalue to the one given.
b Note, by the way, that a double inversion of the spin of , takes it to
D2 = L2l 42,0 ) = 242 = 1 (59)

which does not coincide with ,, re3ecting that a rotation of 2$ does not take a
spin % system back to its original state (a rotation of 4 $ is needed).
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I To summarize, take the spinors introduced in the previous chapter:

www.ugr.es/local/jillana

B 0, © o '
Omy=-0" 1, vOm=- o
p* . ¢

+7
p¢’(5) |

(60)

We have seen that, given the beld) (x) of (36), the operator &, s annihilates
particles whose spinor u(®(b) contains the , (9 and the operator b, ¢ creates
antiparticles whose spinor v(9(b) contains the , (! 9.

This will simplify things. For instance, we will see that the charge conjugate of a
Peld ) (x) exchanges particles for antiparticles preserving the same states,
namely, in the same spin stateor the same helicity.
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I And if we take the ultrarelativistic limit ( E/ m)to
0 dSp % . )
) ()= ——F—#  au(p)e P+ b VO (p)ePX
(2$)3 2B, =12

remember that

u(l) = - O/ , u(z) = - U|_/ , V(l) = - VL/ , V(2) = - / . (61)
UR 0 0 VR
Therefore:
¥ The beld) :
0 annihilates particles of helicity h=! 1 (spinor u(?)
0 and creates antiparticles of helicity h =+ 1 (spinor v(V).
¥ The beld) g:
0 annihilates particles of helicity h =+ 1 (spinor u(®)
0 and creates antiparticles of helicity h = ! % (spinor v(?).
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= The charge conjugate of the classical Dirac beld (in the chiral representation) is ﬁ
! i+2) h(X) .52 . 6200vT
) &(x) = - I =1i&%)(x) (= ! i&%&% ' (x)). (62)
i+2) ()
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! Let us see the result of the charge conjugation operation on one-particle states. -
For that we need to introduce a unitary operator C, with C? = 1, transforming the -
creation operators as follows,

CaysC= -chps, ChysC=-caps, (63)

where é = 1, so that-c = £ 1. Then, from (60) we have

o CL 0___
or(! i+2. (9, i+2 p¥ (9,
V)] = - p+_(! I+ L
I pF(!i+2,090) i+2 p+
0 i, pE,©
= - I - Cl =1 i&2u(p),
20 0 = ()
(64)
(Prst we have used +3++2 = | & with (+2)2 = 1 and then +> = | +2) from where
ud(p) = 1igZVO ), vO(p) = ! A u (p)) (65)
(because(&)?="! 1)
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I This way the operator version of ( 62) is satisbed: “
0 d3p % ) _ & '
C)(X)C=-c ——LF—# bu(h)e P+ a v (p)eP
(2%)3 2By, s '
0 d3p % i &
= li-c& ——F—# b vO(D)] € P+ g, Juld (b)) &P
(2$)3 2By, s '
= 1i-c&)  (X). (66)

Therefore, the charge conjugation exchanges particles for antiparticles preserving
the spin state, i.e. keeping the helicities.
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I For Majorana belds, that at classical level satisfy
) m(¥) = 1) m(x) (67)

one has that®

C) (€= ) m(x)

"o d3p_# %bpSU(S)(b)e! ipX 4 ap v(s)(b)eipx&
6 (2$)3 ZEp S ' S
d3p % | .
= — 1= _# U (p)e' PX+ b v (p)eP
@5y 25 W e/ (P
" ab,s = -C bp,51 (68)

namely, particle and antiparticle coincide, because
Ca\oys|0%: Cap,SCC|0%F -c%,slo"/(F ap,s|0% (69)

where we have taken C|0%# |0%

aThe complex phase/ - to the right of the equality ( 67) is incorporated in the debnition ( 63) introduced
to the right of equality ( 68), so we can say that-c = / and hences it must be real, because-¢c = * 1.
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Complex scalar bPelds || Charge conjugation
= For a complex scalar beld, ignore spinors and spinorial indices: “
C#(x)C = -c# (x) " CaC=-ch,, CRC=-ca,. (70)

I The Majorana beld is the analogous to the real scalar peld.
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Parity

= The parity transformed of the classical Dirac Peld (in the chiral representation) is

) ()= -

DGR EC)

— g0-

) rR(X) ) L(%)

L9,

) rR(X¥)

= &%) (%),

We need that on one-patrticle states the parity acts as follows:

Ptb,sp = - bb! b,s:

P%,SP = -a@ pgs

www.ugr.es/local/jillana

where ¥ = (t,! ).

(71)

(72)

where P is a unitary operator, with P2 = 1, and - 4, -, being phases that we will
call intrinsic parities of particles and antiparticles, respectively.

We will assume P |0%= |0%

Because observables depend on an even number of fermionic operators, from the

constraint P2 =

(the minus sign with be needed for the Majorana belds).

2_

1 we may take - a, = %1

Spin 3 Pelds

Parity

= Then,

P) (t,X)P =

0 d3 %

—P_ 4 a (e P

(2$)3 2By, s
0 d3 %

&
-1 by b,SV(S) (p)e'Px

&
— P aa, i e P -, O PPt

(2$)3 2By, s

00 d3p %
& —r—4%#
(2$)3 2By, s

-89 (1,1 k), if-a=

by,

- adpsu( ()€’ P

&
- bbp,sV(S) (p)e'P*

where we have brst changed b for ! b, which implies replacing px by pxand

If it is a Majorana Peld, then a= b and the constraint - 5 = !

u®(! p) = &uB(p),

v p) =1 &0V (b).

-y forces-4= +i

-2="1 1), as we had anticipated. Otherwise the intrinsic parity of a fermion
-a= * 1 is opposite to that of its antifermion, -, =

a-
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(73)

(74)
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= The value of - 5 (0 - ) is irrelevant for any observable involving only fermions
(or antifermions), but the sign difference has consequences if bothfermions and
antifermions are present.

(See for instance the positronium system, a bound state of electron and positron.)
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= For a scalar beld, ignoring spinors and spinorial indices, it is straightforward that
PH(t,X)P = - #(t,! X), if -a= -p. (75)

Namely, the intrinsic parities of a spin-zero particle and and its antiparticle are
the same
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= \We need that the time inversion T changes

www.ugr.es/local/jillana

t1(1t, b1(!p 91014 (76)

Note brst that if H is invariant under time inversion then T must be an
antiunitary operator becauseTe' 'Ht = gHtT,

Then for any couple of states,
&a|Th%= &|b% = &|a% T(z|a% = z T |a% (77)

The action of T is debned by

TapsT = ap1s, ThysT=by s, (78)
where
apisH (Apa! ap), bpis# (bpa! by (79)
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I Therefore,
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T) (t,%)T = m# T ap,su(s)(p)e! ipx 4 %SV(S)(b)elpx T
b S
0 d3p % . |
————# ap U] P+ by, VO (D)) e TP
(2$)% 2E, s P
0 3 % _ &
&1&3 (2$)ds!pf# a b Su(! s)(! b)e|px+ b! b SV(! s)(! b)e'l ipx
p S
o] 0
— o103 d3p /o (s) lipx) (s) ipx)&
= && —l—(2$)3. f# aysu’(p)e + by v (b)e
p S

&'&3) (! t,%) (80)
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where Prst we have used
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) O . . y 1 L .
(9 gz -, PRCIFRE), i e O
ut 2(! p) SR 42,60 ! i+20 )
o
=1is T WO@) = 1 @)
L)) = &'&du (! b), (81)
VO ()] = &t (! ), (82)

and then we have changed sfor ! sand
of pxby ! px) with x) = (! t,k).

Scalar belds || Time inversion

= For a scalar beld, it is easy to show that

T#(t,X)T

C, P, T of fermion bilinears

b for ! b that amounts to the substitution
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= #(1 t,X). (83)?

= From the transformation properties of ) (x) we can get those of the fermion

bilinears:
C P T CPT
S(x) = ) (%)) (x) S(x) S(x) S(! %) S(! x)
P(x) = ) (X)&s) (x) P(x)  'PCY  P(» P X
VH(X) = ) (x)&") (x) P VHE(X)  Vu(®) V(! %) FVH(T x)
AR(x) = ) (X)&"&s) (x) | AK(X) T AL Al %) T AR X)
THO(X) = ) ()+0) (x) | ! TH(x)  Tuo(® ! Tuo(! ) TH(! x)
with x=(t,! k).
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= Remember that in the radiation gauge,
A%(x)=0, * &h=0, (84)

the three non zero components of AH(x) satisfy a massless Klein-Gordon
equation,

" Al = 0. (85)
The solutions are Qf the form

A ° d> v ! ikx o
(x) = %) %fm 2k, 1)a & "+ 2 (!k,l)qi(’le (86)

with

K'=(%%, %=k 2 K=0,

a2k, 1) = 0 2 * aA=0 (87)
and 2(k, 1), 2(k, 2) two polarization vectors orthogonal to each other.
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I Let us bPnd the conjugate momenta,
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I . 1 0 '

! O(X) - m - 0, S|nce|_ - ' ZFHOFH (88)

I 1(x) = - ,',"‘ =1 FO(x)= 1 "OAl(x) = E'(x) (electric beld).  (89)
("0Ai)

We see that A°(x) = 0 (in this gauge) and ! °(x) = 0 (in general),
so they are not dynamical variables.

| In order to quantize the electromagnetic beld we promote, as so far, A(x) to an
operator imposing

81 801 = (28)°%k! B, [, a0l =[a,,.80]=0  (90)

where 3, (a, ,) are operators on the Fock space creating (annihilating) photons.
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Note that previous commutation relations imply
(28)3 2%, (2$)3 2%,

$ e (%! Atgilka! bd) # 2'(k 1)2 (g,1))
1,1)

[A'(t,%), E/(t,Y)] =

+
+ ei(%k! %q)te! i(ka! bd) # 2i’ (!k,l)zj(hl,l))
1,1)

. 3 *
T - (U i1 j, (1
'3 @) © ;t,l&z('k,1)2 (k, 1)

+
+ of kg Y) # 2 (k,1)21(k, 1)

=1 d*k gkdx V)l# 20k, 1)20 (k1) + 2 (1 'k, 1)2( &, 1)

(2$)3°
° g ax y) i kikj( . i3
(2$)3 1 T #igla (%! ).

——%,(2$)%3(k! 0)!1p)

Electromagnetic bPeld || Quantization in the radiation gauge

In the last step we have used that the term in braces must be covariant under
rotations and hence it is a combination of the rank-two tensors under rotations

that can be written using !/ and K/, that is,

AL+ Bkll(—k = _# 2k, 1)2" (k1) + 2" (1 ', 1)2(1 'k, 1)

Multiplying by k', and from (87), we have that

AKl+ BK=0" A=1B,

+

www.ugr.es/local/jillana

+

(91)
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(92)

(93)

and taking, for example, 'k = (0,0,%,),2¢k, 1) = (1,0,0 and 2(k,2) = (0,1,0 itis

enough to check thetermi = j= 1to bnd

1
A= S(1+D=1.

(94)
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If not for the term k'ki/'k? in (91) we would have got

5
. d Kk
U eaX!Y) — 1 i3t by = igi13(k! | 95
This term is responsible for the transversality condition of the electromagnetic
Peld to be satisbed in the radiation gauge Gkéiz = 0), coming from * &A = 0 and

also* 4E = 0. Then,

5
[* ah(t,%), EN(t,Y)] = * x[A(LK), E(t,Y)] = ! | Qde;e‘!ké(“! N1 Ky= o0,
(96)
i * A — % i — ° dklke(b('y)|| iy —
[AT(t,%),* aE(t,Y)] = * ([A(t,%), E(t,y)] = 25)5° (K1 Ky=0.

(97)

That is why we have introduced in ( 91) the transverse delta !t3r(b<! V).
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We are ready to construct the Fock space by acting with ., on the vacuum

debned by a_, |0%= 0. Applying the normal ordering to the classical expression,
for the reasons we already know, we obtain

16 ; ) , 0 d3k
H = E x 1E’+B = (2$)3 l#lz%k F1%a1
6 o
P= % :Esbi= 9K 4 kg, (59)
(2$) 1=1,2 !

0o_
Therefore 2%, 3, |0%s the state of a massless particle with energy %, and

momentum k. It has two possible polarizations 1 = 1, 2 that we will analyze next.
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» Applying NoetherOs theorem one can bnd that the quantity conserved under

rotations is (show it!)
0 0

MU = d3x 1A XxITHAK+  d3x (ATTgAT T AlIGAD.

igr.es/local/jilla

(99)

The brst term is the orbital angular momentum and the second is the spin part.

Let us foc%s on the spin:

Si=  d3 :AllgAll AlTpAT:
b d3 ! - y . ) - ) - y n
=i ol $#)FH) ! $He )90 aeane
@) e

Then, using (90),
a3, , 109= [ 334 4, ,1108= (27)%8(a! %)%, 108

we get
!

S, [0$= il ST H) T S #) (k) g, 0$.
] #" ’

Electromagnetic beld || Quantization in the radiation gauge

(100)

(101)

(102)
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I Take nowk = (0, 0,&,) and Pnd the spin in the direction of the z axis, S* = S'2.

Let us choose the basis oflinearly polarized states$(k, 1) = ( 1,0,0 and
5(k,2) = (0,1,0, that is, $(k,#) = %. Then,

S3a |0$=+ ig _|0$
Sq,, 105 1| (01 hoh)a, 080 L ke
- T Sg,l08=1ig,, |05

We see that the linear polarizations are not helicity eigenstates.
However, circular polarizations are helicity eigenstates:

Bk, + ) = &%(!$(!k, 1) + i%(k, 2))

because
S3a-k,+ |O$: + a-k,+ |O$’ a-k,+ = %(a-k,l+ ia-k,2) !
g, 105= 1 3, 05, a, = &(a,! ia),

(103)

(104)

(105)

(106)
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0o_
| Then, the states 2%, 3 . |0%describe massless particles of spin 1 and
helicity + 1. |

= A Pnal comment is in order: although the Lorentz covariance is broken by the
choice of frame in this gauge, one can check that the PoincarZ generators written
in terms of creation and annihilation operators satisfy the Lie algebra, as they
have to.
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= \We would like to be able to impose a covariant quantization,
[AR(E,5),! Ot )] = igh13(k ! ), [AR(LY), A%t Y)] = 0 (107)
However this is not possible because, as we have seen in 88) and (89), ! °(x) = 0.

Instead, if the Lagrangian were

1 1
L) =1 ZFHOF“O! E("HA“)Z, (108)

which is not Maxwell Lagrangian , we would have

" I 0 =" M
| H(x) = LR WA (109)

"("oAw) 1 i(x)= 1 F% = El(x) (as before)
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Rewriting
1 1
L) =1 —2("uA0"“AO! "uAO"OAu) ! _Zguou

the Euler-Lagrange equations are

UAOII 3A3

"L) ")
L =0" " (F"+ g'%3A%) =0
"AO ull(llqu) “( g 3 )
"o AOL O A O AR =0
" "A%=0,

so AH is massless, where we have used

|||JF”0= "u lluAO! IIOAu)z n AO! HOHIJAH

"“(guO"3A3) — "O”uAu ’
whose solutions are
0 d3 3 %

AC) = gy 2%,

&
# 2k, 1)a & "+ 2 (K, 1)a,, elkx

Electromagnetic Peld || Covariant quantization

| Because this time we have not imposed 2° = 0 or k2! =
four degrees of freedom, labeled by 1 = 0,1, 2, 3.
Obviously the Lagrangian L) is not gauge invariant.

0, the beld A" has

In particular, it we take k* = (k,0,0,k) then 2¢(k,1) = I*:

2*(k,0)=(1,0,0,0,
2*(k, 1) =(0,1,0,0,
2(k,2)=(0,0,1,0,
2%k, 3)=(0,0,0,).
Only 24(k, 1) and 2*(k, 2) satisfy k2" =

I Itis easy to check that the commutation rules (107) imply

[8 1 801 = /1! 10(28)%3(k! 1), &, a0l =18 .8,]=0

where
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(110)

(111)

(112)

(113)
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(114)

(115)
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= The one-particle states,

(R :
%k, 1 = 2% 1 |0% (116)
have a negative norm for 1 = 0, because
2 1
q,lik,l = 2%, &)| a3, , 0% 2%, &|[aq1.8, ,110%= /12%,(2$)° (k! b) .
(117)
This is not acceptable, because the norms are interpreted as probabilities.
In any case, L) i notlthe Lagrangian of electromagnetism and, if it were, the
states?;k, 0 andsék, 3 are not physical.
199
Electromagnetic Peld || Covariant quantization
= \We can think of recovering the electromagnetism by requiring that “
on the physical states,
3
phys)g " WA |phys%= O . (118)

Then, instead of taking " A" = 0 at the Lagrangian level, we will suppose that the
Lagrangian is L) but we impose the constraint above on the physical states.

This is known as the Gupta-Bleuler quantization .

Let us see that in fact this is sufbcient to eliminate from the Fock space all
unphysical states.
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I For that purpose, let us denote
"WAR = (AR (AR (119)

where we have separated the states of positive and negative energy,

3
("L AW = 4@Ld # ku2 k1)a &

(28)3" 2%,
o 43
("LAH) = 25" 7% # |<uzPl (k, 1)g, € elkx (120)

As ("HA“)! =[("uA")™] , the constraint (118 is satisbed as long as
("uAM) |phys¥%= O . (121)
Moreover, as (", A*)" is a linear operator, if |phys,%and |phys,%are physical

states then an arbitrary combination 3 |phys,%* ' |phys,%is also physical.
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I Then, given a physical one-particle state

) %= 1:,1.L €13, |0% (122)
the constraint (121) implies
— " + H )
0= ( HAH) |) 0= 1 W # Clqu2“(kq 1 )%1)ak1 0%
"l O%# /1c1kp2t(k, 1) |0%= 0" i 7‘(co+ c3) |[0%= 0" co+c3=0
% 1
if kM =(9,0,09%) and 2¢(k, 1) = I}. (123)

As a consequence, a physical state is:

¥ An arbitrary combination |) 1%of transverse states created bya}k’1 and qk,z :
as expected.

¥ And it is also physical a combination of the form ( ¢g+ ¢z = 0):

|#%5= ( a_k,O! qk,a) |0%. (124)
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I Therefore, the subspace of physical one-patrticle states of momentumk is of the
form

) %= |) 1% c|#%, |) 1% # Cla-kl | 0%, (125)
1=12 ’

where we will see that, brst
&|#% 0, & 1|#% 0" & |) % & 1|) % (126)

and, second,|) ¥%and |) t%have the same energy, momentum, angular momentum,
etc. Thus, we can introduce an equivalence relation

NUB ) 1% if |) %= |) 1% c|#% (127)

and choose any|) %n the class of |) t%(transverse or not, because this choice has
no physical consequences

203

Electromagnetic Peld || Covariant quantization

I Let us prove the prst statement:

& |#%= &) (ak,o! ak,3)(a-k,0! qk,g) |0%= &) (ak,oqk,0+ ak,3a-k,3) |0%
= &|([a, 8 o *[3 38, 0% 0 (128)
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& 1|#% &|(crg , + Cé%,z)(aq(,o! a_k,S) |0%= O . (129)
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' And now let us prove the second: the energy and momentum are given by
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) o $ ,
H= (2$)3%k ! ak,oak,0+ H B 131 (130)
) . 1=12,3 $
|:>:0 dsk'k '3 Aot # a.8g - (131)
(2%)3 k070 1=123 Al

If we calculate the matrix elements of these operators, that always contain the
combination (! a!k,oak,OJr a}k'SakB) between two physical states, we must take into

account that on a physical state |) %= |) 1% c|#%
(ak,o! ak,3) |) %= c(a_k,O! ak,3) |#%5= c(a_k,o! a_k,3)(a_k,0! ak,3) |0%= 0O (132)
3 and)3 then 3 3
Phys (! 8 B0+ B 5a) IPhys% pgys) (! 8 030" Ao(Bo! B2 * a4 IPhys%
= phys) (! o3t ak,SakS) lphys% | phys) (ak,o! qk,s)ak,S) |phys%= O, (133)
l.e. to energy and momentum contribute only the transverse oscillators.
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= Finally, let us bnd the transformation properties of AH(x) under C, Pand T.
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I As Q)&M) C=1)&H), for Cto be a symmetry of the QED Lagrangian we need
that L oep 4 €& ") Ay remains invariant, namely

CA¥(x)C="! A¥(x) # -cA¥(x)5 Ca,C= -ca, , (134)
from where the charge conjugation of the photonis -¢c = 1! 1.

I Regarding P, as A(x) is a vector we have (consistently with P conserved in QED)

PAM(t,x)P = Au(t,! )5 Pa ,P=-pa,, , (135)
from where the intrinsic parity of the photonis -p =1 1, as it corresponds to a
state with J= 1, consistent with a parity (! 1)- = ! 1 for a system of orbital

angular momentum L = 1, whose wave function is given by YM(*,#).
' And regarding T (conserved in QED),
TAMEX)T = Ay t.X)5 Ta,, T= a4 .
the same as for the vector T[) (t,X)&") (t,%)]T =) (! t,%X)&,) (! t,%).

(136)
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= This completes the transformation properties under C, P and T of scalar (70, 75,
83), spinorial 2 (66, 73, 80) and vector® belds (134, 135, 136), which are the building
blocks used to construct Lagrangians describing elementary particle physics. The
interactions involve Lorentz invariant products of these belds and their
derivatives.

ww.ugr.es/local/jillana

I We know that weak interactions violate C, P, CPand T, but strong and
electromagnetic interactions conserve C, Pand T.

I The CPT theorem states that any localquantum Peld theory ( Hermitian and Lorentz
invariant Lagrangian) is invariant under the combined action of CPT,

CPTL(x) CPT= L(! x). (137)

This can be checked on any Hermitian scalar combination of femion bilinears,
scalar and vector belds and their derivatives.

aIn particular, it is useful to derive the C, P and T properties of the fermion bilinears from these
properties of spinorial belds. Do it!
bFor a complex vector Peld the charge conjugation is not (134) but CA¥(x)C = | AM (x).
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4. Field interactions
and Feynman diagrams

208

The S matrix
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¥ We have quantized free belds.

