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Let S = (n1,...,n,) be a numerical semigroup,
i.e., n; are positive integers with greatest com-
mon divisor 1, and S = {8 ;a;n; | a; > 0}.
Let PF(S)={n€Z :n+seS,s€S,s>0}\S.
The elements in PF(S) are called the pseud-
ofrobenius numbers of S. Since S is a numer-
ical semigroup, N\ S is finite.



The largest integer g(S) ¢ S belongs to PF(S)
and is called the Frobenius number of S. If
PF(S) = {g(S)}, S is called symmetric, since
then, for each n € 7Z, exactly one of n and
g(S) —n liesin S. If PF(S) = {g9(S5)/2,9(S)},
S is called pseudosymmetric.



Let K be a field and K[S] = K[t"1,...,t"] be
the semigroup ring of S, then

K[S] ZK[Cbl,...,xk]/IS

where Ig is the kernel of the surjection

Klz1,... 23] 2% K1),

where z; — t"i. If deg(x;) = n;, this map is ho-
mogeneous of degree 0. We will in the sequel
denote K|xq,...,x] by A.



If you have a graded ring R = A/I (I generated
by homogeneous elements), one is interested
in the A-resolution of R.

Example If R = k[t%,tY], (a,b) = 1, then the
map A — R has kernel (24 — %) and

xli—a:%
O—A ——A—R—0

iIs exact. This is the resolution.



Example If R = k[t*,t°,t%], the kernel of the
map is (:Clmg,—:l:%,x:f—x%) = (f1, f2). Now there
IS a relation between these generators and

05 A2y 20l 4y p g

where ¢1 = (fo, —f1)! is exact.

The semigroup (4,5,6) is symmetric, and all
symmetric 3-generated semigroups have a res-
olution like this. A k-generated semigroup has
a resolution of length k — 1.



For some numerical semigroup rings of small
embedding dimension, namely those of em-
bedding dimension 3, and symmetric or pseu-
dosymmetric of embedding dimension 4, pre-
sentations has been determined in the litera-
ture. We extend these results to whole graded
minimal resolutions explicitly. Then we use
these resolutions to determine some invariants
of the semigroups and certain interesting rela-
tions among them.



For completeness we start with 3-generated
not symmetric semigroups. We will use Her-
Z0g's result.

Theorem 1 (Herzog) Let (nq1,no,n3) = 1. Let
a;, 1 <1< 3 be the smallest positive integer
such that ayn; € (ng,ny), {i,k, 1} = {1,2,3}, and
let a;n; = a;png + a;mn;. Then S = (n1,no,n3)
iIs 3-generated not symmetric if and only if
o, > 0 for all i,k, ap1 +a31 = ay,a10 +azp =
o, 013 —+ D3 =— (3. T hen

K[S] = K[(n1,n2,n3)] = Klz1,22,23]/(f1, f2, f3)
where
(f1, fa, f3) = (21 =25 22313, 52— 27?1 2523 253~

61131 32)_



Denham gave a minimal graded A-resolution
of K[S], where A = K[xl,azg,a}:g].

Theorem 2 (Denham) If S is a 3-generated
semigroup which is not symmetric. Then K|[S]
Klx1,xp,23]/I¢ = A/Ig has a minimal graded
A-resolution

0— A2 2243 %% 4 0
where ¢1 = (aj?l —atglzacgl‘o’, wSQ—w?Qlaﬁgz‘Q’, x§3—
2023 032

) = (o 1), = | S o



Next we look at 4-generated symmetric but
not complete intersection semigroups. We will
use a theorem by Bresinsky.

