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Abstract. In this paper we study complete orientable surfaces with a constant principal curvature R in
the 3-dimensional hyperbolic space H3. Thus, we prove that if R? > 1, such a surface is totally umbilical
or umbilically free and it can be described in terms of a complete regular curve in H?. When R? < 1, we
show that this result is not true by means of several examples, which contradicts a previous theorem by
Zhisheng [6].
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1 Introduction and Statement of Main Results

Let L* be the 4-dimensional Lorentz-Minkowski space, that is, the real vector space R* endowed
with the Lorentzian metric tensor (,) given by

<a> = dx% + d:E% + dxg - dx?lv

where (21, 2,73, 74) are the canonical coordinates of R*. The 3-dimensional unitary hyperbolic
space is given as the following hyperquadric of L#,

H? = {(z1,29,23,24) € R* 1 27 + 23 + 23 — 27 = —1, 24 > 0}.

As it is well known, H? inherits from L* a Riemannian metric which makes it the standard model
of a space form with constant sectional curvature -1.

Throughout this work, we let M be a 2-dimensional connected complete orientable Riemannian
manifold of class C*°. We will denote by v : M —H? C L* an isometric immersion of M into H?,
and by N its (globally defined) Gauss map. We will also denote by A1, A2 the principal curvatures
of M associated to N.
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The global study of the curvatures of surfaces in space forms is intended to determine what sur-
faces have the simplest behaviour of their curvatures. Our aim is the study of complete orientable
surfaces with a constant principal curvature in H3.

For the case of complete orientable surfaces with a zero principal curvature in the Euclidean
space E3, Hartman and Nirenberg [1] proved in 1959 that they are cylinders on a complete planar
regular curve (see also [3] and [5]). Later, in 1970, Shiohama and Takagi [4] showed that a complete
orientable surface with a constant positive principal curvature in E3 is either totally umbilical or
else umbilically free.

Following the ideas of Shiohama and Takagi, Zhisheng [6] stated in 1989 that every complete
orientable surface in H? with a constant principal curvature R is totally umbilical or umbilically
free. Unfortunately, this result is false, as the examples of Section 2 become plane. Actually, the
above result is only true if R? > 1. Even more, in this case the surface can be described as follows:

Theorem 1 Let 1) : M—H? be a complete orientable surface with a constant principal curvature
R such that R?> > 1. Then (M) is a totally umbilical round sphere or umbilically free. In the
second case the surface can be described as

1

Y(x,y) = N

(=Ra(y) + cos(z)vi(y) + sin(z)va(y)) (1)
where o is a C* complete reqular curve in H® and {v1(y),v2(y)} is an orthonormal frame of the
normal plane along o.

Conversely, given a regular curve o in H?, (1) defines an umbilically free orientable immersion
in H? with a constant principal curvature R such that R% > 1.

Moreover, if the surface is compact we prove

Theorem 2 Let ¢ : M—H?3 be a compact orientable surface with a constant principal curvature
R. Then R% > 1 and (M) is a totally umbilical round sphere or an (umbilically free) torus which
can be described as

1

Y(x,y) = N

(=Ra(y) + cos(z)vi(y) + sin(z)va(y))
where a is a O closed regular curve in H® and {v1(y),v2(y)} is an orthonormal frame of the
normal plane along o.

2 Examples

Recall that given a Riemannian metric I and a symmetric (2,0)-tensor 11 on a simply-connected
2-dimensional manifold M, if I and I satisfy the Gauss and Mainardi-Codazzi equations of the
hyperbolic space H?, then there exists an only immersion (up to an isometry) ¢ : M —H? such
that I and I are its first and second fundamental forms, respectively.

In the following example we construct a family of complete orientable surfaces in H? with
umbilical and non umbilical points, and a constant principal curvature R = 1.



Example 3 Let us consider M = R? and 1)), the only immersion (up to an isometry) with first
and second fundamental forms given by

9 2
I, = da® + (14—%@)) dy?

II, = da® + (1 + @) (1 + (‘%2 - 1) h(y)) dy?

respectively, where h : R—R is a non negative C'*° function which vanishes at some point. Since
I, > dz? + dy?, the immersion v, is complete, with principal curvatures

_ 2h(y)
2+ 22h(y)’

and

1 and

Thus, the set of umbilical points is = {(x,y) : h(y) = 0}.

It is worth pointing out that the interior of {2 may be non empty. [ |

Next we are going to construct a family of complete orientable surfaces in H? with umbilical
and non umbilical points, and a constant principal curvature 0 < R < 1.

Example 4 Let us consider again M = R? and 1g 5, the only immersion (up to an isometry) with
first and second fundamental forms

2
IR,}L _ dx2 T (Rh(y) + e\/l—R2x) dy2

1— R2
and
(h(v) + RO = B3)eVTF =) (Rhy) + (1~ B2)eV T2
(1 - R2)?
respectively, where h : R—R is a non negative C'*° function which vanishes at some point,

and 0 < R < 1. Since Igy > dz? + eV I=R%zdy2 the immersion vy, is complete, with principal
curvatures

IIrp, = R da?* + dy?

h(y) + R(1 — R?)eV1-F*=
Rh(y) + (1 — R2)eV1i-FPa’
Hence, the set of umbilical points is Q = {(z,y) : h(y) = 0}.

R and

As above, note that this surface can meet a totally umbilical surface in an open set. [ |

3 Proofs of Main Results

Let ¢ : M? — H3 C L* be a complete surface in H? with a constant principal curvature \; =
R > 0 (up to a change of orientation). If there exists a non umbilical point p € M, then we can
consider local isothermal parameters (u, v) in a neighborhood U of p without umbilical points, such
that

(dp, dip) = E du® + G dv?

