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The metabolic machinery of marine microbes can be remarkably
plastic, allowing organisms to persist under extreme nutrient
limitation. With some exceptions, most theoretical approaches to
nutrient uptake in phytoplankton are largely dominated by the
classic Michaelis–Menten (MM) uptake functional form, whose
constant parameters cannot account for the observed plasticity
in the uptake apparatus. Following seminal ideas by earlier re-
searchers, we propose a simple cell-level model based on a dy-
namic view of the uptake process whereby the cell can regulate
the synthesis of uptake proteins in response to changes in both
internal and external nutrient concentrations. In our flexible ap-
proach, the maximum uptake rate and nutrient affinity increase
monotonically as the external nutrient concentration decreases.
For low to medium nutrient availability, our model predicts uptake
and growth rates larger than the classic MM counterparts, while
matching the classic MM results for large nutrient concentrations.
These results have important consequences for global coupled
models of ocean circulation and biogeochemistry, which lack this
regulatory mechanism and are thus likely to underestimate phy-
toplankton abundances and growth rates in oligotrophic regions
of the ocean.
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Phytoplankton have the capacity to acclimate to changes in
environmental conditions by altering their chemical compo-

sition in response to environmental variability. Two particularly
dramatic examples are their ability to replace phospholipids with
non-phosphorus membrane lipids in P-depleted environments
(1), and the swapping of iron between nitrogen fixing and light
harvesting during the diel cycle in the diazotroph Crocosphaera
watsonii (2). Acclimation not only allows the organism to increase
its growth rate in a changing, adverse environment but also to
avoid possible damages due to an overexposure to the resource
(3). Thus, those organisms able to take advantage of their phys-
iological ranges in a more efficient way will make better use of the
available resource and, eventually, will dominate its exploitation.
One important example of phytoplankton acclimation is their

ability to adjust the uptake machinery in response to changes in
nutrient availability. The physiological range for uptake-related
traits constrains the capability of a given species to acclimate,
thus playing a key role in determining the ecological niche and,
ultimately, overall community composition. Because all phyto-
plankton species are able to regulate the number of uptake sites
(proteins that incorporate the nutrient from the cell membrane
into the cytoplasm) (4–7), taking into consideration the flexibility
of the uptake apparatus should be an essential component in
models of ocean biogeochemistry that aim to predict global
distributions of microbial abundance and community structure,
together with the distribution of key elements such as carbon,
nitrogen, and phosphorus.
The classic way to represent phytoplankton uptake is based on

the Michaelis–Menten (MM) functional form for the uptake rate
(8), V = Vmax[S]/([S] + KS). Its dependence on nutrient con-
centration [S] is controlled by two parameters (the so-called ki-
netic parameters), which are considered constant traits of the

population: the maximum uptake rate, Vmax; and the half-satu-
ration constant, KS, which is related to the ability of an organism
to capture nutrient ions at a low concentration of the nutrient
S. Crucially, Vmax is related to the total number of uptake sites of
the cell (see below). Therefore, treating Vmax as a constant
prevents the classic MM formulation from accounting for accli-
mation, which can be identified in this case with the ability of the
cell to adjust its kinetic parameters in response to environmental
changes (9).
The problem of introducing dynamics into the phytoplankton

uptake apparatus has a rich literature spanning over three dec-
ades. On one hand, there are models grounded in biochemical
and regulatory details (see, for instance, ref. 10), whereas others
focus on phenomenological relations that aim instead at simpler,
effective models (11, 12). The middle ground includes ap-
proaches that attempt to reduce model complexity on the basis
of physiological tradeoffs related to resource allocation strate-
gies (7, 13–16) (for a complete up-to-date review on the subject,
see ref. 17). A lack of a proper formulation for the dynamic
regulation of the nutrient-uptake apparatus also entails the loss
of other relevant physiological responses of the cell. For in-
stance, it is well-documented that the cell requires some time
(generally hours) to adjust its machinery to changes in the ex-
ternal nutrient concentration (18). This time lag is missing in the
simple phenomenological descriptions mentioned above, as well
as in any static expression for the uptake rate.
Other important details have to be taken into consideration to

achieve a broader understanding of the process, covering not only
the physiological but also the physical aspects of nutrient uptake.
In that sense, the physical limitations that arise when nutrient
concentration is reduced have been the focus of intense study
(19–21). In this regime, nutrient uptake is faster than the diffusion
of the ions to the cell (uptake limited by diffusion). Consequently,
the organism develops a boundary layer surrounding its mem-
brane where the local nutrient concentration, [S0], is lower than
the bulk concentration, [S]. It is possible to find a diffusion limi-
tation-corrected expression for the uptake rate by harmonizing
the kinetic and physical aspects of the process as a whole (19, 21).
All these examples represent different ways to tackle the nec-

essary corrections to the classic, static MM formulation. In this
paper, we propose a general approach devised to address, together,
all these important limitations of the static MM formulation. By
using an expression for a diffusion limitation-corrected uptake
rate, we introduce a simple model for the description of a dynamic,
flexible-uptake process whereby the cell reacts to changes in nu-
trient concentration by regulating the number of uptake sites. We
investigate how the kinetic parameters and, therefore, the
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population-level uptake rate, vary when considering individual-
based dynamics. This provides mechanistic support for both the
dependence of the number of uptake sites on [S] and the wide
physiological ranges for uptake that have been reported in the
literature. Furthermore, we quantify the ecological implications of
our approach by studying how the growth rate and other observ-
ables are affected by the presence of the regulatory mechanism.
To assess their importance, we use as a reference the static MM,
used by the vast majority of models of ocean biogeochemistry.

