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Presentation

@ ltis well known (DeTurck, Goldschmidt, Talvacchia) that in dimension 3
every 2-form with values in a semi-simple Lie algebra is generically and
locally the curvature of a connection form.

@ In dimension 4, as shown below, a 2-form with values in a Lie algebra for
which certain condition holds (in particular, for a semi-simple Lie algebra)
is generically and locally a curvature form of a connection if and only if it
is a solution to a second-order partial differential system.

0 Introduction
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Introduction

@ Let P = M be a principal bundle over an n-dimensional manifold M with
structure Lie group G. If g is the Lie algebra of G, a connection on P can
be given by a g-valued 1-form on P, w € Q'(P) @ g, verifying

1) w(A)=A, VAeg,

2) RRw=Ad, 1w, Vaeg.
Once we give a local section o: U ¢ M — P we obtain a trivialization
U x G =nx1(U) c P. Since we will work on a local problem, we will take,
for simplicity, P = M x G.
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Introduction

@ Let P = M be a principal bundle over an n-dimensional manifold M with
structure Lie group G. If g is the Lie algebra of G, a connection on P can
be given by a g-valued 1-form on P, w € Q'(P) @ g, verifying

1) w(A*) = A, VA € g,

2) Rijw=Ad,—1-w, Vaegd.
Once we give a local section o: U ¢ M — P we obtain a trivialization
U x G =nx1(U) c P. Since we will work on a local problem, we will take,
for simplicity, P = M x G.

@ Hence, a connection will be described for a g-valued 1-form on M,

w e Q'(M) @ g. Specifically, the connection formw on P =M x G
determines and is determined by w by the equality

W(x,e)(X)mOe) = Wx(Xx), VXy € T\M, VYxeM,

with e being the unit of G. For other tangent vectors or in other points of
P, the form w is fixed by 1) and 2).
From now on we will call a connection form to w € Q'(M) ® g.
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Introduction

@ In the same context, the curvature of a connection is given by a g-valued
2-formon M, F € Q?(M) @ g, where F, € A2T; M @ g, for every x € M.
It is known that the curvature of a connection measures the lack of
integrability of the horizontal distribution. The curvature form is given by

F=dw+Iwnaw,
where the exterior product is taken with respect to the Lie bracket of g; in

this case (w A w)(X, Y) := [w(X), w(Y)] — [w(Y), w(X)]. Sometimes it is
denoted w A w = [w, w].
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Introduction

@ In the same context, the curvature of a connection is given by a g-valued
2-formon M, F € Q?(M) @ g, where F, € A2T; M @ g, for every x € M.
It is known that the curvature of a connection measures the lack of
integrability of the horizontal distribution. The curvature form is given by

F=dw+Iwnaw,

where the exterior product is taken with respect to the Lie bracket of g; in
this case (w A w)(X, Y) := [w(X), w(Y)] — [w(Y), w(X)]. Sometimes it is
denoted w A w = [w, w].

@ If the group of structure is abelian, the problem of "When is a g-valued
2-form a curvature?"is already solved and well known by all:
As the Lie bracket is always naught, F = dw and the components of F
(which are as many 2-forms on M as the dimension of g) must be exact
forms to be F the curvature of a connection.

Hence, the Poincaré lemma assures that F is (locally) a curvature form if
it satisfies the equation dF = 0; which is no other than the Bianchi
identity: dF + w A F = 0, in the abelian case.
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A class of Lie algebras

@ In nonabelian case, the Bianchi identity dF + w A F = 0 remains a
necessary condition for F to be a curvature. But the equation includes
the unknown w, and even if the identity is solved for some existent w, that
doesn’t assure that F is a curvature of w or of someone else connection.

Funnily, when the base manifold is of dimension 4 and thanks to the
Bianchi identity, there is a simple trick that works on a large class of Lie
algebras including semisimple algebras, and that solves the problem
generically. From now on dim M = 4.
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@ In nonabelian case, the Bianchi identity dF + w A F = 0 remains a
necessary condition for F to be a curvature. But the equation includes
the unknown w, and even if the identity is solved for some existent w, that
doesn’t assure that F is a curvature of w or of someone else connection.

Funnily, when the base manifold is of dimension 4 and thanks to the
Bianchi identity, there is a simple trick that works on a large class of Lie
algebras including semisimple algebras, and that solves the problem
generically. From now on dim M = 4.

