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Introduction

Interest on studying the structure of coalgebra comes from different sources.
Among them, historically, the best known is perhaps their relation with Hopf
algebras and quantum groups, as one of the structures endowed to these
objects. Nevertheless, recently, two new connections have been considered.
On the one hand, in the framework of Noncommutative Geometry, one
can generalize the notion of principal bundles by means of the so-called en-
twining structures (A,C)ϕ, where A is an algebra, C a coalgebra and
ϕ : A ⊗ C → C ⊗ A a map verifying some compatibility conditions; intro-
duced by Brzeziński and Majid in [BM98], where the rôle of the fibre of the
principal bundle is played by the coalgebra C. Later, this structures were
used in order to unify different kinds of modules as Doi-Koppinen Hopf mod-
ules, Hopf modules or Yetter-Drinfeld modules, see for instance [CMZ02]
and references therein. Entwining structures were also generalized by the
notion of coring (cf. [BR03]). In the recent paper [KSa], Kontsevich and
Soibelman associated to each noncommutative thin scheme (or a non-
commutative formal manifold) X, a huge coalgebra CX , which is called
the coalgebra of distributions on X, and provide an equivalence between
the category of coalgebras and the one of noncommutative thin schemes.
This coalgebra CX is Morita-Takeuchi equivalent to the path coalgebra of
an infinite quiver associated to the coordinate ring A of the noncommutative
manifold. Concretely, the quiver which has as its vertices the isomorphism
classes of finite dimensional simple representations, and for which the num-
ber of directed arrows between the vertices corresponding to the simples S
and T is the dimension of Ext1

A(S, T ).
On the other hand, due to the work of Gabriel [Gab62] dealing with the

class of pseudo-compact modules, the idea of extending the classical Rep-
resentation Theory of Algebras (finite dimensional over an algebraically
closed field) to an infinite dimensional context has motivated to consider the
structure of coalgebra from this point of view, since, because of the Funda-
mental Coalgebra Structure Theorem, it seems plausible to use techniques
and get similar results to the ones developed for algebras, see [Chi04] and
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[Sim01]. Indeed, Representation Theory of Coalgebras has been applied
successfully studying properties of a whole Hopf algebra or quantum group
which depends uniquely on the coalgebra structure (cf. [AD03] for an exam-
ple linked with co-Frobenius Hopf algebras, and [Chi] and [Hai01] concerning
the representations of the quantum group SL(2) and the quantum groups of
type A0|0, respectively). Albeit the present memory also treats with arbi-
trary coalgebras over an arbitrary field, it should be seen inside this second
case. Hence, from this point of view, we are aimed to find a description
and classification of coalgebras extending the one existent for algebras
of finite dimension.

The quiver-theoretical ideas developed by Gabriel and his school during
the seventies have been the origin of many advances in Representation Theory
of Algebras for years (cf. [ASS05], [ARS95] and [GR92]). Moreover, many of
the present developments of the theory use, up to some extent, these tech-
niques and results. Among these tools, it is mostly accepted that the main
one is the famous Gabriel theorem which relates any finite dimensional al-
gebra (over an algebraically closed field) to a nice quotient of a path algebra
(see for instance [ASS05] or [ARS95]). The key-point of such method lies in
the fact that it gives a description not only of the algebras, but also of all
finitely generated modules by means of finite dimensional representations
of the quiver. Nevertheless, due to the ambitious primary aim of the theory,
that is, to describe, as a category, the modules over any artinian algebra, this
theorem and many of the other techniques strongly require finite dimen-
sionality over the field and it does not seem possible to generalize them to
an arbitrary algebra.

Recently, some authors have tried to get rid of the imposed finiteness
conditions by taking advantages of coalgebras and their category of como-
dules, see [Chi02], [JMN05], [JMN07], [KS05], [Nav08], [Sim01], [Sim05] or
[Woo97]. Main reasons for this are, on the one hand, that coalgebras may
be realized, because of the freedom on choosing their dimension, as an inter-
mediate step between finite dimensional and infinite dimensional algebras.
More concretely, in [Sim01], it is proven that the category of comodules over
a coalgebra is equivalent to the category of pseudo-compact modules, in the
sense of [Gab72], over the dual algebra. And, on the other hand, because
of their locally finite nature, coalgebras are a good candidate for extending
many techniques and results stated for finite dimensional algebras. There-
fore it is rather natural to ask oneself about the development of the following
points in coalgebra theory:

1. Obtain some quiver techniques similar to the classical ones stated
for algebras. For instance, a description of coalgebras and comodules
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by means of quivers and linear representation of quivers (cf. [JMN05],
[JMN07] and [Sim05]).

2. Define the representation types of comodules (finite, tame and
wild) and find some criterions in order to determine the representation
type of a coalgebra. Prove the tame-wild dichotomy for coalgebras
(cf. [Sim01] and [Sim05]).

3. Describe completely the representation theory of some particular classes
of coalgebras. For example, co-semisimple, pure semisimple [KS05],
semiperfect [Lin75], serial [CGT04], biserial [Chi], hereditary [JLMS05],
or others.