Theorem 3 (Bresinsky) S = (n1,no,n3,ng4) is
4-generated symmetric not a complete inter-
section if and only if there are integers «;,
1 <1< 4,

aij,ij € {21,31,32,42,13, 43, 14,24}, such that
0 < <aqg, for all i,j, aqg = az1 + azi,ap =
a3p + agp, a3 = 13 + @43,

a4 = a14ta24 and ny = apa3za)4+a32013024,
no = 304021 T 031043024,

n3 = 104032 T Q1400420331, N4 = Q102043 T
Q4200101 3, (nl,nz,n3,n4) = 1. Then

K[S] = Klx1,x2,23,24]/(f1, f2, f3, fa, f5)

— 01 (13 014 — 02021 004 —
where f1 = x{ —x3 3:134 o = x5 =z X, f3 =
a3z Q31 Q32 — Q404D 043 — .43 Q21
:cgé —a;él T~ fa = x4 —x5" 03", f5 = 23" w5 —

z5325514,



We now give the whole minimal A-resolution
of K|[S].

Theorem 4 In case S is 4-generated symmet-
ric, nhot a complete intersection, then the fol-
lowing is a minimal resolution of K|[S]:

0— A3 4592, 45 21 4,0
where ¢1 = (f1, f2, f3, fa, f5)

Q32 Q43 Q24
( To = T, 0 0 \
@31 .14 Q43
O O T4 T, T3
P> = accl)Ql xim $g42 0 0
@13 021 Q3D
O O T3 T4 To

@13 a31 Q42 004
\_3’/’3 —q 0 Ly /

and ¢3 — (_f47 _f27 _f57 f37f1)t'
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Next we look at 4-generated pseudosymmet-
ric semigroups. We will use a theorem by
Komeda.

Theorem 5 (Komeda) S = (ni1,no,n3,ng) is
4-generated pseudosymmetric if and only if there
are integers o; > 1, 1 <1< 4, and ar1, 1 <
an1 < «aq, Such that nqy = asaz(ag — 1), no =
aziazag + (@ —ap; — 1)(az — 1) + ag, n3 =
arag+ (a1 —azy —1)(ax—1)(ag—1) —as+ 1,
ng = ajaz(az — 1) + az1(az — 1) + as,

(n1,n2,n3,n4) = 1. Then,

K[S] = Klx1,x2,23,z4]/(f1, f2, f3, fa, f5)

a3z—1 «o 1 o’
where f1 = af;ll—m33 £U44 > = ar;2 —x121x4, fz =
a1—ao1—1 _ og ar—1 & 1
3333 ]_1 $27f4_$4 —XL1Lo 3 7f5 —
2037 1 a21—|—1 as—1

L3 Lq — L2Ty
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We now give the whole minimal A-resolution
of K|[S].

Theorem 6 In case S is4-generated pseudosym-
metric, then the following is a minimal resolu-
tion of K|[S]:

0 s A2 93, 46 92, 45 1, 4

> 0
where ¢1 = (f1, fo, 3, fa, f5)
P =
0 f3 0 R A
L U e 0 x5t 0
0 0 0 o T3 7™
K —x3 0 —xPTeTt oy 0 3332_1)

t
T4 —x1 O 3 —I2 0
_ Oég—l Oé3—1 a4—1 f _ Oél—l Qo1 Oé3—1 f *
5’ "Xy Ty 5 T Ty 3



In all proofs we use the following theorem by
Buchsbaum-Eisenbud adopted to our situation.

Theorem 7 (Eisenbud-Buchsbaum) Let

O—)Fnﬂ)Fn_qu_l---%FlﬂFo

be a complex of free modules. Let rank(¢;)
be the size of the largest nonzero minor in
the matrix describing ¢;, and let I(¢;) be the
ideal generated by the minors of rank(¢;) in ¢;.
Then the complex is exact if and only if for all

)
(a) rank(¢;+1) + rank(¢;) = rank(F;) and
(b) I(¢;) contains an A-sequence of length i.