Now we will assume interactions:
0 0

H= Ho+ Hint, Hie= 3 Hine(x)="!  d3* Lint(X)
(if Lint does not contain beld derivatives)
For example: in QED, Ly = €" HI A, and in the #$4 theory, Lipt = ! %$4

' We will always assume small coupling constant " perturbation
(the relevant parameter in QED: %= €/ (4&) # 1/137 $ 1)

¥ Our aim: bnd transition probabilities in a scattering process
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The S matrix

¥ In the Schrsdinger picture states depend on time:

|a(t) %s the time evolution until a time t of an initial state |a%& |a(t;)%
, labeled by compatible observables with eigenvalues a (e.g. p; andls))
|b%8 'b(tf) in the bnal state after the scattering

The probability amplitude that |a%evolves to |b%s then
#1o .
bla(tf) — -bl e! iH(ty! ti)la%

We call S matrix to the evolution operator e ' "Mt W in the limit (t;! t) ( !,
where H is the Hamiltonian of the beld theory.

The scattering amplitude is given by

'b|S|a%=  lim  'ble M) |00
(te! (!

The S matrix

Note that if 'ala% 1 and |n%s a complete state basis," |n%h| = 1, we have
n

1=" |'n|S|a%’=" 'aS |n%h|S|a% 'aS S|a%

n n
meaning that SS = 1, soSis unitary. Therefore, the unitarity of S expresses the

probability conservation . It is convenient to write

S&1+1iT _
"I (TI T)=TT
SS =1
Then, debning T, = 'b| T |a%we have

Di(Tpa! T =" TonTh " 2IMTaa= " |Tanl?

n n

that leads to the optical theorem
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¥ In the Heisenberg picture the operators, not the states, depend on time.
This is more appropriate for the QFT, where the Pelds are time-dependent
operators $(t, %), ! (t,X), Au(t,%) ...

|
| The states|a%& |a(t;)%and |b%& 'b(t;) are in the Heisenberg picture
|a% = e'Ht|a(t)%and |bo% = e |b(t)%independent of time
. I " .
| Then, debning the Heisenberg picture states |a;tj%= €'l |a%and 'b;t; = €M |b%
the S matrix reads

. H#1
'b|S|a%=  lim ‘bl MW e Iim bitelat
(te! t)( ! (te! ti)( !
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¥ Next we will see the S matrix between initial and Pnal states of the same species
labeled by their momenta (assume for simplicity that they are spinless),
} $ % { $
D1 88| Sikiko 48K = Pipoddkn;tskike & &t
where it is understood that t; (! ! andts ( +! , can be expressed as a
function of the vacuum expectation values of time ordered products of belds
(that we will soon debne).

I To that end, let us Prst note that for a free real scalar Peld,
0 ds , ,
PBrree(X) = —éz.;(ape! P+ g eP)
(2&)3 28y,

then
& R O . * & - 0 ) *
2B a =i d3x e $tree(X) , 2B, g = L d3x e kg Siree(X) . (1)
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' In fact,
0 o 0 0 ds3 I Lo . Lo (
i d3X e|kx "o $free(x) = j dSX £_ %e‘kx "o e! ipx 4 a!Delkx "o gl PX
(2&)3  2E,
0 0 ds3 ) . . *
=i d% ——&—"1lia(E+ B)EM M+ ig(E,! B )&k P
(2&)3 2y,
&
= 2Ra
214
The LSZ reduction formula
¥ One expects that “
S0 X, 2800, SO0 K 2 Seu(x) (2
where $i, (x) and $,:(x) are free belds (before and after the interaction,
respectively) and Z is a constant factor called wave function renormalization
(whose meaning will be understood later). Then, using ( 1),
& 0 L
25, e}k('”) =1iz' 2 t(Ilim| d3x e ' $(x), (3)
o Py )
(out) _ | +51 12 | 3y A ikx
25, Y iz t(Ilr]:n! d°x e 0 B(x) . (4)
Therefore
% }II 4 2la $ & 4 : (in)=| 4 2la $
!Iolbzaaiﬁ\n;'[f!'|<1'k2<':1<’:1'|6n~.;t(_ij = 2B, pip2aaln;ty A, ko @ &lm; t )
L # * '
=1jz' 102 t(lliml d3x & kX "y by & ABnity! o $(X) ko & B
(5)
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I It is convenient to write previous expression in a covariant fashion noting that
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& 4 ( )i $
26, PipradBnty 4 (" 'k & 8l t;
&_# 1 $

(out)

l)
= 25, bibaat! 3 M1 a0 loadkyt
l Ky 'kl

# |
becauseak(om) acts on b, 44Ky t¢ annihilating a particle in the bnal state of
K1

momentum 'k, and, given that in the scattering process there are no spectator
particles (no'k; coincides with a ;), this operation vanishes.

This is becausewe are actually computing the parti T of the S matrix.

216
The LSZ reduction formula
I And, on the other hand, from ( 3) and (4), “
& ) ) 0 L
2, qk(m) . ak(out) =iz' 12 g%, € %
0] ) *
— |Z' 1/2 d4X 1 0 e! ikxr 0$ | $l Oe! ikx
0] + |I
— IZ' 1/2 d4X e! ikx %$+ |(lloe! Ik)&)-o$| ! d$q IkX| $ 2 I ikx
o + ' ,
— IZ' 1/2 d4X e! ikxu %$ | $(+ 2 | mZ)e! ikx
0 . ) *
— IZ' 1/2 d4X e! ikx ™ (2)$ I + 2$ + m2$
o]
— iZ! 1/2 d4X e! ikx(u + m2)$(x) ’ (6)
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where in the brst equality we used
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' (6 0, .0 o]
i i 3 =1 — 3 =1 Ay !
t(I!|m! ! t(I|rD! d°x f(t,k) =" !! dt r d°x f(t,k) =" d*x ' f(t, %),
(7)

with f(t,k) =1 iz! 12¢' k< o g

in the next-to-last one we have replaced

$ 26 K= G(+21 m2)e ikx
becausek? = m?, and in the last one we have used
0 0 0 _
d3X+(e! ikX+$): o" d3x (+e! ikX)+$: I d3xe! IkX+2$
218
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from where
0] 0] + ,
0= d3X + Z(e! ikx$) — d3X + (+ e! ikX)$ + e! ikx+ $
0] + 1
— d3X (+ Ze! ikX)$+ 2(+ e! ikX)+ $+ e! ikX+ 2$
o] + ’
— d3X (+ Ze! ikX)$! e! ikx+ 2$
0] 0]
" d3X $+ Ze! ikx — d3X e! ikX+ 2$ .
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The LSZ reduction formula

I Then, we can in fact write ( 5) in a covariant fashion,
% ' $

|
b1 Py & &ln; t Mkko & 8n;
1 © I # I } $
=iz' Y2 d*% e X" + m?) ipraddBnts! $(x) 'k & A% t;
We will next proceed by iterating previous procedure until all initial and Pnal

state particles are eliminated, leaving only a product of belds acting on vacuum.
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The LSZ reduction formula

I For that purpose, we write now
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# ! ' $ &___ 4 | ' $
4 AR -t | P P £ Aks -t | (out) ho2ozhs Lo
bipoadln;ty $(x) ko kit = 2B, praadknit g, $(x) 5'k2aa'|§'n,t|$
& 4 I .
= 2B, boaabty T{(E@ ! a")$(x)} thod dllnt
(8)
! $

. ' , , .
where we have used that a,g:) 'k, 4&%n:ti = 0 and we were forced to introduce
the time ordered product ,

_ (s, y0>x0
TESMS0} = ) sy 4o x0
which implies

T{aVs(x)} = $()ay™ . T{a"$(x)} = 4™V$(x) .
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The LSZ reduction formula

' From (6) we have
& | 0 |
2E (apc’”t) ! agn)) =iz' 12 diy Py + mA)$(y)

and substituting this in ( 8) one gets

' $
!plbzaa!ﬂn ty! $(X) o & Bl t;
$
=iz v dy P (" y + m?) bzaa!an tf T{$(y)$(x)} "kzaahn t
Then, we already see that
% ! $
1 P2 & &Bn; tr kiko & &, t;
. 50 10 1
) m+n m ) n .
- |Z' 1/2 # d4Xi e.' ikiX; # d4yJ elpjyj
i=1 =1
(Mgt M) QAR y, + m?) 0] T{$(x1) AAR(Xm)$(y1) A4%(yn)} |0%.
222
The LSZ reduction formula
I If now we debne the N-point GreenOs function “
G(X1,...,XN) = 'O T{$(x1) daf(xyn)} |0%,
and we write it in terms of its Fourier transform @,
60 g 1
— ' 6 X
G(Xl,...,XN) I#l (2&)4 @(Qj_,,QN) ,
V\{; see that (substituting " etlaxX = | Petiax)
0
blbzééﬁn;tf;!kszéé!lén;ti
. 60 1
_ Ty ity MEN 4 dk.'k-ikii- 2
= iz .#1d X'(Z&)4 i(Ki+ )X(kiZ! m<)
0 1
o n 4 d4p. | ( | ) ’ @
T il m)y (g2 Ki,...,KmiBL, ...,
. 0 10 1
i ™ o L2 2
= 1jz'1° #OC! m?) #(pf! m?) G(! ky,...,! Km,P1,--.,Pn)
i=1 j=1
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and solving for &(! ky,...,! km, P1,-..,Pn),

0 ; 10 - 1 |

. . |
‘Db a | iT ik, & Al
1 0 1

9)

This is the LSZ reduction formula (Lehmann-Symanzik-Zimmermann). Remember
that for a physical particle the relation p>! m? = 0 is fulPlled (it is said to be on-shell
or to be on its mass shell). Then, the right-hand side of the LSZ formula will have
poles when the incoming or the outgoing particles are on-shell, that (as expected and
we will see) will cancel the poles of the prefactor of the S matrix element on the
left-hand side, so the S matrix has a Pnite value.
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¥ The belds $ of the LSZ formula are solutions of H = Hg+ Hjy; and hence they areg?
not combinations of plane waves, whose coefbcients were interpreted as operators
creation and annihilation of particles at the quantum level.

¥ However, we can debne the Peld in the interaction picture ,
$|(t,b() & eiHo(t! t0)$(t0,b()e! iHg(t! tg) ’ (10)

which is a beld coinciding with the beld $(t,X%) of the Heisenberg picture only at
a reference timet = tg, that is by debnition a free beld,

0
$i(t,%) = JEL(%G! ipx 4 abeipX) ’

(2&)% 2E,

whose time evolution is then determined by the free Hamiltonian Hy.
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Perturbation theory

' Remember that a beld in the Heisenberg picture evolves with time as
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$(t,k) = &H gty k)e M to)
So, from (10)
(1o = & 1ol 1), 1 )l 0
we see that$(x) and $,(x) are related by
$(t,K) = eH(t! tolg! THolt tolg (¢ h) Mol todg! H(t to) =y (t,10)$) (1, X)U (1, to) ,

U(t,to) & Mot to)g! iH(t! to) |

226
Perturbation theory
I We will write now $ perturbatively as a function of $,. For that, note that “
I U(t 1) = €Mt (1 Hy)e HE 1)
t = gHo(t! to) . ! THo(t! to) giHo(t! to) g IH(t! to)
= H,(t)U(t,to) (11)

where we have introduced the Hamiltonian in the interaction picture @

H (1) & giHo(t! tO)Hint e iHo(t! to)

aNote that in general [Ho, H] = [ Hg, Hint] = O.
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I The solution of the differential equation ( 11) with the boundary condition
U(t,t) = 1is (check it by replacing the solution in the equation):
0 0 0] ty

1+(1i) dtpHi(t)+(!i)?  dtp dta Hi(t)H(t2)
to N N to to
O0¢r Oy Oy

+(1i)® dty dtp  dtzg Hi(t)Hi(t2) Hi(ta) + ...
t

U (t, to)

. lo to to .. N
0 ¢ 10 t Oy
= 1+(1iQ)  dtg Hi(t) + (! )25 dty  dtp T{H(t))H(t2)}
to . .. .. 2 to to
1 Ot Oy Oy
+ (! i)3§ dty dty  dtz3 T{H(ty))H(t2)H(t3)} + ...
3 4 5% " 56°
=T exp i dt/ H(t)
to

(Dyson series)
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I Another way of writing U which allows us to derive useful properties is

u(t t/) — aiHo(t! to) ! TH(t! t/)e! iHo(t'! tg)
that indeed satispesU(t,t) = 1 and (11) because

i,l—tU(t,t/) — eiHo(t! to)(H I Ho)e! iH(t! t/)e! iHo(t!! to)

= @i Ho(t! to)Him g iHo(t! to) i Ho(t! to) ! TH(t! t/)e! iHo(t'! to)

Hi(H)U(t,t)) .
I From this one obtains easily that U is unitary and
U(ty, t2)U (ta ts) = ol to)gh H(t! t2) gl iHo(ta! to) giHo(ta! to) gt IH(t2! ta) gt iHolts! to)
= U(ty, t3)
" U(ty, t3)U (to,t3) = U(ty, to)
" U (t2,t1) = U(tyto) .
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Perturbation theory

Let us see how to calculate ' 0 $(x1) a a8(x,) |0%where we take the x; already
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time ordered (t1 0 t,0...0 ty),

'0] $(x1) &af(xn) |0%

= "0lU (t1,t0)$i(x0)U(t1, to)U (t2,t0)$i(x2)U(t2,to) adl@ (tn,t0)$i(Xn)U(tn,to) |0%
= '0[U (t1,t0)$i(x1)U(t1,t2)$i(X2)U(t2, t3) 2d8(tn 1,tn)$i(Xn)U(tn,to) (0%

= '0lU (t,to)U(t,t1)$ (x)U (ty,tp) @@l (tn 1,tn) S (Xn)U(th, ! YU(! t,t0) [0%

="0|U (t,to) T{$i(x1) aa$y (xn)U(t,t1)U(t1,tz) 286 (tn,! 1)} U(! t,t0) [0%
3 4 6, 56

='0lU (t,t)) T $i(x) dd&(xn)exp i dt/ Hi(t) U t,to) |0%
It

and where we have introduced t0 t; 0 t,0...0 t, 0! t and substituted

U (t,to) = U (L to)U(t,ta) . U(tn,to) = U(tn, ! HU(! t,to)
3 .

0 56
U(t, t)U(t, t) @4l (tn,! t) = U, t)= T exp i dt/ Hi(t)
It
230
Perturbation theory
I Taking now tog=! twith t ( ! and substituting the adjoint of “
3 4 o, 56
U( ,!1)]0% e%0%, €%="'0|T exp !'i dt/H(t) |0%
I
we have Pnally that
3 4 0 o6
O|T $i(x))aaf(xn)exp i d*H|(x) 0%
'Ol T{$(x1) aa®h(xn)} |0%= 3 4§ 56
'O|T exp !'i d*H|(x) 0%
(12)

Series expanding the exponentialsin this expression and using the Wick theorem,
to be introduced next, we will be able to calculate order by order in perturbation
theory the scattering amplitude from the LSZ formula ( 9) resorting on Feynman
diagrams, also to be seen below.
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Perturbation theory

I It is worth noting that the functional dependence of H, on $, is the same as that
of Hij,: on $. For example,
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#
Hint = m$4

H, = gHo(t! to)ﬁ$4e! iHo(t! to)
! 4! . i

_ ﬁ) eiHolt! to)gg! iHo(t! to) ~ giHo(t! to)g! iHo(t! to)

41

* *

gl Ho(t! to) gl iHo(t! to) ~ giHo(t! to)gg' iHo(t! to) = %$|4 .
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Feynman propagator

¥ Let us bnd the Feynman propagator, debned by
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0l T{$:1(x)$:1(y)} [0%.

From now on the index | will be omitted and we will always refer to pelds in the
interaction picture, that can be decomposed as $(x) = $*(x)+ $' (x) with

0 0
$*(x) = —dL ae P, $' (x)= —d?; a1peiIOX .
(2&)3 2By, (2&)3 2By,
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Feynman propagator
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| Rememberthat! * |0l = 0 and"0|!# = 0. Then?
if xXO0# y0> 0:
T{HO)t (M} = 1) (y)
LEOOT T () + L0 () + 1R 00T (y) + HF ()P (y)
=)L) [T

where we have substituted

LR P (y) = 1P OO+ (), (y)]
=P (y) s H T (0, ()] (13)

3)f x0 = yO the belds are already time ordered, so then

T M =100 Y =100 () T+ (0, ()]

because in this case[! * (x),! # (y)] =[! * (y),! ¥ (X)], as can be explicitly checked in (17, 18).

Feynman propagator
I Likewise, :
if xX0# y%< 0:
T{HO)t ()} = 1N (x)
=W W)+ EEWTT )+ TR () R (x)
= LOONY) [T AT
because :! (x)! (y) : = : 1 (y)! (X) :.
Then, T{L)E (W)} = L) (y) @+ De(x#y)
where
De(x# y) = "(xX°# yO)! (x# y)+ "(y°# xO)! (y# x) (14)

and since [ay, g,] = (2#)°8*(p# b),
5

| =11+ | # = d°p #ip(x# y)
KRNSO e €
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Feynman propagator

So the Feynman propagator is

Ol T{$(x)$(y)} [0%= 'O (: $(x)$(y) : + Dp(x! y)) [0% Dg(x! y)

Let us see that we can write (Feynman prescription)

De(x! y) =

0 d*p i

(2&)4 p21 m2+ i(

g ip(x!y) ,

with (( 0" .

I In fact,

° 44 |

(2&)% P21 m2+ i(

ol ip(x! y) =

8

(2&)3

3 0 [
d°p ipgut )

de ie! 1P y0)

(15)

28 ()21 B2+ i(

where we have written p2!7 m? = (p%2! p?! m?=(p%2! EZ
remembering that E, & + m?+ P2,

Feynman propagator

On the other hand, note that

6

0] B (O] \O
S(x! y) = d3p 2 (et y) d3p b ) el 1Ep(x”! y?)
(2&)32E, (2&)3 2Ey,
0 0 E (O] \O
$(y! x)= 8 sy 9P ey €00
(2&)32E, (2&)3 2By,
(in the second line we have changed p by ! b).
So it is enough to show that
0 de ie! 1P y0) 0 0 e iEp(x%! y0) . 0 e+iE.p(x0! y°)
= | - 4+ | -
where note that, when ( ( O,
8 0 198 0 19
0y2 2, i(= 0 - ( 0 (
(P)°! Eg+i(= p+ Ep! IZEp p’! Ey! IZEp

(16)
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(17)

(18)

(19)

(20)
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| To calculate the previous integral with respect to p° one has to choose the
appropriate contour in the complex p° plane. The factor i( slightly moves the
poles away from the real axis. The pole p° = Ey, is moved downward,
p®= E,! i(/ (2Ep) and the pole p° = ! Ey is shifted upward,
PO =1 Ey+i(/ (2Ey).

Ep! s
p
2Ey,

238
Feynman propagator
I Thenif x°! y9> 0itis convenient to close the contour in the lower half plane, ﬁ
around the pole p® = Ey! i0* clockwise so that
!
f(z2) dz=! 2&iReg(f,z= z5) if (xX°! y9) > 0
1 gpd el PO 28 m (1 )€ JCCRY e (Y
11 2& (pY)2! Ef,"‘ i( P°( Ep P B (2&8)(p%+ Ep)(p°! Ey) 2Ey,
And if x°! y%< 0itis convenient to close the contour in the upper half plane,
around the pole p® = | By + i0™ counterclockwise so that
a
f(z) dz= 2&i Res(f,z=z5) if (x°! y9) <0
Ot g0 g 16 ¥ ie! 120! ¥0) &0 ¥9)

2&i OI|!m Eb(p Ep)

o2& (P92 B2 i( T e (2&)(P°+ E)(pO! Ey) 2B
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Feynman propagator

Then,
5
d4p i |
I - Lip(x!y)
PRV = eyrpr mee i ©
+
(2&)32E,O

)21 YOS (x! y)+ ) (0! x)$(y! x),
as we wanted to show.?2

The expression (15) is very useful because from it one can directly read the
Feynman propagator in momentum space, Bg(p),

0 ,
|

d*p N
p2!l m2+i(’

Gy © " VBep) " Be(p) =

Dr(x! y) &

aWe can now unterstand why we had introduced a factor of 2 in the covariant normalization of states.

Feynman propagator

¥ Also note that Dg(x! vy) is a GreenOs function of the Klein-Gordon operator
(" x+ m?) because

© g4 |

1 n2 2y Al ip(xly) — | ix4(y 1
(2&)4p2! m2+i((' P +m)e o (X- y)

(" x+ m?)De(x! y) =

(regardless of the prescription adopted to circumvent the poles) which justibes
that we have called ' 0| T{$(x1) a4%(xyn)} |0%he N-point GreenOs function.

| Further note that the Feynman propagator is not the only GreenOs function of the

Klein-Gordon operator, because others are obtained by changing the prescription.

www.ugr.es/local/jillana
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¥ The Feynman propagator De(x! y) provides the probability amplitude that a 7
particle created in y freely propagates to x where it is annihilated, if x°! y°> 0, *
or propagates from x to y, if x9! y% < 0. In fact, if x°! y°> 0 then

"0! ()! (y) [0#= De(x! y)= L (x! y)=[1700,0 (D]= "0 T (x)! " (y) [0# .

I Let us see that, apparently, a problem arises: the probability of propagation of a
particle from yto x with (x! y)? < 0 (spacelike interval), namely, beyond its light
cone is not zero but falls exponentially for large distances.

I In fact, one can choose in this case a reference frame in which(x! y) =(0,r) and
then (here p$ |plandr $ [r|):

- 0 0 0. -
d3p elbaﬁ 1 2 1 gl prcos$
I (x! = = d# dcos d 4
) (2" ,)_3 2B, (2 )2 o 11 ¥ 0 P p2 P2+ m?
_ 1 0 ip P2 eipr!. el ipr _ i O I i pelPr |
(2')% o 2 p2+m2 ipr (2" )22r . P2+ m?
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i

¥ We can calculate this integral in the complex p plane following the path in the
Pgure (the integrand has branch cuts starting at the poles p= = im).
Applying CauchyOs residue theorem:
e 6 o6 6 o6 b
0= + + + + + dp f(p).

C CrRy CRy Coo C C

#

In the limit &% 0, %% 0,R % " the integrals over cy cr, and cg, vanish.2

aThe integral over cyvanishes %% 0 because 0I/im (p! im)f(p)= 0.
p%im
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' Then,
0 e 0 (
$(x! y)= lim dpf(p)="! Ilim + dp f(p)
Igz ( IO co Igz ( |0 ! €2
i Ob” i 2 2! 1/2 O im 211/2l12&1
- d | pr + m9)’ + d |pr +m |
ey . dPPe (p ) , dppe (p° )
_ o :
I i! pe|pr
= ——2 dp +———
(28)22r° iy 7 p2+ m2’
where the factor e' 22% = 1 1 takes into account that the second integration is

done to the other side of the branch cut,? and we have exchanged the integration
limits Ripping the global sign. It is then useful to do the change of variable p = i+,

- 0, | 4 0,
$(x! y)=—2i2 d+_7+e—=!i +7+e—
(2&)22r m i 21 m2 482r |, 21 m

aRemember that log z = log |z| + iarg(z) has a discontinuity of 2 & when crossing the branch cut and
one can write (p?+ m?)' Y2 = exp{! Zlog(p?+ m?)}.
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' And Pnally changing += mt,

0, ! :
m | te' mrt m m & I
ly=1 — dt ——— = ! Ky(mr I — —e ™,
S(xty) 4&2r 4 21 1 4&2r i )[mrll 4&2r  2mr

where we have used the limit of the modiPed Bessel function Kj.