This thesis is dedicated to develop the above questions. Concretely, our
primary aim will be to find a version for coalgebras of the aforemen-
tioned Gabriel Theorem. The innovative technique consists in to apply
the theory of localization in coalgebras in order solve these problems. Here,
by localization we mean the approach given by Gabriel in [Gab62]. This is
a categorical generalization of the well-known theory of localization in non-
commutative rings and the construction of the ring of fractions, see the books
[GW89] and [MR87]. From this point of view, to any coalgebra, we may at-
tach a set of “localized” coalgebras and some functors relating the comod-
ule categories. It is worth noting that the behavior of these functors strongly
depends on its action with simple and injective comodules. Therefore
the underlying idea is to deduce properties of a coalgebra by means of its
local structure, that is, by means of its “localized” coalgebras. Although a
whole chapter of the memory is devoted to Localization (this is the secondary
topic of the thesis!), all along the memory some sections are also concerned
about this theory in a more specific context.

The work is structured as follows. In Chapter 1 we give some of the
background material that will be used all along the work. In particular, we
recall that one may endow the path algebra KQ with a structure of graded
K-coalgebra with comultiplication induced by the decomposition of paths,
that is, if p = αm · · ·α1 is a non-trivial path from a vertex i to a vertex j,
then

∆(p) = ej ⊗ p+ p⊗ ei +
m−1∑
i=1

αm · · ·αi+1 ⊗ αi · · ·α1 =
∑
ητ=p

η ⊗ τ

and ∆(ei) = ei ⊗ ei for a trivial path ei. The counit of KQ is defined by the
formula

ε(α) =

{
1 if α is a vertex,
0 if α is a non-trivial path.
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This coalgebra is called the path coalgebra of the quiver Q. In [Woo97], the
author proves that every pointed coalgebra is isomorphic to a subcoalgebra
of a path coalgebra. The next step is given by Simson in [Sim01]. There, the
author tries to get a better approximation by means of the notion of path
coalgebra of a quiver with relations (Q,Ω) as the subspace of KQ given
by

C(Q,Ω) = {a ∈ KQ | 〈a,Ω〉 = 0},

where 〈−,−〉 : KQ×KQ −→ K is the bilinear map defined by 〈v, w〉 = δv,w
(the Kronecker delta) for any two paths v, w in Q.

One of the main motivations given in [Sim01] and [Sim05] for present-
ing a basic coalgebra C in the form C(Q,Ω) is the fact that, in this case,
there is a linear equivalence of the category MC

f of finite dimensional right

C-comodules with the category nilreplf
K(Q,Ω) of nilpotent linear repre-

sentations of finite length of the quiver with relations (Q,Ω) (see [Sim01,
p. 135] and [Sim05, Theorem 3.14]). Then that definition is consistent with
the classical theory and reduces the study of the category MC to the study
of linear representations of a quiver with relations (Q,Ω). Therefore the
following question is raised in [Sim01, Section 8]:

Question. Is any basic coalgebra, over an algebraically closed field, isomor-
phic to the path coalgebra of a quiver with relations?.

This is an analogue for coalgebras of Gabriel’s theorem. In Chapter 2 we
consider this problem. For that aim, we separate the admissible subcoalge-
bras of a path coalgebra into two classes depending on whether the coalgebra
is generated by paths or not. Obviously, the first class is easy to study and we
focus our efforts on the second one. For this purpose, we establish a general
framework using the weak* topology on the dual algebra to treat the pro-
blem in an elementary context. In particular, we describe the path coalgebra
of a quiver with relations (Q,Ω) as the orthogonal space Ω⊥ of the ideal Ω.
Then the former problem may be rewritten as follows: for any admissible
subcoalgebra C ≤ KQ, is there a relation ideal Ω of the algebra KQ such
that Ω⊥ = C? The result is proven in [Sim05] for the family of coalgebras C
such that the Gabriel quiver QC of C is intervally finite. Unfortunately, that
proof does not hold for arbitrary coalgebras, as a class of counterexamples
given in Section 2.5 shows. Moreover, there it is proven a criterion allowing
us to decide whether or not a coalgebra is of that kind:

Criterion (2.5.11). Let C be an admissible subcoalgebra of a path coalgebra
KQ. Then C is not the path coalgebra of a quiver with relations if and only
if there exist infinite different paths {γi}i∈N in Q such that:
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(a) All of them have common source and common sink.

(b) None of them is in C.

(c) There exist elements anj ∈ K for all j, n ∈ N such that the set
{γn +

∑
j>n a

n
j γj}n∈N is contained in C.

Nevertheless, it is worth noting that for all counterexamples found in
Section 2.5, the category of finitely generated comodules has very bad pro-
perties. This bad behavior is similar to the notion of wildness given for
the finitely generated module categories of some finite dimensional algebras,
meaning that this category is so big that it contains (via an exact represen-
tation embedding) the category of all finite dimensional representations of
the noncommutative polynomial algebra K〈x, y〉. As it is well-known, the
category of finite dimensional modules over K〈x, y〉 contains (again via an
exact representation embedding) the category of all finitely generated repre-
sentations for any other finite dimensional algebra, and thus it is not realistic
aiming to give an explicit description of this category (or, by extension, of
any wild algebra). The counterpart to the notion of wild algebra is the one
of tameness, a tame algebra being one whose indecomposable modules of
finite dimension are parametrised by a finite number of one-parameter fami-
lies for each dimension vector. A classical result in representation theory of
algebras (the Tame-Wild Dichotomy, see [Dro79]) states that any finite
dimensional algebra over an algebraically closed field is either of tame mo-
dule type or of wild module type. We refer the reader to [Sim92] for basic
definitions and properties about module type of algebras.

Analogous concepts were defined by Simson in [Sim01] for coalgebras.
In [Sim05], it was proven a weak version of the Tame-Wild Dichotomy that
goes as follows: over an algebraically closed field, if C is coalgebra of tame
comodule type, then C is not of wild comodule type. The full version remains
open:

Conjecture. Any coalgebra, over an algebraically closed field, is either of
tame comodule type, or of wild comodule type, and these types are mutually
exclusive.

