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Abstract. We obtain height estimates for compact embedded surfaces with positive constant mean cur-
vature in a Riemannian product spddé x R and boundary on a slice. We prove that these estimates
are optimal for the homogeneous spafie’s S* x R andH? x R and we characterize the surfaces

for which these bounds are achieved. We also give some geometric properties on properly embedded
surfaces without boundary.

1 Introduction

The existence of height estimates for a wide class of surfaces in a 3-dimensional ambient space reveals,
in general, important properties on the geometric behaviour of these surfaces, as well as existence and
uniqueness results (see for instance [H], [HLR], [KKMS], [KKS], [R] and [RS]).

E. Heinz [H] showed that a compact graph with positive constant mean cundtuneR? and
boundary on a plane can reach at most a heigfi from the plane. Actually, this estimate is optimal
because it is attained by the hemisphere of radju$. As a consequence, a compact embedded surface
with constant mean curvatufé # 0 and boundary on a plane is at most a distalydé from that plane.

An optimal bound was also obtained for graphs and for compact embedded surfaces in the hyperbolic
3-spacdH® with non zero constant mean curvature and boundary on a plane by N. Korevaar, R. Kusner,
W. Meeks and B. Solomon [KKMS].

Later, H. Rosenberg [R] exhibited an optimal bound for surfaces with positive constant Gauss curva-
ture inR® andH? (see also [GM]). In fact, he demonstrated the existence of optimal height estimates for
hypersurfaces with a positive constant symmetric function of curvature in the Euclidean and hyperbolic
n-space.
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These estimates in the Euclidean 3-space were generalized by H. Rosenberg and R. Sa Earp [RS]
(s?()ee also [GMM]). They obtained an optimal height estimate for a large class of Weingarten surfaces in
R”.

On the other hand, for the product spadé x R of a Riemannian surfadel?> and the real lineR,
height estimates have recently been exhibited by D. Hoffman, J.H.S. de Lira and H. Rosenberg [HLR]
for a surface with positive constant mean curvattirand boundary on a slice (see also [CR]). However,
these estimates are not optimal and do not work for every expected valliesek [HLR, Remark 1].

In this paper, we obtain adjusted height estimates for graphs and compact embedded surfaces with
positive constant mean curvatureNi? x R and boundary on a slice, in such a way that they are optimal
whenM? is a space form, that is, for the homogeneous sp&ée§? x R andH? x R.

We also show that if these bounds are reached for a gtamima domairf2 C M2, then{2 has con-
stant Gauss curvature and the Abresch-Rosenberg differential [AR] must vanish identically. In particular,
¥ must be a hemisphere of a complete rotational sphere with constant mean curvitire iR is a
homogeneous space. Moreover, these estimates are valid férall /2 in H? x R as it was expected
(see [HLR, Remark 1]).

Finally, using Alexandrov reflection principle for surfaces with constant mean curvature and follow-
ing the ideas given in [HLR], we get some geometric properties of properly embedded surfaces without
boundary.

2 Main Results

Throughout this paper we will deal with a 3-dimensional ambient spéce R given by the product of
a Riemannian surface without bounda and the real linéR. In particular, the homogeneous spaces
R3,S% x R andH? x R are contained in this family of manifolds.

Let us denote byy,. the metric ofMI2. Then the metric oM? x R is given by(, ) = gme + dt.

Let us consider now a surfacgand an immersion : S — M? x R of mean curvaturé? and
Gauss mapV. If we take a conformal parameteifor the induced metric o' via ), then the first and
second fundamental forms can be written, respectively, as

I = \|dz|?
II = pdz? + \H|dz|*> + pdz?, (21)

wherepdz? = <—V%N, 37> dz? is the Hopf differential ofy) andV is the Levi-Civita connection of

M2 x R.
Letm : M2 x R — M? andmy : M? x R — R be the usual projections. If we denote by
h : S — R the height function, that iy(z) = m2(¢(z)), andv = (IV, %>, then we have:



Lemma 2.1. Given an immersiom : S — M? x R, the following equations must be satisfied:

h = A0 (2.2)
h,, = Tzhz—&—pl/ (2.3)
h.: = %AHV (2.4)
v, = —th—gphg (2.5)
pe = 5(H.+kvh) (2.6)

wherek(z) stands for the Gauss curvaturelP at 7 (¢(z)).