@ We consider the following assumption:
() For every x € M there exists F, € A2T; M © g such that the linear map
@(Fx): TX*MQCQH/\B‘T;M@R Qb(Fx)(Wx):FxAWXa

is an isomorphism.
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A class of Lie algebras

Proposition
(i) If (o) holds for g1 and g, then it also holds for g = g1 @ go.
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A class of Lie algebras

Proposition
(i) If (o) holds for g1 and g, then it also holds for g = g1 @ go.
(i) If () holds, then the center of g is zero and [g, g] = g.
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A class of Lie algebras

Proposition
(i) If (o) holds for g1 and g, then it also holds for g = g1 @ go.
(i) If () holds, then the center of g is zero and [g, g] = g.
(iii) The assumption («) holds if and only if the following holds:
(B) ThereexistAj € g,1<i<j<4,suchthatfor A; € g the equations
[A12, A3] + [Azs, A1] — [A13,A] =0
[At2, Ay] + [Az4, A1] — [A1s, A2] =0

[Ata, Ad] + [Ass, Ar] — [Ara, As] = 0 )
[A2z, Aa] + [Asa, Ao] — [A2a, As] =0

imply Ay = ... = A =0.
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(iii) The assumption («) holds if and only if the following holds:
(B) ThereexistAj € g,1<i<j<4,suchthatfor A; € g the equations

[A12, A3] + [Azs, A1] — [A13,A] =0
[A12, As] + [Aq, At] — [A14,A2] =0

1

[Ata, Ad] + [Ass, Ar] — [Ara, As] = 0 M
[A2z, Aa] + [Asa, Ao] — [A2a, As] =0

imply Ay = ... = A =0.

(iv) SetO = Jyep Ox, where Ox C N2T;M ® g is the subset of all elements
Fx such that ¢(Fy) is an isomorphism. Then, if (o)) holds, O is an
AdG-invariant dense open subbundle in N>T*M ® g.
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Proposition
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[Ata, Ad] + [Ass, Ar] — [Ara, As] = 0 M
[A2z, Aa] + [Asa, Ao] — [A2a, As] =0

imply Ay = ... = A =0.

(iv) SetO = Jyep Ox, where Ox C N2T;M ® g is the subset of all elements
Fx such that ¢(Fy) is an isomorphism. Then, if (o)) holds, O is an
AdG-invariant dense open subbundle in N>T*M ® g.

(v) The assumption ((3) holds for g if and only if it holds for g¢ = g ®x C.
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A class of Lie algebras

Proof.
(i) If (o) holds for g1 and g, then it also holds for g = g1 @ go.

It is immediate.
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A class of Lie algebras

Proof.
(i) If (o) holds, then the center of g is zero and [g, g] = g.
It is necessary for the injectivity and surjectivity of ¢(Fy):

1) if Ais a vector in the center of g, then ¢(Fx)(ux ® A) =0, Yuyx € T; M,
VFy € A2T;M ® g, then injectivity implies px ® A = 0, then A = 0;

2) imp(Fyx) C A3 Ty M ® [g,0) C A3T;M ® g, forall F, € A2TyM ® g, then
surjectivity implies [g, g] = g.
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A class of Lie algebras

Proof.

(iii) Suppose (B3) holds. Let (x', ..., x*) be coordinates on U C M and let
(Bi,...,Bn) be abasis of g. Define F, =3, _:(dx" A dx')x ® Api, x € U. As
dim T; M ® g =dimA3T; M ® g, ¢(Fx) is an isomorphism iff ker ¢(Fy) = 0.
Assume wy = i (dx/)x @ By € ker ¢(Fy). We set A; = i Bk. Then, we have

¢(Fx)(Wx) = ¢( x) ((dxj)x X Aj)
= (dx' A dx® A dx®)y @ ([Ar2, As] + [Azz, A1] — [A13, Az))
+ (dx" A dx® A dx*)x @ ([A12, As] + [Aza, Ar] — [Av4, A2))
+ (X" A dx® A dx*)yx @ ([Arz, Ag] + [Asa, At] — [Ara, As])
+ (Ax® A dx® A dx*)y @ ([Aos, Ad] + [Asa, Az] — [Aza, A3])

and, from ¢(Fx)(wx) = 0 and (), we obtain A; = ... = A4 = 0, which implies
wy = 0. Thus, the assumption («) holds.
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A class of Lie algebras

Proof.

(iii) Conversely, assume that (o) holds and let F, = Y, _;(dx" A dx')x @ Api
be a 2-formin A2T; M ® g, x € U, such that ¢(Fy) is an isomorphism. Let
A, ..., A4 be four arbitrary vectors in g. According to the equation

d(Fx)(wx) = ¢(Fx) ((dxj)x ® Aj)
= (dx" A dx® A dx®),
+ (ax! A dx® A dx*)x
+ (ax' A dx® A dx*)x
+ (dx® A dx® A dx*)y

([A12, Ag] + [Az3, A1] — [A13, A2
([A12, As] + [A24, A1] — [A1a, A]
([A13, Aa] + [Asg, A1] — [A1a, Ag]
([A23, Ag] + [Asa, Az] — [A2a, A3

—_— — =

®
02
(2
0 )

the 1-form wy = (dx/), ® Aj belongs to the kernel of ¢(Fx) (and hence wy = 0)
if and only if the equations (1) in () hold. Thus, the assumption () follows.
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A class of Lie algebras

Proof.