As, according to Criterion (2.5.11) above, the coalgebras which are not
path coalgebras of quivers with relations are close to be wild, we may refor-
mulate the problem stated above as follows:

Question. Is any basic coalgebra of tame comodule type, over an algebraically
closed field, isomorphic to the path coalgebra of a quiver with relations?



Introduction ix

In order to handle this problem, in Chapter 3 we develop the localization
in coalgebras. The category MC of right comodules over a coalgebra C is
a locally finite Grothendieck category in which the theory of localization as
described by Gabriel in [Gab62] can be applied. Namely, for any locali-
zing subcategory T ⊆MC , we can construct a new categoryMC/T (the
quotient category) and a pair of adjoint functors T :MC →MC/T and
S : MC/T → MC , the quotient and the section functor. The key-
point of the theory lies in the fact that the quotient category becomes
a comodule category, and then it is better understood than in the case
of modules over an arbitrary algebra. Another good comes from that there
are several descriptions of the localizing subcategories by means of different
concepts. From the general theory of localization in Grothendieck categories,
it is well-known that there exists a one-to-one correspondence between loca-
lizing subcategories of MC and sets of indecomposable injective right
C-comodules, and, as a consequence, sets of simple right C-comodules, see
[Gre76], [Lin75], [NT94] and [NT96]. More concretely, a localizing subca-
tegory is determined by an injective right C-comodule E = ⊕j∈JEj, where
J ⊆ IC (therefore the associated set of indecomposable injective comodules is
{Ej}j∈J). ThenMC/T 'MD, where D is the coalgebra of coendomorphism
CohomC(E,E), and the quotient and section functors are CohomC(E,−) and
−�DE, respectively. We also recall that, by [Sim07], the quotient and the
section functors define an equivalence of categories betweenMD and the cate-
goryMC

E of E-copresented right C-comodules, that is, the right C-comodules
M which admits an exact sequence

0 //M // E0
// E1 ,

where E0 and E1 are direct sums of direct summands of the comodule E.
Following [CGT02] and [JMNR06], we may get a bijection between localizing
subcategories of MC and equivalence classes of idempotent elements of
the dual algebra. That fact allows us to describe the quotient category as
the category of comodules over the coalgebra eCe, whose structure is given
by

∆eCe(exe) =
∑
(x)

ex(1)e⊗ ex(2)e and εeCe(exe) = εC(x)

for any x ∈ C, where ∆C(x) =
∑

(x) x(1) ⊗ x(2), using the sigma-notation

of [Swe69]. This is frequently used when dealing with pointed coalgebras
since, in that case, the localization is somehow combinatoric since it is
done by keeping and removing suitable vertices and arrows of the Gabriel
quiver according to the associated idempotent. Moreover, the “localized”
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coalgebras may be described by certain manipulation of the quiver. In this
direction, we introduce cells and tails of a quiver and prove the following:

Theorem (3.6.3 and 3.6.8). Let C be an admissible subcoalgebra of a path
coalgebra KQ of a quiver Q. Let eX be the idempotent of C∗ associated to a
subset of vertices X. The following statements hold:

(a) the localized coalgebra eXCeX is an admissible subcoalgebra of the path
coalgebra KQeX , where QeX is the quiver whose set of vertices is (QeX )0 =
X and the number of arrows from x to y is dimKKCellQX(x, y) ∩ C for
all x, y ∈ X.

(b) The localizing subcategory TX ofMC is colocalizing if and only if the K-
dimension of the K-vector space KT ailQX(x) ∩ C is finite for all x ∈ X.

From a more theoretical point of view, since we wish to relate the repre-
sentation theory of a coalgebra and its “localized” coalgebras, Sections 3.4
and 3.5 are devoted to the study of the behavior of the localizing functors.
Surprisingly, this behavior strongly depends on the comportment of simple
and indecomposable injective comodules.

Theorem (3.5.2). Let C be a coalgebra and Te ⊆ MC be a localizing sub-
category associated to an idempotent e ∈ C∗. The following conditions are
equivalent:

(a) Te is a stable subcategory.

(b) T (Ex) = 0 for any x /∈ Ie.

(c) T (Ex) =

{
Ex if x ∈ Ie,
0 if x /∈ Ie.

(d) HomC(Ey, Ex) = 0 for all x ∈ Ie and y /∈ Ie.

(e) K = {S ∈ (ΓC)0 | eS = S} is a right link-closed subset of (ΓC)0, i.e.,
there is no arrow Sx → Sy in ΓC, where T (Sx) = Sx and T (Sy) = 0.

(f) There is no path in ΓC from a vertex Sx to a vertex Sy such that T (Sx) =
Sx and T (Sy) = 0.

(g) e is a left semicentral idempotent in C∗.

If Te is a colocalizing subcategory this is also equivalent to

(h) H(Sx) = Sx for any x ∈ Ie.
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Proposition (3.5.6). Let C be a coalgebra and Te ⊆ MC be a localizing
subcategory associated to an idempotent e ∈ C∗. The following conditions
are equivalent:

(a) T1−e is a stable subcategory.

(b) T (Ex) = Ex for any x ∈ Ie.

(c) There is no path in ΓC from a vertex Sy to a vertex Sx such that T (Sx) =
Sx and T (Sy) = 0.

(d) K = {S ∈ (ΓC)0 | eS = S} is a left link-closed subset of (ΓC)0, i.e., there
is no arrow Sy → Sx in ΓC, where T (Sx) = Sx and T (Sy) = 0.