Proof. Let us write

0
¢ _T4+uN
a7

whereT is a tangent vector field of. Since% is the gradient ifM?> x R of the functiont, it follows
thatT is nothing but the gradient éfon S.
Thus, from (2.1), one gef8 = %(h: 2 + h.2-) and so

_0 9, _ 2 _ AR o
that is, (2.2) holds.
On the other hand, from (2.1) we have
0 A O
Vea: = xa PN
\Y 9 _ 1/\HN (2.7)
=0z 2 '

o 2 0

The scalar product of these equalities V\%hgives us (2.3), (2.4) and (2.5), respectively.
Finally, from (2.7) we get

d 9
(Vo Vo = —VaVo —

1
0z o9z Oz 9z oz 8z’N> - pg_i/\Hz'

Hence, using the relationship between the curvature tensors of a product manifold (see, for instance,
[O, p. 210]), the Codazzi equation becomes

1 1
5)\]€th = pg—iAH;”

that is, (2.6) holds. ]



It should be observed that the equations given in Lemma 2.1 are the integrability equations in the
case of a surface i x R andH? x R, see [FM] and [D].

Now, in order to obtain some height estimates, let us first describe the only topological spheres with
constant mean curvature which can be embedded in the homogeneous product spaces.

Let us consider the 2-dimensional hyperbolic space of curvatdr®

1
Hz(c) = {(x1,x2,23) € R? —x% —i—x% + w% = x1 >0}

with the metric induced by the quadratic forralz? + dz3 + dx3. Let us also consider the 2-dimensional
sphere of curvature > 0

1
S*(c) = {(z1,22,23) € R : 2} + 23 + 23 = E}

with the metric induced by the standard Riemannian metri@of

It is well-known that the only topological sphere with constant mean curvéfure0 which can be
immersed inR® = R? x R is the totally umbilical sphere of radiug H.

Regardingd?(c) x R andS?(¢) x R, it was shown by Abresch and Rosenberg [AR] that the only
such surfaces are the Hsiang and Pedrosa spheres which, up to congruences, can be parametrized as
follows:

e ForH?(c) x R, givenHy > 1/2, let us take the revolution surface which results when we turn the

curvea(t) = \/1::(00811 k(t),sinh k(t),0,h(t)), —1 < t < 1, around the axi$(\/%7,0,0)} x R,
with

[1-¢2 4 H, t
k(t) = 2arcsinh —_— h(t) = ——x= in{——|.
(t) arcsin ( 4Hgl)’ (t) 71 arcsin (2H0>

This surface has constant mean curvatire= /—c Hy and the height difference between its
upper point and its lower point is

8H . \/ —c
—\/m arcsin 57 )

e With regard td§2(c) x R, givenHy > 0, let us take the revolution surface which results when we
turn the curvex(t) = %(— cosk(t),sink(t),0,h(t)), —1 <t < 1, around the axis@(\%, 0,0)} x
R, with

2 Hy ) 4 Hy ) t
k(t) = 2arctan , h(t) = ———= arcsinh .
W <\/1—t2 () VAHE+1 («/1+4H§—t2>

This sphere has constant mean curvafire- \/c Hy and the height difference between its upper

point and its lower point is
8H
————— arcsinh ﬁ .
VadcH? + c? 2H
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Observe that these surfaces are characterized by the fact that the Abresch-Rosenberg differential
Qdz* = (2Hp — ch?)dz?,

wherez is a conformal parameter, vanishes identically on them [AR]. Thatis, an immersion with constant
mean curvaturé! > 0 (H > \/—c/2 whenc < 0) in a homogeneous product space such ¢hat 0
must be a piece of one of the complete spheres described above.

Bearing that in mind, we can establish the following optimal estimate for the maximum height that a
surface with constant mean curvature can rise on abfite {t}.

Theorem 2.1. LetX C M? x R be a compact graph on a s&t C M?, with constant mean curvature
H > 0 and whose boundary is contained on the slidé x {0}. Letc be the minimum of the Gauss
curvature on2 C M2. Then the maximum height thgtcan rise onM? x {0} is

4H . [(V—c ) v —c
\/ﬁ arcsin <2E[> ’Lf c < 0 and H > 9 5
1
E Zf CcC = O,
AH NG
——————arcsinh [ —— Zf c> 0.
VdcH? + ¢? (2H>

Moreover, if the equality holds, the has constant Gauss curvatuteand the Abresch-Rosenberg
differential vanishes identically ok. In particular, > must be a hemisphere of a complete example
described above ¥1% x R is a homogeneous space.