¥ This result seems to indicate that causality is violated. However this is not the
case. In quantum mechanics what matters is whether two observables measured
at points x and y commute when there is a spacelike interval between them, i.e.
when (x! y)? < 0. It they commute then they are not correlated and one is not
affected by the other.
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¥ In practice, the causality principle is preserved whenever the commutator of two
Pelds at two points separated by a spacelike interval vanishes.

www.ugr.es/local/jillana

Let us see that in this case the commutator is zero, as wanted.

0 o] * *
d3p g ), . . -
$ . $ = & & Iipx ipx ’ iqy iqy
[$(x), $(y)] Gay o5 (2a)p ae' P+ g ae 'Y+ a6
0 Xp o] Aﬂ : <
= _ ___ i arg i(pxt g,
(2&)3 2Ey, (2&)3 2k, © [ab %] e [3,0 aQ]
ﬁ g PV | gPY) = g(xt y) 1 $(y! x), 22)

where we have used [ay, g,] = (2&)3*3(b! b).
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I Now, if (x! y)?< 0we can choose a reference frame in which(x! y) = (0,r)
and then (y! x) =(0,!r), and recalling that for points separated by a spacelike
interval $(x! y) depends only on the modulus of Ir (21) we have that
$(x! y)= $(y! x) and

[3(x),$(I= 0, if(x! y)*<0,

as we wanted to show.?2

4f (x! y)?> 0 (timelike interval ) we can choose a frame in which (x! y) = (t,0) and then
6, s 6
d3p e' iEpt 4& g i prmet 1 ! 7 | |
ly)= = 7 = dE E?! m2e 2 ¢ M (t( !
$(x! y) e 25 - (20 o dp P = Y a2 ., m2e e im e (1)

so$(x! y)! $(y! x) = 0in this case.
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¥ At this point several important comments are in order:

www.ugr.es/local/jillana

1. For a complex scalar beld the propagator is debPned as

Dr(x! y) = "0 T{$(x)$ (y)} 0%
)1 ¥ 0I$()$ (v) 0% )(y°! x°)'0I$ (v)$(x) [0% (23)

expressing the probability amplitude that a particle created aty freely
propagates to x where it is annihilated, if x°! y°> 0, or else the probability
amplitude that an antiparticle created in x freely propagates to y where it is
annihilated, if x°! y°< 0.

Remember that for a real beld particle and antiparticle coincide.
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¥ At this point several important comments are in order:
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2. To better understand the meaning of the two contributions to the Feynman
propagator (14) canceling in (22) when (x! y)? < 0, let us bnd the complex
scalar beld commutator,

b 0 * *
d3p d3g s ) o
$(x),$ = & & Lipx ipx Liqy iqy
8008 D= e i MR e YA
0 3 0 3 ; <
= d°p d°g e i(px qy)[%’qq]_,_ gl (px! qy)[bp,bq]

(28)° 25, (28)3 25
='0[$(x)$ (y)|0% '0|$ (y)$(x)[0%= $(x! y)! $(y! x) (24)

where we see that $(x! y) is the probability amplitude that a particle created
in y propagates to x while $(y! x) is the probability amplitude that an
antiparticle created in x propagates toy.
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¥ At this point several important comments are in order:

I Soif antiparticles did not exist the causality principle would be violated! as
both contributions are needed for the cancellation, that occurs because the
commutators (22) (or (24 for complex belds) yield identical results beyond the
light cone preventing correlations between observations causally disconnected.

3. Finally, note that above it was key that scalar belds satisfy commutation rather
than anticommutation relations, or otherwise the causality principle would not
be held. And it can be shown that fermionic bPelds must anticommute for the
same reason. This brings to light the tight link between the spin-statistics
theorem and causality at the quantum level .
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¥ We have seen that the time ordered product of two Pelds in the interaction picture
is T{$(x1)B(x2)} = : $(x1)$(x2) : + De(x1! X»). Let us bPnd now the time
ordered product of n Pelds $; & $(X;).
¥ The Wick theorem, to be proven next, states that
= ?
every combination of normal orderin
Y 9 @ (25

T{$,44%.} = :$,44%, : + > _
and contractions of two belds

where contractions of two Pelds $(x;) and $(x;) mean

1 1
$(xi)$(x;) = Dr(xi! x;) , orinshort $;$;= Dy,
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Wick theorem

and every combination of normal ordering and contractions of two Pelds means,
for example,

www.ugr.es/local/jillana

Ar—1 1 1 1
T{515:8384} = 51508354+ : $15:8354+ $1525384 + $:15,838, + $:$5,83%,
1 1 1 —— | |l — | B
+ $15,853F54 + $1528354 + $15025384 + $185,5354 + $15.83%,
where
— 1 1
D 81P50538, = $183: 5584 := D131 5B, 5158384 = DoD3g, etc.

Then, the vacuum expectation value of the time ordered product of belds receives
contributions only from terms where all belds are contracted , for example,

e

1 1 |_|_|
'Ol T{$1952$384} 0% $1$283%4 + $1$283%4 + $1$,$3%4
= D1oD3s+ D13Dos+ D14D23

and it vanishes for an odd number of bPelds .
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I To prove the Wick theorem one proceeds by induction. We already know that for
n = 2 itis fulblled. Assume now that it is true for n! 1 belds.

www.ugr.es/local/jillana

Then, starting with belds already time ordered ( x? 0 ...0 x9),
T{$:1%aa8} = $:1%8a% = $:T{$aa%} > C

every contraction of two @D

:($I+$!1):}$2éé$n+> (26)

Pelds not involving $; E
On the other hand,

$) 1 {$284%) = {$) 448} :
because$] indroduces a on the left, already normal ordered, and

$I {%4a%,} : = :{$2é§$n} :$1r +[$1’, :{%zééﬁn} -] oo
_ 1{$I$2ééﬁn} - :>$T$2$3ééa... L > .simplé contractions Q@ -
involving $;
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Wick theorem

I Let us check the latter statement with an example:
(57, $:83:1=[$7,5585 + $5 55 + 5,55 + $587]
= $EIS IS+ 9T+ S 8T, SL ]+ [ST. 5L 1%L + Sh (e el
+[$7,85185 + $5{8; 18317 + (8], 84185

| 1 1 + 1 | 1 + 1 1
= $'2 $.$35+ $1$3$2 + $1$2$'3 + $1$2$3 = (515283 + $15,%3) -

www.ugr.es/local/jillana

1
where we have used [A, BC] = B[A,C]+[A,BJC and $;$; = [$,$] ], asx? 0 x°.
Then, _ "

o o simple contractions
($I+$!1):{$2aa$n}:= :$1$848, 1+ 17 p. @ (27)
involving $;
= ?
every contraction of two
Repeating the procedure for ($; + $!1 ) y @
Pelds not involving $;

we will bnd the terms with the remaining contractions (double, triple and so on).
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¥ The LSZ reduction formula allows us to write the S matrix in terms of vacuum

expectation values of time ordered Peld products in the interaction picture,
3 4 0 56

O] T $(x1)$(x2) adaf(xp)exp i d* H(x) [0%,

www.ugr.es/local/jillana

that can be calculated order by order in perturbation theory (PT), by series
expanding the exponential.
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¥ At zeroth order (no interactions) we just need ' 0| T{$(x1) aa%(xn)} |0%that
applying Wick theorem, involves products of propagators of particles between
different spacetime points x; = X;.
This provides a physical view with a simple graphical representation:

1
'Ol T{$:$,} |0%= $:$,= Do

! 2
— = =l ]
"O) T{$19$293%4} (0% $1$2$3%4 + $1$28384 + $1$283%4 = D1oD3a+ D13Dog+ D14D23
1 2 1 2 1 2

—e

3 4 3 4 3 4
and so on. These are theFeynamn diagrams in position space.

256

Feynman diagrams

s/localljillana

g

¥ From the brst order in PT we bnd local interactions involving products of belds at
the same spacetime point x, also with a simple graphical representation in terms
of Feynam diagrams.
The perturbative calculation is very complex but it can be organized with the help
of Feynman rules. Let us illustrate the procedure with an example.
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I Consider the 2 ( 2 scattering
(two particles in the initial state and two in the bnal state)
in the self-interacting scalar Peld theory #$4.

The LSZ formula written in terms of Pelds in the interaction picture is:

2 i- Z 2 | Z }| | $

' iT Fkrk

ﬁfl 1 mzﬁlkal o Dubo| iT Fkrka

3 4 #(')' 56
0 4 _ Ol T $(x1)$(x2)$(xa)$(xa) exp iy d*x $%(x) 0%
= # dx; gl (Pixa+ paxa! kixs! kaXs) 3 4 r 0 —56
i=1 0T exp !y d*x $4(x) 0%

(28)
258
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P Zeroth order . In absence of interactions the denominator is 1. The numerator is
0

No = dx; e/(Prxat Poxel faxsh koxa) ' o) T{$(x1) $(x2) $(X3) $(Xa)} [0%

=

d4x; € (Prxat p2xo! kuxs! koXa) (D 1,D g4+ Dy3Dpg+ D14D23)

(=Y

. o
TS S

6 d4Xd4 Xd4yd4Y ei(p1+ pZ)X+i(pl! p2)§! i(k1+ kz)Y! i(k1! kz)% DF(X)DF(Y)

+ O d4xd4X d4yd4Y ei(p1! kl)X+i(p1+ kl)%+i(p2! k2)Y+i(p2+ kz)% DF(X)DF(y)

[ [
mZ+ i( k21 m2+ i
| |

21 m2+ i( p3! rinz+ i(

21 m2+ (k21 m2+ i

(2&)4(pr+ p2)(2&)**(ky + ko) Y
2]

+(2&)*4(p1! k1)(2&) ™ (p2! ko) .

(29)

+(2&)*4(p1! k2)(2&)*4(p2! ki) .
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where in the Pbrst term of the third equality we have changed:

X
X= X! X2, y=x3! X4 x1:X+§, x3:Y+3—2/
X1+ X X3+ X4 X y
= = Xo= X! — | X4q=Y! =
X=—5 2 : 2’ ™ 2
:'ﬁ Iﬁ: ! 1 1'
_ 1% X ] 12 4 _
dxldxz—g, , {dde—| jdxdX = dxdX , etc.,
| X2 X2 Fpy 111!
IX |X' 2

the second term is analogous to the brst if xo * X3 implying p2 * ! kg;
and the third term is analogous to the brstif xo * x4 implying p2 *!  ko.

In (29) there are terms with just two poles, not enough to cancel the four poles in

the left-hand side of (28), so
|

'D1b2|iTi!k1!k2 = 0 at zeroth order.

This result (vanishing amplitude ) is general for disconnected diagrams
(those with at least one external point no connected to the others).
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b First order. Expanding the exponential of the numerator at O(#) we obtain
products of pelds evaluated at the same spacetime point that, applying Wick
theorem, leads to an interaction vertex .

The only way to get connected diagrams is by contracting each $(x;) with $(x):

=11

|
0] T{$(x0) (%) $(xa) $(xa) 400} [0% = 41 - $1858584ScxBeSx -

X1 X3

X2 Xy

There are 4! possible combinations of such contractions, all identical: $(x;) with
one of the 4 $(x), $(x2) with one of the 3 $(x) remaining, $(x3) with one of the 2
$(x) remaining and $(x4) with the $(x) remaining. The 4! cancels the 4!
introduced in the dePnition of the coupling constant (hence its convenience).
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Thus, at brst order, the only relevant contribution to the numerator of the 2 ( 2
amplitude is given by the following Feynman diagram in momentum space :

Ky PL .
0 4
= # d% gl (P1xat paxa! kixs! kaxs)
i="1 _#( o
i
o 0 ! ] 41 d* De(x1! X)De(x2! X)Dp(xz! X)De(xa! X)
0 4

=1i# # d4Yi d4x el(Prt p2! kil k2)xgi(pry1+ pay2! kiys! k2y4)DF(Yl)DF(yz)DF(YS)DF(y4)
i=1
= 1 i#(28&)**(pr+ p2! ki! k2)Br(p1) Be(p2) Br(ky)Be(ko) (30)

where the change of variables y; = x;! x has been performed.
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3 4 o] 56
. H :
D Let us now bn the denominator "0 T exp ! i, d*x $%(x)  |0%that order by °

ugr.es/localfjillana

order is composed of disconnected diagrams without external points, given by
combinations of vacuum-vacuum diagrams:

HEO D -

Take one of these diagrams with n; pieces of each typeV;. Calling also V; the

value of the piece of type i, it is easy to see that this type of diagrams contribute
nj
to the denominator with " ﬁ where the n;! comes from the exchange
n; i
symmetry of the n; copies of V.
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To check this, consider just one type V;, and take it to be the brst of the
vacuum-vacuum diagrams listed in ( 31).

Then
.#(j 4. L3 ] 3 1
=1 |m d X$x$x$x$x, 3= EV: éV&VI
' (20 ‘
8 8 7ty ORSSSS dYSess, #= oV
_ 1.3
and so on.

Feynman diagrams || 2 ( 2 [#$%)

Then the total contribution to the denominator will be
0 1 G H
Vi
# no Ui — # eVi — eXp n Vi ’
o i i i

given by the exponential of the sum of all vacuum-vacuum diagrams.
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b Note that in the numerator we have, for each connected diagram, the contribution

of an arbitrary number of vacuum-vacuum diagrams.
For example,

X
>< : >< R >< v 844
=><,O e X

1
+ C @ @ > + aaa

00 X

Therefore, the general contribution to the numerator can be written as
G H

"' (connected), exp " V;
i

Feynman diagrams || 2 ( 2 [#$%)

Thus, the vacuum-vacuum contributions to numerator and denominator in the
LSZ formula cancel each other and we conclude that in order to bnd the m( n
scattering amplitude it sufbces to calculate, order by order, the sum of
disconnected diagrams with m+ n external points.

Using these results and ignoring for the moment the Z factors (we will see soon
that Z = 1+ O(#?)), we can calculate the 2( 2 scattering amplitude at brst

order, derived from ( 28) y (30),
# o P
Hint = 2;8%: "pibal iT ke = 1 i#(28)™H(py+ p2! k! ko) + O(#7) .

We could already write some of the rules allowing us to obtain diagrammatically
the scattering amplitude, but we cannot get them all yet because we have not yet
encountered the case of diagrams with internal lines nor loops.
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I To illustrate the case of diagrams with internal lines, let us suppose that our
2 (2 scattering process is due to a different interaction, Hi,; = %$3(x).

Looking for connected diagrams at lowest order yielding a non vanishing
contribution we bnd that it is at O(#?2) and is given by the following diagrams:

X1 Y1 X1 X Y1 X1 X / Y1
X y * + +H(X* y)
X2 Y2 X2 y Y2 X2 y y2

Let us calculate in detail the contribution of the brst diagram (including the same
with x and y exchanged) that we will represent by the following Feynman
diagram in momentum space:

268
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kl P1 g
k1+ k2 (32)
ko 0] P2
= d4X1d4X2d4y1d4y2 ei(plxl+ pax2! Kiy1! Koy2)
1 o1isle ©

5 A (3)%2  d*xd%y PF(X]_! X)Dg(xz ! X)DF(>J$|} Y)Dr(y! y1)Dg(y! Y2E

— — — 1 |
B(X1)B(x2)$(y1) S (y2) $(X)$(X)S(X)B(y)$(y)$(y):

5
= (! i#)?  d*d%%dydiyed?xdly e(Prt pX! ilkatio)y+i(prat pxp!t kil kayz)

: DF(Xl)DF(Xz)DF()"l)DF(OY’Z)DF(X! y)
= (! i#)?Br(pr) Br(p2) Br(k)) Br(ky)  d*xdy (Pt Polerilpur 2t al kYD ()

= (1 i#)%(2&) " (pr+ p2! ky! ko) B(ky+ ko) Be(py) Br(p2) Be(ky) Be(k)
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where the factor (3!)2 comes from all equivalent Wick contractions and the factor
2 comes from the exchange ofx and y. We have also changed the variables
X =X! X, %=vy! yand x= x! vy.
As in (30), we have obtained:
b a factor (! i#) for each vertex,
b a factor (2&)***(p1+ p2! ki! k») from the four-momentum conservation, and

b the product of the four propagators of the external legs, that will cancel when
we solve for the scattering amplitude in the LSZ formula.

b Moreover, we had to introduce the propagator of each internal line .

Note that the factor 3! in the denominator of the coupling constant has canceled
when summing over all equivalent Wick contractions.

Feynman diagrams || 2 ( 2 [#$3)

Therefore, summing the three diagrams in momentum space
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Ky p1 ki Pp1 kg P1
ki + ko + ki! p1 + ki! p2
ko P2 ko B R P2 ko P2 (33)
we have

|5
# | :
Hint = ;871 "ol iThake = (1 i#)%(28) "4 (p1+ p2! k! ko)

, [Br(ke+ ko) + Be(ke! pr) + Be(ke! po)]
+ O(#% .

Note that the integration over the spacetime coordinates of the interaction points
gives the four-momentum conservation at every vertex .

271



Feynman diagrams || 2 ( 2 [#$%)

' Now let us see what happens when there are loops in the diagrams.

www.ugr.es/local/jillana

Go back to the #$4 theory. In order to calculate the contribution at O (#?2) to the
2 (2 amplitude we need to compute the following connected diagrams:

X1 Y1 X1 X Y1 X1 X /Y1
X y t + H(X* y)
X2 Y2 X2 y Y2 X2 y Y2

They all feature a loop made of two internal lines sharing initial and Pnal points. 2

Focus now on the contribution of the pbrst of these diagrams (including the same
with x and y exchanged) represented by the following Feynman diagram in
momentum space:

aA loop may also come from an internal line starting and ending in the same point. See e.g. the
diagram of (34).
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ki q P1 ) |
° 4y, 1Ay by by di(pixat paxa! Kaya! koys) L !i#(z
= d de de Y1d yo € P1X1¥ P2X2: Kiy1: Kayo 5 T

ko / kit k2! g '5P2
, (4, 3)%, 2, 2 d*d% Pr(x1! X)Dg(x;! x)D,2:(>JsP!< Y)Dr(y! y)De(y! y2)

[
[ I [ [ I |
5 $(x1)$(x2)$(y1) $(y2) $(x) $(x) $(x)$(x) $(¥) $(y) $(y) $(y):

_ }(! #)2 dhdtedAydiyndixddy @t PIX it k)y+ i(poat poa! kan! ko)
i , DE(%1) Dr(%2) DE(y1) Drgy) DE(x ! .Y) |

= é(! i#)2Br(p1) Br(p2) Br(ki) Br(kp) — dxd?y e (Pt Paletilpat ol fal ka)yp2 5y

= %(! i#)2(2&)2*4(p1+ p2! k! k2)Br(p1)Br(p2) Br(ky) Be(ko)

4
: (g&?4|§F(Q)@F(k1+ k2! d)
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where we have substituted
0 . 0 . 0 dq .
d4x-e'(k1+ kZ)X_D'Z:(ﬁ) — d4)¢el(k1+ kZ)X—DF(X_) (2&)4 e! Iqx-lgF(q)
0
d4q

— L Be(ky+ ko' q)Be(q) .
(28) F(ke+ k2! a)Be(q)
We see that, besides the usual factor(2&)***(p; + p2! k1! ko) from global
four-momentum conservation, a factor (! i#) for every vertex and a propagator
for every internal line, there is an integration over the loop four-momentum
divided by (2&)%.
We also obtain a symmetry factor % from the counting of factors of 1/4! and
equivalent Wick contractions. These are a frequent source of errors in the

computations.

And there are propagators of external legs in momentum space whose poles will
cancel when solving for the amplitude in the LSZ formula.

Feynman diagrams || 2 ( 2 [#$%)

Repeating the procedure for the three diagrams in momentum space:

k1 q P1 k1 P1 Ky /
+ p1! kit q q + p2! kit q
ko / kit k! g\ p, Ko P2 Ko

we get (Hine = £$%)
' $
D] IT o = (28)™4(py+ po! k! ko)
3 . 6
i (! i#)? (2&?4[@F(q)|3l:(kl+ ko! 0
+ Be(q)Be(ka! pi! ) 6

+ Be(q)Br(ky! p2! 9] + O#3) .

www.ugr.es/local/jillana
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©
H @

P2
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¥ The explicit calculation of these loop integrals yields a divergent result in the
ultraviolet : they approach inbnity when q gets large.

I In order to make sense of this inPnite correction to the prediction that we had
obtained at lower order in PT one has to renormalize the theory.
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¥ So far we have ignored the Z factors (wave function renormalization) appearing
in the LSZ formula. We have also ignored diagrams where the propagator of any °
of the external legs gets corrected, as for example?

Ky P1
Ki = (28)"4 (ke + k! pr! p2)(! i#) Be(k2) Be(p1) Br(p2)
5 | (34)
1, . d“q i
kZ P2 , IgF(kl)i E(' I#) (2&)4q2| m2! IgF(kl)

Apart of the loop correction (inbPnite, by the way) this expression contains a
double pole in Bg(k;) that cannot be canceled by the simple pole of the LSZ
formula, yielding another inPnity.

aFrom now on the i ( of the Feynman prescription will be omitted, although it is always assumed.

277



Feynman diagrams || 2 ( 2 [#$%)

I Note that the correction to the external leg factorizes and can be read directly
from the following diagram:

. _ 1, . 0 d‘q i
q = Be(p)(! iB)Bg(p), ! iB= é(! i#) G2 T e (35)
p p

We canresum all these corrections to the propagator,

p+f?+f?§?+ééé
+

= @F(p)i Be(p)(! iB)Br(p) + Br(p)(! iB)Br(p)(! iB)Be(p)+ ...
= Br(p) 1+(! iBBR(p)+ (! iBBR(p)2+ .7..'

www.ugr.es/local/jillana

1 I i
1+ iBBe(p) P! m? 11 B pZl m2l B’

= IBF(p)
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I We see that the net effect of these corrections amounts to a mass shift
from m?to m? + B.

