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Flat surfaces in the hyperbolic 3-space?
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Abstract. In this paper we give a conformal representation of flat surfaces in the hyperbolic 3-
space using the complex structure induced by its second fundamental form. We also study some
examples and the behaviour at infinity of complete flat ends.
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1. Introduction

Second order partial differential equations that arise in the context of some differ-
ential geometric problems are of special interest when they can be solved in terms
of holomorphics data on a Riemann surface. One of the most famous examples
is the equation of minimal surfaces in the Euclidean 3-spaceR

3 whose holomor-
phic representation is the well-known Weierstrass-representation which plays
an important role in the study of these surfaces (see [7]). In 1987 R. L. Bryant
showed that a "holomorphic resolution" like the Weierstrass-representation also
holds for surfaces of constant mean curvature 1 in the hyperbolic 3-spaceH

3,
(see [2] and [9]). Perhaps the most important key in his study is, as in the case of
minimal surfaces inR3, that the hyperbolic Gauss map is a conformal map into
S

2, when one considers on the surface the complex structure determined by the
induced metric.

Another interesting partial differential equation that could be solved using
holomorphics data, (see [5], [6] and [8]), is the following Monge-Amp`ere type
equation

φxxφyy − φ2
xy = 1

which arises in the study of the second fundamental form of flat surfaces inH
3

and some surfaces in Affine Differential Geometry.
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In this paper we start to study flat surfaces inH
3 with the complex structure

determined by its second fundamental form.
Thus in Sec. 2, we prove that the hyperbolic Gauss map on a flat surface in

H
3 with the above mentioned complex structure is a holomorphic map toS

2 and
we show that an analogue to Weierstrass’and Bryant’s representations also holds
for this kind of surfaces.

In Sec. 3, parallel surfaces of a flat surface and revolution flat surfaces are
described using this conformal representation.

In Sec. 4, we give a new proof of the Volkov-Vladimirova’s and Sasaki’s
theorem about the classification of complete flat surfaces inH

3. We also show
that a complete end of a flat surface is conformal to a disk minus a point. When
the hyperbolic Gauss map can be extended holomorphically to this point, the end
is calledregular. Using our conformal representation we prove that regular ends
can be constructed by solving an ordinary differential equation with a regular
singularity.

Finally in Sec. 5, we study embedded ends and obtain a necessary and suf-
ficient condition for a regular end to be embedded. We also prove that regular
ends have the same behaviour at infinity as flat revolution surfaces.

2. Conformal representation of a flat surface inH
3

LetL4 be the Minkowski 4-space endowed with linear coordinates(x0, x1, x2, x3)

and the scalar product,< ., . > given by the quadratic form−x2
0 +x2

1 +x2
2 +x2

3.
The hyperbolic 3-space,H3, is the simply connected Riemannian 3-manifold
with sectional curvature−1, which is realized as the hyperboloid

H
3 = {

(x0, x1, x2, x3) ∈ L
4/ − x2

0 + x2
1 + x2

2 + x2
3 = −1, x0 > 0

}
with the induced metric fromL4.

Let N
3 denote the positive null cone, that is

N
3 = {

(x0, x1, x2, x3) ∈ L
4/ − x2

0 + x2
1 + x2

2 + x2
3 = 0, x0 > 0

}
.

If one considers for allv ∈ N
3 the halfline[v] spanned byv, then the ideal

boundaryS
2∞ of H

3 can be regarded as the quotient ofN
3 under this action.

Thus the induced metric is well-defined up to a factor andS
2∞ inherits a natural

conformal structure as the quotientN
3/R+.

We considerL4 identified with the space of 2×2 Hermitian matrices, Herm(2),
by identifying(x0, x1, x2, x3) ∈ L

4 with the matrix(
x0 + x3 x1 + ix2

x1 − ix2 x0 − x3

)
. (1)



Flat surfaces in the hyperbolic 3-space 421

Under this identification, one has< m,m >= −Det(m), for allm ∈ Herm(2),
and the complex Lie groupSL(2,C) of 2×2 complex matrices with determinant
1 acts naturally onL4 by the representation

g ·m = gmg∗,

whereg ∈ SL(2,C) , g∗ = t g andm ∈ Herm(2). Consequently,SL(2,C)
preserves the scalar product and orientations. The kernel of this action is{±I2} ⊆
SL(2,C) andPSL(2,C) = SL(2,C) /{±I2} can be regarded as the identity
component of the special Lorentzian groupSO(1,3).This action can be restricted
to H