(dip, —dN) = RE du?® + X\oG dv?



where the principal curvature Ay # R. Then, the structure equations are given by

E, E

wuu:ﬁwufﬁwv+REN+Ew
E, Gy,
wuv—ﬁwu'*'ﬁwv
Gy Gy
wvv—_ﬁ wu‘f'ﬁwv‘i‘)@GN“‘Gw
Nusz@Z)u
Nv:*A2 wv

and the Mainardi-Codazzi equations for the immersion ¢ are

(R—X)E, = 0
(R =) 2t £ (R—Ag)u =0
22G 2)u — Y.

Since A2 # R, the coeflicient E does not depend on v, that is, E = E(u). If we consider the new

parameters
x:/\/E(u) du, y=v

the structure equations become

Gy
¢:cy = ﬁ wy
Gy G 2
Nx =-R '(/)1
Ny = —X2 9y

and the Mainardi-Codazzi equation is

(=) g + (R =) =0, )

whence the Gauss equation results

(%)er(S—é)QlR/\glR()\gR)RQ. (4)
Thus, if we take .
YT R
we obtain from (3) and (4) that



Poz = ((2%)1 - (%)2> =R+ (1-Rp. (5)

Let 74 be the maximal integral curve passing through a point ¢ = ¢(zo,yo) € U for the principal
curvature R. Then, from (2) it follows that v,4(t) = ¥(z, +t, yo) satisfies

(Yg)tr = R(N 07g) + 4
(N ovg)i = —R(vg)t

so that v, is a geodesic curve, which is a solution of the differential equation
(Va)e + (R2 = 1)vq = Rwo

for a vector w, € L*. Therefore, v, is given by

'yq:cos< RQflt)lersin( RQflt)wng%wo when R > 1 (6)
Lo
'yq=w1+tw2+§two when R =1 (7)
. R
’yq:cosh( 1—R2t)w1+s1nh( 1—R2t>w2+ﬁwo when 0 < R<1 (8)

for suitable vectors wy, ws € L2,

From (5), the principal curvature Ay can be calculated on v, as

~1

R)\2<acos( R271t>+bsin( R21t>+%> when R > 1 9)
1 ~1

R)\2<a+bt+§t2> whenR:1 (10)

-1
R— )= (acosh( 17R2t)+bsinh( 1R2t)+%> when 0 < R <1 (11)

for real constants a, b.

Hence, if ~4(¢1) is the first umbilical point on 74, we obtain from (9), (10), (11) and the
continuity of s that

0=R—A2(yq(t1)) = lim R —Aa(74(t)) # O,

which is a contradiction. Therefore, there is not any umbilical point on +y,. Moreover, since M is
complete it follows that the geodesic 7, is defined for all ¢t € R.

Let U be the connected component of non umbilical points containing p. Note that U is an
open set, and from the above reasoning, can be parametrized by (z,y) € (—o0,00) x (81, f2) for
certain 3, B2, where —oco < 31 < (B2 < o0, so that, since R > 1, the immersion can be expressed
from (6) as

P(z,y) = cos (\/ R2 -1 x) w1 (y) + sin (\/ RZ-1 x) wa(y) + % Wo(Y) (12)



Let us suppose now that there exists an umbilical point ¢ € 81/)((7). Then there exists a sequence
of points ¢, = ¥(z,,y,) tending to g, being (z,,y,) € [0,27/vR? — 1] x ($1,B2). Therefore the
sequence of compact geodesics 7, of length 27/v/R? — 1 passing through ¢,, associated to the
principal curvature R, converges to a compact geodesic v passing through ¢ which is also a line
of curvature for the eigenvalue R.

Now, from the above argument, it is sufficient to prove that there exists a non umbilical point
on vz In fact, from (9), we are able to choose a point p, € 7, such that A2(p,) = 1/R # R.
Finally, from an argument of compactness, there exists a subsequence {px} of {p,} converging to
a non umbilical point p € ;.

Consequently M is umbilically free or totally umbilical.

Observe that (12) can be rewritten as

Y(z,y) = L (—Ra(y) + cos (\/ R? — 130) v1(y) + sin (\/ RZ-1 a?) ’Ug(y)>

R2 -1
where

o w = VR 1wy, vy = V1w

From the expressions of ¢ and ¢,,, the Gauss map N can be calculated using the first equation
in (2). Thus, since (¢,v) = —1, (Yg,%z) = 1, (N, N) = 1 and they are mutually orthogonal, it
follows that {«, vy, v2} are orthogonal, and (o, a) = —1, (v1,v1) = 1 and (va,ve) = 1.

On the other hand, since v, is orthogonal to 1,1, and N, we get that
o =poP, vy =mP, vy =P,

where P is the vectorial product of a, v; and v in L#, and p,, p1, p2 are C* functions. Hence,

o (Yy,y) = ﬁ (—Ruo + cos (\/ R2? — 1x> 1 + sin (\/ R? — 1x> ug)Q

and it is positive, it follows that p, # 0 and therefore « is a regular curve with tangent vector
P. In particular, {v1(y),v2(y)} is an orthonormal frame of the normal plane along «. Finally, the
completeness of a follows from the completeness of M.

The converse is a straightforward computation, which finishes the proof of Theorem 1.

On the other hand, if M is compact the cases (7) and (8) are not possible, that is, necessarily
R > 1. Moreover, if M is not totally umbilical then from Theorem 1 we have that M is umbilically
free. Now, the Poincaré Theorem ([2, Theorem II, p. 103]) allows us to state that M is a torus
since the field of line elements associated to the principal curvature R has not got any singularity.

Besides, M is foliated by the geodesic circles in H? associated to the principal curvature R
with center o. Therefore, « is a closed curve and Theorem 2 follows from Theorem 1.
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