Math. Ann. 316, 419-435 (2000) :
© Springsr veriag 2000 Mathematische Annalen

Flat surfaces in the hyperbolic 3-space
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Abstract. In this paper we give a conformal representation of flat surfaces in the hyperbolic 3-

space using the complex structure induced by its second fundamental form. We also study some
examples and the behaviour at infinity of complete flat ends.
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1. Introduction

Second order partial differential equations that arise in the context of some differ-
ential geometric problems are of special interest when they can be solved interms
of holomorphics data on a Riemann surface. One of the most famous examples
is the equation of minimal surfaces in the Euclidean 3-sf&cghose holomor-
phic representation is the well-known Weierstrass-representation which plays
an important role in the study of these surfaces (see [7]). In 1987 R. L. Bryant
showed that a "holomorphic resolution” like the Weierstrass-representation also
holds for surfaces of constant mean curvature 1 in the hyperbolic 3-&pace
(see [2] and [9]). Perhaps the most important key in his study is, as in the case of
minimal surfaces ifR3, that the hyperbolic Gauss map is a conformal map into
S2, when one considers on the surface the complex structure determined by the
induced metric.

Another interesting partial differential equation that could be solved using
holomorphics data, (see [5], [6] and [8]), is the following Monge-Aarepiype
equation

¢xx¢yy - ¢5y =1

which arises in the study of the second fundamental form of flat surfad@3 in
and some surfaces in Affine Differential Geometry.
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In this paper we start to study flat surfacedihiwith the complex structure
determined by its second fundamental form.

Thus in Sec. 2, we prove that the hyperbolic Gauss map on a flat surface in
H? with the above mentioned complex structure is a holomorphic m&pand
we show that an analogue to Weierstrass’and Bryant's representations also holds
for this kind of surfaces.

In Sec. 3, parallel surfaces of a flat surface and revolution flat surfaces are
described using this conformal representation.

In Sec. 4, we give a new proof of the Volkov-Vladimirova's and Sasaki’'s
theorem about the classification of complete flat surfacé&&®inVe also show
that a complete end of a flat surface is conformal to a disk minus a point. When
the hyperbolic Gauss map can be extended holomorphically to this point, the end
is calledregular. Using our conformal representation we prove that regular ends
can be constructed by solving an ordinary differential equation with a regular
singularity.

Finally in Sec. 5, we study embedded ends and obtain a necessary and suf-
ficient condition for a regular end to be embedded. We also prove that regular
ends have the same behaviour at infinity as flat revolution surfaces.

2. Conformal representation of a flat surface inH?

LetLL* be the Minkowski 4-space endowed with linear coordinatgsx1, x, x3)
and the scalar product, ., . > given by the quadratic formx3 + x2 + x3 + x3.
The hyperbolic 3-spacéd]?, is the simply connected Riemannian 3-manifold
with sectional curvature-1, which is realized as the hyperboloid

HE = {(x(), X1, X2, X3) € IL4/ —xé—l—x%—{—xzz—{—x% =-1, x> 0}

with the induced metric fron.*.
Let N3 denote the positive null cone, that is

N® = {(x0, x1, x2, x3) € L/ —x§ + xf + x5 +x5 =0, xo > 0}.

If one considers for alb € N2 the halfline[v] spanned by, then the ideal
boundaryS?2, of H® can be regarded as the quotientNt under this action.
Thus the induced metric is well-defined up to a factor Shdnherits a natural
conformal structure as the quotiéft/R+.

We consideE.#identified with the space ofi22 Hermitian matrices, Herm(2),
by identifying (xo, x1, X2, x3) € L% with the matrix
(;oj_xs x1t1x2>. M
1—IX2 X0 — X3
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Under this identification, one has m, m >= —Det(m), for all m € Herm(2),
and the complex Lie grougL (2, C) of 2 x 2 complex matrices with determinant
1 acts naturally ofi.* by the representation

g-m=gmg",

whereg € SL(2,C) , g* = g andm € Herm(2). ConsequentlySL(2, C)
preserves the scalar product and orientations. The kernel of this adtiblp}sC
SL(2,C) andPSL(2, C) = SL(2, C) /{£I,} can be regarded as the identity
component of the special Lorentzian gré&@(1, 3). This action can be restricted
to H® as an isometric and transitive one. ThHs,is recognized as the space of
unimodular positive definite 2 2 Hermitian matrices.