I We could add other corrections, as for example the O(#?) +@_»

(that, unlike the previous one, depends on p?) and everyone else.

www.ugr.es/local/jillana

I To that end, we sum all two external leg diagrams that are one-patrticle irreducible
(those that cannot be separated into two disconnected parts by cutting a single
internal line) and call ! iM?(p?) the contribution of all 1PI diagrams (removing

the external propagators),
= 1 iM(p?) . (36)
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Now we can resum all corrections to the propagator using the same procedure as

before. We will rename mg the mass parameter introduced in the Lagrangian.
Then the full propagator is (to any order in PT):

[ [
= + l iM2(p? +
p2! mZ p?! mg[ | (p)]pz! m2
M 0 1,
Co b Ng e M), MEP) L p
21 m2 21 m2 21 m2
ps! m§ ps! mg p=! m§
o 1 B i
p>! mg  M2(p?)  p?l mGl M(p?)

Feynman diagrams || 2 ( 2 [#$%)

¥ The physical mass m is debned as the pole of the full propagator,
|
|
p?! m3! MZ(pZ)!Iozzmz =0.
Series expanding around p? = m? we bnd

2
P21 mE1 M2(p?) = p2t mEl MA(m?)t SN (PP

dp? ° oo
0 2} Rz m
=(p?! m? 1! dlz{ (near p2 = m?).
dp "p2= m2
Then,
-1z | >_ 2
—— )—»——m regular near p>= m
where 0 2| L
m?>= m3+ M?(m?), Z= 1! —dMZ{
dp "p2= m2

This residue Z is the same factor introduced in ( 2) to account fo the beld renormalization due to interactions.

www.ugr.es/local/jillana

2|

— )_,_:_,_++‘+ ++‘+ +éa

(37)
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(38):

(39)

(40)

281



Feynman diagrams || 2 ( 2 [#$%)

www.ugr.es/local/jillana

| We see, in particular, that the Prst correction to Z = 1 is of order #2, as
anticipated, because the correction of order # to the propagator ( 35)
does not depend on p2.

¥ In view of what happened to external leg corrections, it is convenient to debne
amputated diagrams as those obtained by removing every subdiagram associated
to external legs that can be separated by cutting a single line. That is, when we
eliminate the full external leg propagators. For example,

amputate
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I Then the four-point function of interacting belds

www.ugr.es/local/jillana

0 2 .
#odixi# diy; €PN TR O] TS (x1) $(x2) $(y1) $(y2)} [0%
i=1 ji=1

has the following diagrammatic form
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© www.ugr.es/local/jillana

' And in general, using ( 39) we can rewrite the LSZ formula ( 9) as

(41)
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¥ We can now list the Feynman rules for real scalar belds in momentum space,
assuming interactions of the form Hip = #;$N.

© www.ugr.es/local/jillana

To compute the scattering amplitude for a process of m (' n particles:

1. Draw every connected and amputated diagrams with m external legs incoming
and n external legs outgoing linked in vertices of N legs.

Impose four-momentum conservation in each vertex.

Write a factor (! i#) for each vertex.

WD

Write a factor Bg(p) = for every internal line of momentum p.

[
P2l m2+ i(
5. Integrate over every four-momentum @ not bxed by external momenta and

d%q

momentum conservation, one per loop with measure W.

6. Multiply by the corresponding symmetry factor.
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7. The sum of the contributions of all Feynman diagrams leads to the so called
invariant amplitude iM (k, 4 8% ( by &&H,) related to the matrix element

S=1+1T by
| $ 0 1
'pradhn|iTlk ad, =(2&)** " p! " k iM, (42)
i j
o )- Fmen . |
where iM include the factors Z , Which are irrelevant for calculations

at lowest order in perturbation theory, but are important to compute higher
order corrections.
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On the virtuality of intermediate states
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¥ Consider a diagram with internal lines, as for example ( 32). The LSZ formula
requires incoming and outgoing particles on-shell,

Ki=k=pi=p=nm

and conservation of the four-momentum at every vertex, so the intermediate
particle propagating between two vertices will be off-shell,

Piverm = (it k) = KE+ K5+ 2(kiko) = 2(m?+ ko) .
I Choosing, for example, the center of mass frame for the incoming particles,
ki=(E 0,0k, ko=(ED0,0! K" kiko = E?+ k?= m?+ 2k?
" Pem = AP 1) = e

It is easy to ckeck that p2,.., of the internal lines of the other two diagrams in
(33) is even negative. So in QFT the intermediate states propagating between
interaction vertices are virtual particles , i.e. off their mass shell.
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¥ Fermionic belds appear in pairs in interaction Hamiltonians, belonging to bilinear
covariants.
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¥ Fermionic belds satisfy anticommutation relations, forcing us to debne the
normal ordering of fermionic operators in a consistent way. As for example

LBy, = (1 D)% adgs = (! 1)°g 858, -

Likewise, we must consistently debne the time ordering of fermionic pelds,

L (x)T(x2) , x9> x3

T{ ()t (x2)} =, P T(x2)! (1), x§< x3

and similarly for T{! (x1)! (x2)} and T{T (x1)! (x2)}.
Thus, for example, if x3 > x9 > x9 > xJ then

T{(x)! (x2)! (x3)! (xa)} = 1 1 (xg)! (x)! (Xa)! (X2) -
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¥ We will see now how to debne the Wick contraction of two fermionic belds in “
order to obtain an expression analogous to that of scalar belds,
_ _ 1
T{EE)L ()} = 21O (y) s+ ()T (y) -
Separating the components of positive and negative energy,
0 3 . 0 3 .
¥ (x) = _ 4P apsud(p)e X 1Y (x) = _ 4P by, v (b)e'P
(2&)3 2E, s (28)3 2B, s
0 ds : ! 0 ds :
M= 8 FOR)E T ()2 & g, T9(b)e™
(2&)3 2E, s (2&)3 2B, s
we have?

3f x0 = y0 then the belds are already time ordered and
T T = LOOT(Y) =1 (OT(Y) 4 {1 T (0. ()} =1 (0T (y) : + !'(Tl)T(Y)
because in this case{! * (x),T! ()} = 1 {T7(x),!" (y)}, as can be explicitly checked in (43).
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T{LOTM} =) ¥ T ) XOTW! ()
= )0y ! FOOT W)+ L OT () + 1T )+ 1 0T (y)
) (! x°)+!‘*(y)!+(x)+!‘*<y)! 0TI T ) ()
= )P YY) T (y) s+ {1 ()T ()} T (y)
W) st T ) 3
L0 X0 T )+ {1 (0, T (W T () (%)
LM IR OIRNC 3
= YY) HOOT) {1001 (y)}:
)0 X0 T () + {1 (.7 (y)}
= LT+ (T ()
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where we have used that : T (y)! (x) :== ! ! (x)! (y) : and dePned

0T () =)0 YO (0. T M) 0! O (0.7 ()

| Itis easy to check that, as{ ay, bq,r} = 0, the following contractions vanish,

[— 7
()1 (y) = TOOT(y) = 0
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I It can be shown that the Wick theorem has the same form for fermionic pelds.
One has to pay attention because the normal ordering of fermionic Wick
contractions can imply a change of sign. For example,

www.ugr.es/local/jillana

A .l
1!1!2::!!2!1

As the vacuum expectation value of normal ordered operators is zero, we have
that, like in the case of scalar belds, the Feynman propagator for fermions is

01 T{ (T (W)} 0% ! (9T (y) = Se(x! y) |

that can be written, using the completeness relations, as:
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© 4% 1 yOme
I = 0p 0 _—m gt e ip(x!y)
5
d®p 1
I 0 40y = n Oy dp(x! y)
: )(y - X ) (2&)3 ZED Vb b
0 d3p
- 0 0 Lip(x!y)
0
d°p 1
I 0 0 | ip(x!y)
O
. d p 1 1 1
— 0, ,,0 + ip(x!y)
0

3 .
Ly (yO! xO(Lirg! m) (g&?32_|1£belp()(! y)

= (iIx+ m)Dg(x! vy)
6 4 .
d*p ' ol ip(x! y)

= UL M) ey T e i
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I Therefore,
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i 0 .
d’p i(p+ m) o ip(d y) = d*p ' o ip(x! y)

Se(x! y) = (28)4p2! m2+ i( (2&)4p! m+ i(

(43)

and, in momentum space,
5

&(p)=  d'Se()eP =

pl m+i(

where we have used that pp = p®. We see that the fermion propagator is a
GreenOs function of the Dirac operator because

(i x! MSe(x! y) =1 (" x+ m)De(x! y) = i**(x! y) .

It is very important to note that 8:(p) = &(! p), so one has to pay attention to
the sign of the momentum.
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¥ To bnd the S matrix between fermionic states we need to solve for the creation
and annihilation operators of the free beld ! fee,
o)

www.ugr.es/local/jillana

3 + ) . ]
lree() = & o U (p)e X+ by WO (p)eP
(2&)3 2Ep s |
leading to
& 0 _
2B, S r = d>x U(r)(!k) gk 0y free(X)
& 0 ,
2B b, = dx V(e "0l free(x)
& 0 |
26,8, = A Tiee(x)" % U (k)
& 0 _
ZE'k b-k,r = dSX !_free(x)" 0e|kXV(r) (Ik) .
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I In fact,
6 .

d3x T (k) € 01 ()

d 3 + ,
= d&ié;" TN )" Ou® () Px 4 G ()" Oyl () &l k+ )X

abi S
(2&)3 2Ep s !

R S w0 — w0 |’_&_
- J?Ek s 8,0 ()" 2ul () + L?k,su(r)(!k) Ok = 253,

where we have used that
V)" O W) = 25 %, TH)" VO K =0

and likewise for the others.
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I As for scalar belds, we expect that

JOR A IO SRA PR
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where this Z is the renormalization of beld ! . Then,

& 0
26,9, = t(I!lm! Z' 1 dxT(x)" %' Xu(M (k)
& 0
(out) _ . 172 3y T ()" 0a! ikx, (1)
25, E t(ln:g! z d>x ! (x)" e "u'"’ (k)

whose difference yields a covariant expression that we will need as a brst step to
Pnd the LSZ formula.
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I Using (7),
& * ' (6
25) Wy g0 =212 fim 1 jim  d3 T(x)" % "0 (k)
% Fr gt +! '

= | Z! 1/2 d X' 0 T (X) 0 I ikx (r)(|k)

mtegratlng by parts and using (k! m)u(k) = 0

=iz' 12 d*% T (x)(i /X +m)e’ **u k) .

I Likewise one can get

& ) * 0 |
26, M1 R =iz 2t v (e it m)t (x),
& ) N 0 |
28, 41 g = riz' Y2 dfxu e (it mt (x),
& ) 0 0 _ 4 |
26, M1 pO =iz 12 g ()i o+ m)evO ) |
298
[the calculation] F
Use integration by parts: :
d*+ & re ™ulk) = 0"  d*+Tae ®ulk)=1i d*Tr dke ®ulk) -
and the Dirac equation:
(k! m)uk) = ("% r &! mufk) =0
As a consequence:
o | o | o |
Ld% (T % ™ulk) =1 d*%( )" % ®ulk) !l dXIT (1 ik%)e **ulk)
0 0
=1 d*( )" % Rulk)!  dix(+T & ! iTm)e *ulk)
0
=i d*%(@' " M+ Tm)e ®ulk)
0

4 .
i d*T (i 7 + m)e' ®ulk)
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g

u

Then we can substitute in the S matrix an incoming fermion of momentum ', and

spin r by
% { $ & —# ') in t ’ } $
plééﬁn;tf!!kl!kzéé-!lém;ti = 25k1 blééb’n;tf! (Ir) | ak(OrU) !!kzéé.!lém;ti
o) P $"
L # I !
= jz! 12 d4X1 e ikixi plé_é_b’n;tf! I (X1) i!kzé.é-!la’n (i7x + m)u(r)(!kl)

(44)

and next substitute, for example, an incoming antifermion of momentum 'k, and
spin s by
# L $

b1 &&Bn;te! T(x1) ko & 8m; t;
$

& —# | — (in), .. (out) |
= 26, D1&adBte T{ (x)(g ! B ) ks & 8ln; t
0 ' ' | $
. # O
=iz' 12 d%%, e 2 v (o)(ir x, ! m) I adBnte! T{T (xq)! (x2)} {!kSé-é!lén;ti
(45)
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lterating the procedure one can bnd the LSZ formula for fermions . Suppose that
among the m (n) incoming (outgoing) particles there are m¢ (n¢) fermions of spins -
ri (rJ/) and the rest are antifermions of spins s (sjf). Then:

1 = _ ?

-

Ng¢ = ’ I $
I Z |
@| L zz T'Iklk 2 zhe
#orm  H# prme Pk adhliThicads,
1

#n d4yj et inyj 1_-? V(s‘)(ki)#f U(SJ()(pj)
j=1 i=me+1 =1

me ng no D
POa)# POO# L) # Tidg

i=1 j=1 j=ng+1

.m
, '0|T/ H

i=ms+1

ms n /
0% u(k) # V(p)

i=1 j=ns+1
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¥ Let us focus on a simple particular case, direct application of the results we have
found in ( 44) and (45). We will study the 2 ( 2 scattering

fermion (kq,r) + antifermion (kp,s) ( scalan(p;) + scalan(p,)
in the Yukawa theory, whose Lagrangian is
L = Lpirac* Lka! gI'$ " Hin = o1$

To alleviate the notation, suppose that all Pelds have the same massm.
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I The scattering amplitude is given by “
"ordo| IT [kiko% )

) i1 ?) 11/2*20 i | knxal
— |Z$ |Z| d4X1d4X2d4X3d4X4 el(plxl+ p2xo! kixs! k2X4)(n X + mZ)(n %o + m2)

_ 4

, VO (k)(il x, ! m) " 0] T{$(x1)$(x2)! (xa)! (xa)} [0%i T, + m)u®” (ky)

) *2) *2 .
= Lizg'? T izp Y (p]! mP)(p3! M) d*xad®xad xadx, (Pt Pt taxst ko)

, VO (k)(! kot m) O] T{$(x1)$(x2)T (x3)! (xa)} [0%! Ky + m)u (ky)

where we have used the Fourier transform of the GreenOs function, as we did to
obtain (9).
These belds are not free.
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I To write the Pelds in the interaction picture we replace

10| T{S(x1)$(x2)! (x3)! (xa)} |0%0Y
3 4 0 56

O] T $(x1)$(x2)T (xa)! (xa)exp !i  d* H;(x) [0%

Then apply the Wick th and focus on connected contributions (arising at O(g?))

(A) X3 y _.-e X1
+ (x*y)
X4 X" me xg
i AT S8, T
132! 5! 4 xSyt vy .§1T2!3!4!X!X§X!y!y$iy.
= 1818, 58,14l !xﬁ!_y!'yﬁl_s = 1 $,8, 5,9, !T!_y T
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(B) X3 y » X1
\\j :,/ . (X i} y)
X4 X \\\' X2
88 ol o T B TS, | e —t
ROGERINEL A S8l a DT80
= ! ng $|:|$y !T!_X !'X_l!_y!lj!_3 =1 Qy $|:|$X !l?!_y ||y_||_x!|x_||_3

I Consider diagram (A), whose contribution gets multiplied by 2 if we include the
diagram resulting of exchanging x andy.
Note that there is a change of sign after normal ordering of the contractions:
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"Pia| IT [kako% . 5
12 2 v 2 o oy 2 hy 1duay, i(puat paxal kexa! kaxa)
=2, liZg iz, (pllm)(pz!m) H# d¥xd*xd%y e'\PriaT Paras KaXsr Ka%a
. 1 i=1
, (! '9)25, (! 1), De(x1! y)De(x2! Xx)
, V(o) (ko + m)Se(xa! X)SE(x! Y)Se(y! xa)(ke! m)ul?(ky)
0 4
=1 (Lig)%(p2! md)(p3! m?) # dd*xd%y gl (Pt p2xot k! koxg) gi(p2! ko)x+i(pa! ki)y
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i=1
, DF(X’l)Dg(X'Z)V(S)(!kZ)(kZ"' M) Se(%2) Se(x ! y)Se(a) (ke ! myu(? (ky)

=1 (! ig)4? d4xd4y gl(p2! k2)x+i(pa! ka)y

, VO (ko) (ko + m), k i
)

=(!ig)? d*d%y (P! ka)Xgi(potp2! k! kZ)yV(S)(!kz)Sp()Qu(r)(!kl)

SF(X' Y) (kl' m)u” (ky)

= (1 ig)2(28) "4 (pr+ p2! ki! ko)V9 (ko) u( (ky)

pz! y(z' m
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where we have changed X1 = X1! y, % = X! X, X3 = y! X3, % = X4! X, later
¥= x! y, and we have taken every Z = 1 because their contributions are of
higher order in g.
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I The diagram (B), including x* v:

v.ugr.es/localljillana

B

4 . )
| iT [kike% = | (1 ig)2(pF! mA)(p3! mP)  # dixdxd?y ¢l(Pratpexet kaxs! kexe)

i=1

, De(x1! x)Dp(x2! Y)V(s)(!kz)__(k2+ m)Sr(xa! X)Se(x! Y)Se(y! x3)(ki! m)ut(ky)

0 4

=1 ig)z(p%! mz)(pgg m2) # d4x-,d4xd4y gl (Poat pxot k! koxg) gi(pa! ko)x+i(p2! ki)y

i=1

: DF(X'l)Dg(Xz)V(S)(!kz)(kz"' M) Se(*2) Se(x ! Y)Se(xa) (ki ! m)u(? (ky)

=1 (! ig)3?

, VO (ko) (ka2 + m)

o

d*xd%y gl(pa! ko)x+i(pa! ky)y

[
- - M

=(1ig)? d*d% /(P! ke)xgi(ptpa! kat Ka)yy(S) e ) Sc () u) (kyq)

= (! ig)2(2&)4*4(p1+ P! kq! kz)V(S)(!kz)mu(r)(!kl)
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where we have changed ¥ = X1! X, % = X2l y, X3 = y! X3, % = X4! X, and
y.

later = x!

ww.ugr.es/localljillana
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' We can express both diagrams in momentum space:

kl 3 P1 kl P1
\\ “'_— P
kil py * ket pay v
W R — g \‘\

ko = T P2 ko P2

' The momentum direction in a fermionic line is relevant. It is taken incoming for
initial states and outgoing for Pnal states. This direction coincides with that of the
fermion number Bux for internal lines and for external particle states (for the
electron one takes the negative charge 3ux), but it is opposite to the fermion Bux
for external antiparticle states.

I The fermion lines are represented by solid lines and the fermion Bux by an arrow
inserted in the line.
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I From now on we will reserve the dashed lines for scalar bosons.

I To write the Feynman rules, follow every fermion line in opposite direction to the
fermion RBux, assigning spinors, vertices and propagators in the order that they
appear.

I Let us summarize the Feynman rules of the Yukawa theory that follow from
previous calculation:

1. The invariant amplitude i M is debned, as before, from the S matrix element
extracting the factor (2&)**4(* ;pi! " k). To write it, skip external
propagators of scalars and fermions, as they cancel in the LSZ formula. Draw
all connected amputated diagrams. You may ignore the  Z factors to lowest
order in PT, but they must be included in higher order corrections.
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2. Assign spinors to external fermion legs as follows
(suppose that time 3ows from left to right):

incoming fermion: outgoing fermion:
Y Y
—< =9 % = 9 (b)
incoming antifermion: outgoing antifermion
z V(9 (b) = v ()
Pp—>» . P
3. Vertex (impose conservation of four-momentum at every vertex):
————— =1 |g
312
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4. Propagators: “
p ,
""" T T P mEri(
P i(p+ m)
g T op2l m2+i(
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5. Pay attention to the relative signs of diagrams involving several fermion lines,
coming from Wick contractions. For example, the following diagrams
contribute with opposite signs to the amplitude because they differ in an odd
permutation of fermionic pelds:

www.ugr.es/local/jillana

kl P1 kl P1
: . ;
ko i P2 ko P2
4 i i 5
M = (1i9)? T(Pu(k) [P (k) | T(pa)u(k) ey P Uk
314
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6. Assign a factor (! 1) to every closed fermion loop, because

N ey 4 - 5
Q ST T T = T TITITIT =1 TH(EA 88
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5. Observables in Peld and particle theory

316

Observables || Relativistic and non-relativistic state normalization
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= In non-relativistic quantum mechanics the wave function of a particle of
momentum b freely moving in a box of volume V = L3is
0 1
p(X) = Ik|p" = CeP* con Vd3x|! p(X)|?=1# C= $7

and the possible momenta p' are quantized, p; = ( 2" / L)n; with
ni=0,x1,+2,.... Then, in momentum space,
0 0
plg ™R = a3k tplxixlgt = d3x O g(X) = Ay -
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Relativistic and non-relativistic state normalization

= In QFT, which is a quantum relativistic theory, previous normalization is not
Lorentz invariant. That is why we had introduced the normalization

Iblg" = 2E,(2" )*#F(p& L)

which is the limit when the volume approaches inPnity of

'plg" = 2B,V Hy,

because remember that

6

~ n 3 P 3 ~&i(p&o& — '
LgrL‘(Z )3 (b & ) llogng dx3 e V(i 1),

Comparing both normalizations, we see that

|b" = (zEbv)l/Z |b"(NR)
b1, 448" = " (26, V)" [pipp aa (M)
i=1

www.ugr.es/local/jillana
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Relativistic and non-relativistic state normalization

= |n non-relativistic QM the S= 1+ iT matrix element between [i" and |f" is

where for convenience we have factored out (2" )*#*(P; & P) that expresses the

S = #+ (2" ) (P & P) Ty

energy and momentum conservation.

= Likewise, in QFT we have introduced the invariant matrix element

o . I , 2hs L 2z
two relativistic states |i" = kik, 4&%, and |f" = |bib,a4K,", so then

m n
"=1 j=1

M between

www.ugr.es/local/jillana

1)
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Observables || Decay width

| n
|
= Take as initial state |[i* = 'k , a particle of mass M and momentum %, and as

www.ugr.es/local/jillana

Pnal state | f" = |pipaakp,", n particles of massesm; and momenta ;.
= The probability that the initial particle decays to n particles (1' n), [f" € |i", is
dw = (2" ) (Pr & R)iTgi|*dNy = (2" )*#(Pr & P)VT|Tri|*dNy
where we have symbolically substituted (2" )*#*(0) = VT from
0]

LérQ(Z" )M (P& q) = Lgrg d*x €(P&x = yT(* 1)

and dNj is the number of n particle states with momenta between p; and p; + dlp;.
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I Let us bnd Prst the number of one-particle states of momentum between p and
b+ dip. For that we need the completeness relation
0

www.ugr.es/local/jillana

d3p "
1= g, VM
that is easy to check, because
R R ..
b= )325,0”0 bl = )szE,o“p 2E,(2" )% (p&Y) = g

which allows us to write d N as the product of the probability that a particle has a
momentum between p and p+ dp, namely !p|p" = 2E,V, and the density of
states in that interval,

d3p _ Vvd3p
(27)%28,  (2)3

dN = 2EpV
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I Therefore, in the case ofn particles in the pPnal state, we have

www.ugr.es/local/jillana

n Vd3p-
dNg =" —1 .
f j:]_ (2" )3
I Thus the decay probability per unit of time, that we call decay width, is given by
— dw — n\4 2lln Vd3pJ
d# = —=(2") #(Pr & B)V|Ty; @) )

which, using (1), can be written as

_ 1 12
d#— Z_EkIM f|| d$n

where we have introduced the volume element in the n-body phase space
# $

45, = (2 )4 Ohp&p " 0P
— 2u . P 1]
n ngpj | J:l (2u )32EJ
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= The decay width has the dimensions of energy or inverse of time in our natural
system of units.

www.ugr.es/local/jillana

= |f we work in the decaying particle rest frame the energy is the particle mass,
§ = M.
W

= The total width is the sum of the partial widths of every decay channel.