Generalized Kinetic Framework
In the enzymatic analogy, commonly used to formalize nutrient
uptake in phytoplankton, the role of enzymes is played by the
uptake sites [or transporters (22)]. These are the points on the cell
membrane where nutrient ions are captured from the surrounding
medium and transported into the cytoplasm. The analogy assumes
that the uptake sites [which are specific to each type of nutrient
ion (23)], as the enzymes, are not consumed during the uptake
process, and their concentrations are generally much smaller
than that of the nutrient present in the medium. Thus, the deri-
vation of the classicMMuptake rate considers a system composed
of an enclosure containing a medium with nutrient ions, S, and
(unoccupied) uptake sites, Ef, diffusing freely. The uptake process
can then be described by means of the reaction

Sþ Ef#
k1

k− 1

ES ���!k2 Si þ Ef ; [1]

where ES is the enzyme–substrate compound and Si represents the
nutrient incorporated by the transporter into the cell. The reaction
scheme (1) describes a process in which nutrient ions hit an uptake
site at a constant encounter rate k1; the site remains occupied until
the enzyme–ion pair is completely dissociated inside the cyto-
plasm, which occurs at a constant rate k2. In the rebound process,
an ion–transporter complex is dissociated outside the cell at a rate
k–1. We will consider that this process occurs so rarely that its
effects on the overall reaction are negligible.
Either by applying the Law of Mass Action to this reaction

scheme (24) or using Holling’s predator–prey approach for the
description of the uptake process (25), it is possible to deduce an
equation for the nutrient-uptake rate (SI Text):

V ¼ k2½E�½S�
½S� þ k2=k1

¼ Vmax½S�
½S� þ KS

: [2]

This is the Michaelis–Menten functional form (8), where Vmax =
k2[E] (maximum uptake rate) and KS = k2/k1 (half-saturation
constant) are the MM kinetic parameters, both considered con-
stant traits of the population. [S] represents the external nutrient
concentration, measured in units of mol/L, whereas [E] = [Ef] +
[ES] is the (constant) total number of uptake sites, in mol per
cell (Table S1).
The necessary diffusion-limitation correction to this expression

(see above) is deduced from considering the more realistic situ-
ation where the transporters are not freely diffusing in the system
but are instead attached to the cell membrane. If we treat the
uptake sites of the cell as a system of immobilized enzymes (26),
the cell can potentially develop a boundary layer surrounding the
cell where the local nutrient concentration, [S0], can be smaller
than the bulk concentration [S]. This is because of the difference
in the fluxes owing to nutrient consumption by the organism and
the diffusive transport of nutrient ions in the medium toward the
cell (19). The relative difference between these two determines
whether uptake is limited due to physical constraints imposed by
nutrient diffusion (i.e., uptake rate faster than diffusion rate and,
therefore, [S0] < [S]) or due to the performance of the uptake
apparatus (porter or chemical limitation, [S0] = [S]) (19). Thus,
now the organism and its surroundings form an open system,

where a flow of nutrient ions ΦD (in mol per unit time) entrains
the boundary layer due to diffusion from the bulk.
To complete the description of nutrient uptake as a flexible,

dynamic process, we also introduce the ability of the cell to regu-
late the number of uptake sites by considering the “flow” of new
uptake sites synthesized by the cell,ΦE (in mol per unit time). The
resulting scheme, depicted in Fig. 1, provides a kinetic framework
that combines the essential modifications to the classic, static MM
made separately in the literature.
The application of the Law of Mass Action to this scheme

results in an alternative way to deduce the necessary MM-like
functional form for the nutrient uptake where the effects of the
potential diffusion limitation are considered (SI Text). By assum-
ing stationary conditions and a spherical cell, we can write the
incoming flow of ions as ΦD = 4πDrc([S] − [S0]), where D is the
diffusion constant of the nutrient and rc is the cell radius (19),
reaching an expression similar to that deduced in ref. 21,

V ¼ Vmax½S�
KS

�
1þ Vmax

4πDrcKS

�
þ ½S�

¼ Vmax½S�
~KS þ ½S�; [3]

where [E] represents the total number of transporters in the cell,
Vmax = k2[E], and KS = k2/k1 (see above). This generalized MM-
like function, which in our case represents the uptake rate of a
single cell, takes into account how the possible presence of a
boundary layer formed around the cell modifies the uptake rate
of the organism. This is basically encoded in the effective half-
saturation constant, ~KS. For cases where the organism is limited by
diffusion (D or [S] very small), the uptake rate will be given by

V ¼ 4πDrc½S�: [4]

This expression coincides with the pure diffusive flow of ions to
the cell when it depletes completely the surrounding nutrient
([S0] = 0). As [S] or D is increased, Eq. 3 approaches Eq. 2 (and,
therefore, the uptake is limited solely by the transport through
the membrane, i.e., porter limitation), reaching eventually the
limit V = Vmax (19).
We can also obtain a generalized form for the specific affinity of

the cell. From its definition as the ratio of the kinetic parameters
(27), the affinity aff is given, in this case, by

aff ¼ Vmax

~KS
¼ 4πrcDk1½E�

k1½E� þ 4πrcD
: [5]

For the case of diffusion limitation, the specific affinity is re-
duced to aff = 4πDrc, whereas for porter limitation it is given by
aff = k1[E].

k1Ef ES EfSi
++

k-1
S0

k2

DIFFUSION

SITES
NEW UPTAKE

X

(ΦD)

(ΦE)

Fig. 1. The uptake process as an open enzymatic reaction. ΦD represents the
flow of nutrient ions arriving at the cell membrane. When one of the local
nutrient ions, S0, encounters one of the free immobilized transporters, Ef, it is
incorporated into the cytoplasm (Si). The number of uptake sites changes with
time due to the “flow” of new produced transporters, ΦE.
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Flexible Metabolic Framework
Concerning the remaining new term in Fig. 1, the combination of
Eqs. S7 and S10 tells us that d[E]/dt = d[Ef]/dt + d[ES]/dt = ΦE.
Therefore, the change in the total number of uptake sites of the
cell is given by the flow ΦE of new synthesized sites. This ability of
the cell to change [E] affects the otherwise static Vmax and ~KS (see
above), transforming the (static) uptake rate, Eq. 3, into a dynamic
expression where the kinetic parameters depend on time.
This is the key ingredient of our approach: We allow the cell to

acclimate in response to changes in the environmental conditions
by introducing a simple formulation that accounts for the dynamics
in the regulation of the number of uptake sites, detailed below. It
needs to be complemented with a metabolic, cell-level framework
that describes the dynamics in the carbon and nutrient budgets, as
both play a key role in the regulation of the synthesis of transporter
proteins (see below).
For this metabolic framework, we follow a standard approach,

using a set of equations covering the essential physiological pro-
cesses for each of the individuals in the population, plus an ag-
gregated equation for the temporal change of the external nutrient
concentration. Thus, for each individual cell, we write an equation
describing the rate of change of the organic-carbon content, C,
another for the internal amount of nutrient (for the sake of con-
creteness here we use nitrogen, N, but we could easily adapt the
formulation to any other nutrient), and a third for the number of
uptake sites n on the cell surface. Note that, to adapt the units of
the metabolic framework variables to the standard choice used in
this kind of model, the internal carbon and nutrient are measured
in g per cell and the amount of sites in sites per cell. To avoid
confusion with the units used in the kinetic framework, we change
the notation, from [Si] and [E] to N and n, respectively.
The individual-level equations for the internal carbon and