The spacé\® is seen as the space of positive semi-definite 2 Hermitian
matrices of determinant 0 and its elements can be writter' @aswhere’a =
(a1, ap) is a non-zero vector ift? uniquely defined up to multiplication by a
unimodular complex number. The mapa— [(a1, a2)] € CP* becomes the
quotient map ofN® on S2, and identifiess2, with CP*. So the natural action of
SL(2, C) onSZ, is the action of SL(2, C) on CP* by Mdbius transformations.

Now, we denote by a simply connected surface agd : M—H? an
immersion with flat induced metriés? =< dvy, dy >. Then, there exists an
isothermal coordinate immersiard- iy : M—C such that

ds? = dx? + dy?, (2)

and if  is an unit normal vector field to the immersion, a straight calculation
gives the following structure equations

Ve = En+ 9,
v/xy = F77,
Wyy =Gn+v, (3)

Nx = _wa - Fwy’
ny =—Fy — Gy,

whereE, F andG are smooth functions o and by(-), and(-), we shall
denote the usual partial derivatives with respeot emdy, respectively.

Using the Gauss’ and Codazzi-Mainardi’s equations we ive- F2 =1,
E, = F, andF, = G,. Hence, asV is simply connected, there exists a well-
defined functionp on M suchthatt = ¢.., F = ¢.,, G = ¢,, and the second
fundamental form of the immersion is given by

do? = ¢ dx? + ¢y, dy? + 2¢,,dx - dy, (4)

with
DrxPyy — ¢§y =1 (5)
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Throughoutthis paper we shall regaas a Riemann surface with the conformal
structure determined by the second fundamental fésrh

From (5), we can choosgsuch that,, > 0 and consider the new coordinate
immersion

z=u+iv=(x+¢)+i(y+e). (6)
Then, a straight computation gives
_ 1 + ¢yy _ ¢xy
[l e by VT et by ¥
(7)
_¢x 1 + ¢xx
wv - wx + —Wy-

T 24ty 24 Gt by
Now, from (3), (4), (5), (6) and (7) we have
1

do?= ——
2+ hux + By

|dz|” (8)
and

(lﬁ - n)u = wx’ (lﬁ - n)v = %- (9)
Thus, from (2), (6), (8) and (9},: M — C is a conformal coordinate immersion
and[y — n] : M—S?Z is a conformal map, which induces du the flat

Riemannian metri¢dz|?.
Moreover, from the above expressions, we obtain

1+ ¢y, 14 ¢yr
— Nuu = +
W= eV 2646,
1 XX l Y
W =y = ot P IH Py

n
2+ ¢xx + ¢yy 2+ ¢xx + ¢yy

and by using standard notations of complex analysis, one(ljas 4) - = ¥ +n
and the immersiony is given by

1
V=50 =420 =)z (10)

Now, let A, B : M—C be global holomorphic functions oM such that
[v — n]is represented d$A, B)] € CP! = S2 , then

A — AA AB
‘”_"_)‘(B>(Z’B)_A(ZBBE>’
for some positive function € C*(M). Thus, from (2), (6) and (9), one gets

1 1, 2
5 =< = (b =nz>=A"|AB: — BA,|



Flat surfaces in the hyperbolic 3-space 423

and asAB, — BA, does not vanish on the simply connected surfsethere
exists a holomorphic functioR : M —C with R? = AB. — BA.. Hence, we

can write _
ccch
w_”_Z(EDD5>’
whereC = A/(v/2R) andD = B/(~/2R). Consequently, from (10), we have
the following expression for the immersion

= <C5+4CZC_Z c5+4CZE)

= =z - -z 11
CD+4C,D, DD+ 4D,D, (11)
and for its unit normal

_(—-CC+4c.C, —CD +4C.D,
"=\ _¢p+4c.p, -DD+4D.D. )"

If we consider the functiorf : M—C defined by

f — ¢yy - ¢xx + 2i¢xy
24 dux + byy

then, from (3), (7) and (9), we obta(wr + 1), = f (¥ — n)z and

o(CC DY _ (€T .
CZDZZ DZZDZ CZD DDZ .