3 as an isometric and transitive one. Thus,H
3 is recognized as the space of

unimodular positive definite 2× 2 Hermitian matrices.
The spaceN3 is seen as the space of positive semi-definite 2× 2 Hermitian

matrices of determinant 0 and its elements can be written asa ta, wheret a =
(a1, a2) is a non-zero vector inC2 uniquely defined up to multiplication by a
unimodular complex number. The mapa ta−→[(a1, a2)] ∈ CP1 becomes the
quotient map ofN3 on S

2∞ and identifiesS2∞ with CP1. So the natural action of
SL(2,C) onS

2∞ is the action ofSL(2,C) onCP1 by Möbius transformations.
Now, we denote byM a simply connected surface andψ : M−→H

3 an
immersion with flat induced metricds2 =< dψ, dψ >. Then, there exists an
isothermal coordinate immersionx + iy : M−→C such that

ds2 = dx2 + dy2, (2)

and if η is an unit normal vector field to the immersion, a straight calculation
gives the following structure equations

ψxx = Eη + ψ,

ψxy = Fη,

ψyy = Gη + ψ, (3)

ηx = −Eψx − Fψy,

ηy = −Fψx −Gψy,

whereE, F andG are smooth functions onM and by(·)x and(·)y we shall
denote the usual partial derivatives with respect tox andy, respectively.

Using the Gauss’ and Codazzi-Mainardi’s equations we haveEG−F 2 = 1,
Ey = Fx andFy = Gx . Hence, asM is simply connected, there exists a well-
defined functionφ onM such thatE = φxx, F = φxy, G = φyy and the second
fundamental form of the immersion is given by

dσ 2 = φxxdx
2 + φyydy

2 + 2φxydx · dy, (4)

with
φxxφyy − φ2

xy = 1. (5)
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Throughout this paper we shall regardM as a Riemann surface with the conformal
structure determined by the second fundamental formdσ 2.

From (5), we can chooseη such thatφxx > 0 and consider the new coordinate
immersion

z = u+ iv = (x + φx)+ i(y + φy). (6)

Then, a straight computation gives

ψu = 1 + φyy

2 + φxx + φyy
ψx − φxy

2 + φxx + φyy
ψy

(7)

ψv = −φxy
2 + φxx + φyy

ψx + 1 + φxx

2 + φxx + φyy
ψy.

Now, from (3), (4), (5), (6) and (7) we have

dσ 2 = 1

2 + φxx + φyy
|dz|2 (8)

and
(ψ − η)u = ψx, (ψ − η)v = ψy. (9)

Thus, from (2), (6), (8) and (9),z : M−→C is a conformal coordinate immersion
and [ψ − η] : M−→S

2∞ is a conformal map, which induces onM the flat
Riemannian metric|dz|2.

Moreover, from the above expressions, we obtain

(ψ − η)uu = 1 + φyy

2 + φxx + φyy
ψ + 1 + φxx

2 + φxx + φyy
η

(ψ − η)vv = 1 + φxx

2 + φxx + φyy
ψ + 1 + φyy

2 + φxx + φyy
η

and by using standard notations of complex analysis, one has 4(ψ−η)zz = ψ+η
and the immersionψ is given by

ψ = 1

2
(ψ − η)+ 2(ψ − η)zz. (10)

Now, letA,B : M−→C be global holomorphic functions onM such that
[ψ − η] is represented as[(A,B)] ∈ CP1 ≡ S

2∞, then

ψ − η = λ

(
A

B

) (
A,B

) = λ

(
AA AB

AB BB

)
,

for some positive functionλ ∈ C∞(M). Thus, from (2), (6) and (9), one gets

1

2
=< (ψ − η)z, (ψ − η)z >= 1

2
λ2 |ABz − BAz|2
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and asABz − BAz does not vanish on the simply connected surfaceM, there
exists a holomorphic functionR : M−→C with R2 = ABz − BAz. Hence, we
can write