(e) e is a right semicentral idempotent in C∗.

(f) The torsion subcomodule of a right C-comodule M is (1− e)M

(g) S(Sx) = Sx for all x ∈ Ie.

In Chapter 4 we conjugate the results obtained previously in order to
obtain some applications to Representation Theory of Coalgebras. The main
one is an acyclic version for coalgebras of Gabriel’s theorem:

Corollary (4.4.3). Let Q be an acyclic quiver and let K be an algebraically
closed field.

(a) Any tame admissible subcoalgebra C ′ of the path coalgebra KQ is iso-
morphic to the path coalgebra C(Q,Ω) of a quiver with relation (Q,Ω).

(b) The map Ω 7→ C(Q,Ω) defines a one-to-one correspondence between the
set of relation ideals Ω of the path K-algebra KQ and the set of admissible
subcoalgebras H of the path coalgebra KQ. The inverse map is given by
H 7→ H⊥.

In order to do that, first we need an analysis of the tameness and wildness
of a coalgebra in the framework of localization. The drawback of treating the
tameness from a general point of view lies in the fact that the section functor
does not preserve finite dimensional comodules, or equivalently, it does not
preserve the finite dimension of the simple comodules. Therefore there are
no functors between the categories of finite dimensional comodules defined
in a natural way. Once we assume this property as a hypothesis, we are able
to prove that the localization process preserves tameness.
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Corollary (4.2.9). Let C be a coalgebra and e ∈ C∗ an idempotent element
such that S preserves finite dimensional comodules. If C is tame then eCe
is tame.

Wildness is much more complicated to study. For that reason, a particular
case is treated: when the coalgebra eCe is a subcoalgebra of C. We prove
that this situation corresponds to the localization by a split idempotent (see
[Lam06]). Therefore we deal with the description of that kind of idempotents.
Actually, we prove the following characterization for pointed coalgebras.

Lemma (4.3.8). Let Q be a quiver and C be an admissible subcoalgebra of
KQ. Let eX ∈ C∗ be the idempotent associated to a subset of vertices X.
Then eX is split in C∗ if and only if Ip ⊆ X for any path p in PSupp(eXCeX).

Finally, Chapter 5 is devoted to look into certain kind of coalgebras by
applying the topics developed all along this work. Mainly, we care for heredi-
tary and serial coalgebras. About hereditariness, this is a well-known kind of
coalgebras which have been studied with satisfactory results in many papers,
see [Chi02], [JLMS05], [JMNR06] or [NTZ96]. Since, in view of the previ-
ous chapters, pointed coalgebras are of importance, then path coalgebras are
treated extensively. For instance, we prove that colocalizing categories are
also perfect colocalizing:

Theorem (5.1.9). Let Q be a quiver and eX be the idempotent in (KQ)∗

associated to a subset X ⊆ Q0. The following conditions are equivalent:

(a) The localizing subcategory TX of MKQ is colocalizing.

(b) The localizing subcategory TX of MKQ is perfect colocalizing.

(c) T ailQX(x) is a finite set for all x ∈ X. That is, there are at most a finite
number of paths starting at the same point whose only vertex in X is the
first one.

With respect to serial coalgebras, a systematic study of them is initiated
in [CGT04], where, in particular, it is shown that any serial indecomposable
coalgebra over an algebraically closed field is Morita-Takeuchi equivalent to
a subcoalgebra of a path coalgebra of a quiver which is either a cycle or a
chain (finite or infinite). We take advantage of the valued Gabriel quivers
associated to a coalgebra to characterize indecomposable serial coalgebras
over any field.

Theorem (5.3.4). Let C be a indecomposable basic coalgebra over an arbi-
trary field K. Then C is serial if and only if the right (and then also the left)
valued Gabriel quiver of C is one of the following valued quivers:
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(a) ∞A∞ : ◦ // ◦ // ◦ // ◦ // ◦
(b) A∞ : ◦ // ◦ // ◦ // ◦ // ◦ // ◦
(c) ∞A : ◦ // ◦ // ◦ // ◦ // ◦ // ◦
(d) An : ◦ // ◦ // ◦ ◦ // ◦ // ◦ n vertices, n ≥ 1

◦
yysssss ◦oo ◦oo

(e) Ãn : ◦
%%KKKKK ◦

eeKKKKK
n vertices, n ≥ 1

◦ // ◦ ◦
99sssss

It is observed in [CGT04] that a consequence of [EG71, Corollary 3.2] is
that the finite dual coalgebra of a hereditary noetherian prime algebra over a
field is serial. In Section 5.3.4, in conjunction with localization techniques, we
reconsider this result of Eisenbud and Griffith from the “coalgebraic” point
of view:

Corollary (5.3.18). If C is a subcoalgebra of a prime, hereditary and strictly
quasi-finite (left and right) coalgebra over an arbitrary field, then C is serial.



Chapter 1

Preliminaries

This chapter contains some of the background material that will be used
throughout this work. Namely, after a few categorical remarks, we introduce
the notation and terminology on coalgebras and we recall some basic facts
about their representation theory. We assume that the reader is familiar with
elementary category theory and ring theory, and some homological concepts
such as injective and projective objects; anyhow we refer to [AF91], [Mac71],
[Pop73] and [Wis91] for questions on these subjects. All rings considered
have identity and modules are unitary. By a field we mean a commutative
division ring.

1.1 Some categorical remarks

This section is devoted to establish some categorical definitions and proper-
ties which we assume for a category of comodules in what follows. For further
information see, for example, [Mac71], [Pop73] or [Wis91].