Proof. We can assume, without loss of generality, thalies over the slicéM? x {0} and sov < 0
everywhere. Moreover, in order to simplify the proof, we will suppose dhigt-1,0 or 1. To do that it
is enough to consider, if # 0, the new metric oM x R given by the quadratic forre| gy + dt? and
the surface’ = {(z,/]c[t) € M? x R : (z,t) € X} which has constant mean curvatuig,/|c|.

By differentiating (2.5) with respect toand using (2.3), (2.4) and (2.6), one gets

2 H?
v = —kvl|h|* - XMQV_ 7/\%
Then, from (2.2),
A 8 |p|?
Vs = _T” (k:(l -2+ L@' +2H2>. (2.8)
In addition, from (2.5)
4‘]9’2 ’hz‘Q 2H _
ol = =g+ HP |hol + =~ (phZ + P RY),

and taking into account that

QP = 4H2p]? + |h.|* — 2c H(ph% +ph2),

5



we obtain, using also (2.2), that

= (B D) 0oy § (st a2y -08) o)
whenc # 0.
Now, let us defineb as the map o given by
¢ = h+g(v), (2.10)
where the functio will be chosen later. Then we have
G2z = oz + g (Vs + "W). (2.11)

Let us distinguish the cases= 0 andc # 0 separately. First, if = 0 we takeg(s) = s/H. Thus,
one gets from (2.4), (2.8), (2.11) akd> 0

9 2
bus = _I’;< ’f' +k|hz\2> > 0. (2.12)

On the other hand, i # 0, from (2.4), (2.8), (2.9) and (2.11)

2
b = ~SIQR W)+ 2 (= ae B ) ~ 205 0) +
(2.13)

PO (SHY — H 4 K1~ ) (0) + AH (1) + (1= 1)) ().

We choosgy to make the coefficient of thig|? term vanish ang’ > 0. Hence, the derivative af is
only determined up to a positive constaing

) = et
g 1H? +c(1—12)
and so we have
(v) = — M0 aresin ( Y > if c=-1
g VAH? -1 VAH? =1+ 12 ’
Mg . v .
V) = —— arcsinh if ¢c=1.
9(v) V4H?+1 <\/4H2—|—1—1/2>
By usingk > ¢, we get from (2.13)
8H 2 A
bu > - QR A G ). (2.14)

A4 H? 4+ ¢(1 —v?)) 8

Therefore, takingny = 4 H one hasp,; > 0.



Consequently, for every value efve have that < 0 on the boundary of our surfaé: and, since
¢,z > 0, it follows that the Laplacian of verifies thatA¢ > 0 on X. Thereforegp < 0 everywhere on
3. Thus, by using thag is strictly increasing one has

h < —g(v) < —g(-1),

as we wanted to prove.

Finally, observe that if the maximum height is attained at a point theanishes identically oix.
But, from (2.2) and (2.4)\h.| cannot vanish on an open setf or equivalentlyr # 1 on an open set,
becausdd > 0. Thus, it follows from (2.12) and (2.14) that= c and(@ = 0. O

Remark 2.1. In [HLR] height estimates were given for &l > /—c/2 whenc < 0. Here, we have
sharp bounds for alH > /—c/2 andc < 0.

In addition, the requirementl > \/—c/2 whenc < 0 is essential, because there exists a revolution
surface inH?(¢) x R with H = \/—¢/2 which is a graph o such that the height function attains a
minimum but not a maximupAR].

As a standard consequence of the Alexandrov reflection principle for surfaces of constant mean
curvature with respect to the slicB® x {t,}, we have the following corollaries (see [HLR]).

Corollary 2.1. Let ¢ be the infimum of the Gauss curvature ldi¥ and ¥ C M? x R an embedded
compact surface with constant mean curvattire> 0 (H > /—c/2 if ¢ < 0) and boundary contained
on the sliceM? x {t,}. Then the maximum height thetcan attain onM? x {to} is

H /—
48}122 arcsin (2;> ’l/f c < O,
—4cH? —c¢
2
T if c¢=0, (2.15)
8H Ve
—————arcsinh [ =— | if ¢>0.
V4cH? + 2 <2H>

Corollary 2.2. Letc be the infimum of the Gauss curvatureMii and> C M? x R a properly embedded
surface without boundary and with constant mean curvatiire 0 (H > /—c/2if ¢ < 0). Then

e If X is compact, the height difference between its upper point and lower point is less than or equal
to the one given b§2.15)

e If X is not compact and/? is compacty. must have at least one top end and one bottom end.

These corollaries are an improvement of the corresponding ones given by Hoffman, de Lira and
Rosenberg [HLR], but their proofs are analogous to those.
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