= The inverse of the total width is the particle lifetime,

$= #&!
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= Consider now the decay 1 ' 2:
0y, My

P, M

o, My

The Lorentz invariant phase space (LIPS) integration for n = 2 bnal particles in
the center of mass (CM) frame gets reduced to an integral over the solid angle of
one of them (the other has opposite direction):

i d$,= (2" )40 #(p+ pp& P) SR OPe
270 PL* P2 & B (2528, (27226,
° d3p;
= \ #(E1+ E2& ECM)(Z" )22E126EZ
pl’d&  EBE _ - |bld& @)
(2" )24E1E; |p|(EL + E) 16" 2Ecy
324
Observables || Decay width || 1' 2
where we have used “
d3py = |p1]%d|py|d&
&
H(Ey+ E2& Ecw) = #(f(lpal) = lfﬁ(('lﬁl'l = 'iﬂl’)
0 (P = IpDy,
Ex= mi+|py|2, Ex= m%+|&b1|2& '
% %, U % E.+E
D(Ipy]) = 1. 2 | 1 | 1 1+ B

Ok Woi|  YE %bi| E; E 91| ==

I Note that Ecy = M and, for this particular 1 2 case, the massedM, m; and m,

fully determine the Pnal energies and momenta:

M2 & m3+ m3
E; = , BEx= oM :

2M
( 2 211\ 2 2
& & (m &
Ipl * |bl| - |b2| — [M (my+ my) ]S'\\/l/l (mq & my)<]

2 2 2
M &m1+ ms

) 172
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Observables || Cross section
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"\
e © .I \
+®
[ /
/1 @

/

1

@/

A/

>
44' .

T

_Z /.\\.

= The cross section& is the effective area of a particle (target) as seen by a projectile
(in the incoming beam).

I Suppose that in the target there are Ny particles and the collision area is A.
Then the collision probability is
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I It ther are Ng particles in the beam, then the number of events is NgP,

NT& (# events)
#events)= Np—— # &= ———A

I The beam is made of a cloud of particles of density ' moving at speed v, so

(# events), _ (# events)

"VtANT 'V iNT

transition probability per unit of time
incoming Rux

Ng="VtA# &=

(2" Y44 (P; & R)VITql2"
# d&= , =1 , (4)
V

where we have substituted the transition probability per unit of time (number of
events per scatterer) by the analogous expression for the decay width in (2)
(equivalent to the number of decays if the initial state was a single particle).
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Observables

Cross section

We will Pnd now the incoming 3ux

volume,

1
lv= Z|l! W] =
\ V|1 2|

where (1! V») is the relative velocity of a particle in the beam and a particle in
the target, with masses M, and M, respectively, that we will assume collinear
(k;|[k2),2 so, in fact, we Pnd an expression for the Bux that is invariant under

I'v corresponding to one particle per unit of

1 |
VIEg Ey!

boosts in the collinear direction,

ki=(Egki), k2= (Er%)

" (kikg)?! MEM3 = (EgEr + [kalfka|)?! MIM3 = |Eky! Egkol®,

|

|
ki, kol _ |Erki! Egko| _ {(kikp)®! MIMZ}2
VEgET

VEgET

where we have used'k; dk, = ! Jkq|[ko| becausek; and 'k, are parallel.

aThis is valid both for bx-target collisions, as in the bgure, and for particle colliders.

Observables

Cross section

|
| Therefore, from (4) and (5), the cross section|i#= kiko $ |f#= |bib, & aBn#

reads

and substituting ( 1), we have pnally

286 )44 (P ! P)|[T+il? n vd3p;
. GO RITAE o o) VR
4{(k1k2) ! Mle} j:l(z#)
1
IM ¢]%d"

d" =
4{(kikp)2! M2M2}112
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(5)
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I If there are n, identical particles of species r in the bnal state then the total cross

section (integration over phase phase) must be divided by the symmetry factor

I If the initial state is unpolarized and/or the polarization of the bnal state is not

S= |

r

ne!.

measured one has to average over initial polarizations and/or sum over Pnal ones.
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= Consider now the particular case of the 2 ' 2 scattering in the CM frame:

%1, M1 by, mg

ko, M2 0y, My
I The LIPS integration can be read from (3). The Bux factor is obtained from
ki* (ErK), ko= (E2,&K), Ecm = Ex+ Ep, 4{(kiko)?& MZM3} 12 = 4Ecy [k .

Then

d& _ 1 |p|
d& 64" 2E%,, [K|

IM 2.
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= A comment on the dimensions of the physical magnitudes we have introduced:

St = #+ (2" ) (P & P)iTg # [Sgi] = [energy]®, [Tg]= [enefg}/]‘lj

ni+ng
M= " (2EV)"?Th# [M q]= [energy] M
=1 n d3p
f— " 4 1 ] - &4+2n
d$n=(2 )#“(Pf&P.)j:l—(z.. jag, # [0% 0] = [enero)]
|M fi|2d$ n &2 _

d&(nj=2' n)= # [&] = [energy] [length]?

4{(kikz)2 & M2M3} 112
d#(nj=1'" n)= ﬁlM (il2d$ o # [#] = [energy] = [time]&!
The following conversion factors are very useful:
B+ 6.582, 105%?MeVs, (BJ?+ 0.389 Ge\ mbarn

They are easy to remember from:

1* Bc+ 200 MeV fm, c+ 3, 108m/s, 1fm = 105 m, 1barn* 10%%*cm2
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= Taking the non-relativistic limit (NR) the calculations done using Feynman
diagrams (QFT) must reproduce the results from the non-relativistic quantum
mechanics, where the particle interaction is described in terms of a potential V (k).

W

To Pnd the form of the potential remember that the elastic scattering cross section
of a massm particle off a potential V (k) is

o= rOP ©

where ( is the scattering angle and f(() is the non-relativistic scattering
amplitude , that can be calculated perturbatively.
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I At brst order ( Born approximation ),
0

F() = &; d3x &y () | g=W&k, k= [k = [K]. @

NWW.UGT.

For a central potential, V = V(r), previous expression can be written as

0,
f(() = &ZFm drrvV(r)singr, q=|q = 2ksin%.
0

Consider k- m (as corresponds to the NR limit) and let the target generating the
potential be a very heavy particle of mass M, . m. This is, for example, the
typical situation when an electron is scattered by a nucleus, so the nucleus recoill
can be neglected. Diagrammatically:

) )
Kk K Kt K
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Non-relativistic limit: interaction potentials

| The elactic cross section k= [k| = [K], Ecy + Ma) reads

1

1 W I
64" 2M2

2
[°d& .
64" 2E2,, k| il

IM ¢i|2d& +

d&ejast =

To bnd the corresponding non-relativistic expression, remember that
M 1 = (25, V) Y2 (26,)V) Y% (2EaV) Y2 (2EAV) Y2 T + 4mMaV 2Ty

so in the NR limit, neglecting the factors of V that we know will cancel with the
right normalization,
m2

7 5| Tril°d&

d ‘%Iast +

which, comparing with ( 6), tells us that
m
fO= 5T,

where the global sign is the correct one as we will show in an example.

Non-relativistic limit: interaction potentials

From (7),
0 0
Tr(g) = & d3 e v # V(K = & %é”&wm
o]
# V(X)) = & L 4 M ().

4mM,  (2")3

Note that the interaction potential is a non-relativistic concept, describing an

www.ugr.es/local/jillana
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(8)

instantaneous interaction. However, the more precise QFT description is based on

the exchange and propagation of particles, as shown along this course.
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6. Elementary processes in QED

336

Lagrangian and Feynman rules of QED
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= The quantum electrodynamics (QED) describes the interaction of electrons
(or any other charged particle of spin 1/2) and photons.

= |t is most convenient to perform a covariant quantization of Maxwell peld. And it
IS customary to generalize the non gauge-invariant term of the Lagrangian by

_, 1 1 2
where " is a free parameter. In a preceding chapter we used " = 1 but one can
show that, regardless of the value of ", by imposing that #,A" vanishes between
physical states, the physical spectrum of the theory is given only by transverse
photon polarization states.
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I The net effect of the second term in (1), called gauge bxingerm, is breaking the
gauge invariance of the Lagrangian, but the matrix elements between physical
states will be independent of the choice of ".2
However, the Peld commutation rules and the progagator will depend on

mw.ugr.es/local/jillana

I Itis recommended to use a generic" and check that the calculation is correct by
verifying the cancelation of " in the matrix elements between physical states.
Nevertheless, depending on the type of problem, the calculations get simplibed if
from the beginning an appropriate value of the so called R- gauge is chosen.

In particular,

¥ " = 1is the Ot Hooft-Feynman gauge

¥ " = 0is the Landau gauge, and

¥ " " | isthe unitary gauge (with only physical degrees of freedom involved).

4In the presence of interactions the non-dependence on" is achieved as long asA, couples to matter
respecting the gauge invariance, that is, when it couples to a conserved current.
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I Let us bnd the photon propagator. In order to write the Euler-Lagrange equations
for this Lagrangian note that

1 1
L= é(#uA!#“A! L # A # AR | ?g“! #o A #eAS

and hence
#L #L

1
| #,—— = 0# #H,F + ##HA, =0
#A T TRH(#IA) H " H

! n
T #H AL =0

# ! 1" $
# ogMt 1 I O OA=0
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We already know that the propagator is a GreenOs function of the operator acting

on the beld in the equation of motion. In momentum space, the photon

propagator is then, up to some phase factor, the inverse of
l n
1

L kegh + 11 = kMK 2)

Note that this operator is invertible thanks to the introduction of the gauge Pxing
term, because! k?g" + kMk' is singular (it has a null eigenvalue for the
eigenvector k!). This has to do with the gauge invariance: the vector beld

A¥ = A + #," is also a solution of (g " | #*#)A, = 0 but the introduction of
the gauge bxing term has broken the gauge invariance.

The inverse of (2), including the Feynman prescription as earlier discussed, is the
photon propagator

[
# IR

i
K2+ i%

B (k) =

k2

Lagrangian and Feynman rules of QED

In fact,
# ! 1" $
B (k) ! Kgie+ 1! T kike =i'k.

Lgt + (1! ") (3)
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The choice of global sign is the right one, opposite to that for scalar Pelds, because

the commutation relation of creation and annihilation operators of the scalar peld,
[ap, ] = (2( )3 3(p! 1), differ from those of the photon Maxwell beld with " =
in @ minus sign, apart from the gjy sfactor from the polarization vectors:

[ap) 8y = *) 'y (20)* 3(b! g) = ! g)) «(2()> (! b).

» Remember that Maxwell equations in presence of sources are given by the U(1)
gauge-invariant Lagrangian obtained by the introduction of the covariant
derivative, leading to the minimal coupling of the electromagnetic beld to charges
and currents jH = (&,!j). This provides the classical electrodynamics Lagrangian.

In guantum electrodynamics, j* = eQ;+, H+, where Qj is the electric charge in
units of eof the fermion f annihilated by the beld +.

1
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= To describe the electromagnetic interaction at the quantum level (QED) one has to -
bx the gauge, as in (1), and interpret the interactions between quantum belds as -
the exchange of particles (photons, electrons and antielectrons or positrons).

The full Lagrangian is

1

Loep = +(iD! m)+! ZFH!F“!! 1

> (#,AW)?, D, = #,+ ieQA

that contains just one type of interactions of the form

Lint = ! eQrAu+, M+ 4)
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= To compute perturbatively the scattering matrix of a QED process one has just to
apply the corresponding Feynman rules. Compared to the cases studied in the
preceeding chapters, what is new is: the photon propagator in ( 3), the interaction
vertex that can be readily derived from ( 4) and a factor accounting for the
polarization of the photon when it appears as an external leg.

Let us summarize next the Feynman rules of QED:
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b External legs:

incoming fermion: outgoing fermion:

+£_4< = ud () >_.p_ = ¥ (p)

incoming antifermion: outgoing antifermion:

T—T< = V9 (b) j—<—p_> = v (p)

incoming photon: outgoing photon:

/\f(\_/;\/\ri = -utk)) l\/\/k\_/:/\ = -Xk))

Lagrangian and Feynman rules of QED

b Vertex:

H =1ieQ, M
b Propagators:
[ # | k“k!$
u/\/\/\/\f I =1 i g“- | (1! ")_
K—> k2 + % k2
P i(p+ m)

P2l m+i%
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A simple process: €'¢

pt !

= Consider the annihilation of an electron and a positron to give a muon and an

antimuon. In QED this process is described at lowest order in PT (tree level) by
the diagram in the bPgure:

The muon has the same charge as the electronQy = Qe = ! 1, and a massM
about 200 times greater than the electron massm.

Let us calculate step by step and in full detail the cross section of this process.

A simple process: €' €

pt !

= First, assign momenta to all particles in the diagram, using the four-momentum
conservation at every vertex. This bxes the four-momentum of the virtual photon

momentum propagating between the two interaction vertices,

g=ki+ ky=p1+ p2.

The external legs are fermions, whose spinors are labeled by indicesrq,r2,5, S

taking any possible values in {1, 2}.

= Applying the Feynman rules, following every fermion line in opposite direction

to the fermion RBux, the invariant amplitude is then given by

#
()] G, ¥
q2

M = U= (p)(ie VR ()57 gs ! (1)

v (k) (e, #)u2 (ko) .

mw.ugr.es/local/jillana

346

vww.ugr.es/local/jillana

347



A simple process: €'¢ ut !

mw.ugr.es/local/jillana

I Note that because external fermions are on-shell they satisfy the corresponding
Dirac equations,

kv (k) = 1 mvW k), kou(? ko) = mul™(ky)
so the amplitude will not depend on the parameter ", as it must be, because
0V (ke), *ul? (o) = VI (ky) (ks + ko)ul? () = 0.

| We could have worked from the beginning in the Ot Hooft-Feynman gauge(" = 1)
and obtain directly the same result. Therefore

&
M= Su (p2), SV (r) vV k), su i)

348
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A simple process: €' € utu
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» To compute |M| 2, note that
@ 3»=v,% Ou=v 00 ¢ %=y, %y,
where we have used

U:ulol 1$:1$1 101$1O:1$-

This is a complex number that can be multiplied in any ordering. The same
happens to the other fermion line.

I Itis then convenient to write

IM| 2= gU(SZ)(-'pz), v (pg) v (y), - Ul (i)

& V() (ky), sul"? (kp) Ul (kp), v (ky) )

We can now use the properties of spinors and Dirac matrices, leading to a
plethora of identities ( Diracology).
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A simple process: €'¢ ut !

I In particular, one can see that the two spin states along the paxis satisfy

WD ()uO(p) = (p+ m T2
W (p)u@(p) = (p+ m)* 5"

VOB (p) = (b1 m) “2’ )

VA (D) = (p1 m ",
where n* = (0,0,0,) in the frame where p* =(m,0,0,0.
In general,

up M) = (p+ m 2 v o) = (1 m TS

project on well dePned polarizations along a given direction n*, with n2=1 1

and pynt = 0.

A simple process: €' € ut !

igr.es/local/jilla
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I If we choose, for simplicity, the Daxis as the direction of motion, p* = ( E, 0, 0,|qo|),§

previous operators project on the two helicity states of particle and antiparticle,
respectively, taking n* = £ (|b|/ m,0,0,E/ m).

I In particular, in the ultrarelativistic limit ( E'

projectors of particle and antiparticle are:

uD(p)a(p) = (p+
WA (p)TA(p) = (p+ m)-
m)
vV (p) = (p! m

v (v (p) = (p!

m)

2

1! ,sh

)73

1+,5h,
15h||

"‘,sh..

m) the left and right chirality

1!
Ur(P)UR(P) = P

2

1 5

)

u(p)UL(b) = b
vi(pL(p) = b

2

1 5

2

VR(P)Vr(D) = b

2

1

)
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A simple process: €'¢

pt !

Another property that can be easily derived from the above is

# #
1+ ,5h$

gr.es/local/jillana

wﬁ/\.vw ug

1+ ,s5h

u(p,n)#u(p,n) = Tr #(p+ m) > , V(p,n)#v(pb,n) = Tr #(p! m) 5

where # in an arbitrary 4 & 4 matrix.

On the other hand, if fermions are not polarized the calculation becomes much
simpler because we can directly apply the completeness relations,

$ umu(p) = p+m, $vOWVI(p) = p! m,

leading to
$ tOm#O(p) = Tr[Ep+ m], $ VO (PO (p) = Tr[#(p! m)] .

A simple process: €' €

pt !

= Coming back to our calculation ( 5) suppose for simplicity that initial and pnal

352
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fermions are not polarized. Then we have to average over initial polarizations and *

sum over the bnal ones:
1
E§$M°=2$$Im >
ri § i §

= in[, S(br! M), (p2+ MITI[, s(ko+ m), (ki! m)],

af

which is the product of the traces of two fermion chains.
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A simple process: e'e¢ " pty'
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= To calculate the traces we resort again on the Diracology . We need in particular,
Tr[# impar , %] = 0
Tr[, ¥, '] = 4g™
Tr[, p’ !’ &’ /] — 4(gu! g&/ | gu&g!/ + gp./ g!&)
where

Tr[, 3(pa! M), (b2+ M)I = Tr[, ®py, * p2] ! MZTr[, %, ]
A(pipy! (p1p2)g™ + pip3) ! 4MZg®
Tr[, sk, k]! mPTr[, g, ]
Alkiska, ! (kiko)gs. + ki kos) ! 4mPgg

Tr[’ $(k2+ m)’ (kll m)]

354
A simple process: e'e¢ " pt'
and then, H
$ $; M| 2= %[(plklpokZ)! (P1P2)(Kika) + ( P1k2)(pka) ! MP(pip2)
| | (p1p2)(kika) + 4(p1p2)(kaka) ! (Pap2)(kakz) + 4mP(pyp2)
+(pak2)(P2ka) ! (P1P2)(Kika) + ( piki)(P2kz) ! m?(pip2)
I M2(kiko) + 4M2(kiko) ! M?(kiko) + 4M2m?]
= Ei?‘?él[(loﬂq)(|02kz)+( pik2)(p2ky) + M?(pipz) + M?(kikz) + 2M*m?] .
(6)

355



A simple process: €'¢ ut !
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= The following step is choosing a reference frame. Assume the center of mass
frame and let O be the angle of the outgoing u* with the incoming €',

k' = E(1,0,0, ),
Ky = E(1,0,0) .}), .;= 1! m%E?,
py = E(1,.¢sin0,0,. ¢ cos0) ,
ph = E(1,! .{sin0,0,! .{cos0), .;= 1! M%E2,
Then,
0F = (ko + k2)? = (pr+ p2)? = B3y = 4E2,

(p1k1) = ( p2ko) = E*(1! .. fcos0)

(p1kz) = ( poka) = E*(1+ .. ;cos0)

(pip2) = E*(1+ . %) = EX(2! M? E),

(kiko) = E?(1+ .2)= E*(2! m? E?)
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n + |

A simple process: €' € ut
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and expression (6) reads

& $ M 2= %[2E4(1+ 2. 200820) + 2E2(m?+ M2)]

i S ( *) * +
4 m?+ M? 4m? 4m?

= 1+4——+ 11 —— 1l —— cos0
ECM ECM ECM

= The differential cross section of the process is obtained from

d/ — 1 Ml |2
do%  64( 2E2,, [K| . x
oM +
2 2 | 2 2 2 2 g
= e L -
d% 4ECM ECM I 4dm ECM ECM ECM

where we have substituted the bne structure constant $ = €/ (4( ).
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A simple process: €'¢ ut !
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' Note that Ecy > 2M > 2m, the threshold energy of the process.

The total cross section is
0 0
d/ d/
= 0Hh___ = _
/ d/od% 2( dcosod%.

I' In the ultrarelativistic limit ( Ecy ' M > m),

d/ , $?
+
1% 4E%M(1 cos’ 0)
[ A($ 2
3EZ,,
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Comments || About the propagator and the polarization states
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= For the covariant quantization the Maxwell Peld we had to introduce four
polarization vectors -“(!k,) ) that satisfy the following orthonormality and
completeness relations:

) PK) Y=ty s, Fo=11, K= rp=rp= 1,

3
$ *-H 1)) k)) =1 gt (7)
)=0
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Comments || About the propagator and the polarization states
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| Let n# be a spacelike vector that satispesnyn* = 1 and n® > 0.
We say that -H(k, 0) = n* is the scalar polarization vector.
We will call -“(!k, 3) the longitudinal polarization in the n! kplane if
-u(k,3)n* = 0.and - ;(k, 3)-*(k,3) = ! 1, namely,

Kt (kn)nH

Mk, 3) = DR

The remaining two are the so called transverse polarizations -*(k, 1) and -*(k, 2),
that we take orthogonal to each other and perpendicular to the n! k plane, so

'Z((!k’))'u(!ky)g): L'y s, ),)$= 1,2.
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Comments || About the propagator and the polarization states
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I For example, in the reference frame where the propagation vector 'k debnes the
axis, i.e.k* =(1,0,0,1),and n* =(1,0,0,0, from the above we can derive that

-H,0=(1,0,0,0, - 3)=(0,0,0,9,
and we can choose several bases for the transverse polarizations, as
-*%k 1)=(0,1,0,0, -*k2=(0,0,1,0 (linear)

or

Mk, L) = (0,co0s0,isin0,0) , -*(k,R)=(0,cos0,! isin0,0) (elliptical)

(which are called circular polarizations when 0= ( /4).
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Comments || About the propagator and the polarization states
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I We have already seen that the scalar polarization state & 0 hasa negative norm. -

I On the other hand, the classical electromagnetic beld in absence of sources
(radiation) has just two polarization states, while its quantum version seems to
have four.