As C, and D, cannot vanish simultaneously, we have

(12)

: (13)

1 1
Cp = chs D, = ZfD (14)
Thus, from (5), (13) and (14); is a holomorphic function which satisfies

fl <1 (15)

Finally, from (11) and (14), the immersiop can be recovered ag = gg*,
whereg : M— SL(2, C) is a holomorphic immersion given by

«=(b2n) o

gildg = <2 é) w an

such that

ando = 3dz.
Moreover, using (2), (4), (8), (13), (15) and (17), we have that the induced
metric and the second fundamental form can be written, respectively, as

ds? = fo? + fo* + (L+ | f1P) lol?,  do?=(1-|fP)|wl®.  (18)
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On the other hand, if : M— SL(2, C) is a holomorphic immersion with
Y = gg*, then there exists a holomorphic mgp: M—SU(2) € SL(2, C)
suchthag = ggo, whereSU(2) = {m € SL(2, C)/ mm* = I,}. Thus(gg), = 0
andgo must be constant.

From the above considerations, it is not difficult to prove the following
Theorem 1. (Conformal representation)

i) Let M be a simply connected surface afid M —H? a flat immersion. If on
M we consider the conformal structure determined by the second fundamental
form of ¢, then there exists a holomorphic immersgpn M — SL(2, C) and
a pair (f, w) consisting of a holomorphic functigfiand a holomorphid-form
® on M such that:
a)|f| < landw # 0 everywhere,
b) (17) is satisfied,

C) ¥ =gg",
d) the induced metric and the second fundamental formi afe given by
(18).

Moreover,g is unique up to right multiplication by a constagg € SU(2).

ii) Conversely, letM be a Riemann surface and: M— SL(2, C) a holo-
morphic immersion such that—'dg is as in (17) and (15) is satisfied. Then
vV = gg* : M— M3 is a flat immersion which has induced metric and second
fundamental form given by (18).

Definition 1. The pair (f, ) in the above Theorem will be called th'éeier-
strass dataassociated to the conformal representation of the flat immersion.

If we consider the Weierstrass ddté ) and the holomorphic immersign
written in an arbitrary complex parameteas(f(¢), h(¢)d¢) and

_(CE
§=\prFr)
then, from (14), (16) and (17), one has tidaand D are linearly independent
solutions of the ordinary linear differential equation
X —h—§X —fh’X =0 (19)
¢ e -

and
1 1
E_;_lCC’ F_—hDéu.

Conversely, ifC and D are linearly independent solutions of (19) such that

1
l—l(CDg - DCg) =1,
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_ (€ ¢

determines a flat immersion with Weierstrass dat&), 1 (¢)d¢).

Moreover, if A and B are other solutions of (19) under the previous condi-
tions, then the flat immersion associated wittand B is, up to isometries, the
immersion associated witfi and D.

then

Theorem 2. Let N be an oriented and connected surface andN —H? an
immersion such that its second fundamental form is positive definite for a choice
of the unit normal vector fielg. If on N we consider the conformal structure
induced by the second fundamental form, then the immeligiom] : N—>S2,

is conformal if and only if either the induced metric pyon N is flat or ¢ is
totally umbilic.

Proof. Let p € N and{E,, E,} a smooth orthonormal basis in a neighbourhood
of p that diagonalizes the metric associated to the second fundamental form
in p, thatis

O’(Ei,Ej):hij(Sij, l,] S {1, 2}

Then[¢ — n] is a conformal map if and only if

(1 — h19)? _ (1 — hpo)?

hi11 h2s

forall p € N, or equivalently
(h22 — h11) (1 — h1ah2p) = 0.

Let K., (p) = h11(p)h22(p) be the extrinsic curvature of € N. Then the
setN' = {p € N/ K...(p) # 1} is an open subset in N angly is totally
umbilic. SoK,,, is constant on each connected componer¥cind hence on
its closure. Thug is either totally umbilic or a flat immersion.