In all theorems it is an easy, but sometimes
tedious, task to check that we have complexes.
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Applications

We will use the following well known facts: If S

is generated by k elements, and A = K|xq,...,xL],
then the free minimal A-resolution of K[S] has
length codim(K|[S]) = k£ — 1 since K|[S] is a
1-dimensional Cohen-Macaulay ring:

k-1 Pl—2
—

0 — ABe-1 Pod B2 P2 220 pBo_ L K[9]—0
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T he alternating sum of the g;'s, the Betti num-
bers is zero. The Betti numbers of A/I are

B; = dimg H;(Fs« ® K) = dimg Tor (R, K).

This gives us an alternative way to define the
Betti numbers, since also Tor(R, K) = H;(G®
R), where G is a minimal A-resolution of K
(the Koszul complex). If R is Cohen-Macaulay,
the highest nonzero Betti number is called the
CM-type of R.
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The ring is homogeneous if we set deg(z;) =
n;. If we concentrate F. above to a certain
degree d, we get an exact sequence of vector
spaces

0 —>@jA§k_}1] — s — @ 61‘; — Ag — (A/I)y

where the [37;,j are the graded Betti numbers of
KI[S].
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The alternating sum of the dimensions of these
vector spaces is 0. Multiplying each dimension
with 29 and summing for d > 0, we get

k—1

Hilb 4 /7(2) = Hilb4(2)(1 4 > > (~1)'8;;27).

i=1 j
If deg(x;) = n;, then

Hilb ey, 0 1(2) = 1/ 1152, (1—2™). Letting Kg =
1+ >;(—=1)!8; j27, we observe that

Ks(z) . s
H7]j€=1(1 o an) s%;qz |

H”bK[S](Z) —
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Recall that the set of pseudofrobenius numbers
of a numerical semigroup S is PF(S) = {n € Z\
S;n+s € S for all s € S\{0}} and its cardinality
is by definition the type of the semigroup S. It
IS known that the type of S coincides with the
CM-type of the semigroup ring K[S]. This can
be made more strict.
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Lemma 8 LetS = (ny,...,n), 0 =s €S, and
K[S] = K[t",...,t"]. Then n e PF(S) if and
only if 0 # t"T5 € Soc(K[S]/(t%)).
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Proposition 9 Let S = (nq,...,ng) and let §; ;
be the graded Betti numbers of K[S]. Then
n € PF(S) if and only if B;,_1 n4Nn 7 O (in fact
Brk_1mtN = 1), where N = SF_ n;. In par-
ticular, if S is symmetric if and only if B._1 =
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Example 10 The semigroup S = (7,9,8,13)
iIs symmetric and not complete intersection by
Theorem 3, thus the ring R = K|[S] is Goren-
stein and not a complete intersection. Set
R = R/(t"). The dimension of Soc(R) is one
since R is also a Gorenstein ring and by Lemma
8 it is generated by t9(5)+7 =126 Since G, is
the Koszul complex of length kK —1 = 3 in the
three variables xo,x3,x4 Of degrees no,n3, na,
the vector space H3(G«® R) is nonzero only in
degree (g(S) + n1) + (n2 +n3 +ng) = (19 +
7))+ (9484 13) = 56.
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Corollary 11 In the notation of Theorem 1, if
S = (n1,no,n3) is not symmetric, then PF(S) =
{Ozlnl —+ ao3n3z — N,a1nq —+ 32N — N}, where
Zni = N.

This corollary extends the result by Rosales
and Garcia-Sanchez, where the Frobenius num-
ber of 3-generated semigroups is determined.
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Example 12 Let S = (7,9,10). Then oy
4, a1p = 2,13 = 1l,ap = 3,01 = 1,03 =
2,03 = 3,a31 = 3,a3> = 1, and thus S is 3-
generated not symmetric. We have, by The-
orem 2, 1,; 7 0 (in fact B1; = 1) only if i €
{alnl,agng,ag,n:g} = {28,27,30}, and 52,2' ;& 0
(in fact 52,7; = 1) only ifi € {a1n1 + apz3znz —
N,aini + azono — N} = {28 + 20,28 + 9} =
{48,37}. Thus PF(S) = {48 — N,37 — N} =
{22,11}. By usingthe B; ; given in Theorem 2,
we obtain the K-polynomial as