ψ − η = 2

(
CC CD

CD DD

)
,

whereC = A/(
√

2R) andD = B/(
√

2R). Consequently, from (10), we have
the following expression for the immersion

ψ =
(
CC + 4CzCz CD + 4CzDz

CD + 4CzDz DD + 4DzDz

)
(11)

and for its unit normal

η =
( −CC + 4CzCz −CD + 4CzDz

−CD + 4CzDz −DD + 4DzDz

)
. (12)

If we consider the functionf : M−→C defined by

f = φyy − φxx + 2iφxy
2 + φxx + φyy

, (13)

then, from (3), (7) and (9), we obtain(ψ + η)z = f (ψ − η)z and

4

(
CzzCz CzzDz

CzDzz DzzDz

)
= f

(
CCz CDz

CzD DDz

)
.

AsCz andDz cannot vanish simultaneously, we have

Czz = 1

4
fC, Dzz = 1

4
fD. (14)

Thus, from (5), (13) and (14),f is a holomorphic function which satisfies

|f | < 1. (15)

Finally, from (11) and (14), the immersionψ can be recovered asψ = gg∗,
whereg : M−→ SL(2,C) is a holomorphic immersion given by

g =
(
C 2Cz
D 2Dz

)
(16)

such that

g−1dg =
(

0 f
1 0

)
ω (17)

andω = 1
2dz.

Moreover, using (2), (4), (8), (13), (15) and (17), we have that the induced
metric and the second fundamental form can be written, respectively, as

ds2 = fω2 + fω2 + (
1 + |f |2) |ω|2, dσ 2 = (

1 − |f |2) |ω|2. (18)
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On the other hand, if̃g : M−→ SL(2,C) is a holomorphic immersion with
ψ = g̃g̃∗, then there exists a holomorphic mapg0 : M−→SU(2) ⊆ SL(2,C)
such thatg = g̃g0, whereSU(2) = {m ∈ SL(2,C)/mm∗ = I2}. Thus(g0)z = 0
andg0 must be constant.

From the above considerations, it is not difficult to prove the following

Theorem 1. (Conformal representation)

i) LetM be a simply connected surface andψ : M−→H
3 a flat immersion. If on

M we consider the conformal structure determined by the second fundamental
form ofψ , then there exists a holomorphic immersiong : M−→ SL(2,C) and
a pair (f, ω) consisting of a holomorphic functionf and a holomorphic1-form
ω onM such that:

a) |f | < 1 andω 6= 0 everywhere,
b) (17) is satisfied,
c)ψ = gg∗,
d) the induced metric and the second fundamental form ofψ are given by

(18).
Moreover,g is unique up to right multiplication by a constantg0 ∈ SU(2).

ii) Conversely, letM be a Riemann surface andg : M−→ SL(2,C) a holo-
morphic immersion such thatg−1dg is as in (17) and (15) is satisfied. Then
ψ = gg∗ : M−→H

3 is a flat immersion which has induced metric and second
fundamental form given by (18).

Definition 1. The pair(f, ω) in the above Theorem will be called theWeier-
strass dataassociated to the conformal representation of the flat immersion.

If we consider the Weierstrass data(f, ω) and the holomorphic immersiong
written in an arbitrary complex parameterζ as(f (ζ ), h(ζ )dζ ) and

g =
(
C E

D F

)
,

then, from (14), (16) and (17), one has thatC andD are linearly independent
solutions of the ordinary linear differential equation

Xζζ − hζ

h
Xζ − f h2X = 0 (19)

and

E = 1

h
Cζ , F = 1

h
Dζ .

Conversely, ifC andD are linearly independent solutions of (19) such that

1

h
(CDζ −DCζ ) = 1,
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then

g =
(
C 1

h
Cζ

D 1
h
Dζ

)
(20)

determines a flat immersion with Weierstrass data(f (ζ ), h(ζ )dζ ).
Moreover, ifA andB are other solutions of (19) under the previous condi-

tions, then the flat immersion associated withA andB is, up to isometries, the
immersion associated withC andD.

Theorem 2. LetN be an oriented and connected surface andϕ : N−→H
3 an

immersion such that its second fundamental form is positive definite for a choice
of the unit normal vector fieldη. If onN we consider the conformal structure
induced by the second fundamental form, then the immersion[ϕ−η] : N−→S

2∞
is conformal if and only if either the induced metric byϕ onN is flat or ϕ is
totally umbilic.