I Both problems are related and are solved, as we have seen, by imposing that #, A"
vanishes when evaluated between physical states (Gupta-Bleuler quantization):
only the two transverse polarization states contribute to physical observables , so
we donOt need to care about scalar and longitudinal polarizations.

I However, all of them contribute to the propagator , that is not an observable.
Let us see this.
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Comments || About the propagator and the polarization states
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I Take the Ot Hooft-Feynman gauge ‘( = 1), in which the propagator is

(=1 19

k2 + 1%

that using the completeness relations (7) can be written as

- 3
B () = ﬁ@ H)-Htk))-k))

=0

Separating the transverse, longitudinal and scalar contributions we have
( +
! [ 1o [K*1 (kn)nH][K' ! (kn)n'] |
= _Kda %l | Hn!
B (0= (e, $ M0+ (k)21 12 ' nn

)=1,2

The last two terms can be rewritten as the sum of
i
k2[(kn)2! k2]

inHn'
(kn)21 K2

B8 (k) = and O (k) = KUK 1 (kn)(kMn' + K nHY] .
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Comments || About the propagator and the polarization states
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I If we use the reference frame where n* = (1,0,0,0, i.e.n* = g"° kn= Kk° and
(kn)2! k2 = %2, we see that the brst term reads

0 d4k ,
Dg! (x! x% = el )4@’&‘%:! (k)e! ik(x! x93
0 o)
= d°k Mei!ké(k! k3 dk® g ik x¥)
(2()° % (2()
1 gogo 0 .®
= a0 &1 K9 (x°! x¥).

To understand the meaning of the different contributions, consider a process
mediated by the exchange of a photon (e.g. as the one before).
In this situation we are in the presence of sources

I The matrix element of this process can be written as
0 0

d*  d"%®ju()DE (x! X9z (xH (8)
where ji‘(x) y jg(x$) are currents interacting by the mediation of the photon pbeld.
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Comments || About the propagator and the polarization states
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' The piece Dg! of the propagator, in the reference frame we have chosen,
contributes with
5

5 .
. d4x$18(><)18(x$).

4 %! &9
which is nothing but the instantaneous Coulomb interaction of both charge
densities j9(x) and j9(x9 in the same instant of time!

(x°1 x¥),

I As for the Remaining piece DX , hote that (8) in momentum space is
© d%

204 () B (K)j21 (K)

and the currents are conserved, namely, #,j*(x) = 0 or kyj*(k) = 0. Therefore the
terms proportional to k* or k' in BﬁF‘! are irrelevant and I‘.’bﬁF‘{! (k) does not contribute
to the interaction . This is the reason why the Ot Hooft-Feynman works: if we had
not taken " = 1 there would be extra terms in the propagator proportional to

kMk', that would be irrelevant because they couple to a conserved current.
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Comments

About the propagator and the polarization states

We see that Peld of the electromagnetic interaction has atriple nature :@

1. One part is completely arbitrary (due to the gauge invariance);

2. Another one, the so called constrained Peld (the coulomb interaction, in the
reference frame we have chosen), iscompletely determined by the sources;

3. And the third partis dynamical, consisting of independent degrees of

freedom, is the pure electromagnetic radiation, that in quantum
electrodynamics corresponds to the photons.

aThis also happens with the rest of fundamental interactions.

Comments

About the propagator and the polarization states

The dynamical contribution, present even in absence of sources, can be
subdominant with respect to the constrained contribution.

It is the Coulomb interaction that explains in brst approximation the atomic
structure of hydrogen: the Coulomb potential is given by the position of the

electron.

The quantization of the atomic energy levels has to do with the fact that position
IS an operator in quantum mechanics, not commuting with the momentum

© www.ugr.es/local/jillana
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© www.ugr.es/localljillana

operator, and hence the Hamiltonian has a discrete spectrum. However notice that

the quantum degrees of freedom of the electromagnetic bPeld do not play any role

at this point. The truely quantum effects of the electromagnetic beld manifest as a
small correction (the Lamb effect, for instance).
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Comments || About the relative signs of diagrams

= In QED we work with fermion Pelds and we have seen already that one has to be
careful because the Wick contractions of these belds can give rise to relative signs*
between several diagrams contributing to the amplitude of a given process.
Remember that one has to see whether the reordering of spinors corresponds to
an even or an odd permutation. We show a few examples below.

www.ugr.es/localljillana

b Bhabha scatttering: e"€ " €' ¢
3 2 3 2
\\
4 14— 1
UqVaoV3Ug I Tqu4V3Vvy
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Comments || About the relative signs of diagrams

© www.ugr.es/local/jillana

b M¢ller scattering: € € " € €
4 3 4 3
\{ }
2 B 1 2 1
Uqu2U3Uy I Tiu4lsus

b Compton scattering: g, e, (no change of sign!)

2 1 2/ 1 2 1

uquo +UqU>o
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Comments || About identical particles

= Remember that when there are identical particles in the Pnal state (for example,

., ,e"e" € e )the total cross section is

(0]
1 d/
= _ 0H —
/ 2 d/od%'

Comments || About vector boson polarizations

b The case of a photon
The photon has two (transverse) polarization states. Take the reference frame
where kt = (1,0,0,1) (Lorentz covariance ensures that our conclusions will be
independent of this choice). Then, they can be

linear: -*(k,1)=(0,1,0,0, -Hk, 2 =(0,0,1,0
elliptical: -*(k, L) = (0,cos0,isin0,0), -*(k R)=(0,cos0,! isin0,0).

In any case, summing over polarization states,

$-k))-1k))=" gu+Qu, Qu =
)

o o o »
©O o o o
o o o o
n O O O

Let us see that, due to gauge invariance, one can ignore in practice the term Qy .

mw.ugr.es/local/jillana
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Comments || About vector boson polarizations

b The case of a photon
In fact, the amplitude of an arbitrary process in QED involving an external
photon of momentum k (take an outgoing photon) can be written without loss of
generality as

M (Ik’)): -:{(('k,))M U('k)

and any observable, in this reference frame, will be proportional to

$IMENP= $ -Jik))- k)M M k)
)

)=1,2

mw.ugr.es/local/jillana

= M &)1+ M 2% (9)

Comments || About vector boson polarizations

b The case of a photon
XVe know that the photon Peld couples to a conserved current by an interaction
d4x JH(x)Ap(x), with #,j*(x) = 0, so
0
MEGK) = dhx e (R0 )

where initial and Pnal states include all external particles except for the
concerned photon.

Because the gauge invariance must be preserved also at the quantum level, from

the current conservation and the expression above we have?
0
kaM Hk) = i d*x e (f|#,j*(x) |i)= 0 (Ward identity )

# kM HR) = 1Mo ! 1M 3k =0# M%) = M3k .

& 5 6 6 6

0= di# (PO [) = kg diBERFIFOO i)+ dAx R (F] #aH(x) i)
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Comments || About vector boson polarizations
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b The case of a photon
Therefore we can rewrite (9) as

$ -k))-k)IM M k)
2

) =1,
= M & 1P+ M 2(k) 12+ M 312t M k)2

that corresponds to replacing

$-k))-k)) " g
)

(not an equality!)
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Comments || About vector boson polarizations

b The case of a massive vector boson
A massive vector bosons has three degrees of polarization (one longitudinal and
two transverse). In this case we can choose the rest frame k" = ( M, 0,0,0 and the
polarization states

vww.ugr.es/local/jillana

-k 1)=(0,1,0,0, -*%2=(0,010, -*(3)=(0,00,9.

Summing over polarizations,

$ -utk))-1k))="! gu+Qu., Qu=
)

o o o
o o o o
o o o o
O LR ro

valid in the rest frame.
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Comments || About vector boson polarizations
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P The case of a massive vector boson
We can obtain the expression valid for k* = (k%) with M2 = (k921 k2

performing a boost with , = K% M, , =l ™,
/ 2
) ) 1 b 2 1 3
n M = 1 i
He e 2 IU+(’I1%?T
- 3
leading to
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Comments || Crossing symmetry and Mandelstam variables
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» The matrix elements of processes like 1+ 2" 3+ 4and 1+ 3" 2+ 4 are related§
by the so called crossing symmetry: the S matrix is the same replacing the i
momenta accordingly.

1 3 3 4

crossing
m

1+2" 3+4 1+ 3" 2+4

I In this case,

., crossing .,
ki, k2" p1, po ™ ki, ' pr" 1 ko, p2
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Comments || Crossing symmetry and Mandelstam variables
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= Before giving some examples of processes whose amplitudes are related by the
crossing symmetry, it is convenient to introduce the Mandelstam variables that
result very useful to describe the kinematics enabling a simple application of this

symmetry.
For the same process of previous example,

s=(ky+ k2)? = (pr+ p2)?
crossing

t=(ki! p)?=(p2! kp)? StLu® o, s
u=(ki! p2)?>=(p1! ko)?

It is easy to check that
2

s+t+u=1 m

(the sum of squared masses of the four external particles)
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Comments || Crossing symmetry and Mandelstam variables

igr.es/local/jillana

I Then, in terms of Mandelstam variables, the kinematics of the process previously -

studied in detail, e'€ # p*ty', reads

r=s,
(piki) = ( p2ka) = (M?+ M?! t)/2,
(pika) = ( p2ki) = (mM?+ M2! u)/2,

(p1p2) = (s! 2M?)/2,
(kikp) = (s! 2m?)/2
leading to
H# %, o8,
| | g a2 = % E + q_J 2

We say that this reaction proceeds through the s channel.
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Comments || Crossing symmetry and Mandelstam variables

= The crossing symmetry allows us to write the amplitude of the OcrossedO process
eu' " ey’ exchanging swith tin previous expression,
#7 .8, 7 8,9
8¢t fs%2 [yo©2
M e+ I e+ | 2 - = + e
§§| Ct WP= = S T S

© www.ugr.es/local/jillana

This proceeds through the t channel:

€ M H H
\
- crossing
T sttt
e H g wr T e
e+ e! " u+ ul e+ u' n e+ ul
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Comments || Crossing symmetry and Mandelstam variables
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= Other examples, where two channels contribute, are:

Vv

\\ . \\
{ o C0SSING / {
s+ u
/ /

Bhabha Mg ller
e " e de " ee
- \\
1/\4 crossing &:\
m
s+t -
/
Compton Annihilation
’ e! n ’ e! e+e! n N
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7. The Standard Model

382

b Gauge Theories

I The gauge symmetry principle

vww.ugr.es/local/jillana

I Quantization of gauge theories

b Spontaneous Symmetry Breaking
I Discrete symmetry
I Continuous symmetry: global vsgauge
¥ The Standard Model
I Gauge group and particle representations
b Electroweak interactions
I Case of one family
I Electroweak SSB Higgs sector, electroweak gauge boson and fermion masses
I Additional generations: fermion mixings (quark sector)
I Complete Lagrangian and Feynman rules
I Electroweak phenomenology

b Strong interactions
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Gauge Theories

The symmetry principle

free Lagrangian

= |n addition to |spacetime

(PoincarZ) symmetries, the free Lagrangian

(Dirac)

Lo=T(r! my | v #h,, T 40

# Invariant under [internal |global U(1) phase transformations:

1 (x) $% &x) = € ' (x), Q, $(constants)’ R

# By NoetherOs theoremgivergentless current:

JH=QEM , "WJH=0

and a conserved GthargeE

5
Q= d%J°% "Q=0

384

vww.ugr.es/local/jillana

385



The symmetry principle

free Lagrangian

= A |quantized | free fermion Peld:

0 3
| (x) = o dp

! #
(s) lipx () ipx
@9 25 ar, P DT RIS

b is a solution of the Dirac equation (Euler-Lagrange):
(irt mt(x)=0, (p! mu()=0, (bt myv(p)=0,

b is anoperator from the canonical quantization rules (anticommutation):

{apra. = {byrly } =(20°€(p! W&, {ay.a}=4aa&o0,

that annihilates/creates particles/antiparticles on the Fock spaceof fermions

The symmetry principle

free Lagrangian

= For a|quantized | free fermion Peld:

# Normal ordering for fermionic operators ( H spectrum bounded from below):
: %,fa\q,s L %,sab,f o l%qu,s D bq,stb,f

# The Noether charge is an operator:
0 0 3
Q=0Q dx % :=0Q d°p

#
(2% 3 a'P,Sava ! bb,sbp,s

s=1,2

Qa,l0)=+Qa_|0) (particle), Qb ]0)=" Qh|0) (antiparticle)
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The symmetry principle gauge invariance dictates interactions

= To make L g invariant under local " gauge transformations of U(1) :

L (x) $% §x) = € ¥ (x), $=$(x)' R
perform the minimal substitution :
"u% Dy = "+ ieQA, (covariant derivative )

where a gauge beld Ay (x) is introduced transforming as:

1 - —
Ap(x) $UAK(X) = Au(x) + 6"p$(x) * D! $%e' 'Q¥¥p I [ TD! inv.
# The new Lagrangian contains |interactions | between ! and Ay:
$
coupling e

Lin="!eQWH Ayl " hare O

(= ! edHA)

The symmetry principle gauge invariance dictates interactions

= Dynamics for the gauge beld # add gauge invariant kinetic term:

1 ' n n
(Maxwell) L, ="! ZFH- FH * Foe = "uA L " AL $%F,

b The full U(1) gauge invariant Lagrangian for a fermion beld ! (x) reads:

. 1 :
Lsym = ! (iD! m)! | ZFH- FH (= Lo+ L+ Ly (QED)

b The same applies to a complex scalar beld( (x):

Loym =(Dyu() DH(! mP( (1) (( ()°! ZFe P (sQED)

nww.ugr.es/locall/jillana
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The symmetry principle non-Abelian gauge theories
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= A general gauge symmetry group G is a compact Ndimensional Lie group
g' G, gp=¢€"T™, a=1,..N
$= 9% (x)' R, Ta= Hermitian generators, [Ta Tp] = ifapelc (Lie algebra)

structure constants: fipc= 0 Abelian
fabc® O non-Abelian

# Unitary Pnite-dimensional irreducible representations:

9(%) represented by U (%)
d, dmatrices: U(%) [given by {Ta} algebra repres%ztati(on]
I
d-multiplet :  #(x) $%&x) = U(D)# (X)), # = g : i

M

390

The symmetry principle non-Abelian gauge theories
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» Examples. G ‘ N Abelian
U(1) 1 Yes
SUn) | n?!' 1 No (n, nunitary matrices with det = 1)

¥ U(1): 1 generator (q), one-dimensional irreps only

¥ SU(2): 3 generators
fabc= *abc(Levi-Civita symbol)
- Fundamental irrep (d = 2): Ta= 3+, (3 Pauli matrices)

- Adjointirrep ( d= N = 3): (T2 = ! ifanc

¥ SU(3): 8 generators
fio3= 1, f458 = fe78= 7§ f1a7= f156= foa6= foa7= faas=! fae7= 3
- Fundamental irrep (d = 3): T4 = %) a (8 Gell-Mann matrices)
- Adjointirrep ( d= N = 8): (T2 e = 1 ifape
(for SU(n): fapctotally antisymmetric)
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The symmetry principle non-Abelian gauge theories
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= To make L invariant under local " gauge transformations of G:

Lo= #(ir! m#, #(x)$%E)=U®#(x), $=%x"' R
substitute the covariant derivative :
"“ % Du : "u ! igWu y Wu " TaWS

where a gauge Peld Wﬁ‘(x) per generator is introduced, transforming as:

Wy (x) $%N§‘(x) = UW,(x)U ! é("pU)U * Du# $%0UD# | #D# inv.

adjoint irrep

# The new Lagrangian contains |interactions | between # and W:
$

L= gFATRwg| v CUPg g

(= gJawWp
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The symmetry principle non-Abelian gauge theories
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= Dynamics for the gauge belds # add gauge invariant kinetic terms:

. 1Y ot 1 .
(Yang-Mills) |Lyy = ! éTr Wy, WH = ZWS WaH

W“' n TaWS' n DHW' I D'Wu — "“W. | "'WIJ! |g[wu,w'] / Wu' $(deWu'U
#OW2 = WAL T WEH gfapWEWE

# Lym contains cubic and quartic | self-interactions | of the gauge Pelds W

Lin = 1 ZCWWAL " WR(HWA 1 Ak

1 n n \
L cubic = ! égfabc( HW-a! 'WS)Wb’“WC'

1

L quartic = ZngabefcdeWSW-bWC’”Wd"
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Quantization propagators (particle interpretation of Peld correlators)
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= The (Feynman) propagator of a scalar beld:
et )= BITON 0= ST g
R Y= YR = i p21 mE+ i,

(Feynman prescription, % 0%)
is a GreenOs function of the Klein-Gordon operator:
[

(' x+ M)De(x! y)= Lig(x! y) [ BHP) = o

= The propagator of a fermion beld:

0 :
d*p ' ol ipdx! y)
(2994 p2! m2+ i,

Se(x! y) = 0O T{! (X)T ()} [0) = (i + m)
is a GreenQOs function of the Dirac operator:
[

(I'x! mSe(x! y)=i&(x!y) |/ $r(p) = bl m+i,
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Quantization of gauge theories propagators

= HOWEVER a gauge Peld propagator cannot be debned unlessL is modibed:

vww.ugr.es/local/jillana

. 1 o1
(e.g. modibed Maxwell) =1 JRu = 2—_("“Au)2
2 3 4 5
Euler-Lagrange: e ght 1l 1w A =0
"A (A - :

b In momentum space the propagator is the inverse of:
3 14 i 2 Kk 5
2 W ' — K
# Note that (! k’g" + kMK ) is singular!
# One may argue that L above will not lead to Maxwell equations . ..

unless we bx a (Lorenz) gauge where: (remove redundancy)

"MAL=0 * ALS%WAE= Ap+ S with "Mt mHA,
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Quantization of gauge theories gauge bxing | (Abelian case)

= The extra term is called Gauge Fixing:

1 n
Ler="! 5 HAL)?

# modibed L equivalent to Maxwell Lagrangian just in the gauge "HA, =0

# the --dependence always cancels out in physical amplitudes

» Several choices for the gauge bxing term (simplify calculations): R. gauges

I
=
G

-:_

—~

Ny
|

(Ot Hooft-Feynman gauge) - =

I
o
G

t_

—~

Z
|

(Landau gauge) -

Quantization of gauge theories gauge bxing | (non-Abelian case)

= For a non-Abelian gauge theory, the gauge bxing terms:

1
Lege="! | —(""W®)?
GF H 2'a( u)

a

allow to debPne the propagators:

& © ke
b — b TR
DS:' (k) - k2 + i* I gIJ' + ( 1| 'a) k2

HOWEVER, unlike the Abelian case, this is not the end of the story ...

mw.ugr.es/local/jillana
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Quantization of gauge theories Faddeev-Popov ghosts | (")

= Add Faddeev-Popov ghostbeldsc,(x),a= 1,...,N: (Ot Hooft-Feynman gauge

© wwweigt.es/localljillana

- dj U s d _ . . _adjy e
Lep=( MCa)(DS J)abe = ("MCa)("puca! gfabchWﬁ) * Dﬁ = ! 'ng JW&

Computational trick : anticommutingscalar belds, just in loops as virtual particles
# Faddeev-Popov ghosts neededto preserve gauge symmetry:

i. } Self Energy
(=) (b)

; ~ Ward identity: kM%, = O
(©
with
i &p

K2 + i

Ban(k) = [(! 1) sign for closed loops! (like fermions)]

398

Quantization of gauge theories Full guantum Lagrangian

= Then the full quantum Lagrangian is

© www.ugr.es/localljillana

I—sym +Lert Lep

# Note that in the case of a massive vector beld
1 - 1
(Proca) L =1 2R F' + EMZAHA“

J\
it is not gauge invariant !!! 41 Q) What about the gauge principle ???
iz
b The propagator is:

Bu (k) = o wze T
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Spontaneous Symmetry Breaking

400

Spontaneous Symmetry Breaking

discrete symmetry

» Consider a real scalar beld ( (x) with Lagrangian:

s/localljille

1gr

L = %(--u()("u()! %p_z(z! )Z(4 invariant under  ( $% !(
V() V()

#OH= 2(@+(107+ V(O /
_ 1o, 1 !
V—EH( "‘21)(4

0 !

1%, ) ' R (Real/Hermitian Hamiltonian) and ) > 0 (existence of a ground state)

(@ u2> 0:minof V(()at(g =0 5
D) p2< 0:minof V(()at(g=v" + |)_u2

in QFT 00| ( [0) = v = 0 (VEV)
b Aquantum Peld must have v = 0
a # ()" v+.(x), 00.[0)=0
al0)=0

401
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Spontaneous Symmetry Breaking discrete symmetry

nww.ugr.es/locall/jillana

» At the quantum level, the same system is described by . (x) with Lagrangian:

)

1
L = %("u-)("“-)! YV2. 21 v 3 Z'4+ 21) v* not invariant under . $% !.

(m = 2)v)
# Lesson:
L (() had the symmetry but the parameters can be such that the ground state of
the Hamiltonian is not symmetric ( Spontaneous Symmetry Breaking)
# Note:

One may argue that L (. ) exhibits an explicit breaking of the symmetry. However
this is not the case since the coefbcients of terms. 2, . 3 and . 4 are determined by
just two parameters, ) and v (remnant of the original symmetry )

402

Spontaneous Symmetry Breaking continuous symmetry

= Consider a complex scalar beld ( (x) with Lagrangian:

vww.ugr.es/local/jillana

L=("u( )" W2 (1) (( ()* invariant under U(1):  ( $%e' '¥(
vl
. 5

) > 02< 01 ()"

vl =

Takev' R¥.Interms of quantum Pelds:

Re(4)

(0" lv+ . ()+ 1 (0], @ 10)= |/ [0)= 0

L= 20 )R+ SCWDCM) VR 2L v (241 L (222
5 : 5("u ! .l (. G

Note: if ve'® (complex) replace . by (. cosO! / sin0) and/ by (. sin0+ / cos0)

# The actual quantum Lagrangian L(.,/) is not invariant under U(1)
U(1) broken # one scalar Peld remains masslessm;, = 0O, m, = ' 2) v
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Spontaneous Symmetry Breaking continuous symmetry

mw.ugr.es/local/jillana

= Another example: consider a real scalar SU(2) triplet & (x)

1 1 . . aca
L = E(HH&T)(HH&)! EHZ&T& ) (&7&)? inv. under SU(2): & $%e' T

4
that for ) > 0, u%/o< 0 acquirgs aVEV|&T& [0) = v? L%2=1)v?
11(x)
Assume & (x) = g 1,5(X) i and debne 1 " i(11+ i1o)
v+ 13(x) ?