A category C is said to be abelian if the following conditions are satisfied:

(a) There exists the direct sum of any finite set of objects of C.

(b) For each pair of objects X and Y of C, the set HomC(X, Y ) is equipped
with an abelian group structure such that the composition of morphisms
in C is bilinear.

(c) C has a zero object.

(d) Each morphism f : X → Y in C admits a kernel (Ker f, u) and a cok-
ernel (Coker f, p), and the unique morphism f making commutative the
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diagram

Ker f u // X
f //

��

Y
p // Coker f

Coker u
f // Ker p

OO

is an isomorphism.

Throughout this work we fix a field K. We say that C is a K-category
if, for each pair of objects X and Y of C, the set HomC(X, Y ) is equipped
with a K-vector space structure such that the composition of morphisms in
C is a K-bilinear map. An abelian category C is said to be a Grothendieck
category if it has arbitrary direct sums, a set of generators and direct limits
are exact. Moreover, if each object of the set of generators has finite length
then C is known as a locally finite category.

Proposition 1.1.1. [Gab62] Let C be a locally finite K-category. Then it
verifies the following assertions:

(a) The category C has injective envelopes.

(b) The direct sum of injective objects is injective.

(c) Each object of C is an essential extension of its socle (the sum of all its
simple subobjects).

(d) An injective object E of C is indecomposable if and only if its socle is a
simple object.

(e) If {Si}i∈I is a complete set of isomorphism classes of simple objects of
C and Ei is the injective envelope of Si for each i ∈ I, then {Ei}i∈I is a
complete set of isomorphism classes of indecomposable injective objects
of C.

(f) With the above notation, each injective object E of C is isomorphic to a
direct sum

⊕
i∈I E

αi
i , where each αi is a non-negative integer. Further-

more, this sum is uniquely determined by the set {αi}i∈I .

(g) With the above notation, E =
⊕

i∈I E
αi
i is an injective cogenerator of C

if and only if αi > 0 for all i ∈ I.

Let C be a locally finite K-category. We say that C is of finite type
if, for each pair of objects X and Y of C of finite length, the vector space
HomC(X, Y ) has finite dimension over K.
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Proposition 1.1.2. [Tak77] Let C be a locally finite K-category. The fol-
lowing conditions are equivalent:

(a) C is of finite type.

(b) For each simple object S of C, the vector space HomC(S, S) is finite di-
mensional over K.

An object F of a K-category of finite type C is said to be quasi-finite
if, for each object X of C of finite length, the vector space HomC(X,F ) has
finite dimension over K.

Proposition 1.1.3. [Tak77] Let C be a K-category of finite type and F be
an object of C. The following sentences are equivalent:

(a) F is quasi-finite.

(b) For each simple object S of C, the vector space HomC(S, F ) is finite
dimensional over K.

(c) With the notation of Proposition 1.1.1, the socle of F is isomorphic to⊕
i∈I S

αi
i , where the non-negative integers αi are finite for all i ∈ I.

Corollary 1.1.4. [Tak77] Let C be a K-category of finite type. Then, with the
notation of Proposition 1.1.1,

⊕
i∈I Ei is a quasi-finite injective cogenerator

of C.

1.2 Coalgebras and comodules

Let us now define the main objects of our study, that is, coalgebras and
their category of comodules. Recall that the category of comodules over a
coalgebra is a particular case of a category of finite type so all definitions
and results of the last section remain valid here. Following [Abe77] and
[Swe69], by a K-coalgebra we mean a triple (C,∆, ε), where C is a K-
vector space and ∆ : C → C ⊗ C and ε : C → K are K-linear maps,
called comultiplication and counit, respectively; such that the following
diagrams commute:

C
∆ //

∆

��

C ⊗ C

∆⊗I

��

C ⊗ C
I⊗ε
uullllll ε⊗I

))RRRRRR

C ⊗K K ⊗ C

C ⊗ C I⊗∆ // C ⊗ C ⊗ C C
∼=

iiRRRRRRRRR

∆

OO

∼=

55lllllllll

(Coassociativity) (Counit)
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In what follows we denote the coalgebra (C,∆, ε) simply by C.
A K-vector subspace V of C is said to be a subcoalgebra of C if ∆(V ) ⊆

V ⊗ V . If ∆(V ) ⊆ V ⊗ C (resp. ∆(V ) ⊆ C ⊗ V ) we say that V is a right
(resp. left) coideal. Finally, it is called a coideal if ∆(V ) ⊆ V ⊗C+C⊗V
and ε(V ) = 0. Note that a right and left coideal is not a coideal but a
subcoalgebra. Let S be a subset of a coalgebra C, the vector space obtained
from the intersection of all subcoalgebras of C containing S is called the
subcoalgebra generated by S. The following theorem asserts that this set
is also a subcoalgebra.

Theorem 1.2.1. [Swe69]

(a) The intersection of subcoalgebras is again a subcoalgebra.

(b) Any subcoalgebra generated by a finite set is finite dimensional.

(c) Any simple subcoalgebra of a coalgebra is finite dimensional.

The following result is often called the Fundamental Coalgebra Struc-
ture Theorem and shows the locally finite nature of a coalgebra, see [Mon93]
and [Swe69].

Theorem 1.2.2. Any K-coalgebra is a directed union of its finite dimen-
sional subcoalgebras.