K,—=1_ ,28_ ,27 304 484 37

SO that

Z o5 — }CS(Z)

Z° T a2 -0y
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Corollary 13 In the notation of Theorem 3, if
S = (ni1,...,ng4) is 4-generated symmetric, not
a complete intersection and N = Z?zl n;, then
g(S) = ain1 + azono +ag — N.
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Corollary 14 If S is 4-generated symmetric,
not a complete intersection, we always have

A = aq1mni + 32N> = (x3N3 + a21M]1 —
a32M2 + A13N3 + A14N4 + 32N

B = aini + ag3zn3z = aznz + ajang =
a3pno + a14n4 + azing

C'= ainy + aggng = agnp + azing =

a3n3 + Q40N = agaNng + a13n3

D = aono + a14ng = agng + ariny =
Q1M1 + Q43N3 + Q42ND

E = asno + ag3znz = agng + agon, =

a21M1 + @43N3 + a4n4
and

A~+osans = Btoons = C+Hanini+as3ns = D+aznz = E+aina.
25



This follows from the different ways to deter-
mine the degrees of Ho(F) and Hz(F) in the
resolution F.



Example 15 Let S = (7,9,8,13). Then a; =
3,13 =a14 = 1,00 =3,a01 = 2,04 = 1,3 =
2,a31 = a32 = l,oq = ago = 2,043 = 1,
and thus S is 4-generated symmetric. We get
g(S) = ajny + azono + agng — N = 21 4+ 9 +
26—37 =19 and Y ,cqt® = (1 —t21 —¢27 —¢10
t26—t22+t30—|—t29+t34—|—t40—|—t35—t56)/((1—
t)(1-t2)(1—t5)(1—t13)) = 14+t" + 15417 +
t13—|—t14—|—t15+t16+t17+t18—|—t20/(1—t).
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Corollary 16 IfS = (ny1,...,n4) is 4-generated
pseudosymmetric, then PF(S) = {nia1+no+
ng — N,nia1 + noap +n3(az — 1) — N}, where
N=Y%1n;, .
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Corollary 17 If S is 4-generated pseudosym-
metric, we always have

A = aini+no = agnztaziny = notnz+(az—1)ny
B =aini + (az —1)nz = aznz + (ag — 1)ng =
(g —ap1 —1)ny +no 4+ (ag — 1)ng
C = asnp +n1 + (a3 —1)nz = agng +no =
(a1 + 1)ny + (a3 — 1)nz + ng
D = ainy +n4 = (a1 —az1)ny + azno =
ni + (ap — 1)np + agng = nz + agng
E = asny + (a4 — 1)ng = aziny + agng = (

an1 + 1)ng + (g — 1)no + (a3 — 1)n3
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and
A4+ng =B+ (a1 +1)n1 =C+nz =

D+ no=FE+ azn3y

and
A+(a2—1)no+(az—1)n3z = asnotaznz+(ag—1)ng =
B+ ayny,=C+H+ (a1 —1)n] =

D+ as1ny + (a3 — 1)nz = E 4+ azns.

This follows from the different ways to deter-
mine the degrees of H>(F)« and H3(F)« in the
resolution Fx.
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Example 18 Let a1 = ap = ag = 3,a3 =
2,a01 = 1. ThenS = (13,9,11,14)is 4-generated
pseudosymmetric. We get PF(S) = {3949+
14 — 47,39 + 11 4+ 27 — 47} = {15,30} and
ZSESts — (1—t39—t27—t22—t42—t37—|—t48+
t49—|-t50—|-t51—|—t53—|-t55—t62—t77)/((1—t13)(1—
tg)(l—tll)(l—t14)) — 1—|—t9—|-t11—|—t13—|—t14—|—
t18—|—t20+t22+t23+t24—|—t25+t26+t27+
128 + +29 + t31/(1 —1).
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