Proof. Letp ∈ N and{E1, E2} a smooth orthonormal basis in a neighbourhood
of p that diagonalizes the metricσ associated to the second fundamental form
in p, that is

σ(Ei, Ej ) = hij δij , i, j ∈ {1,2}.
Then[ϕ − η] is a conformal map if and only if

(1 − h11)
2

h11
= (1 − h22)

2

h22

for all p ∈ N , or equivalently

(h22 − h11)(1 − h11h22) = 0.

LetKext (p) = h11(p)h22(p) be the extrinsic curvature ofp ∈ N . Then the
setN ′ = {p ∈ N/ Kext (p) 6= 1} is an open subset in N andϕ|N ′ is totally
umbilic. SoKext is constant on each connected component ofN ′ and hence on
its closure. Thusϕ is either totally umbilic or a flat immersion.

Definition 2. The immersionsG+ = [ψ + η] : M−→S
2∞ andG− = [ψ − η] :

M−→S
2∞ will be calledhyperbolic Gauss maps.

From the above definition, one has that for each pointp ∈ M, the oriented normal
geodesic emanating fromψ(p) meets the ideal boundaryS2∞ of H

3 atG+(p)
andG−(p). Moreover, ifψ : M−→H

3 is a flat immersion and we identifyS2∞
andC ∪ {∞} with the canonical conformal structure, then from (11), (12) and
(20), we can write

G− = C

D
, G+ = dC

dD
. (21)
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3. Some examples

1. Parallel surfaces:

Let M be a simply connected surface andψ : M−→H
3 a flat immersion. By using

Theorem 1, we have a conformal coordinate immersionζ onM and Weierstrass
data(f, hdζ ) such thatψ = gg∗ with g determined by (19) and (20).

Thus, if we takeft = e2tf , ωt = e−thdζ and

gt =
(
e−t/2C 1

h
et/2Cζ

e−t/2D 1
h
et/2Dζ

)
,

for t ∈ R such that|ft | < 1, then we obtainψt = gtg
∗
t = cosh(t)ψ + sinh(t)η.

Therefore, the parallel immersion toψ at a distance|t | is the flat immersionψt
with Weierstrass data(ft , ωt ).

2. Revolution surfaces:

We consider the half-space model ofH
3, that is,R3+ = {(y1, y2, y3) ∈ R

3/ y3 >

0} endowed with the metric

dτ 2 = 1

y2
3

(dy2
1 + dy2

2 + dy2
3).

By identifying (x0, x1, x2, x3) ∈ H
3 with 1

x0+x3
( x1, x2, 1) ∈ R

3+, one can write
a revolution surface in hyperbolic 3-space as

ψ(r, θ) = (y1(r)cos(θ), y1(r)sin(θ), y3(r)) (22)

with y1(r) > 0, and choose the parameterr as the arc length of the generatrix
curve(y1(r),0, y3(r)) in R

3+. It is easy to check thatψ is a flat immersion if and
only if y1(r) = y3(r) (ar + b), with a, b ∈ R, non-zero simultaneously, (see
[3]).

We distinguish two cases:
i) If a = 0, then one sees thatr + ibθ is an isothermal parameter for the induced
metric onψ . From (3) and (6) one obtains that

z =
1 +

√
b2

1 + b2

 r + i

(
1 +

√
1 + b2

b2

)
bθ

is a conformal coordinate immersion and making an appropriate change of pa-
rameters (13) gives the following Weierstrass data associated to the immersion

f (ζ ) = 1

k2
, ω = 1

2
dz = k

2ζ
dζ ,
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Fig. 1.a = 0

whereζ ∈ C
∗ andk2 = 2b2 + 1. Hence, from (19) and (20), one gets

g(ζ ) = i
√
k√
2

(
ζ 1/2 1

k
ζ 1/2

ζ−1/2 −1
k
ζ−1/2

)
and the corresponding flat revolution surface is, up to isometries,

ψ0,k(ζ ) =
(
ζ (k2 − 1)

|ζ |2(k2 + 1)
,

2

|ζ | (k + 1
k

)) . (23)