Given two K-coalgebras C and D, a morphism of K-coalgebras f : C →
D is a K-linear map such that the following diagrams are commutative:

C
f //

∆C

��

D

∆D

��
C ⊗ C f⊗f // D ⊗D

C
f //

εC
��;

;;
;;

;;
;;

D

εD
����

��
��

��
�

K

If f : C → D is a morphism of coalgebras, it is easy to prove that Ker f is a
coideal of C and Im f is a subcoalgebra of D.

Let C be a K-coalgebra. A right C-comodule is a pair (M,ω), where
M is a K-vector space and ω : M → C ⊗ M is a K-linear map making
commutative the following diagrams:

M
ω //

ω

��

M ⊗ C

ω⊗I

��

M

∼=
  A

AA
AA

AA
AA

AA
ω //M ⊗ C

I⊗ε

��
M ⊗ C I⊗∆ //M ⊗ C ⊗ C M ⊗K
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In what follows we denote the right C-comodule (M,ω) simply by M , or by
MC .

Given two right C-comodules M and N , a morphism of right C-comodules
f : M → N is a K-linear map such that the following diagram is commuta-
tive:

M
f //

ωM

��

N

ωN

��
M ⊗ C f⊗I // N ⊗ C

From now on we identify every comodule with the identity map defined
on it, so we use the notation f⊗M , f⊗1M or simply f⊗I, it doesn’t matter
which. We denote byMC the category of right C-comodules and morphisms
of right C-comodules and by MC

qf and MC
f , the full subcategories of MC

whose objects are quasi-finite and finite dimensional right C-comodules, res-
pectively. Symmetrically we define the corresponding categories of left C-
comodules. We denote by CMqf ,

CMf and CM the category of quasi-finite,
finite dimensional and all left C-comodules, respectively.

Example 1.2.3. Let C be a K-coalgebra, V a K-vector space and M a
right C-comodule. Then V ⊗M has a structure of right C-comodule with
comultiplication I ⊗ ωM . It is easy to prove that we have an isomorphism
HomC(V ⊗M,N) ∼= HomK(V,HomC(M,N)) for any right C-comodule N .

Let C and D be K-coalgebras. A (C,D)-bicomodule is a K-vector
space M with a structure of left C-comodule (M,ω) and a structure of right
D-comodule (M,ρ) such that the following diagram is commutative:

M
ω //

ρ

��

C ⊗M

I⊗ρ

��
M ⊗D ω⊗I // C ⊗M ⊗D

The reader should note that this means that ρ is a morphism of left C-
comodules or, equivalently, ω is a morphism of right D-comodules. A mor-
phism of (C,D)-bicomodules is a K-linear map which is a morphism of left
C-comodules and of right D-comodules. We denote by CMD the category
of (C,D)-bicomodules.

Here we list some important properties of a category of comodules, see
[Mon93] and [Swe69] for details.

Proposition 1.2.4. Let C be a K-coalgebra. Then the following assertions
hold:
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(a) MC is an abelian K-category of finite type.

(b) MC
f is a skeletally small abelian Krull-Schmidt K-category.

(c) MC has enough injective objects.

(d) The coalgebra C, viewed as a right C-comodule, is a quasi-finite injective
cogenerator in MC.

(e) A direct sum of indecomposable right C-comodules is injective if and only
if each direct summand is injective.

(f) Every right C-comodule is the directed union of its finite dimensional
subcomodules.

(g) Each simple right C-comodule has finite dimension.

Remark 1.2.5. In general, the categoryMC has no enough projectives and
sometimes it has no non-zero projective objects.

Throughout we denote by {Si}i∈IC a complete set of pairwise non-isomorphic
simple right C-comodules and by {Ei}i∈IC a complete set of pairwise non-
isomorphic indecomposable injective right C-comodules.

Let (M,ρ) be a right C-comodule. There exists a unique minimal sub-
coalgebra cf(M) of C such that ρ(M) ⊆ M ⊗ cf(M), that is, such that M
is a right cf(M)-comodule. This coalgebra cf(M) is called the coefficient
space of M .

Proposition 1.2.6. [Gre76] Let C be a K-coalgebra and mi = dimDi
Si for

any i ∈ IC, where Di is the division algebra EndC(Si). Then:

(a) Each simple subcoalgebra of C is isomorphic to cf(Si) for some i ∈ IC.

(b) cf(Si) = Si ⊕ · · · ⊕ Si = Smi
i as right C-comodules for each i ∈ IC.

(c) Corad(C) = C0 =
⊕

i∈IC cf(Si) =
⊕

i∈IC S
mi
i .

We finish this section giving an important characterization of the cate-
gories of comodules.

Theorem 1.2.7. [Tak77] Let C be an abelian K-category. C is of finite type
if and only if C is K-linearly equivalent to MC for some K-coalgebra C.
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1.3 The cotensor product

Let A and B be two abelian K-categories. A functor T : A → B is said to be
K-linear if the map TX,Y : HomA(X, Y ) → HomB(T (X), T (Y )) defined by
TX,Y (f) = T (f) isK-linear for any objectsX and Y ofA. Let now S : A → B
and T : B → A be two functors. We say that S is left adjoint to T , or T is
right adjoint to S, if there exists a natural isomorphism HomB(S(−),−) w
HomA(−, T (−)). In this case, S is right exact and preserves colimits and T
is left exact and preserves limits.