L= (Wl )R+ SCu19( M 19 ) VI3 ) V(2L 1+ 19)1at L2114 132 ) !
# Not symmetric under SU(2) but invariant under U(1):
1 $%e '°%1  (Q = arbitrary) 13$%l; (Q = 0)
SU(2) brokento U(1) # 3! 1= 2 broken generators
# 2 (real) scalar belds € 1 complex) remain massless:m; = 0, my, = ' 2) v

404
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Spontaneous Symmetry Breaking continuous symmetry

es,

# GoldstoneOs theorem [Nambu ©60; Goldstone (36?]
The number of massless particlégMmbu-Goldstone bosonis equal to the number of
spontaneously broken generators of the symmetry

Hamiltonian symmetric undergroup G # [T3H]=0, a=1,...,N
By debnition: H|0) = 0 # H(T#|0))= T®H|0)= 0

b If|0) is such that T2|0) = O for all generators
# non-degenerate minimum: thevacuum

b If|0) is such that Ta&|0) £ 0 for some (broken) generators a&
- a&na&
# degenerate minimum: chose one (true vacuum) and e' T s |0) = |0)

. &
# excitations (particles) from |0) to e’ T |0) cost no energy: massless!
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Spontaneous Symmetry Breaking || gauge symmetry

igr.es/local/jilla

» Consider a U(1) gauge invariant Lagrangian for a complex scalar beld ( (x):
1 . .
L=t 2R P+ (Du() (B*O! 13 (1) (C ()%, Du="u+ieQAy

inv. under  ((x) $% §x) = ¢ 1BV (x),  Au(X) $WAKX) = Ap(x) + %" u$(x)
If ) > 0,2 < 0, theL interms of quantum Pelds . and / with null VEVs:

(00" v+ -0+ 1 00], 1= 1)V Comments:

y %Fu- 4 %(--u.)("u.)+ %(--“/ )("H ) () 2/ - 'Oﬁv
!)VZ.Z! )V.(.2+/2)! )Z(.2+/2)2+i)v4 (i) Ma= |eQV ()
+ eQUALH |+ eQAL("HI T 1 H) (i) Term AL"H/ (?)

iv) Add L
v Jequeauarls Jeozaan( e v+ ) NS
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Spontaneous Symmetry Breaking gauge symmetry

s/localjilla

= Removing the cross term and the (new) gauge bxing Lagrangian:

ugr

1
Lgg=! 2—_(“HA“! -Mal)?

Mal" W AR + A" ]

total | deriv.

# L+ Lge=! %Fp- P+ %MiAuA“! Zi_("“A“)2 + Ma"u(AM)

1, | 1
+ SO 5B 2

and the propagators of A, and / are:
7 8

_ | kuk'
Pu= oz, Pt e gz

i
k21 -M32 + i,

(k) =

# | has a gauge-dependent mass: actually it is not a physical beld!

407



Spontaneous Symmetry Breaking || gauge symmetry
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= A more transparent parameterization of the quantum beld ( is

(9" eiQ2<X>’V%[v+ ()], 0. [0)= 0]2[0) = 0

((x) $%e' Q20 V((x) = %[v+ .(x)] # 2gauged away!

L Comments:
=1 JRe P+ D)) N
) 1 Om= 2V
VRV Tt ) (i) Ma= [eQY

+ :—ZL(eQV)ZApA”+ %(eQ)ZAuA“(Zv. +.2) (i) No need for L gg

# This is the unitary gauge (- % ' ): just physical belds
7 8

21 M2+, M2
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Spontaneous Symmetry Breaking gauge symmetry

/local/jillana

es,

# Brout-Englert-Higgs mechanism : [Anderson 062F
[Higgs ©64; Englert, Brout ®64; Guralnik, Hagen, Kibble O64]

Thegauge bosorassociated with the spontaneously broken generators becasse/e
the correspondingvould-be Goldstone bosoaseunphysicaland can be absorbed,
the remaining massive scalaidiggs bosonsarephysical(the smoking gun!)

¥ The would-be Goldstone bosons are Oeaten upO by the gauge bosons (Oget fatO
and disappear (gauge away) in the unitary gauge (- % ' )
# Degrees of freedom are preserved
Before SSB: 2 (massless gauge boson) + 1 (Goldstone boson)
After SSB: 3 (massive gauge boson) + 0 (absorbed would-be Goldstone)

¥ For loops calculations, Ot Hooft-Feynman gauge { = 1) is more convenient:
# Gauge boson propagators are simpler, but
# Goldstone bosons must be included in internal lines
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Spontaneous Symmetry Breaking || gauge symmetry
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= Comments:

¥ After SSB the FP ghost bPelds(unphysical) acquire a gauge-dependent mass,
due to interactions with the scalar beld(s):

&b
Ba(k) =
¥ Gauge theories with SSBare renormalizable [6t Hooft, Veltman 672]

UV divergences appearing at loop level can be removed by renormalization of
parameters and belds of the classical Lagrangian# predictive!

410
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The Standard Model
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SM: Gauge group and particle reps

[Glashow 061; Weinberg O67;
[D. Gross, F. Wilczek;

Salam O
D. Politzer O73]

= The Standard Model is a gauge theory based on the local symmetry group:

SU(3)p2 SU)L 2 U(D)y % SUR)c2 U(D)g

strong electroweak

em

with the electroweak symmetry spontaneously broken to the electromagnetic
U(1)q symmetry by the Brout-Englert-Higgs mechanism

= The particle (Peld) content:

,ﬂ%wa
—

© www.ugr.es/local.

(ingredients: 12 Ravors+ 12 gauge bosons + H)

Fermions I I 1 Q Bosons
spin % Quarks | f || uuu | ccc | tit % spin 1 | 8 gluons || strong interaction
f&|| ddd | sss | bbb || ! 3 Wtz weak interaction
Leptons | f ' ' - 0 # em interaction
f&ll e K 3 I'1 || spin O | Higgs origin of mass
Qf = Qret 1
412
SM: Gauge group and particle representations
= The Pelds lay in the following representations (color, weak isospin, hypercharge): “
Multiplets | SU(3)¢2 SU(2). 2 U(1)y | [ ] Q= T3+Y
< %o — Yo
., u , C , t 2 = l- + l-
Quarks 3.2 b L Lx L T2t E
d|_ SL b|_ ! 3= ! 5 + s
313 UR CR tr 2= 0+ 2
B.1!3) Odr | SR br 1= o! %
% H—t %
;! ;! . '3 0= 1 | 1
Leptons L2 ax Hux L i i
e KL 3 1= i! 5
1,111 €r HR 3R 1= 0! 1
(1,1,0) e "R g 0= 0+0
Higgs 1,2, %) (3 families of quarks & leptons) UNIVERSAL

# Electroweak (QFD): SU(2).2 U(1)y

Strong (QCD): SU(3)
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Electroweak interactions

414

The EWSM with one family

(of quarks or leptons)

/localljille

igr.e

» Consider two massless fermion pPelds f(x) and f&x) with electric charges
Qs = Qe+ 1in three irreps of SU(2) .2 U(1)y:

L2 = ifrf+ it £& frL = 0%(11 #s)f, f& = %(11 #s) f&

o (
SR HITN kT s 3 #1= T 1,= 3= fg
= 1 1 |.2.2 |33 y 1- f& ’ -2_’_.73 y '3_’_.?
y - .L_/ (11 YZ) (1’ y3)

(2,y1)

= To get a Langrangian invariant under gauge transformations:

#1(x) $9UL(x)€ V40#4(x), U (x)= €TI0, Ti= +
L o(x) $%e' V24091 5(x)
I 3(x) $%e' Y401 5(x)

(weak isospin gen.)

415
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The EWSM with one family covariant derivatives

mw.ugr.es/local/jillana

# Introduce gauge Pelds Wil(x) (i =1.23and By(x) through covariant derivatives :

- 9

. . . +o

Du#1 =("u! igWu+ ig%1Bu)#., W, EWLE
Dul2 =("u+ig%2By)! 2 # |Lg| (P.C)

Duls =("p+ig%sBy)! 3 <

where two couplings g and g&have been introduced and
[
W () $9ULCOWLOULOO L (UL UL
1
Bu(x) $9B,(x) + 5&"“4(x)

# Add Yang-Mills : gauge invariant kinetic terms for the gauge belds

— 1 i i ! 1 ! i — n i n i k J k
Lym|[=" ZWL-W'-“ ! ZBu- B , Wﬂr = "Wt 'WL"' g* W, w.
(include self-interactions of the SU(2) gauge Pelds) and By = "y B ! " By

416

The EWSM with one family mass terms forbidden
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# Note that mass terms are not invariant under SU(2) | 2 U(1)y, since LH and RH
components do not transform the same:

mff = m(fLfr+ frfL)

# Mass terms for the gauge bosons are not allowed either

# Next the different types of interactions are analyzed,
and later the EWSB will be discussed
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The EWSM with one family charged current interactions

Y0 (
s 5
w3 2w,
2w, w3

mw.ugr.es/local/jillana

NI

u L F 3 g#_fl#“W“# 1 WIJ

# charged current interactions of LH fermions with complex vector boson beld W,,:

Lee = —2f AW, + hee,
= z—gé_ H(L! #) T4, + he., W, " %(W&+ w2)

e do

W W
'L up
'L up

W W
e do

418
The EWSM with one family neutral current interactions

= The diagonal part of

vww.ugr.es/local/jillana

L3 gﬂl#“wu# 1! ggBu(ylﬁ_fl#“# 1+ y2!_2#“! o+ y3!_3#“! 3)

# neutral current interactions with neutral vector boson belds W3 and B,
We would like to identify By, with the photon Peld A, but that requires:

yi=Y2=ys and g% =eQ # impossible!

# Since they are both neutral, try a combination:

% ( % (% (
Wi . ooow ! swe o Zy sw" sin$y, ow" cos$y
By sw  Cw Ay $wv = weak mixing angle
3 0 = > = > 1
Lne =1 Tt 1 gsy T3+ ghowy; Au+ gawT! ghwy; Zu !

=1
43
with T3 = £l (0) the third weak isospin component of the doublet (singlet)
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The EWSM with one family neutral current interactions

= To make A, the photon Peld:

(1) [e= gsw = gdw

where the electric charge operator is: Qp =

# (1) Electroweak unibcation: g of SU(2) and g&of U(1) related to e= =

(2)|Q=T3+Y
% (
0.
Qs , Q2= Qg,
0 Qf&

, 9¢*
9?2+ g%

# (2) The hyperchages are bxed in terms of electric charges and weak isospin:

y2 = Qg , y3 = Qe

LQED= ! le?#Hf Ap +(f% 8

# RH neutrinos are sterile: yo = Qs = 0

The EWSM with one family neutral current interactions

» The Z, is the neutral weak boson peld:

LﬁC = ET#H(Vf ! af#5)f ZU +(f% 8

with

Tf3L! 2Q+%,

\/
f 25w 0w

= The complete neutral current Lagrangian reads:

,  af =

T3
fL
2Sw Cw

Lne = Loep + Lfic

f=u,d,e

f=u,d/!,e€

mw.ugr.es/local/jillana

Q3= Qs&
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The EWSM with one family gauge boson self-interactions

= Cubic:
iegy o : 1
Lym 3 Lg=1 —= WHw,Z | W, WHZ | w W zV
1
+ie WHW,A T W, WHA T W W F
with
W W
' Z
W W
The EWSM with one family gauge boson self-interactions
= Quartic:
g @ A
I—YM 3 L4: I — WHWM ! WHWL'l W W
25y
2 0 ‘ 1
! qt“z"’ W,WHZ. Z' 1 W, Z*W. Z
0 1
+ Sou 2W,WHZ AL W, ZRWE AT T W ARW. Z
1

I &€ W,WHA AT W ARW A

WMWW Y LW z
WVLLWW !w%zw z

Note: even number of W and no vertex with just # or Z

mw.ugr.es/local/jillana
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Electroweak symmetry breaking setup

mw.ugr.es/local/jillana

» Out of the 4 gauge bosons of SU(2) 2 U(1)y with generators T1, T2, T3, Y we
need all to be broken except the combination Q = T3+ Y so that Ay remains
massless and the other three gauge bosons get massive after SSB

# Introduce a complex SU(2) Higgs doublet

% ( % (
' +* 1. O*
a="U*  oalo= L
(° 2 v
with gauge invariant Lagrangian ( p% = ! ) v):

Lg |[=(Du&) DF&! p2& &! ) (& &)?, D& = (",! igW,+ ig%eB)&

B C B C
takey&:% #  (T3+Y) 3 =QS =0
B C
{TL, 12,731 Y} 3 =0

424

Electroweak symmetry breaking gauge boson masses

= Quantum Pelds in the unitary gauge:

vww.ugr.es/local/jillana

0
@, A," , !
&(x)" exp i—$(x) —' *
2v 2 v+ H(x)
@ A % ( 1 physical Higgs pbeld
H 1, o ., H(x)
& (x) $%exp ! |2—$(x) &(x) = — #
v 2 v+ H(x) 3 would-be Goldstones

$ (x) gauged away

=+

b The 3 dof apparently lost become the longitudinal polarizations of W = and Z that
get massive after SSB:

2,/2 2,2
gV gV 1
Lg 3 Ly="~WWH+ =27 7} # Mw = M = —gv
& M iy u 8_C\2N/ m Mw = .szy 29
T custodial

M 2
w %M% symmetry
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Electroweak symmetry breaking Higgs sector

# In the unitary gauge (just physical belds): Lg =Ly+ Ly + Lyy2+ %1) Vo

1 1 M 2 M 2 - L
Ly= Z"yH"MH! ZMZH21 —HH31 —Hp4 o mMy= 12u2= 2)v
H= 2 2 H 2V 8v2 H H )

/,H H \\ /,H
H---<« Sl
“H  H “SH
A A
. . o u@ 2 H?2 1, .5 u@ 2 H?2
M+ HVZ— MWWIJW 1+ ;H"' ? + éMZZIJZ 1+ vH'l' ?

W H-« W

~ Z H\\ Z
H-~ W z H Z

Electroweak symmetry breaking Higgs sector

= Quantum Pelds in the R. gauges:
% (
("(x) x

L s) = [ (* (x)(
L Hpge rpo 0 (WO

&(x) ="

Le = Lu+Lm+ Ly~ i)v4
R+ SO
+iMw (W W R )+ Mz Zyt W
+ trilinear interactions [SSS, SSV, SVV]

+ quadrilinear interactions [SSSS, SSVV]

nww.ugr.es/locall/jillana
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Electroweak symmetry breaking gauge bxing

= To remove the cross termsW,"*( ", W, " H( - Z,,""/ and debne propagators add:

© www.ugr.es/local/jillana

1, 1, 1. _
Ler|=! Z( uAH)? 1 Z( WZH1 -7 Mz/)?] —W| GWH+ iy My (2

# Massive propagators for gauge and (unphysical) would-be Goldstone belds:

[ 2 kk5
# — pr
Pu 0= e, (e
2 5
i Ky k: [
B0 gea(a g RR T by -
0= ez, W T e e W = e mze,
2 5
i ky k: [
BY(R)= o gy + (1] ) Bl(k) =
0= oz ey, e (Y Wi e W = e amz

(Ot Hooft-Feynman gauge=-# = -7 = -w = 1)

428

Electroweak symmetry breaking Faddeev-Popov ghosts | (")

» The SM is a non-Abelian theory # add Faddeev-Popov ghosts ¢ (x) (i = 1,2,3

© www.ugr.es/localljillana

. .
ct" 7(u++Ug), " .|2(u+! uw), c" oyuz! sy ug

Lep= ("HT)("uC ! g*ijkchfj) + interactions with 8;

U kinetic + [UUV] U masses + [SUU]

)

# Massive propagators for (unphysical) FP ghost belds:

i
k2! -wM2, + i*

k2 | 'ZM§+ i*

i
Du#(k) = l@T

<. DU(k)= DU (K) =

(Ot Hooft-Feynman gauge=-z = -yw = 1)
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Electroweak symmetry breaking Faddeev-Popov ghosts | (")

Lre = ("WT)("Fug) + ("uT2)("Huz) + (T )("Fus) + (7 )" )

D legy
iR )us ("R ) AL Q[("“U+)u+ L("Ho)u ]2y,
UUV] 1 el e b (Pa)u W, + [P uz t (Paz)un W,
"I s (P W YR uz (V) us Wy
I - M2 U | - 20U - 2. U
¢ -zMzZ UzuUz ! WMW U+ U4+ : WMW ur U
D 2
: — 1 1 G + ! l_F
' e'ZMZ UZ WHUZI 27 ( U| + ( U+
E B C\ZN %\/ C8
_ 1 . !
[SUUJ I eywMw U+ 725\/\/(H + i/ Jus ! (T Bu#! ZS\NC\NUZCS
B 1 _ !
F1IeywMy O s (HUiDu L (1w Civswcjvuz

Electroweak symmetry breaking fermion masses

= We need masses for quarks and leptons without breaking gauge symmetry

# Introduce Yukawa interactions:

% %
o (e
Ly="1)q U d_ 0 dr! )u U d_ I(! UR
% %
LN o,
P)e "L # #wR! ) L A 'R *thec
(° b
% % (
(%0, (T
where &°" i+&( = L transforms under SU(2) like & = g

# After EW SSB, fermions acquire masses:

0 1
Ly 3! %(V+H) ygdd+ ) Tu+) gfttt ). # mf:)f%

© www.ugr.es/local/jillana
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Additional generations Yukawa matrices

ugr.es/local/jillana

= There are 3 generations of quarks and leptons in Nature. They are identical coples
with the same properties under SU (2), 2 U(1) differing only in their masses o

# Take a general case ofn generations and let u!, d!, ' !, # be the members of
family i (i = 1,...,n). Superindex | (interaction basis) was omitted so far

# General gauge invariant Yukawa Lagrangian:

D 1% % K
E" I N L S !
Ly|= !ij = ul oy o i drt (! )ij” YR .
| % ( % K9
R # (7 S G T L;
+ o# g ) # n )i kb +he

where ) i(jd), ) i(j”), ) I(J#) ) i(j') are arbitrary Yukawa matrices
" Neutrinos are special: ' gOs do not exist in the SM (then how about oscillations!?).
Light ' masses are possible Beyond SM if | and Ng are Majorana fermions
or in SMEFT (dim-5 Weinberg operator), involving Lepton Number Violation

432

Additional generations mass matrices
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= After EW SSB, in ng-dimensional matrix form:

3 H40 1
Ly3! 1+ = diMydL + T Myuk + [ Mglh+ "M "L+ hec.

with mass matrices

" \ " u VvV " Y . "y V
(Ma)jj )i(jd)ﬁ (Mu);; )8)7 (M) ).(J#)—E (M) )i(j)-z

# Diagonalization determines mass eigenstates dj, uj, #ﬁ, Y
in terms of interaction states dj', ]' #J! ' ]', respectively
# EachM ¢ can be written as

!
with H; " M ¢M a Hermitian positive dePnite matrix and U; unitary

D EveryH  can be diagonalized by a unitary matrix S;
b The resulting M . is diagonal and positive dePnite
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Additional generations fermion masses and mixings

nww.ugr.es/locall/jillana

= In terms of diagonal mass matrices (mass eigenstate basis):
M 4 = diag(mg, ms,my,...), M , = diag(my, me,m,...)
M ,= diag(me,my,mz,...), M. = diag(m, m'p,m'g,...)

3 H40 1
Ly 3! 1+ dM4d + TM ju + TM 4+ M.

where fermion couplings to Higgs are proportional to masses and

d|_" dell_ U|_" Sy Ull_ ||_" S#lll_ "Lt S 'lL
dR" SdUd dk UR" SuUy U:Q |R" S#U#lk '‘R" S U 'E

9

Neutral Currents preserve chirality °
< # Lnc does not change 3avor

# GIM mechanism [Glashow, lliopoulos, Maiani O70]
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Additional generations quark sector

vww.ugr.es/local/jillana

= However, in Charged Currents (also chirality preserving and only LH):
with V" S, S, the (unitary) CKM mixing matrix [Cabibbo ©63; Kobayashi, Maskawa O73]

# Lce = i I #H (1! #s5) Vi dj WH + h.c.

L cc changes family !!

div u. ot
W \4 ] Ikv\."‘/:T%t.\""/v,I
xR x
’o~ N
y 7 Ay K TAN
UiL do SL b

# If u; or d; had degenerate masses one could chooses, = Sy (Peld redepPnition)
and quark families would not mix. But they are not degenerateso they mix!