One can check that each of these surfaces is the set of points at a fixed distance
from the geodesic{(0,0, y3) ∈ R

3/ y3 > 0}, (see Figure 1).
ii) If a 6= 0, then one finds that1

a
elog(ar+b)+iaθ is a local isothermal parameter

for the induced metric onψ . Therefore, from (3) and (6) one has

z =
1 +

√
1 + 1 − a2

(ar + b)2

 1

a
elog(ar+b)+iaθ

and the Weierstrass data associated to the immersion are

f (ζ ) = 1 − a2

ζ 2a , ω = 1

2
dz = 1

2
ζ a−1dζ ,

with ζ ∈ C
∗ such that|f (ζ )| < 1. Thus, from (19) and (20), we obtain

g(ζ ) = i√
2

(
ζ (a+1)/2 (a + 1)ζ (1−a)/2

ζ (a−1)/2 (a − 1)ζ−(1+a)/2

)
and the corresponding flat revolution surface is, up to isometries,

ψa(ζ ) =
(
ζ (|ζ |a−1 + (a2 − 1)|ζ |−(a+1))

|ζ |a+1 + (a + 1)2|ζ |1−a ,
2

|ζ |a+1 + (a + 1)2|ζ |1−a

)
. (24)

We remark that the surfacesψa andψ−a are isometric. In this sense, one gets a
horosphere whena = ±1, (see Figures 2 and 3).

In other case, one obtains non-complete flat revolution surfaces which can be
represented by the following figures:
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Fig. 2.a = −1 Fig. 3.a = 1

Fig. 4.−1< a < 0 Fig. 5.0< a < 1

Fig. 6.a < −1 Fig. 7.a > 1

4. Completeness of ends

Using the above conformal representation, first we give a new proof of the well-
known classification of the complete flat surfaces inH

3, obtained by Volkov-
Vladimirova and Sasaki, (see [8]).

Theorem 3. Let M be a connected surface andψ : M−→H
3 a complete flat

immersion. Thenψ(M) is either a horosphere or the set of points at a fixed
distance from a geodesic.

Proof. We can assume that M is simply connected, otherwise we may pass to the
universal covering surface of M. Hence, with the conformal structure determined
by the second fundamental form, M is biholomorphic either to the unit disk∆

or to the complex planeC.
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If (f, ω) are the Weierstrass data associated with the immersion, then (15)
and (18) give

ds2 ≤ 4|ω|2 (25)

and as|ω| 6= 0, M is not of the conformal class of∆, (see [7]). Thus, M must
be biholomorphic toC and from (15) and (25), we can take Weierstrass data
(c, dζ ), with c constant andζ ∈ C. Using (19), (20) and the examples of Sec. 3
we can prove thatψ(M) is a horosphere ifc = 0 andψ(M) is the set of points
at a fixed distance from a geodesic ifc 6= 0.

Remark 1.Let M be a connected surface andψ : M−→H
3 a flat immersion

such that the Riemannian metric given by the second fundamental formdσ 2 is
complete. From (15) and (18),dσ 2 ≤ |ω|2 and using the same argument as in
the proof of Theorem 3, we can also conclude thatψ(M) is either a horosphere
or the set of points at a fixed distance from a geodesic.

Lemma 1. Each complete end of a flat surface inH
3 is biholomorphic, with the

conformal structure given by the second fundamental form, to a punctured disk.

Proof. It is clear from (25), (see [7]).

Lemma 2. Let∆∗ = {ζ ∈ C/0< |ζ | < 1},ψ : ∆∗−→H
3 a flat immersion and

(f (ζ ), ω(ζ ))Weierstrass data associated withψ . Then there exist real numbers
µ andν such that

(A) 0 ≤ µ, ν < 1, µ+ 2ν ∈ {0,1,2},
(B) f (ζ ) = ζµf1(ζ ) and ω(ζ ) = ζ νω1(ζ ),

with f1 a single-valued holomorphic function on∆ and ω1 a single-valued
holomorphic1-form on∆∗.

Moreover, the differential equation (19) is well-defined on∆∗ and if ds2 is
complete at the origin, thenω1 has at most a pole there.