Definition 2. The immersion&* = [y +n] : M—>S2, andG~ = [y — ] :
M—>SZ will be calledhyperbolic Gauss maps

From the above definition, one has that for each peiatM, the oriented normal
geodesic emanating from(p) meets the ideal boundaBf, of H® at G*(p)
andG~(p). Moreover, ifyr : M—H? is a flat immersion and we identif§?,
andC U {oo} with the canonical conformal structure, then from (11), (12) and
(20), we can write

dc

G =—, Gt=-—.
dD

= (21)
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3. Some examples

1. Parallel surfaces:

Let M be asimply connected surface apd M — H? aflatimmersion. By using
Theorem 1, we have a conformal coordinate immergion M and Weierstrass
data( f, hd¢) such thaty = gg* with g determined by (19) and (20).

Thus, if we takef, = ¢? f, w, = e "hd¢ and

e 12C Letl2C
8 = f ¢
e 2D Ee’/zDg ’
fort € Rsuchthat f;| < 1, then we obtainy, = g,g* = cosh(t)y + sinh(t)n.

Therefore, the parallel immersion b at a distancé| is the flat immersiony,
with Weierstrass datéf;, ;).

2. Revolution surfaces:

We consider the half-space modellf, that is,R® = {(y1, y2. y3) € R*/ y3 >
0} endowed with the metric

1
dt? = ?(dyf + dy% + a’y%).
3

By identifying (xo, x1, X2, x3) € H® with xoim(xl, x2, 1) € R3, one can write

a revolution surface in hyperbolic 3-space as

¥ (r,0) = (y1(r)cos(0), y1(r)sin(8), ya(r)) (22)

with y1(r) > 0, and choose the parameteas the arc length of the generatrix
curve(y1(r), 0, ya(r)) in Ri. Itis easy to check thak is a flat immersion if and
only if y1(r) = y3(r) (ar + b), with a, b € R, non-zero simultaneously, (see
[3D).

We distinguish two cases:
i) If a = 0, then one sees that- i b0 is an isothermal parameter for the induced
metric onyr. From (3) and (6) one obtains that

b2 1+ 52
z=|1+ r+i<l—|— —;;2 )b@

is a conformal coordinate immersion and making an appropriate change of pa-
rameters (13) gives the following Weierstrass data associated to the immersion

1 1 k
w==dz = —d¢,
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Fig.1.a =0

where¢ € C* andk? = 2b? 4 1. Hence, from (19) and (20), one gets
i«/E ( {1/2 151/2 )

gl) =—= 12 _I%C—l/z

V2

and the corresponding flat revolution surface is, up to isometries,

c(k? -1 2
ICPR2+ D) 2 (k+37) )
One can check that each of these surfaces is the set of points at a fixed distance
from the geodesi€(0, 0, y3) € R3/ y3 > 0}, (see Figure 1).

ii) If a # 0, then one finds thalte!*s(@ 9 +i4f is a local isothermal parameter
for the induced metric oi. Therefore, from (3) and (6) one has

1—a? 1 .
— 1 1 = log(ar+b)+ia6
z ( + +—(ar—|—b)2) ae

and the Weierstrass data associated to the immersion are
f()_l—az I P oy
¢) = T w—ZZ—ZC g,

with ¢ € C* such that f(¢)| < 1. Thus, from (19) and (20), we obtain

Vox(¢) = ( (23)

i é-(a+l)/2 (a_i_l);(lfa)/Z
g() = 72 <§(a—1)/2 (a— 1);—(1+a)/2>
and the corresponding flat revolution surface is, up to isometries,
M;):(“'“ @Dl : 1) (24)
1217+ (a+ D2CIF g+ (a+ DS

We remark that the surfacels, andy_, are isometric. In this sense, one gets a
horosphere when = +1, (see Figures 2 and 3).

In other case, one obtains non-complete flat revolution surfaces which can be
represented by the following figures:
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Ty

Fig4.-1<a<0

Fig. 7.a > 1

4. Completeness of ends

Using the above conformal representation, first we give a new proof of the well-
known classification of the complete flat surfacedi#y obtained by Volkov-
Vladimirova and Sasaki, (see [8]).