nutrient are a balance between source and loss terms. For C, we
consider an incoming organic-carbon flow due to photosynthesis,
and the expenditure of carbon due to maintenance costs (cost of
keeping the various apparatuses and biostructures operational)
and biosynthesis of new biomaterial. On the other hand, forN, the
source term is given by the uptake of nitrogen, in addition to
the maintenance and biosynthetic costs. See SI Text for addi-
tional details.
Concerning the dynamics of the number of nitrogen-uptake sites

n, there are only a few experimental results that can be used as a
guide for establishing the dependencies. A crucial factor in this
regulation is the cell’s own internal nutrient content (9, 28, 29). For
instance, the internal levels of nutrients such as nitrate are the
main inducers of genes that encode membrane transporters and
enzymes involved in assimilation pathways (4, 6, 30). Concretely,
repression of regulation must affect transport capabilities, mini-
mizing synthesis when the cell contains a sufficient amount of the
incoming nutrient element (29); on the other hand, when nutrient
is low, the cell activates the synthesis of sites (5, 9, 31) to maximize
the probability of occurrence of an encounter with the scarce
amount of nutrient ions arriving at the cell surface. Then, we can
use the C-based quota, Q = N/C, as a proxy for the need (or ab-
sence thereof) to synthesize new transporters. For a given value of
C, the quota is low if the internal nutrient concentration is low for
the current size or biomass of the cell, and vice versa. Thus, there
will be up-regulation if the cell needs to incorporate nutrient (Q
close to its minimum, Qmin), and down-regulation when the per-
formance of the intake of nutrient is sufficiently high so that Q is
large and the cell can reduce the number of transporters to de-
crease maintenance and biosynthetic costs.
Luxury uptake, that is, uptake rates larger than what would be

required to sustain growth, is another factor that can influence
transporter regulation, in this case with an opposite result. We can
proxy this effect by using the fraction of occupied sites [ES]/[E] =
V/Vmax. Values of this ratio close to unity imply a high encounter

rate for every uptake site, and therefore indicate high concen-
trations of nutrient. One can expect the cell to up-regulate the
synthesis of transporters to exploit the excess of nutrient available
if there are sufficient internal resources to spend and space
available on the cell surface (32); for V/Vmax close to zero, the cell
down-regulates the production of transporter for energetic pur-
poses, saving energy when nutrient availability is low.
Finally, there is the physical impossibility of having an absorbing

area larger than the total area of the cell. We introduce that factor
by defining the relative absorbing area, Arel ¼ nðtÞrs2=rc2 (with rs
being the radius associated with the area occupied by an
uptake site).
With those ingredients, the equation for the rate of change of

the number of nitrogen-uptake sites per cell is given by

dnðtÞ
dt

¼ ν Hð1−ArelðtÞÞF
�
Qmax −QðtÞ
Qmax −Qmin

þ V ðtÞ
Vmax

�
; [6]

where ν is a constant rate of synthesis (in sites per unit time), H is
the Heaviside step function, and F(x) ∈ [ –1, 1] is a sigmoid
function, for example, the Hill function (33), because the synthesis
of uptake sites is a consequence of the activation or repression
(positive or negative feedback) of gene expression. As an alter-
native to the Hill function (with two parameters), we use here the
similar, one-parameter function F(x) = 2/(1+ e–kx/2) – 1 (although
a linear form for F would not affect the results either). See Fig. S1
for an intuitive visualization of the functional dependence of dn/dt
on Q and V.
Note the time dependence not only of Q and V but also of Vmax

in Eq. 6. As dn/dt depends on the current values of those variables,
n depends implicitly on the whole nutritional history of the cell.
Furthermore, there exists an implicit time lag between changes in
external nutrient concentration and changes in the number of
uptake sites, mostly controlled by the production rate, ν. All those
factors may have dramatic consequences for the study of fluctu-
ating environments, such as in the presence of nutrient pulses (34).
The dynamics of the model considers a clonal population in

which all individuals follow the same equations, Eqs. S15 and S16,
and Eq. 6, with the same set of parameters. Each individual is born
with a certain minimum size Cmin and grows according to those
equations until it doubles its biomass. When that happens, it
divides into two identical cells (that is, a deterministic reproduc-
tion event). As environmental context, we assume a chemostat or
continuous culture. Changes in the external nutrient concentration
are described by the (aggregated-level) equation d½S�=dt ¼
wð½S�ð0Þ− ½S�ðtÞÞ− ν− 1

c
PLðtÞ

i¼1 dNUiðtÞ=dt, where [S](0) is the con-
centration of the fresh incoming flow of nutrient into the chemo-
stat, w is the dilution rate, and the last term represents the total
nutrient concentration taken up by the population, with L(t) being
the total number of individuals and νc the chemostat volume. A
complete list of observables and parameter values can be found in
SI Text.

Results and Discussion
Following the steps and parameterizations described in the pre-
vious section and the SI Text, we ran the individual-based model
(IBM) and measured the stationary value of the following observ-
ables, for a wide range of values of the stationary nutrient con-
centration [S]: the population-level uptake rate, V, kinetic param-
eters Vmax and aff (normalized by unit of biomass), the average
number of uptake sites per cell, n, and the growth rate, μ. For the
sake of simplicity, we do not include the contribution of V/Vmax to
Eq. 6 in the analysis introduced here, as the presence of this term
does not qualitatively affect the results.
The resulting curve for the population-level uptake rate V can

be observed in the red plot of Fig. 2. The uptake rate follows in this
log-log representation an initial straight line that saturates for
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large nutrient concentrations. This behavior is to be expected,
because of the resemblance of Eq. 3 to a Holling type-II saturating
function (35). However, this result is not trivial if we take into
account the fact that, in our model, the parameters of the func-
tional form do depend on the nutrient concentration. The green
curve in Fig. 2 shows the dependence of Vmax on the nutrient
concentration [S]. Under nutrient stress ([S] ≤ 10−7 mol/L), the
maximum uptake rate remains at its maximum value (Vmax =
Vmax

hi), decreasing monotonically as [S] increases. For large nu-
trient concentration or satiation, the maximum uptake rate rea-
ches its minimum value (Vmax = Vmax

lo), which coincides with the
maximum value shown by V.
A monotonic increase of Vmax for increasingly adverse nutri-