Proof. We consider the simply connected setC
− = {ζ ∈ C/ Re(ζ ) < 0}, then

the usual exponential map is a covering map fromC
− on∆∗ and the Weierstrass

data are well-defined onC−, but not on∆∗ in general. However, from (18),
|f |, |ω| andfω2 are well-defined on∆∗.

Hence, from these considerations, there exists a holomorphic functiong :
C

−−→C such that

f (eζ+2πi) = g(ζ )f (eζ ), |g(ζ )| = 1,

so, g is constant andg(ζ ) = e2πµi , ∀ζ ∈ C
− with µ ∈ [0,1[. In the same

way, one has that there existsν ∈ [0,1[ such thatω(eζ+2πi) = e2πνiω(eζ ) and
e2πµie4πνi = 1, that is,µ+ 2ν ∈ {0,1,2}.
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Thus, we obtain that

f1 = ζ−µ f and ω1 = ζ−ν ω

are single-valued on∆∗ and (19) is well-defined on∆∗. As |f | < 1, one con-
cludes thatf1 is holomorphic at the origin.

Moreover, ifds2 is complete at the origin, using (25), we haveds2 ≤ 4|ω1|2
andω1 has at most a pole in 0, see ([7]).

Proposition 1. Let (f, ω) be a Weierstrass data on∆∗ satisfying the conditions
(A) and (B) in Lemma2. If fω2 has at most a pole of order2 at the origin and
ψ : ∆∗−→H

3 is an associated flat immersion, then the following conditions are
equivalent:
a) The immersionψ is well-defined on∆∗.
b) The hyperbolic Gauss mapG− is single-valued.
c) A fundamental system of solutions of (19) on∆∗ is {ζλa(ζ ), ζλ−mb(ζ )} where
a, b are holomorphic functions on∆, non-zero at the origin,m ∈ N andλ, λ−m
are the solutions of the indicial equation associated with (19).

Proof. We can write

ω = h(ζ )dζ , ζ ∈ ∆∗, with h(ζ ) = ζ νh1(ζ ),

whereν ∈ [0,1[ andh1 is a holomorphic function on∆∗.
Thus, one has

h′(ζ )
h(ζ )

=
∞∑

k=−1

pk ζ
k, f ω2 =

∞∑
k=−2

qk ζ
k

where(.)′ denotesd(.)
dζ

, and the indicial equation of (19) is

y2 − (p−1 + 1)y − q−2 = 0. (26)

Let λ1, λ2 be the solutions of (26), then a fundamental system of solutions of
(19) is, (see [4]),

C(ζ ) = ζλ1 a(ζ ), D(ζ ) = ζλ2 b(ζ )+ k C(ζ ) Log(ζ ),

with a, b holomorphic functions on∆ which are non-zero at the origin and
k ∈ C, (k 6= 0 if λ1 = λ2).

Finally, multiplying C or D by a suitable constant, we can assume that
1
h
(CDζ − CζD) = 1 and then (20) and (21) giveψ = gg∗, up to isometries,

andG− is, up to Möbius transformations,C/D. Therefore,ψ is well-defined or
G− is single-valued if and only ifλ1 − λ2 ∈ N andk = 0.
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Definition 3. The positive integerm given by the above proposition is called the
multiplicity of the end .

Definition 4. Letψ : ∆∗−→H
3 be a flat immersion with complete end at the

origin. The end is calledregular if the hyperbolic Gauss mapG− extends holo-
morphically across the origin.

Theorem 4. Let ψ : ∆∗−→H
3 be a flat immersion with complete end at the

origin and (f, ω) Weierstrass data associated withψ . Then the following con-
ditions are equivalent:
a) The end is regular.
b) fω2 has at most a pole with order 2 at the origin.
c) The differential equation (19) has a regular singularity at the origin.

Proof. Since the end is complete, if we writeω = h(ζ )dζ , thenh
′(ζ )
h(ζ )

has at most

a pole of order 1 at the origin. Therefore, (see [4]), b) and c) are equivalent.
Now, we prove the equivalence between a) and b). Assumefω2 has at most a

pole with order 2 at the origin, then from the previous proposition,G− is given,
up to a Möbius transformation, by

G−(ζ ) = ζm
a(ζ )

b(ζ )
, (27)

with a, b holomorphic functions on∆ non-zero at the origin andm ∈ N. Hence,
the end is regular.