Theorem 3. Let M be a connected surface agd: M—H?® a complete flat
immersion. Thens (M) is either a horosphere or the set of points at a fixed
distance from a geodesic.

Proof. We can assume that M is simply connected, otherwise we may pass to the
universal covering surface of M. Hence, with the conformal structure determined
by the second fundamental form, M is biholomorphic either to the unit disk

or to the complex plan€.
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If (f, w) are the Weierstrass data associated with the immersion, then (15)
and (18) give
ds® < 4|a)|2 (25)

and ajw| # 0, M is not of the conformal class of, (see [7]). Thus, M must
be biholomorphic taC and from (15) and (25), we can take Weierstrass data
(c,d?), with ¢ constant and < C. Using (19), (20) and the examples of Sec. 3
we can prove that (M) is a horosphere if = 0 andy (M) is the set of points

at a fixed distance from a geodesic i# 0.

Remark 1.Let M be a connected surface agid: M —H? a flat immersion
such that the Riemannian metric given by the second fundamentalfefris
complete. From (15) and (18)p? < |w|? and using the same argument as in
the proof of Theorem 3, we can also conclude théaif) is either a horosphere
or the set of points at a fixed distance from a geodesic.

Lemma 1. Each complete end of a flat surfaceHi is biholomorphic, with the
conformal structure given by the second fundamental form, to a punctured disk.

Proof. Itis clear from (25), (see [7]).

Lemma 2. LetA* = {¢ e C/0 < [¢| < 1}, ¥ : A*—H3aflatimmersion and
(f(©), w(¢)) Weierstrass data associated with Then there exist real numbers
u andv such that

(A) O<u, v<l, uw—+2vei01,2}
(B) f©Q)=¢" 1) and w(¢) = ¢"wi(?),

with f1 a single-valued holomorphic function on and w; a single-valued
holomorphicl-form onA*.

Moreover, the differential equation (19) is well-defined ahand if ds? is
complete at the origin, thes; has at most a pole there.

Proof. We consider the simply connected §&t = {¢ € C/ Re(¢) < 0}, then
the usual exponential map is a covering map ff@mon A* and the Weierstrass
data are well-defined of£~, but not onA* in general. However, from (18),
[ ], |w| and fw? are well-defined om*.

Hence, from these considerations, there exists a holomorphic fungtion
C~—C such that

FEEFY = e@)f(b), 18 =1,

S0, g is constant ang(¢) = e¥*, V¢ e C~ with u € [0, 1[. In the same
way, one has that there exists: [0, 1[ such thatw (e T27) = 2™ (%) and
e?Highvi — 1 thatis,u + 2v € {0, 1, 2}.
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Thus, we obtain that
fi=¢Hf and w1=¢"w

are single-valued om* and (19) is well-defined om*. As | f| < 1, one con-
cludes thatf; is holomorphic at the origin.

Moreover, ifds? is complete at the origin, using (25), we hal& < 4|w,|?
andw; has at most a pole in 0, see ([7]).

Proposition 1. Let(f, w) be a Weierstrass data of* satisfying the conditions
(A) and (B) in Lemm&. If fw? has at most a pole of ordé& at the origin and

¥ : A*—H?3is an associated flat immersion, then the following conditions are
equivalent:

a) The immersiony is well-defined om*.

b) The hyperbolic Gauss map~ is single-valued.

¢) A fundamental system of solutions of (19y0ris {g)‘a(g), g)‘*’”b(;)} where

a, b are holomorphic functions on, non-zero atthe origing € Nandx, A—m

are the solutions of the indicial equation associated with (19).

Proof. We can write
w=nh)de, ¢eA", withh(C)={¢"hi(2),

wherev € [0, 1[ andA; is a holomorphic function om*.
Thus, one has

o0

h/@-) . k 2 N k
@) —kglpkf , Jo k;;]ké“

where(.)’ denotes”;{%, and the indicial equation of (19) is

2= (p1+1ly—qg2=0. (26)

Let A1, A, be the solutions of (26), then a fundamental system of solutions of
(19) is, (see [4]),

C@)=cMa@), DE)=c*2b)+kC() Log(t),

with a, b holomorphic functions om which are non-zero at the origin and
keC,(k#0if A,y = A2).