(iv) If () holds, © is an AdG-invariant dense open subbundle in N> T*M ® g.
We order conveniently the bases dx” ® Bx; dx A dx’ @ Bk, h < i
dx"Adx' Adx @ By, h<i<jof T"U®g, 2T U®g, NPT U®g.

If F =3, Fl,dx" A dx' @ Bj, the 4m x 4m matrix of ¢(F) is:

AMi(F) ... Am(F)
A= ]

/\rn1 (f:) e /\rnnq(f:)
c,?FéS —c,g-’F{3 c,g-’F{'2 0

ith A(F) — Cl?le4 _C:;?F114 0 C:‘I]F{z

Wi n(F) = h i _ hpi hEi J
Cj Fi4 0 Cj Fi4 Cj Fis
0 c,4/7F3’4 —c,-j?Fz’4 cg-’Fés
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A class of Lie algebras

Proof.
(iv) If (o) holds, O is an AdG-invariant dense open subbundle in N>T*M ® g.

where (c},)k</ denote the structural constants, [Bx, B = ¢,B;.

Hence det A(F) is a homogeneous polynomial of degree 4m in the functions
F,/”- whose coefficients are homogeneous polynomials of degree 4min Z[c{d],
and det A(F) does not vanish identically by virtue of the hypothesis that («)
holds; hence Oy is a dense open subset for every x € M. This argument
proves (iv) taking into account that, as a simple calculation shows, we have

#(Adg o F) = Adgo ¢(F)oAdg-1, VgE€EG.
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A class of Lie algebras

Proof.
(v) The assumption (3) holds for g if and only if it holds for g¢ = g ®g C.

If ¢(Fx): TyM® g — A3T; M ® g is an isomorphism, the same holds for
d(Fx®1¢): TiM @ g° — A3T;M @ g°. If (o) does not hold for g, then there
exists a point x € M such that the matrix A(Fy) is singular for every Fy in
AN2T;M® g, or equivalently det A(Fy) = 0. This means that certain polynomials
in Z[c},] vanish. Hence (a) does not hold for g¢ either, as g and g¢ have the
same structural constants. This proves (v). O

Proposition (Mostow, Shnider)
Every semisimple finite-dimensional Lie algebra satisfies the assumption (3).

However, the class of algebras satisfying the condition (3) is strictly larger
than that of semisimple Lie algebras.
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Curvature forms in dimension 4

Let us consider the system
dF = FAG, (2)
F=dG+}GAG, 3)
on a manifold M of arbitrary dimension, where G € Q'(M) ® g, F € Q3(M) ® g.

Lemma
The system (2)—3) is formally integrable.

The result is obtained using the standard definitions and results of the theory
of formal integrability, such as are developed, for instance, in the book

R. L. Bryant et al..

In summary, the Lemma is proved verifying that a formal solution of order k
can be extended to a formal solution of order k + 1.
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Curvature forms in dimension 4

Theorem

Assume (3) holds for the Lie algebra g of the Lie group G. A g-valued
2-form F on M taking values in O, is the curvature form of a connection

on the principal bundle M x G — M if and only if the following equation
holds:

F=d(6(F)(dF)) + 5 (6(F)"(dF) A (e(F)'(aF)) . (4)
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Curvature forms in dimension 4

Theorem

Assume (3) holds for the Lie algebra g of the Lie group G. A g-valued
2-form F on M taking values in O, is the curvature form of a connection
on the principal bundle M x G — M if and only if the following equation
holds:

F=d(6(F)'(dF)) + % (6(F)~"(dF)) A (6(F)~"(dF)). (4)
Furthermore, if M is of class C*, given a point xo, € M and a 2-jet jfo Fo at
Xo in N2T*M @ g such that, Fy(xp) € O and

Fo(x0) = d (¢(Fo)~"(dFo)),, + % (6(Fo)~"(dFo)),, A (¢(Fo)~"(dFo)),, »

then there exist an open neighbourhood U of xo and a solution
F € T (U, 0) to the equation (4) such that jz F = j2 Fo.
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Curvature forms in dimension 4

Proof.

Assume that a connection form G exists on M x G whose curvature form
is F. Then, from the structure equation F = dG + %G A G we obtain

dF = F A G = ¢(F)(G). Hence G = ¢(F)~'(dF) and the equation (4)
holds. Conversely, if F satisfies the condition (4), then the 1-form
#(F)~'(dF) defines a connection form whose curvature is F.
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Curvature forms in dimension 4

Proof.