Conversely, by a straight forward calculation, we have that the Schwarzian
derivative ofG− with respect toζ is given by

{G−, ζ } := d

dζ

(
(G−)′′(ζ )
(G−)′(ζ )

)
− 1

2

(
(G−)′′(ζ )
(G−)′(ζ )

)2

= (28)

= d

dζ

(
h′(ζ )
h(ζ )

)
− 1

2

(
h′(ζ )
h(ζ )

)2

− f (ζ )h(ζ )2.

Thus, ifG− completes holomorphically across the origin, then(G−)′′(ζ )
(G−)′(ζ ) only has

at most a pole of order 1 at the origin and (28) implies b).

A similar result to the above Theorem for CMC-1 surfaces has been proved in
[9].

Remark 2.From (27) the multiplicity of the end is the ramification number of
G− at the origin.
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5. Embeddedness and asymptotic behaviour of ends

Let ψ : ∆∗−→H
3 be a flat immersion with regular end at the origin. Up

to isometries, we can assume thatG−(0) = 0. Thus, from (27), there ex-
ist a parameterζ and a positive real numberε such thatG−(ζ ) = ζm with
ζ ∈ ∆ε = {z ∈ C/ |z| < ε}.

If we writeω(ζ ) = h(ζ )dζ and

g(ζ ) =
(
C(ζ ) 1

h(ζ )
C ′(ζ )

D(ζ ) 1
h(ζ )

D′(ζ )

)
,

then from (21) and sinceg ∈ SL(2,C) one hasC(ζ ) = ζmD(ζ ) andh(ζ ) =
−mζm−1D(ζ)2, ζ ∈ ∆∗

ε = ∆ε − {0}.
We takeD(ζ) = ζ pd(ζ ) whered is a holomorphic function non-zero at the

origin.Then from the above considerations and by a straight forward computation
we obtain

g(ζ ) =
(
ζm+pd(ζ ) −ζ−pc1(ζ )

ζ pd(ζ ) −ζ−(m+p)c2(ζ )

)
(29)

where

c1(ζ ) = (m+ p)d(ζ )+ ζd ′(ζ )
md(ζ )2

and c2(ζ ) = pd(ζ )+ ζd ′(ζ )
md(ζ )2

(30)

are holomorphic functions at the origin.
Therefore, (17) gives

f (ζ ) = −p(m+ p)d(ζ )2

m2d(ζ )6
ζ−2(m+2p)

+(m+ 2p − 1)ζd(ζ )d ′(ζ )+ (2d ′(ζ )2 − d(ζ )d ′′(ζ ))ζ 2

m2d(ζ )6
ζ−2(m+2p)

and since (15) is satisfied

m+ 2p ≤ 0 and |d(0)|2 > 1

2
if m+ 2p = 0. (31)

Moreover, if we consider the half-space modelR
3+ of H

3, as in Sec. 3, thenψ is
given by

ψ(ζ ) =
(
ζm

|ζ |2p|d|2 + |ζ |−2(m+p)c1c2

|ζ |2(m+p)|d|2 + |ζ |−2p|c1|2 ,
1

|ζ |2(m+p)|d|2 + |ζ |−2p|c1|2
)

(32)

and writingψ1 + iψ2 the projection ofψ on the planeΠ0 = {(y1, y2, y3) ∈
R

3/ y3 = 0}, one has from (30) and (32)

ψ1 + iψ2 = ζm

|ζ |2m
|ζ |2p|d|2 + |ζ |−2(m+p)c1c2

|ζ |2p|d|2 + |ζ |−2(m+p)|c1|2 = 1

ζ
m

(
1 − c1

d
|ζ |−2(m+2p)A

)
(33)
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where

A(ζ ) = 1

|d|2 + |c1|2|ζ |−2(m+2p)
. (34)

Now, from (31), (33) and (34), one can check thatψ1 + iψ2 is a local diffeomor-
phism and a proper map from a punctured neighbourhood of the origin on the
exterior of a closed disk. Moreover, since the image of the loopγδ(t) = δe2πit ,

with t ∈ [0,1] andδ > 0 sufficiently small, winds around the originm times,
ψ1 + iψ2 is anm-fold covering map. Thus, ifγR is the circle centered in the
origin with radiusR, forR sufficiently great, thenγ = ψ ◦ (ψ1 + iψ2)

−1 ◦ γR is
a loop in the cylinder{(y1, y2, y3) ∈ R

3+/ y2
1 + y2

2 = R2} which moves around
it m times and cuts itself unlessm = 1.