# Sy and Sy are not observable. Just masses and CKM mixings are observable
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Additional generations guark sector

= How many physical parameters in this sector?

mw.ugr.es/local/jillana

¥ Quark masses and CKM mixings determined by mass (or Yukawa) matrices

¥ A general n, n unitary matrix, like the CKM, is given by
n? real parameters = n(n! 1)/2 moduli + n(n+ 1)/2 phases
Some phases are unphysical since they can be absorbed by Peld redepnitions:
u% eliu, d%wedid # Vv, O

Therefore 2n! 1 unphysical phases and the physical parameters are:

(n! 1)2=n(n! 1)/2moduli +(n! 1)(n! 2)/2 phases
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Additional generations quark sector

vww.ugr.es/local/jillana

# Case ofn = 2 generations: 1 parameter, the Cabibbo angle$::

% (
, Cos$c sindc,
I sin$: cos$:
# Case ofn = 3 generations: 3 angles + 1 phase. In the standard parameterization:
% ( % ( % ( % (
Vud Vus Vup 1 0 O i3 0 sge’! Cz S12 O
V = gVCd Vs Vcbi = gO Co3 Szgi g 0 1 i g' S12 Ci12 03«
Via Vis Vi 0 !'s;3 C3 ! 53¢ 0 g3 0 0 1
% (
li&
g C12C13 | S12C13 | S13€ &only source
= & S10C3! C19593513€'&  CioCoz! S1oSp3s13e€'®  Spsci3) # of CP violation

| i& | | i in the SM |
$12523° €12C23513€ : C12Sp3° S1203513€ C23C13

with ¢; " cos$;4 0, s;" sin$;40 (i<j=1,23 and05 &5 2%
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The full EWSM Lagrangian Pelds and interactions

mw.ugr.es/local/jillana

L=Lg+Lym+Leg+Ly+Leet Lep

LE3 Lee+t Line

Lym 3 Lvwv + Lvwwy
L ¢ 3 gauge boson masses

Ly 3 fermion masses and mixings

¥ Fields: [F] fermions [S] scalars (Higgs and unphysical Goldstones)

[V] vector bosons [U] unphysical ghosts

¥ Interactions: [FFV] [FFS] [SSV] [SVV] [SSVWV]
[VVV] [VVVV] [SSS] [SSSS]
[SUU] [UUVV]
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Full SM Lagrangian types of interactions

= Lorentz structure of generic interactions (normalized to e):

vww.ugr.es/local/jillana

Lerv = el #H(gv ! ga#s)! jVu = el #Y(gLPL+ grPR)! [ Vi
Lers= eli(gs! gp#s)! (= el j(cLPL+ crPR)! j(
Ly = Diegyy WH W VT W, WHY T W We v

#
Lyww = €opwwy 2W,WHVVE T W VEW VE T W, VW Vv

Lssv= ! ieasy( Ty (EvH
Lsw = eayy ( VHVE
Lssw= &csswy (( ¥HVE
Lsss= e@ss(( & 4

L ssss= € Cssss(( K 4f&4&

%
where ("L (%" (Gu(¥ (u()(® and V' {ALZE W, W
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Complete EWSM Lagrangian

Feynman rules

= Feynman rules for generic vertices normalized to e (all momenta incoming):

(iL) [FFVy] =
[FFS]=

[Vu(k) V- (k2)Vs(ks)] =
[VuV VsV,] =
[S(P)S(PHVy] =
[SVuV-] =

[SSVV: ] =

[SSS]=

[SSSSE

Ov £ 0a

Os* gp

Note: QLR =

CLrR =

iet"(gLPL + grPR)
ie{c P+ crPRr)
M

N
ieaqyy Ou (k2! ki)s+ g5 (ks! kz)uN"‘ Ous(ka! ks):

) M

i€ oyvwv 20y Os+! Ousg+ ! QueOs
ieasv(pu! PY)

ie Gyy Oy

i€ cssyy gy also [UUVV]

ie gss also [SUUJ

i€? Cssss

n% ! ipy

b All Feynman rules from FeynArts(same conventions;/ ,(* % G° G*):

http://www.ugr

.es/local/jillana/SM/FeynmanRulesSM.pdf

EW phenomenology

Input parameters

= Parameters: (" sm)
17+90 = 1 1 1 1 930 4 6
formal: g ¢ v ) ) ¢
oractical: 0 My My My my YokM  Upnis
where e= gsy = g%w and
e 1 M . Vv
0_4_% MW—_EQV Mz—m Mpu= 2V mf_j)f
g g% v

# Many (more) experiments

# After Higgs discovery, for the brst time all parameters measured!

Attention to symmetry factors!
e.g.2, HzZZ

nww.ugr.es/locall/jillana
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EW phenomenology || Input parameters

= Experimental values [Particle Data Group O20F

© wwiwrtgr.es/local/jillana

¥ Fine structure constant:

0' 1 = 137.035999 15(33) Harvard cyclotron (ge) [1712.06060]
0' 1 = 137.035999 04627) atom interferometry (Cesium) [1812.04130]
0' 1 = 137.03599920611) atom interferometry (Rubidium) [Nature 588, 61(2020)]

¥ The SM predicts My, < Mz in agreement with measurements:
=(91.1876t 0.002) GeV LEP1/SLD
Mw = (80.379+ 0.012 GeV LEP2/Tevatron/LHC

¥ Top quark mass:
my = (172.76x 0.30 GeV Tevatron/LHC

¥ Higgs boson mass:
My = (125.25¢ 0.17) GeV LHC
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EW phenomenology || Observables and experiments |weak NC discovery (1973)°

=
N
© www.ugr es/loca7 lana

= Low energy observables (Q27 M32)
¥ ' -nucleon (NuTeV) and ' e (CERN) scattering
asymmetries CC/NC and '/'g # |s3,
¥ Parity and Atomic Parity violation (SLAC, CERN, Jefferson Lab, Mainz)
LR asymmetries eg N % eX and Z effects on atomic transitions  # ﬁv

¥ muon decay: p % e"¢' |, (PSI)

lifetime
25
FMu

2 2
19293 F(me/ my)

_=(U:

3
wo f(x) " 1! 8x+ 8x3! x*! 122Inx
W = 0.99981295

Fermi theor)/ (! 7 M3 )

. ie _ ' i95& 4G|: Gk %0
iM = — cralp— e ST &> )(#sM) ) —= =
5o L@zt *u > (&> L)("#sH) 2~ 22,M2,
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EW phenomenology

Observables and experiments

= Low energy observables

# Fermi constant provides the Higgs VEV (electroweak scale):

L Hoap

V= 2Gk

8 246 GeV

and constrains the product M3,s,, which implies
%0

0
MZ > M3 = - %0

— >
2GEs?,

2Gr

Consistency checks e.g. from muon lifetime:

8 (37.4 GeW?

Ge = 1.16637876), 10 °GeV' ?

If one compares with (tree level result)

Ge %0

%0

T2 22,M2,

2(1! M3/ M2)Mg,

8 1.125, 10 °

a discrepancy that disappears when quantum correctionsre included

EW phenomenology

Observables and experiments

» ete % @ (PEP, PETRA, TRISTAN, ..., LEP1, SLD)

e+ 0=

d+ ¢ 02

T =N =4

d) C4s
v, Z

Gi(s) = Q2Q% + 2QeQveviRe z(s)+ (V3 + 83)(vi+ &)/ z(9)|?
Ga(s) = (va+ &)at|/ 2(9)I?

Ga(s) = 2QeQracarRel 7(5) + dveviaeasl/ z(s)> #

s ch = 1 (3) for f = lepton (quark)

[2(9" —s>
29" 5 M2 +iMz (2

12604, (31 G9! A1 4G9

+(s) = Nc

4¢= 1! 4m3/s

cross-section (pb)

>

>

1+ cos$+ (1! 4%)sin’$ Gy(s)

1

+2(421 1) Gy(s) + 24 cos$ Gs(s)

10°3

-
Q
>
ul

—-

o
w
|

-

o
o
|

10

CESR

4 OORls 1

E PEP

1 .

4 KEKB
PEPI

(3]}7 S—
TRISTAN

e*e— hadrons

'
SLC

LEPI

LEP Il

T T T
80 120 160

centre-of-mass-energy (GeV)

40 200

© www.ugr.es/local/jillana
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EW phenomenology || e*e % # (f £ €)in the SM

nww.ugr.es/locall/jillana

Unitary gauge: M=Muz+My
e f

W \epy) (1 ieQ)# u(py)

iM & = w(ps) (! ieQs)#* v(ps3)

S
e f
e f
z Li(gy ! KK/ M3)
iM 7 = e (ve | ag# S Z
iM 7 @(ps) ie# (v ! as#s) v(pa) St M2+ M7 (2
f , (py) ie# (Ve! acts) u(p2)
e

Note: The term with kMK is irrelevant in the me = 0 limit
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EW phenomenology || ete % # (f £ €)in the SM

vww.ugr.es/local/jillana

The differential cross section in the CoM (non polarized case and me = 0) is:

2 O: > 1/
d+ 0 2\ cin2 2
o - Neycdr 1+ cos’$+ (1! 4%)sin?$ Gy(s)+ 2(42! 1)Gy(s) + 241 cos$Gs(s)

Gi(s) = Q2ZQ%+ 2QeQsveviRe z(9)+ (Vi+ ) (vi+ &)l z(9|%
Ga(s) = (va+ &@)all z(9I%,
Gs(s) = 2QeQracarRel z(9)+ 4veviacas|/ z(9)[%,

)
sl M% + IM Z( Z
It is easy to identify the terms coming form #, Z exchange or the interference.
The total cross section and the forward-backward asymmetry in the CoM are

where / z(s) " and ch = 1 (3) for f = lepton (quark).

= >
4¢ (3! 49)Gy(9)! 3(1! 49)Gy(9)
64+G3(s) 3Ga(s) _ 3 2veBe 2Vidy

Arg = _3
BT 431 42)Gy(s) + 12421 1)Gy(s) ~ 4Gi(9) AVt Vit

§ 29
+= N
¢ 3s

0

when 4; % 1
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EW phenomenology || Observables and experiments

= Z pole observables (LEP1/SLD)
Mz, (z, *had: AFB, ALR: Ry Re, Ry

#

Mz, S5,

frome*e % # atthe Z pole (#! Z interference vanishes). Neglecting m;:

© www.ugr.es/local/jillana

T T e e e
= v's “\ — + gl
2 :z_ gv's / \ & ALEPH b +had — 120/0( (e e )( (had)
i ' M2(2
£ o5F zZ\Zz
%20?— - ((b®) - ((co — ((had)
5E- P~ ((had) ¢ ((had) 7~ ((##)
o 2 5
3 . " _ nfOM7Z
Z' VUV FUUIN FOUIN TUUIN TUUIN UV POV TN (2% fB" ((fH= Nc (V%+ a%)
87 88 89 90 91 92 93 94 95 96
VS =E.q (GeV)
Forward-Backward and (if polarized e ! ) Left-Right asymmetries due to Z:
+£! 45 3 A+ Ps +H ! 4R . 2V ¢ &
Apg = = SA—2 % = = AePe with A" ————
FB +E + +g A f1+ PeAe LR +_+ 4R el"e f V?"‘ a%

EW phenomenology

Observables and experiments

= W-pair production (LEP2)
etel % WW % 4 f (+#)

= W production (Tevatron/LHC)
pp/p @% W % # 4 (+#)
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A\
e—l— W e+ —<—4l\/\/\/\/\)< P
Ve
— Y, Z - —>—o\/\/\/\/\< A\
e € _
w W D, P
# |Mw 4 T
w
9
S 30 ILEP T T
E% = Top-quark production (Tevatron/LHC)
° | pp/p @% t8% 6 f
- )
4 o
10+ 1 8
= #o[my
ol ; :
160 180 200
Vs (GeV)
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EW phenomenology

Observables and experiments

= Higgs (LHC)

© www.ugr.es/local/jillana

Single and Double H production and decay to different channels # | My
[99F] [VBF] [VH] [ttH] [tH] [HH]
q q 9 ___H
, y W, Z p ; W L
g W.Z b DA _._H
L ____H b
Ny 95550 L H
g9 q SO H f/M+ t W H >»//_{:»
b § (N po— SOH
T T Y Ak A A A AR RS RS RS AR RS P
—10%E M(H)= 125 GeV = 5 E 18
'8_ F 0EW) :E o :bﬁ\fﬂ
= F L amogce™ [99F] j o | %
< PR 2 c ——— 7;
T 10E [VBF] 3 S10"el =
J: oooD+NLOEW) ] g LT ]
i " ] s .
\8./' r pp = aaA o [VH] 1 [ oo .
o) 1? o . WH (NNL W _ - 10’2522 4
E )OEW\ E ]
107'E - I —
g ftH] ] 10°F 7, E
1072? 75 [ uu s
[ N N N SN i R N K 10 el b IR FERE SRR SN

o

7 8 9

120 121 122 123 124 125 126 127 128 129 130

M, [GeV]

EW phenomenology

Observables and experiments

= Higgs (LHC)
(+ éBR)obs

Signal strength p = ———— Run 1 Run 2
9 g (+aBR)sm
ATLAS | 1.17+ 0.27 1.02+ 0.14
_ CMs | 11833 118§
Per channel:
| |
##,72Z, W*W' ,3*3 > 5+
~ I ~
b¥| > 5+ [Jul O18!] TR 3+ [Jul O20!]
R CMS 137 o' (13 TeV)
ATLAS H—bb  Vs=7TeV,8TeV, and 13 TeV E T T
4.7 o, 20.3 fbo', and 24.5-79.8 fb™! [
—Total Stat. &
® - - 1o
VBF+ggF Runt| jpm—e——i 0.78 22 (1%, 48) Sk ‘ J
VBF+ggF Run2 —e—i 2.47 13 (#1230 046 2
{20
ttH Runt Fle—— 1.50 t11,'12§ (:?;3 ) Zggg ) 1021
ttH Run2 g4 085 0T (98,02 f
VH Runt - 0.51 *040 (w031 4025 is
3 i G
VH Run2 o 115 02 (018, 10%) 10°F — Combined — VBF-cat.
T 0.0 N 10120 E [ Observed — ggH-cat. ttH-cat.
Comb. P PR 1 .. (4”2 4)15) [ — VH-cat.
4T 2SS 10 12 14 10 b e e
u 120 121 122 123 124 125 126 127 128 129 130
H—sbb

m, (GeV)

450

[PDG 0620

© wwwggl es/localljillana

451



EW phenomenology

Observables and experiments

= Higgs mass (LHC)

[PDG

N

X
wvmc-)ugr es/localljillana

H % ## H% zz( % 4#
CMS Preliminary 2016 + 2017 + 2018 137.1 fb™ (13 TeV)
% A-II—LAS F)relllmlrlar)/ T +| Data T : % 240 j’\ TT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TTTTTTTTT ‘ TT \t
50000 — - 3
© s = 13 TeV, 139 fb’* — Fit 1 920F S
2 40000F* e Background 4 - 200f Olag" 2z, 2!*
0 C I = Mgy 22, 2! 7
w - - S 180 W Z+X E
30000 = = Lﬁ 160F- 3
20000}— — 1401~ E
= 3 1201 =
10000E= 1. )/ .. = 125.00 Gev 100 =
g 1500F ' 3 80| =
S 1000F = 60 =
g -t E - :
@ op = ® 20[- 5
© E + 3 o J
T #500E , , , , = 0
a 110 120 130 140 150 160 80 100 120 140 160
m; , [GeV] m,, (GeV)
452
EW phenomenology || Observables and experiments
= Higgs mass (LHC) [PDG 520§

V!

©w

ATLAS and CMS

7 TeV, 8 TeV and 13 TeV

ATLAS H " !l Run1

CMS H" !l Runl
CATLAS H ' 4IRuni

CMS H " 4lRun1

ATLAS-CMS !! Run1l

ATLAS-CMS 4l Run 1

ATLAS-CMS Comb. Run 1

ATLAS H " !l Run2

ATLAS H " 4IRun2

ATLAS Comb. Run 2

CMS H " 4lRun2
CMS H" !l Run2

CMS Comb. Run 2

—4~ Total [ ] Stat.

Tot.

3 Syst.
Stat. Syst.

126.02 + 0.51 (+ 0.43 + 0.27) GeV

124.70 + 0.34 (+ 0.31 * 0.15) GeV

124.51 + 0.52 (+ 0.52 + 0.04) GeV

125.59 + 0.45 (+ 0.42 + 0.17) GeV

125.07 +0.29 (+ 0.25 + 0.14) GeV

125.15 + 0.40 (+ 0.37 * 0.15) GeV

125.09 + 0.24 (+ 0.21 + 0.15) GeV

124.93 +0.40 (+ 0.21 + 0.34) GeV

124.79 +0.37 (+ 0.36 * 0.05) GeV

124.86 + 0.27 (+ 0.18 + 0.20) GeV

125.26 +0.21 (+ 0.20 * 0.08) GeV

125.78 + 0.26 (+ 0.18 + 0.19) GeV

125.46 +0.17 (£ 0.13 + 0.11) GeV
‘ | | | ‘ | | | ‘ | | I | |

118 120 122 124

1 1
126 128 130 132
m, GeV
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EW phenomenology || Observables and experiments

/localljillana

= Higgs couplings (LHC) [2009. 04363§
35.9-137 fb' (13 TeV)
g 4L T
7 - CMS Preliminary wZ )
; »" 1 H self-couplings
5 [ Mu=125.08CeV | not yet observed
ELL|>10 £ p-value = 44% ot 3
v b ]
102 T ,.¥

Q Leptons and neutrinos Quarks

3| e
by (BB CoE

L Force carriers Higgs boson ]
oL BAlA O |
Euul Lol Ll L | L
L
(75}
: ] obs
o
R X S— S #--%.4 % Gpor
e ; ; FOrov = gu
o 0_5_“'7 Lol Lol Lol ]
10™ 1 10 10°
particle mass (GeV)
proben over more than 3 orders of magnitude!
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Strong interactions
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Strong interactions || Properties

= | Quantum Chromodynamics | (QCD) is thetheory of strong interactions

= Quarksand gluonsare the fundamental dofbut they never show up as free states:

they are bound in hadrons (conbnement):

© www.ugr.es/local/jillana

Baryons (010203 Or G;0,05) Mesons  (chTy,)
name content Q[g m[GeV] || name content Qg m[GeV]
p  proton uud +1 %P neutral pion ud, dd 0 0,135
P  antiproton aud 1 0,938 %" ud +1
charged pion 0,140
N neutron ddu % du 1
N antineutron ddu 0 0,939 K* us +1
charged kaon 0,494
$  lambda uds K' su 1
$  antilambda uds 0 1116 KO ds 0
neutral kaon o
120 ... K° sd Gt
140...

and exotics (glueballs, tetraquarks, pentaquarks, ...)

Strong interactions || Properties

= Strong interactions are responsible for:

¥ Stability of nuclei (nucleon-nucleon interaction is a residual strong force)

¥ © 99% of nucleon mass is binding energy, i.e. most of the mass in everything!

electron
QD ~05Mev

proton
(neutron)

( I u =2 MeV
s @ quark § 5 Mev

atom ~ 1000 MeV

strong attraction is greater than electricrepulsion
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QCD || Lagrangian || SU(3) gauge symmetry
— G H :
Locp = T4 iDjj! mé&; ! f}! %FS FaH (Ravor diagonal)
, K o —/
quarks gluons

= (Antib)quarks ! s come in N = 3 colors (anticolors) and there are ny = 6 3avors:

D

F2 = " AR " AR+ gofp ADAS

E = u,d,s,c, b, t (Bavorindex)

f Fi=1,..

fundamental irrep 3 (8)

.,Nc = 3 (color index)

= Gluons A} come in NZ2! 1= 8 combinations of color and anticolor:

Ad a= 1,...,NC2! 1= 8 (colorindex) adjoint irrep 8

1
QCD || Lagrangian || SU(3) gauge symmetry
_ G H |
Loco = Ty 1D ! m&; ! f}! %FS FaH (Ravor diagonal)
’ - o —
quarks gluons

= Quark kinetic terms and quark-gluon interactions come from covariant derivative:

= Gluon kinetic terms and self-interactions bxed by SU(3) structure constants f,pe

(Dp)ij = &"p! igstiAL, i =

L kin
L cubic

L quartic

F2 = "LJARL " AB+ gsfap APAF

1 .
E) ;']‘ (8 Gell-Mann matrices 3, 3)

=1 %("UA?‘! "-Aﬁ)("“Aa" I ARK
1 .
= ! égsfabc("uA?! "‘Aﬁ)Ab’“AC’

1,

=1 20 fandfcae AJAPATHAY

mw.ugr.es/local/jillana
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QCD || Lagrangian || Feynman rules

nww.ugr.es/locall/jillana

= Quark and gluon external legs and propagators are as usual

= \ertices:
f f
\3// = igstﬁ#“&ff&
i, a
M, a ky b

kS ke = Osfanclow (ki! ko)) + 0y (k! ka)u+ gyulks! ki)]

l.c
I

K

M, a I,b fabefcde(gu) gs ! 9u59) )
=1 igg? + facefdbe(guSg‘) I o 9)5) F

r,d l,c + fadefbce (G 9s ! Oy gs )

(interactions with Faddeev-Popov ghosts omitted here)
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QCD || About color charges

vww.ugr.es/local/jillana

% (
&R
= Quarks carry color charge: ' =1(x)2 G)°
B
L ! #
» Antiquarks carry anticolorcharge: ! =1(x)2 R G B
= Gluons carry color and anticolor. A gluon emission repaintsthe quark:
:§ ¥ " #%0 1 ( %1(
J B
e.g. 2 !itﬁ!j:%01o&1o&&o)=
© 000 O

>

.

Il
N
o = O
o O =
o oo
~_—

>

N

|
~/
o ~-. O
oco |
o oo
N~

>

w

Il
/N
OO =

|
OD—‘O
o o o
N~

>

F-

|
/-~
- O O
o O o
OO =
N~

S © ©
~
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QCD || About color charges

Gluons

WW

= 8gluons: TR X

| RR# GG
< ¢ < RR+ GG # 2BB

© www.ugr.es/local/jillana

3! =1" 8

(1 in 9 combinations is color-neutral)

If the color-singlet massless gluon state RR+ GG + BB existed, it would give rise
to a strong force of inbnite range!

= Likewise, only color-singlet states can exist asfree particles:
. #
q@p 3! ¥=1"38 . mesons 9%:!” "G

37 w7 4 i K&{R G B

qqg®® 3! 31 3=1" 8" 8" 10 :baryons Q%E"ijk"qiqqu$

but qq® color singlets do not exist, since 3! 3= 8" 6
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QCD || About color charges

» Color algebra (useful identities): td= 3#% Nc= 3

1

bm@ma L T() = Trlan Tr= 5
| 343 = Cply, Cp= Ne#l_ 4
j-ﬂ-»—i B B TN

b%a ' facdfbcd= Calam Ca = N¢= 3

probability for a gluon to emit gg<quark to emit a gluon <gluon to emit gluons

© www.ugr.es/local/jillana

(gluons interact more strongly than quarks)
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QED vs QCD || running coupling

nww.ugr.es/locall/jillana

= All coupling constants run:

2
0" % = 0(Q?), where Q is the momentum scale of the process
0
QZ% = 4(0), 4(0)"! 0%(4g+ 410+ 4,0°+ ...)
0(Q§ :

0(Q?) = (Q) o (Leading Order)
1+ 400(Q3) In =5
Q5

= Physically, this is related to the (anti-)screening of the fundamental charges by
guantum Ructuations, depending on the sign of 4:

e 1
¥ In QED: Ogm = 4—0/0,40(0em) =1 3% (<0
v nocD: 0.= & 4 gy= HCal 4TeNr 33' 2N¢ o N5 16
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QED || running coupling

vww.ugr.es/local/jillana

= In QED, the Buctuating vacuum behaves like a dielectric medium,
screening the bare electric charge g at increasing distancesR : 1/ Q:

!
(04
1 1
137 13y [Z-otommmmmmTTTRE
0 Q R

e.g.0(M2) 8 1/128
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QCD || running coupling

nww.ugr.es/locall/jillana

» Contributions to the QCD beta function 4(0s) (from QCD vacuum polarization):

(1) screening

GQ‘Q’OD‘ + @B‘gi%m +&9§QQ+ (2), (38) anti-screening (non-abelian!)
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# There is a scale$ gcp Where 0s % ' (dimensional transmutation) given at LO by
@ L A

, 1 1
" 4005(Q?)

$3co = Q%exp I 0)(Q) = (Q*> $4cp)

$ocp 8 200 MeV, thatisR: 1/ Q 8 1 fm (the size of a proton!)

= Asymptotic freedom :
At short distances (Q ; $ ocp) quarks and gluons are almost free,
they interact weakly perturbative regime

= Infrared slavery :
At long distances (Q : $ ocp) the coupling diverges (Landau pole),
guarks and gluons interact very strongly (conPnement into hadrons ):
non-perturbative regime

# Strong interactions are short-range, despite of gluon being massless
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