tional conditions has been repeatedly reported in the literature
(see the early work in refs. 31 and 36). To explain those and other
experimental results, Morel explored in ref. 9 the theoretical re-
lationship between Vmax and [S] (as well as with V, Q, and μ),
pointing out the importance of considering as variable the kinetic
parameters to adequately describe the acclimation of the cell. The
behavior of Vmax([S]) shown by our model in Fig. 2 matches the
qualitative behavior of the theoretical expression proposed by
Morel in his seminal paper (9). Our model provides a simple,
mechanistic basis for this behavior. The relation between the
maximum uptake rate and the number of uptake sites, Vmax ∝ n,
explains the behavior of Vmax as a consequence of the dependence
of n on the external nutrient concentration. In the Inset of Fig. 2,
we can see how the stationary values of n for the different nutrient
concentrations, n([S]), decrease with [S]: For very small concen-
trations, when the cell is starved, it reaches a maximum number of
sites, nmax, which is limited by cell size; on the other hand, for very
large [S], just a minimum number of sites, nmin, is required to keep
uptake at a high performance V ¼ Vmax

lo .
Note that in Fig. 2 the diffusion-limited region is character-

ized by a maximum uptake rate Vmaxð½S�Þ ¼ V hi
max such that

V hi
max=ð4πDrcÞ ≫ KS > ½S�. These conditions, once replaced in Eq.

3, yield the same expression for the diffusion-limited uptake rate
written in Eq. 4. On the other hand, for large nutrient concen-
trations, Vmax([S]) is such that ~KS ∼ KS;Vmax ∼ Vmax

lo first and
~KS ¼ KS ≪ ½S� finally, leading to V ¼ Vmax

lo (porter limitation).
Our flexible-uptake description is, thus, general enough to recover
those two well-known theoretical results, instead of needing two
different expressions or parameterizations for the two extreme
regimes. The qualitative replication of both the experimental be-
havior for Vmax reported in the literature and the theoretical

expectations for the uptake rate in the limiting regimes reasserts
the advantages of our choice for the dynamics of the number of
uptake sites, Eq. 6.
It is important to emphasize how the classic, static way of

thinking about the uptake rate V is affected by the presence of the
regulatory mechanism. As explained in ref. 9, due to the change of
Vmax with [S], the short-term steady-state uptake of the organism is
described by a different curve for each nutrient concentration.
Observe again the behavior of Vmax([S]) in Fig. 2. For [S] ≲ 10−7

mol/L, Vmax remains fixed around its highest value Vmax ¼ V hi
max,

whereas for [S] ≳ 10−4 mol/L, it reaches its lowest value,
Vmax ¼ V lo

max. This means that, for [S] ≲ 10−7 mol/L, the uptake rate
is described by a curve characterized by Eq. 3withVmax replaced by
V hi
max ; this is shown in the green curve of Fig. 3. On the other hand,

for [S] ≳ 10−4 mol/L, the uptake rate is given by Eq. 3 after
replacing Vmax with V lo

max (blue curve, same plot). For intermediate
values of the nutrient concentration (10−7 mol/L ≲ [S] ≲ 10−4 mol/
L), the uptake rate follows Eq. 3, with Vmax replaced by the dif-
ferent values taken by Vmax([S]) depicted as green dots in Fig. 2.
Thus, we can say that the organism follows a different short-term
steady-state uptake curve (or strategy) for each value of [S], and
transitions from one curve to another as the nutrient concentration
increases. This leads to the population-level effective uptake curve
commonly measured in experiments (see red curves, Figs. 2 and 3)
(9), qualitatively similar to a Holling type-II curve but with a more
complicated dependence on [S] due to the changing Vmax (37).
On the contrary, in the static MM, Vmax is fixed at V lo

max. After
taking into account the diffusion-limitation correction,VMMwould
be given by Eq. 3, withVmax replaced by (the constant)V lo

max, that is,
the blue curve of Fig. 3, Vlo. Thus, as the nutrient concentration
decreases, the differences between our regulatory approach (red
curve, same plot) and the classical MM uptake rate become more
apparent, reaching, with this specific parameterization, a maxi-
mum of 26%, and stabilizing around 21 ± 2% for smaller values of
[S] (Fig. S2). The advantage of the flexible uptake illustrated here
can be also quantified by means of the specific affinity. The Inset of
Fig. 3 shows a comparison between the affinity obtained with the
dynamic uptake given by our model and that obtained with VMM=
Vlo (see above). Whereas, with the diffusion-limitation correction
of the static MM formulation, affMM remains constant for any nu-
trient condition, the change of n or the kinetic parameters with
nutrient concentration in our approach entails a change in the
specific affinity (Eq. 5): aff increases as [S] decreases. Moreover,

10-8 10-6 10-4 [S] (mol/l)

10-2

100

102

V([S])  (gN/gC/d)
Vmax([S]) (gN/gC/d)

10-6 10-4 [S]

104

105

n([S]) (sites/cell)

Vmax

nminVmax

nmax

hi

lo

Fig. 2. Stationary values of the uptake rate V (red) andmaximum uptake rate
Vmax (green) for different external nutrient concentrations [S]. In contrast to the
classicMMformulation, in our approach,Vmax is not constant but varieswith [S],
increasing as [S] decreases. (Inset) Same plot for the number of uptake sites.

10-6 10-4 [S] (mol/l)

10-4

10-2

100 V([S]) (gN/gC/d)

Vhi([S]) (gN/gC/d)

Vlo([S]) (gN/gC/d)

10-6 10-3 [S]

2.5x103

3.0x103
aff (l/gC/d)
affMM

(l/gC/d)

Fig. 3. Maximum (green) andminimum (blue) potential uptake-rate curve for
an organism represented by our approach; the effective uptake rate of the cell
(red) is a composition of the different potential curves for each nutrient con-
centration. (Inset) Stationary values for the affinity obtained with our ap-
proach (orange) and the diffusion limited-corrected MM approach (violet).
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aff ≥ affMM . This means that our model predicts an improved up-
take efficiency under adverse environmental conditions, in accor-
dance with the consideration of the diffusion-limited range for [S]
as a high-affinity transport regime (28).
The physiological range given by V hi

max=V
lo
max determines, thus,

the maximum relative difference in the capacity of the cell to take
up nutrients. This range can be expressed in terms of the ratio
nmax:nmin between the maximum and minimum numbers of sites
that the cell can develop, and which provide a suitable perfor-
mance of the uptake apparatus. Then, the individual traits that
influence those two values will determine that physiological range.
One of the main traits controlling this range is size (related to
nmax), but the maximum and minimum values for the quota of the
organism play important roles as well.
The dynamic regulation of the uptake apparatus and the en-