In the particular case of categories of modules over K-algebras, we have
an important example of adjoint functors: the tensor functor and the Hom
functor. Suppose that R is a K-algebra, M is a right R-module and N is a
left R-module. Then we may introduce the tensor product MR⊗R RN as the
cokernel (coequalizer) of the maps

M ⊗K R⊗K N
µM⊗I //

I⊗µN

//M ⊗K N //______ M ⊗R N,

where µM and µN are the structure maps of M and N as R-modules. Further-
more, if S is another K-algebra and N is an (R,S)-bimodule then M ⊗R N
has a structure of right S-module. Thus we may define a functor − ⊗R N :
ModR → ModS which is left adjoint to HomS(N,−), that is, there is a natu-
ral isomorphism HomR(M,HomS(N, T )) ∼= HomS(M ⊗R N, T ) for any right
R-module M and any right S-module T .

Let us come back to coalgebras. In what follows we assume that all
coalgebras are over the field K. We would like to obtain a similar situation
to the one above, i.e., a pair of functors between categories of comodules
(probably over different coalgebras) with adjoint properties. Let C be a
coalgebra, M be a right C-comodule and N be a left C-comodule. Following
[EM66], we recall that the cotensor product of M and N , MC�CCN , is
the kernel (equalizer) of the maps

M�CN //______ M ⊗K N
ωM⊗I //

I⊗ωN

//M ⊗K C ⊗K N,

where ωM and ωN are the structure maps of M and N as right C-comodule
and left C-comodule, respectively. We collect here some properties of the
cotensor product.

Proposition 1.3.1. [Tak77] Let C be a coalgebra, M a right C-comodule
and N a left C-comodule. Then the following assertions hold:

(a) If C = K then M�CN = M ⊗K N .
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(b) The cotensor product is associative.

(c) The functors M�C− and −�CN are left exact and preserve direct sums.

(d) We have isomorphisms M�C(N ⊗K W ) ∼= (M�CN)⊗K W and (W ⊗K
M)�CN ∼= W ⊗K (M�CN) for any K-vector space W .

(e) The functor M�C− (resp. −�CN) is exact if and only if M (resp. N)
is an injective right (resp. left) C-comodule .

(f) There are isomorphisms M�CC ∼= M and C�CN ∼= N .

Let now C, D and E be three coalgebras, M an (E,C)-bicomodule
and N a (C,D)-bicomodule. Then M�CN acquires a structure of (E,D)-
bicomodule with structure maps

ρM�I : M�CN → (E ⊗K M)�CN ∼= E ⊗K (M�CN)

and
I�ρN : M�CN →M�C(N ⊗K D) ∼= (M�CN)⊗K D.

Therefore we may consider a functor −�CN : MC → MD. Unfortunately,
in general, −�CN does not have a left adjoint functor.

Theorem 1.3.2. [Tak77] Let C and D be two coalgebras and M be a (D,C)-
bicomodule. Then the functor −�DM has a left adjoint functor if and only
if M is a quasi-finite right C-comodule.

If M is a quasi-finite right C-comodule, we denote the left adjoint functor
of −�DM by CohomC(M,−). The functor CohomC(M,−) has a similar
behavior to the usual Hom functor of algebras.

Proposition 1.3.3. [Tak77] Let C,D and E be three coalgebras. Let M and
N be a (D,C)-bicomodule and an (E,C)-bicomodule, respectively, such that
M is quasi-finite as right C-comodule. Then:

(a) We have CohomC(M,N) = lim−→HomC(Nλ,M)∗ = lim−→(M�CN
∗
λ)∗, where

{Nλ}λ is the family of finite dimensional subcomodules of NC.

(b) The vector space CohomC(M,N) is an (E,D)-bicomodule.

(c) The functor CohomC(M,−) is right exact and preserves direct sums.

(d) The functor CohomC(M,−) is exact if and only if M is injective as right
C-comodule.
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Remark 1.3.4. The set CoendC(M) = CohomC(M,M) has a structure of
coalgebra and then M becomes a (CoendC(M), C)-bicomodule, see [Tak77]
for details.

Symmetrically, DMC is quasi-finite as left D-comodule if and only if the
functor M�C− : CM → DM has a left adjoint functor. In this case we
denote that functor by CohomD(−,M).

As a consequence, we prove the Krull-Remak-Schmidt-Azumaya theorem
for quasi-finite comodules. We need the following lemmata:

Lemma 1.3.5. Let E be an indecomposable injective right C-comodule. Then
HomC(E,E) = EndC(E) is a local ring.

Proof. Let f ∈ EndC(E). It holds that Ker f ∩Ker (idE−f) = 0. Since E is
indecomposable, Ker f = 0 or Ker (idE − f) = 0. If f is injective then there
exists a map g such that

E

idE

��

f // E

g
��~

~
~

~

E

is commutative and then the sequence E
f // E // Coker f splits. There-

fore E = E ⊕ Coker f . Thus Coker f = 0 and f is bijective.
Otherwise, proceeding as above, idE − f is bijective so f is quasi-regular.

Then f is in the radical. This proves that EndC(E) is local.

Let M be a quasi-finite right C-comodule, we denote by add M the ca-
tegory of direct summands of arbitrary direct sums of copies of M . Let
us consider the coalgebra D = CohomC(M,M). Then the Cohom and the
cotensor functor can be restricted to CohomC(M,−) : add M → add D and
−�DM : add D → add M , respectively.

Lemma 1.3.6. [CKQ02] Let M be a quasi-finite right C-comodule and let
D be the coalgebra CohomC(M,M). Then the functors

add M
CohomC(M,−)//

add D
−�DM

oo

are inverse equivalences of categories.