Finally, multiplying C or D by a suitable constant, we can assume that
%(CD; —-CD)y=1 and then (20) and (21) give¢ = gg*, up to isometries,
andG~ is, up to Mobius transformations; / D. Thereforey) is well-defined or
G~ is single-valued if and only if; — 1, € Nandk = 0.
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Definition 3. The positive integer: given by the above proposition is called the
multiplicity of the end .

Definition 4. Lety : A*—H? be a flat immersion with complete end at the
origin. The end is calledegular if the hyperbolic Gauss ma@— extends holo-
morphically across the origin.

Theorem 4. Let ¢ : A*—TH-? be a flat immersion with complete end at the
origin and (f, w) Weierstrass data associated with Then the following con-
ditions are equivalent:

a) The end is regular.

b) fw? has at most a pole with order 2 at the origin.

¢) The differential equation (19) has a regular singularity at the origin.

Proof. Since the end is complete, if we write= h(¢)d¢, then%{; has at most

a pole of order 1 at the origin. Therefore, (see [4]), b) and c) are equivalent.

Now, we prove the equivalence between a) and b). Asstfehas at most a
pole with order 2 at the origin, then from the previous proposit@n,is given,
up to a Mdbius transformation, by

G (©)=¢ b @)’

(27)

with a, b holomorphic functions ozt non-zero at the origin and € N. Hence,
the end is regular.

Conversely, by a straight forward calculation, we have that the Schwarzian
derivative of G~ with respect ta; is given by

B d (GO 1[G\
G .t}i=— (2 ) -2 (=—>) = 28
1G4 dc((G)’(;)) 2((G>/(¢)) (8)
_d h’(;))_g(h’(;))z_ (Y2
d;(h@) 2\ gy ) —7OME”

Thus, ifG~ completes holomorphically across the origin, tﬁ(%@% only has
at most a pole of order 1 at the origin and (28) implies b).

A similar result to the above Theorem for CMC-1 surfaces has been proved in

9.

Remark 2.From (27) the multiplicity of the end is the ramification number of
G~ at the origin.
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5. Embeddedness and asymptotic behaviour of ends

Let v : A*—H?® be a flat immersion with regular end at the origin. Up
to isometries, we can assume th@t(0) = 0. Thus, from (27), there ex-
ist a parametet and a positive real number such thatG—(¢) = ¢™ with
teA, ={zeC/|z| <e)}.

If we write w(¢) = h(¢)d¢ and

C(¢) —=C'(0)
g<<>=< ") )

D(%) mD/(é“)

then from (21) and since € SL(2,C) one hasC(¢) = ¢"D(¢) andh(¢) =
—m¢"ID()?, ¢ € A7 = A, — {0}

We takeD(¢) = ¢7d(¢) whered is a holomorphic function non-zero at the
origin. Then from the above considerations and by a straight forward computation

we obtain Fraee) rey(c)
_ (" ¢ —¢ral
0= ( crd(z) —z‘mﬂ”cz(;)) (29)
where
_(m+p)d(¢)+¢d'(g) _pd(@Q) +¢d'(©)
c1(¢) = md ()2 and c2(¢) = TdQE (30)
are holomorphic functions at the origin.
Therefore, (17) gives
__pm+p)d@)? o
L 0m+2p = DEd(©)d'(§) + (2d'(¢)* — d©)d" ) ——
m?d(£)®
and since (15) is satisfied
m+2p <0 and |d(0)|2>% if m+2p=0. (31)

Moreover, if we consider the half-space moﬂél of H3, as in Sec. 3, thetf is
given by

w [S12P1d1? + 2|72 4P eycp 1
V) = (; 2(m+p)| |2 -2 : 22’ 2(m+p)| |2 -2 2 (32)
e PId|*+ || 7*P|er]* || Pd|% + [¢]|74P e
and writing v, + iy, the projection ofyy on the planelly = {(y1, y2, ¥3) €
R3/ y3 = 0}, one has from (30) and (32)
" 111 + (5| TE M ey 1