hancement of the maximum uptake rate under nutrient scarcity
shown by our model entail important ecological consequences. As
depicted in Fig. 4 and Fig. S3 (main panels), the growth rate of the
organism predicted by the static MM, μMM, remains smaller than
the prediction of our model. This can be explained in terms of the
C-based quota. In both the dynamic and static descriptions of our
IBM (SI Text), the growth rate is related to the quota by means of
the relation μ= μmax(Q−Qmin)/(Qmax−Qmin) (29), withQmax and
Qmin the maximum and minimum quota values, respectively,
reached by the cell in aQ versus [S] plot. The improved uptake rate
makes the quota obtained with the dynamic approach,Q([S]), stay
farther from its minimum valueQmin than the quota obtained with
the staticMM,QMM([S]), for the same values of [S]. Consequently,
the growth-rate curve μ([S]) shows a shift (Fig. S3, main panel)
that is ultimately translated in the relative error portrayed in Fig. 4
(main panel). This error increases as [S] decreases, reaching a
stationary value around 19± 2%. As a direct consequence of these
shifts in uptake and growth rates, the break-even concentration R*
for an organism following our approach also varies from the static
behavior. R* is defined as the external nutrient concentration of
the most limiting resource in the stationary state, and it is inversely
correlated with the competitive abilities of the organism (38). In
our approach, R* always remains smaller than that of an organism
that cannot regulate its uptake parameters (Insets in Fig. 4 and Fig.
S3), the difference being larger as the dilution rate in the che-
mostat increases (it ranges between 17 ± 2% for the lowest w to
75% for the highest). The tendencies of both μ and R* indicate

that our approach describes an enhanced ability of the organism to
survive under adverse conditions, either nutrient depletion or
changing environments. The strong modification shown by μ and
R* highlights the importance of the role that our approach can
play in improving the predictive skill of models of community as-
sembly in oligotrophic regions of the ocean.
It is possible to find in the literature other models where Vmax

depends indirectly on [S] through a dependence on Q based on
phenomenological arguments (11, 12, 31). In ref. 12, for instance,
the relation used for Vmax([Q]) theoretically might lead to a van-
ishing Vmax in the limit of satiation. Models based on optimality
arguments, such as in refs. 14 and 15, eventually lead to an increase
of Vmax and KS with [S], which contradicts the experimental and
theoretical evidence previously mentioned. This would be equiv-
alent in our framework to n being exclusively controlled by the
number of occupied sites (see above). Moreover, the coupling
between uptake and assimilation used as a starting point in opti-
mality-based approaches seems to describe more the exception
than the rule (6). On the other hand, none of the models above
incorporate the diffusion-limitation correction for the uptake rate,
nor can they account for the acclimation time. This time lag is
controlled in our model by ν, which determines the timescale for
the change of the number of uptake sites (Eq. 6) and, therefore, of
Vmax. Our approach offers, thus, a more general formalism
explaining the ability of the organism to acclimate to different
external nutrient conditions.
In ref. 7, Klausmeier et al. introduce a simple temporal de-

pendence of Vmax,j on the internal quotas of the resource j, for two
different nutrients. The model proposes a tradeoff between the
maximum uptake rates by using a linear relation between the al-
location to uptake of both nutrients. This allows the model to de-
scribe a flexible uptake (with an implicit acclimation time) and study
the dynamic response and the different allocation strategies of the
cell under different scenarios. Scarcity of one nutrient entails, as in
our dynamics, the increment of its associated Vmax,j. Our model can
easily be extended to include competition between different types
of nutrient-uptake machinery, by adding the specific nj equation
required by each new nutrient j. A key ingredient to correctly rep-
licate the different allocation strategies of the cell, especially under
fluctuating conditions, is to explicitly account for the cost of changes
in the uptake strategy (environment-dependent costs); the pres-
ence of these costs may result in the fixed strategy outcompeting
the plastic strategy under very slowly or rapidly fluctuating con-
ditions, in contrast to the results we obtained for R* (16).
Finally, it is important to remark that even though our results

agree qualitatively with the relations proposed in ref. 9, they differ
quantitatively. That is the case of, for example, Vmax. On one hand,
our dynamics for the number of sites introduces a dependence of
Vmax([S]) on ν. This modifies nontrivially the relations between
Vmax and [S] proposed in ref. 9. On the other hand, the diffusion-
limitation correction is not considered in that work. However,
finding such a closed expression for Vmax([S]) is a valuable result
per se. This would allow us to eliminate the necessity of the explicit
formulation of the dynamics of the uptake-site regulation for de-
scribing stationary-state situations. So far, we have not been able to
find a closed, general expression that works for a sufficiently broad
range of parameters, with the site production rate, ν, playing a key
role in the final shape of Vmax([S]).

Conclusions
We have shown that it is possible to describe in a more realistic
way the dynamic and flexible nature of nutrient uptake in phyto-
plankton, preserving agreement with the experimental infor-
mation currently available without compromising in terms of ana-
lytical and computational tractability. Starting from a generalized
uptake-rate expression that incorporates a diffusion-limitation
correction, we have devised an individual-based model that takes

10-2 100 w (d-1)
0.1

0.5

1
ΔR*=(R*MM-R*)/R*MM

10-6 10-4 10-2[S] (mol/l)

10-4

10-2

Δμ=(μ−μMM)/μ

Fig. 4. Relative error between our dynamic approach and the static, dif-
fusion limitation-corrected MM approach. The error related to the growth
rate, Δμ, increases as [S] decreases, reaching in this specific example 19 ± 2%.
(Inset) The error related to the break-even concentration, ΔR∗, increases with
the dilution rate w, that is, the frequency of the changes in environmental
conditions. The behaviors of both Δμ and ΔR∗ indicate an enhanced survival
probability for organisms that can regulate the kinetic parameters.
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into account a regulatory process for the number of uptake sites,
here considered as a dynamic variable.
Thanks to this regulatory mechanism, our model explains, from

a mechanistic but still simple perspective, the phenomenology for
V, Vmax, aff, and n observed in both experimental and theoretical
work. Our approach is able, then, to describe well qualitatively
both steady-state and short-term experiments (the latter being
ones performed for themeasurement of the kinetic parameters for
different nutrient concentrations). Moreover, the large differences
in uptake rate, growth rate, and break-even concentration indicate
that the outcome of models that use the static uptake-rate formu-
lation can be strongly affected by the consideration of the dynamic
regulatory model proposed here.
All this phenomenology emerges naturally from our simple