Assume that a connection form G exists on M x G whose curvature form
is F. Then, from the structure equation F = dG + %G A G we obtain

dF = F A G = ¢(F)(G). Hence G = ¢(F)~'(dF) and the equation (4)
holds. Conversely, if F satisfies the condition (4), then the 1-form
#(F)~'(dF) defines a connection form whose curvature is F.

Finally, if (3) holds for g, then the equation (4) is equivalent to the system
(2)—(3) as follows by setting G = ¢(F)~'(dF). Hence the second part of
the statement is an immediate consequence of the previous Lemma
taking account of the fact that under the assumptions of the statement,
the formal integrability of (4) implies the existence of solutions with
prescribed initial condition.
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Curvature forms in dimension 4

Remarks

@ The equation (4) is quasi-linear but strongly non-linear, as the coefficients
of the second-order terms F, are involved expressions of F due to

i, xI xk
the inverse matrix ¢(F)~'.
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Curvature forms in dimension 4

Remarks

@ The equation (4) is quasi-linear but strongly non-linear, as the coefficients
of the second-order terms F2 . . are involved expressions of F due to

hi, xIx
the inverse matrix ¢(F)~'.

@ Moreover, it is worth mentioning that this equation is invariant under
gauge transformations; namely, if F is a solution to (4), then the 2-form

(v-F)(x) = Ad,(x) o F(x), VxeM,

is also a solution to (4) for every v € C>*(M, G).
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Curvature forms in dimension 4

Remarks
@ The equation (4) is quasi-linear but strongly non-linear, as the coefficients
of the second-order terms F;;j.yx,.xk are involved expressions of F due to
the inverse matrix ¢(F)~'.
@ Moreover, it is worth mentioning that this equation is invariant under
gauge transformations; namely, if F is a solution to (4), then the 2-form

(v-F)(x) = Ad,(x) o F(x), VxeM,

is also a solution to (4) for every v € C>*(M, G).

@ If F is a global section in O, an open covering {U;} of M exists such that
F|u, is a curvature form for every i, then there exists a globally defined
unique 1-form G the curvature of which is F. In fact, assume G; is a
connection form on U; whose curvature form is F|y,. On U; N U; we have
dF = F A G; and dF = F A G;. Subtracting both equations and recalling
¢(F) is an isomorphism by hypothesis, we conclude Gj|unu, = Gjlunuy;-
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Example with su(2)

Let (B, By, B3) be a basis for su(2) such that [By, By] = Bs, [Bz, Bs] = By,
[Bs, Bi] = Bo. Assume F =", Fedx" A dx' @ B, € Q3(M) @ su(2) is a
section of the open subbundle O in the Proposition-(iv).

In the bases {dx" ® B, } and {dx" A dx’ A dx¥/ ® B, }, the matrix of ¢(F) is a

12 x 12 matrix:
0 Nz —M3
/\(F) = —/\12 0 /\23 s with

Az =Nz 0

~F R R 0
A 0 R

M=l g B R | 0K E(0,28),(118.2), 2.3 1)

To compute the inverse matrix if there exists we can proceed efficiently
operating by blocks as follows:
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Example with su(2)

We set
/\11 A12 /\13
/\71 (F) _ /\21 /\22 /\23
/\31 /\32 /\33 ’
All of A7 being 4 x 4 matrix blocks. By imposing

/I 0 0
ANF) A" (F)=[ 0 1 0|,
00 I/

we obtain a system of 4 x 4 matrix equations, with the blocks A, A7 involved.
We make the additional hypothesis that det Ay, det A1z, and det Az do not
vanish, which does not affect the generic character of F.

Then, after some easy calculations we can obtain the formulas which give the
blocks AY of the inverse matrix A~"(F), in function of the blocks A; of A(F) and

its inverses A,f, allowing one to compute them efficiently.
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Example with su(2)

Moreover, we have

dF = > Fiax" Adx' A ax @ B,

h<i<j

= (Fsp — Fis e + Fipo ) ' A 02 1 i @ B,
+ ( 2ax — Flaxe + f“z,ﬂ) dx' A dx? Adx* @ B,
+ (Fgg Ny fg) dx' A dx® A dx* @ B,

+ ( Igl,xz - FZCZ,)@ + §3,x4) dx? A dx® A dx* @ B,

Then, ¢(F)~'(dF) is computed by making the following matrix product:
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Example with su(2)

/\11 /\12 /\13 F1
AT N2 NS F2 |, with F°=
A3T A32 33 F3

Namely,

M
®

123
|, g=1.23.
134
234

Na
m m

o(F)~" (dF) = Z/\aﬁ )FP ® B,

- Z [ /\@ﬁ :1 (F)F 23 + (Aaﬁ) (F) 124
+ (/\aﬁ) (F)Fiaa+ (A7) (F)F;%“} ox' ® Ba.

If the equation (4) is satisfied, this will be the unique connection form with
curvature F.
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