. _ _ €1, —2(m+2p)
+iYp = == (1-= » A
Y1+ iy |g-|2m |§|2p|d|2+ |é-|—2(m+p)|cl|2 3 ( d Iq )
(33)
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where
1

(A2 + lealPIg [-2me2n

Now, from (31), (33) and (34), one can check tifatt i v, is a local diffeomor-
phism and a proper map from a punctured neighbourhood of the origin on the
exterior of a closed disk. Moreover, since the image of the lggop = 5e%7",

with ¢ € [0, 1] and$ > O sufficiently small, winds around the origim times,

Y1 + iy, is anm-fold covering map. Thus, ik is the circle centered in the
origin with radiusr, for R sufficiently great, theyy = v o (Y1 + i) Loy is

a loop in the cylindef(y1, y2, y3) € R2/ y? + y5 = R?} which moves around

it m times and cuts itself unless = 1.

A(Q) = (34)

From the above considerations we conclude

Theorem 5. Let ¢ : A*—H? be a flat immersion with regular end at the
origin. Then the end is embedded if and only if the multiplicity of the end is
m =1

Remark 3.Ifwe consider aflatimmersiopt : A*— H? with regular embedded
end at the origin then, up to isometries, the end can be regarded in the half-space
model of H® as a graph on the exteri& of a bounded domain ifif,.

Finally, we are going to study the behaviour at infinity of a regular end. First, we
observe from (23), (24) and (30) that (32) is a revolution surface if and only if
d(¢) is constant (even ifr # 1).

Definition 5. Lety, ¢ : A*—H? be flat immersions with regular ends at the
origin. We say thaty andg have thesame behaviour at infinity if and only if
the hyperbolic distance betwen(¢) and ¢(¢) tends to zero wheg tends to
the origin.

Theorem 6. Let ¢ : A*—H? be a flat immersion with regular end at the
origin. Then there exists a revolution flat immersipp : A*— H? with end at
the origin such thaty andyz have the same behaviour at infinity.

Proof. If we take the half-space mod&f of H*, we can assume thatis given
by (32) onA?.
Now, letyz be the revolution flat surface given by

Yr(2) = (Zim (1 _ w|§|2(m+2p)Ao) ,

m|dol?

;|2<’”+P>Ao) (35)
where

1

- 2 4 m+p?) o 20m+2p)
|dol® + Sz ¢

Ag
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anddy = d(0).
Since the hyperbolic distance between two poipfs yi, v3), (v2, y2, y3) €
R3 is

(36)

1_,2y2 1_ 22 1 .2\2
arccosh(l—i—(yl Y7+ 2 — )7+ (03 )’3))

2y3y5
then, by denotings = (Y1, V2, ¥3) andyrg = (Vr1, ¥r2, Yr3), We obtain

(W1 — YrD? + (Y2 — Yr2)* + (Y3 — Yr3)? _
2Yr3Yg3

1

_ ‘é‘|2m _
2|C|_4(m+p)AAO

2 2
_1 |22 |2 A _m+p Ao n A Ao
2 3 Ao m|d0|2 A AO A '

And the proof follows from (30), (31), (36) and the above expression.

2
|| A — S 202D Ag| | |4 (4 — Ag)?

Remark 4.From Remék 3 a flat immersion) : A*—sH?2 with regular embed-
ded end at the origin can be regarded as the graph of a functiarthe exterior
of a bounded domain iffy. Moreover, using (30) and (323,can be written as

lai + g1(y1, yo)|~2+P

gy, y2) = 0%+ 2@ (a2 + g2(y1, y2)) (37)

with

, Iir2n g1(y1,y2) = 0 = , Iirzn 82(y1, ¥2),

y1+y2—>oo yl+y2—>oo

2 41d(0)? )
1L = P 14+2p=0
“ 14 4d@F “~ 1raaop T OtTer
and
1 .
a=1 as if 1+2p<0.

T 1dO)P’

Thus, if we consider (37) and the revolution flat immersion given by (35) with
m = 1, then we obtain that the hyperbolic distance between the poigitéArt)
andyz (A*) with the same projection offy tends to zero at infinity.
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