expression for the dynamics of n. In it, the essential traits of the
individual can be directly associated with observed behavior,
without getting entangled in a detailed description of the meta-
bolic networks involved in resource uptake and expenditure.
Furthermore, our approach potentially provides a simple ex-

planation for acclimation time, mainly controlled by the constant
rate that regulates the synthesis of uptake sites, which plays an
important role in cases of a fluctuating environment. Also, our
model can be easily adapted to include different nutrients, either
considered independently or taking into account competition
among the uptake machineries involved. Further work may also
involve extending this framework to additional ecological and

evolutionary considerations directly affecting uptake. From an
ecological perspective, we could take into account the presence of
other species (i.e., competition for resources) or the role of grazers
(either zooplankton or viruses; see ref. 39 for the latter). Other
important features that could be included in our framework are
mutation and adaptation, allowing for the inheritance of the
modified parental features. These modifications can affect at a
fundamental level the essential traits of uptake.
Only by regarding uptake as a flexible, dynamic process, as

proposed here, is it possible to develop biogeochemical models not
only able to reproduce past and present situations but also en-
dowed with predictive capabilities required for a reliable fore-
casting of the response of marine biota to the types of changes in
biogeochemical fluxes that are likely to arise under the various
climate change scenarios.
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ECOLOGY
Correction for “Dynamic model of flexible phytoplankton nu-
trient uptake,” by Juan A. Bonachela, Michael Raghib, and
Simon A. Levin, which appeared in issue 51, December 20, 2011,
of Proc Natl Acad Sci USA (108:20633–20638; first published
December 5, 2011; 10.1073/pnas.1118012108).
The authors note that, due to a printer’s error, on page 20635,

right column, first paragraph, line 6 “transporter” should instead
appear as “transporters”.
Additionally, on page 20635, right column, second para-

graph, line 3 “Arel ¼ nðtÞrs2=rc2 ” should instead appear as “Arel ¼
nðtÞr2s =r2c”:
Lastly, on page 20636, left column, first full paragraph, line 20,

and second full paragraph, lines 6 and 7, “V ¼ Vmax
lo ” should

instead appear as “V ¼ V lo
max ”.
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SI Text
Michaelis–Menten Uptake Rate. Let a system be composed of a
closed recipient and a liquid medium where nutrient ions, S, and
(unoccupied) uptake sites, Ef, diffuse freely. Following the enzy-
matic analogy for the uptake (1), we can describe the uptake
process by means of the following reaction:

Sþ Ef#
k1

k− 1

ES ���!k2 Si þ Ef ; [S1]

where ES represents the enzyme–substrate compound and Si is the
nutrient incorporated by the transporter into the cell. Expression
S1 describes a series of reactions in which one nutrient ion is
trapped by an uptake site at a constant rate k1; the site remains
occupied until the enzyme–ion pair is dissociated at a rate k2. An
ion–transporter complex can be dissociated outside the cell at a
rate k−1 (rebound process), although we consider here that this
process occurs at a frequency too small to be taken into account.
The Law of Mass Action (2) allows us to write a system of dy-

namic equations for the concentration (represented by [..]) of the
reacting agents:

d½ES�
dt

¼ k1
�
Ef
�½S�− k2½ES� [S2]

d½Si�
dt

¼ k2½ES� [S3]

d½S�
dt

¼ �− k1
�
Ef
�½S��ν− 1

c [S4]

d
�
Ef
�

dt
¼ − k1

�
Ef
�½S� þ k2½ES�: [S5]

Note that we use different units for the concentrations outside and
inside the cell: The external nutrient concentration [S] is measured
in units of mol/L, whereas the internal concentration of nutrient,
compound, and enzyme ([Si], [ES], and [Ef], respectively) are
measured in mol per cell (Table S1). With this choice of units, the
dynamic equation for the concentration of internal nutrient, Eq.
S3, can be directly identified with the uptake rate of the single cell,
V= d[Si]/dt. The inclusion of the cell volume, νc, is thus necessary
for the dimensional balance of Eq. S4.
Assuming a rapid first encounter of the uptake sites with their

first target ions (i.e., the time needed for the sites to absorb ions at
the initial stage of the reactions is small), the number of occupied
sites can be considered approximately constant (2), that is, d[ES]/
dt ≃ 0; using that, by definition, the (constant) total number of
uptake sites is given by [E] = [Ef] + [ES], we can write

V ¼ k2½E�½S�
½S� þ k2=k1

¼ Vmax½S�
½S� þ KS

; [S6]

that is, the classic Michaelis–Menten (MM) form for the uptake
rate. The kinetic parameters are given by Vmax = k2[E] (maximum
uptake rate) and KS = k2/k1 (half-saturation constant), the former
remaining constant due to the constant character of the total
number of sites, [E].

Diffusion-Limitation Correction for the Uptake Rate. Using the re-
action scheme of Fig. 1 (main text), we deduce here a generalized

expression for the uptake rate that takes into account the effects of
the boundary layer developed by the cell in the diffusion-limitation
regime. Although similar to those that can be obtained using the
approaches of refs. 3 and 4, the deduction of this expression and
some particularities are specially devised for the general frame-
work introduced in this paper.
Replacing the bulk nutrient by the local nutrient surrounding the

cell, S0, the application of the Law of Mass Action (2) to the re-
action scheme of Fig. 1 (main text) leads to the following equations
for the different concentrations:

d½ES�
dt

¼ k1
�
Ef
�½S0�− k2½ES� [S7]

d½Si�
dt

¼ k2½ES� [S8]

d½S0�
dt

¼ �− k1
�
Ef
�½S0� þΦD

�
ν− 1
c [S9]

d
�
Ef
�

dt
¼ − k1

�
Ef
�½S0� þ k2½ES� þΦE: [S10]

Note again that the external (local) nutrient concentration [S0] is
measured in units of mol/L, whereas [Si], [ES], and [Ef] are mea-
sured inmol per cell (Table S1). This allows us to equal Eq. S8with
the uptake rate of the single cell, V = d[Si]/dt, needing once more
the cell volume, νc, in Eq. S9, for dimensional purposes. The terms
in blue in Fig. 1, ΦD and ΦE, are the inflow of nutrient ions from
the bulk to the cell surroundings and the “flow” of new uptake sites
synthesized by the cell (main text).
As discussed in the main text, there are two main limiting

regimes for the cell, namely diffusion limitation (V > ΦD, if ex-
pressed in terms of fluxes) and porter limitation (V < ΦD). We
now assume stationary conditions for the local nutrient concen-
tration, that is, the uptake equals the diffusive flow, and sub-
sequently explore those limits. Under stationary conditions, we
can write ΦD = 4πDrc([S] − [S0]), with D being the diffusion
constant of the nutrient in the medium under consideration and
rc being the cell radius (3, 4). We can, as well, set Eq. S9 equal to
zero, obtaining in this way a closed-form expression for the local
nutrient concentration:

½S0� ¼ 4πDrc½S�
k1
�
Ef
�þ 4πDrc

: [S11]

If we assume that the time needed for the sites to absorb the first
nutrient ions at the initial stage of the reactions is small, the
number of occupied sites can be considered approximately
constant (2). From that condition, d[ES]/dt ≃ 0, and we arrive at
the equation

½ES� ¼ k1½E�½S0�
k2 − k1½S0�: [S12]

Combining Eqs. S11 and S12, and using the definitions [Ef] = [E] –
[ES], V = k2[ES], Vmax = k2[E], and KS = k2/k1 (see above), we
obtain after some algebra the dimensionless quadratic equation

Bonachela et al. www.pnas.org/cgi/content/short/1118012108 1 of 5

Supporting Information Corrected ,February 10 2012

www.pnas.org/cgi/content/short/1118012108


Vmax

4πDrcKS

�
V

Vmax

�2
−
�
1þ Vmax

4πDrcKS
þ ½S�
KS

�
V

Vmax
þ ½S�
KS

¼ 0: [S13]

This expression is similar to equation 9 in ref. 4, where an
equation for the uptake rate per unit area was obtained following
a different deduction based on the Pasciak and Gavis model (3).
After solving Eq. S13, we can find an approximate solution valid
for both the diffusion and porter limitation regimes (4) that leads
to the generalized MM formulation:

V ¼ Vmax½S�
KS

�
1þ Vmax

4πDrcKS

�
þ ½S�

¼ Vmax½S�
~KS þ ½S�: [S14]

This is the generalized expression for the uptake rate of a cell used
in the individual-based model introduced in the main text.

Individual-Based Model. As mentioned in the main text, the in-
dividual-based model is composed of the equation for the number
of uptake sites synthesized by a cell n(t) (main text, Eq. 6), plus
the equations that keep track of the changes in the internal
content of organic carbon and the different nutrients (in this
case, only nitrogen). We refer to the main text for a detailed
explanation of the dynamic equation for n(t).
In accordance with Shuter (5) and Geider et al. (6), among

others, the equation for the individual’s internal amount of
carbon, C, is a balance between the incoming organic-carbon
flow, with a source term due to photosynthesis dCP/dt, and two
loss terms, the first due to the expenditure of carbon due to
maintenance costs, dCM/dt (cost of keeping the various appara-
tuses and biostructures operational), and the other representing
the biosynthesis of new biomaterial, dCB/dt:

dC
dt

ðtÞ ¼ dCP

dt
ðtÞ− dCM

dt
ðtÞ− dCB

dt
ðtÞ: [S15]

Similarly, in the balance equation of the internal nitrogen content
of the cell, N, we take into account the uptake of nitrogen, dNU/
dt = V, together with the maintenance and biosynthetic costs,
dNM/dt and dNB/dt, respectively:

dN
dt

ðtÞ ¼ dNU

dt
ðtÞ− dNM

dt
ðtÞ− dNB

dt
ðtÞ: [S16]

Now we explain in detail each of those terms.
Photosynthesis term. Photosynthesis is the process by which phyto-
plankton obtainC from inorganic carbon using sunlight as a source
of energy. Following a standard formulation, we consider that the
contribution of photosynthesis to the change of organic carbon is
proportional to the total amount present (7), where the pro-
portionality constant is known as the photosynthetic efficiency, PC:

dCP

dt
ðtÞ ¼ PCðtÞCðtÞ: [S17]

This efficiency dependsmainly on light and temperature, but must
also receive feedback from the internal state of the organism (see,
for instance, ref. 8). We study here only cases with optimal T and
I values, so that there is no need to write an explicit dependence
of PC on those variables. Thus, the efficiency can be written as

PCðtÞ ¼ PmaxPintðtÞ; [S18]

where Pmax is known as the maximum photosynthetic rate, and Pint
keeps track of the internal state of the cell by using a function of
the quota (this dependence is well-discussed in the literature; see,
for instance, refs. 6 and 9. We use here, for simplicity, a linear
function, but more complex functions can be also used):

PintðtÞ ¼ 1−
Qmax −QðtÞ
Qmax −Qmin

¼ QðtÞ−Qmin

Qmax −Qmin
: [S19]

In this way, in cases in whichQ is close toQmin (i.e., very high levels
ofC for the current concentration of internal nutrient), it would be
unnecessary for the production of more C, and photosynthesis
becomes very inefficient. The opposite situation is found whenQ is
close to Qmax.
Nutrient-uptake term.To account for the nutrient incorporated into
the cell, we use the diffusion limitation-corrected uptake rate
described in the main text, Eq. 3, with the appropriate units
[grams of nitrogen per cell (gN/cell), in this case; Table S1]:

dNU

dt
ðtÞ ¼ V ¼ Vmax½S�

KS

�
1þ Vmax

4πDrcKS

�
þ ½S�

¼ Vmax½S�
~KS þ ½S�; [S20]

withVmax = k2[E] andKS= k2/k1. Thus, if we couple this with Eq. 6
(where we transform the units from sites per cell into mol per cell,
i.e., we transform n(t) into [E]), we obtain the dynamic, flexible
description for the uptake rate introduced in the main text.
On the other hand, by fixing Vmax to a given value, we obtain

the static representation for MM that is used in the main text to
benchmark the performance of the dynamic approach.
Maintenance term. This terminology refers to the expenditure, in
terms of C and N, not directly related to growth processes but to
maintaining the integrity of the cell (e.g., cell wall) and running
cellular functions (e.g., uptake process, photosynthesis, repair of
structures) (5).
Maintenance metabolic rates depend on the efficiency of the

processes that are taken into account (6). For the sake of simplicity,
we assume an explicit dependence only on the nutrient-harvesting
apparatus, whereas the rest of contributions (including that of
photosynthesis) collapse into a single constant. (We assume that
this apparatus uses ATPmolecules as an energy source. Therefore,
its maintenance cost is supported only by the C budget.) Then:

dCM

dt
ðtÞ ¼ MCCðtÞ þMC

n Q
− 1dNU

dt
[S21]

dNM

dt
¼ MNNðtÞ: [S22]