From the above considerations we conclude

Theorem 5. Let ψ : ∆∗−→H
3 be a flat immersion with regular end at the

origin. Then the end is embedded if and only if the multiplicity of the end is
m = 1.

Remark 3.If we consider a flat immersionψ : ∆∗−→H
3 with regular embedded

end at the origin then, up to isometries, the end can be regarded in the half-space
model ofH3 as a graph on the exteriorΩ of a bounded domain inΠ0.

Finally, we are going to study the behaviour at infinity of a regular end. First, we
observe from (23), (24) and (30) that (32) is a revolution surface if and only if
d(ζ ) is constant (even ifm 6= 1).

Definition 5. Letψ, ϕ : ∆∗−→H
3 be flat immersions with regular ends at the

origin. We say thatψ andϕ have thesame behaviour at infinity if and only if
the hyperbolic distance betweenψ(ζ ) andϕ(ζ ) tends to zero whenζ tends to
the origin.

Theorem 6. Let ψ : ∆∗−→H
3 be a flat immersion with regular end at the

origin. Then there exists a revolution flat immersionψR : ∆∗−→H
3 with end at

the origin such thatψ andψR have the same behaviour at infinity.

Proof. If we take the half-space modelR
3+ of H

3, we can assume thatψ is given
by (32) on∆∗

ε .
Now, letψR be the revolution flat surface given by

ψR(ζ ) =
(

1

ζ
m

(
1 − m+ p

m|d0|2 |ζ |−2(m+2p)A0

)
, |ζ |−2(m+p)A0

)
(35)

where

A0 = 1

|d0|2 + (m+p)2
m2|d0|2 |ζ |−2(m+2p)
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andd0 = d(0).
Since the hyperbolic distance between two points(y1

1, y
1
2, y

1
3), (y

2
1, y

2
2, y

2
3) ∈

R
3+ is

arccosh

(
1 + (y1

1 − y2
1)

2 + (y1
2 − y2

2)
2 + (y1

3 − y2
3)

2

2y1
3y

2
3

)
(36)

then, by denotingψ = (ψ1, ψ2, ψ3) andψR = (ψR 1, ψR 2, ψR 3), we obtain

(ψ1 − ψR 1)
2 + (ψ2 − ψR 2)

2 + (ψ3 − ψR 3)
2

2ψ3ψR 3
=

=
1

|ζ |2m
∣∣∣ c1
d
|ζ |−2(m+2p)A− m+p

m|d0|2 |ζ |−2(m+2p)A0

∣∣∣2 + |ζ |−4(m+p)(A− A0)
2

2|ζ |−4(m+p)AA0
=

= 1

2

|ζ |−2(m+2p)

∣∣∣∣∣c1

d

√
A

A0
− m+ p

m|d0|2
√
A0

A

∣∣∣∣∣
2

+
(√

A

A0
−
√
A0

A

)2 .
And the proof follows from (30), (31), (36) and the above expression.

Remark 4.From Remark 3 a flat immersionψ : ∆∗−→H
3 with regular embed-

ded end at the origin can be regarded as the graph of a functiong on the exterior
of a bounded domain inΠ0. Moreover, using (30) and (32),g can be written as

g(y1, y2) = |a1 + g1(y1, y2)|−2(1+p)

(y2
1 + y2

2)
−(1+p) (a2 + g2(y1, y2)) (37)

with

lim
y2

1+y2
2→∞

g1(y1, y2) = 0 = lim
y2

1+y2
2→∞

g2(y1, y2),

a1 = 1 − 2

1 + 4|d(0)|4 , a2 = 4|d(0)|2
1 + 4|d(0)|4 , if 1 + 2p = 0

and

a1 = 1, a2 = 1

|d(0)|2 , if 1 + 2p < 0.

Thus, if we consider (37) and the revolution flat immersion given by (35) with
m = 1, then we obtain that the hyperbolic distance between the points inψ(∆∗)
andψR(∆∗) with the same projection onΠ0 tends to zero at infinity.
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