Note that the cost of maintenance of the uptake apparatus
depends mainly on the ratio of uptake performance to internal
nutrient (second term of Eq. S21). In this way, we can use a single,
dynamic term for the high expense resulting from the synthesis of
a high number of uptake sites for low [S], together with the cost of
the large number of assimilating enzymes for high [S] (10).
Biosynthesis term. The only biosynthetic process considered here is
the production of new uptake sites. Temperature should influence
the cost of the synthesis of new sites, but as T does not play a
relevant role in this paper (see above), the simplest way to
consider the cost of new components for the nutrient-harvesting
apparatus is

dCB

dt
ðtÞ ¼ BCΘ

�
dn
dt

ðtÞ
�

[S23]

dNB

dt
ðtÞ ¼ BNΘ

�
dn
dt

ðtÞ
�
; [S24]

where the coefficients BX reflect the cost in terms of the currency
X (either nutrient or carbon) of the manufacture of a new uptake
site. The Θ(x) function is defined as Θ(x) = x when x > 0 and
Θ(x) = 0 otherwise. (We use the Θ function because, following
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ref. 11, in our model biomass coming from the cell’s own bio-
material should not be regained.)
Observables. The chemostat conditions allow us to control the
stationary nutrient concentration present in the system. We can,
thus, study the behavior of various population-level observables as
that concentration is changed.
We measure here the uptake rate and uptake parameters

normalized by unit of biomass. For instance, the normalized
population-level uptake rate is defined as

V ¼
 XLðtÞ

i¼1

dNUi

dt
ðtÞ
! XLðtÞ

i¼1

CiðtÞ
!− 1

; [S25]

where dNUi=dtðtÞ represents each individual’s uptake rate, and Ci
is its internal amount of carbon. In the same fashion, we can
define and monitor the population-level maximum uptake rate,
Vmax, and the affinity, aff.
In addition, we measure the average number of uptake sites per

organism, n, at the stationary state:

n ¼ 1
LðtÞ

XLðtÞ
i¼1

niðtÞ: [S26]

Parameterization. Although our approach can be applied to any
phytoplankton species, for the sake of concreteness we focus our
attention here on a generic diatom strain. For the parameterization
of the IBM, we use ranges of values for which we have found
consensus in the literature, using both experimental and theoretical

works (6, 12–16) (see Table S1 for the actual values). For instance,
we have consistently found the values Qmax = 0.16–0.2 gN/gC,
KS = 1–3 μmol/L, and V ð½S� → ∞Þ ¼ V lo

max ¼ 0:1− 0:6gN=gC=d,
for various strains of diatoms. Concretely, in ref. 12, data from
many different experimental sources are collected; importantly,
the kinetic parameters for diatoms form a clear cluster around the
values KS = 1 μmol/L and Vmax

lo = 0.2–0.5 gN·gC−1·d−1. Because,
in our model, the value of Vmax

lo emerges from the dynamics, a
“correct” parameterization will give as a result an emergent
V ð½S�→∞Þ ¼ V lo

max within the proposed range.
The value for the radius of the cell is deduced from the follow-

ing allometric expression, valid for round-shaped diatoms (17):

C ¼
	
0:1167ν 0:881

c if νc > 3000 μm3

0:2877ν 0:811
c otherwise

: [S27]

For parameters specifically related to the uptake sites, we use rs=
10–40 A (16, 18), ν = 104 – 5·105, k1 = 4Drs (19), and k2 = KSk1
(see above). [There is no specific experimental source for those
numbers; this is the order of magnitude of the number of uptake
sites for a diatom (see, for instance, ref. 16), and we are only
assuming that the cell is able to develop those sites during its
lifetime.]
Finally, to parameterize Vmax in the case of the static MM

model, we used the V lo
max value obtained with the dynamic de-

scription (in gN per cell per d) to compare the results obtained.
We obtained a qualitatively similar behavior for all of the set of

parameters used in our simulations (Table S1).
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Fig. S1. Functional dependence of ∂tn on the main variables Q and V (Eq. 6, main text). Note that the change in the number of sites is limited by the maximum
number of sites that the cell can store at its surface (main text).
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Fig. S2. Relative error between the uptake rate obtained with the dynamic approach proposed here, V, and a static version of the IBM where V = VMM = Vlo.
With this specific parameterization, the error reaches a stationary state around 21 ± 2%.
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Fig. S3. Normalized growth rate obtained with our model (μ, red) and the diffusion limitation-corrected static MM model (μMM, green). (Inset) Break-even
concentration of the only considered external resource plotted against the dilution rate of the chemostat w, for our approach (R*, purple) and the static MM
formulation (R∗

MM , orange).
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Table S1. Symbols

Symbol Also known as Units Value/range

ΦE Transporter flow sites/d –

ΦD Nutrient diffusive flow mol/d –

[S] Bulk nutrient concentration mol/L –

[S0] Local nutrient concentration mol/L –

[Si] Internal nutrient concentration mol/cell –

[Ef] Free enzyme/porter concentration mol/cell –

[ES] Occupied enzyme/porter concentration mol/cell –

[E] Total enzyme/porter concentration mol/cell –

C Organic carbon per cell gC/cell –

N Nitrogen per cell gN/cell –

n Porters per cell sites/cell –

Q C-based quota gN/gC –

Arel Ratio absorbing:total area – –

k1 Encounter rate (mol/L)−1·d−1
–

k2 Handling/processing rate d−1
–

V Population uptake rate gN·gC−1·d−1
–

Vmax Maximum uptake rate gN·gC−1·d−1
–

KS Half-saturation constant mol/L 10−6

~KS Effective half-saturation constant mol/L –

aff Affinity l·gC−1·d−1
–

w Dilution rate d−1 0.001–2
D Nutrient diffusivity m2·s−1 1.5·10−9

rsite Uptake-site radius m 10·10−10 to 40·10−10

k Sigmoid slope parameter – 5;10
ν Site production rate sites/d 104 – 5·105

Qmax Maximum C-based quota gN/gC 0.167;0.2
Qmin Minimum C-based quota gN/gC 0.04
Cmin Minimum species biomass gC/cell 2.66·10−10;9·10−9

Pmax Maximum photosynthetic rate d−1 3.00
MC

n Uptake maintenance cost – 0.10–3.00
MC Respiration cost d−1 25·10−3

BC Cost of biosynthesis gC/site 0.00
MN

n Site maintenance cost – 0.00
MN Respiration cost d−1 25·10−3

BN Cost of biosynthesis gN/site 0.00
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