Corollary 1.3.7. Let M be an indecomposable quasi-finite right C-comodule
then EndC(M) is a local ring.
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Proof. By Lemma 1.3.6, CohomC(M,−) : add M → add D is an equivalence.
Since D is quasi-finite then add D = ID, the category of quasi-finite injective
right D-comodules. Therefore it is enough to prove it for indecomposable
injective comodules. But this is proved in Lemma 1.3.5.

Theorem 1.3.8 (Krull-Remak-Schmidt-Azumaya Theorem). Let C be a
coalgebra and M be a quasi-finite right C-comodule. Then two decomposi-
tions of M as direct sum of indecomposable right C-comodules are essentially
the same, that is, if M =

⊕
i∈IMi =

⊕
j∈J Nj, where all M ′

is and N ′
js are

indecomposable right C-comodules, then I = J and there exists a bijective
correspondence σ : I → J such that Mi

∼= Nσ(i) for all i ∈ I.

Proof. It is a consequence of the previous results and [Gab62, p. 338, Theo-
rem 1].

1.4 Equivalences between comodule categories

Let C and D be two coalgebras and M and N be a (C,D)-bicomodule and a
(D,C)-bicomodule, respectively. Let f : C → M�DN and g : D → N�CM
be two bicomodule maps. We say that (C,D,M,N, f, g) is a Morita-
Takeuchi context if the following diagrams commute:

M
∼= //

∼=

��

M�DD

I�g

��

N
∼= //

∼=

��

N�CC

I�f

��
C�CM

f�I //M�DN�CM D�DN
g�I // N�CM�DN

A Morita-Takeuchi context (C,D,M,N, f, g) is said to be injective if f
is injective. If f and g are isomorphisms then we say that C and D are
Morita-Takeuchi equivalent.

Proposition 1.4.1. [Tak77] Let (C,D,M,N, f, g) be an injective Morita-
Takeuchi context. Then the following statements hold:

(a) The map f is an isomorphism.

(b) The comodules MD and DN are quasi-finite and injective.

(c) The comodules CM and NC are cogenerators.

(d) CohomD(M,D) ∼= N as (D,C)-bicomodules and CohomC(N,C) ∼= M
as (C,D)-bicomodules.
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(e) CoendD(M) ∼= C and CoendC(N) ∼= D as coalgebras.

Example 1.4.2. Suppose that D is a coalgebra and M is a quasi-finite right
D-comodule. Denote by C the coalgebra CoendD(M) and by N the (D,C)-
bicomodule CohomD(M,D). Then HomD(D,N�CM) ∼= HomC(N,N). Now,
consider g : D −→ N�CM the associated morphism to idY via the equiva-
lence, and let f be the morphism

f : C ∼= CohomD(M,M�DD)→M�DCohomD(M,D) = M�DN.

Then (C,D,M,N, f, g) is a Morita-Takeuchi context known as the Morita-
Takeuchi context associated to MD. Clearly, f is injective if and only if
MD is injective and g is injective if and only if MD is a cogenerator. As a
consequence,

Proposition 1.4.3. [Tak77] Let MD be a quasi-finite D-comodule and let
(C,D,X, Y, f, g) be the Morita-Takeuchi context associated to M . Then C
and D are Morita-Takeuchi equivalent if and only if M is an injective cogen-
erator of the category MD.

We may use Morita-Takeuchi contexts in order to know whenever two
categories of comodules are equivalent.

Theorem 1.4.4. [Tak77] Let M be a (C,D)-bicomodule which is quasi-finite
as right D-comodule. The following conditions are equivalent:

(a) The functor −�CM :MC →MD is an equivalence of categories.

(b) The functor M�D− :DM→CM is an equivalence of categories.

(c) MD is a quasi-finite injective cogenerator and CoendD(M) ∼= C as coal-
gebras.

(d) CM is a quasi-finite injective cogenerator and CoendC(M) ∼= D as coal-
gebras.

(e) There exists a Morita-Takeuchi context (C,D,M,N, f, g), where f and
g are injective.

(f) There exists a Morita-Takeuchi context (D,C,N ′,M, f ′, g′), where f ′ and
g′ are injective.

If these conditions hold, there is an isomorphism between the (C,D)-bicomodules
CohomD(M,D) and CohomC(M,C). If we denote it by N then −�DN and
N�C− are the quasi-inverse functors of −�CM and M�D−, respectively.
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Corollary 1.4.5. Two coalgebras are Morita-Takeuchi equivalent if and only
if their categories of right comodules are equivalent.

The reader could ask about what happen when two categories of como-
dules are equivalent but the functor is not of the form −�CM where M is a
bicomodule. The answer is simple: that situation cannot appear.

Theorem 1.4.6. [Tak77] Let T : MC → MD be a K-linear functor. If T
is left exact and preserves direct sums then there exists a (C,D)-bicomodule
M such that T ∼= −�CM .

We have seen that quasi-finite injective cogenerators play an important
rôle in the equivalences between categories of comodules. We recall from
Section 1.1 that this kind of comodules has an easy description.

Proposition 1.4.7. Let C be a coalgebra and {Ei}i∈IC be a complete set
of pairwise non-isomorphic indecomposable injective right C-comodules. A
right C-comodule E is a quasi-finite injective cogenerator ofMC if and only
if E =

⊕
i∈IC E

αi
i , where αi is a finite cardinal number greater than zero for

all i ∈ IC.

1.5 Basic and pointed coalgebras

Any coalgebra C is a quasi-finite injective cogenerator of its category MC

of right C-comodules. Then, by the last section, C has a decomposition, as
right C-comodule,

CC =
⊕
i∈IC

Eαi
i ,

where each αi is a finite positive integer; that is, its socle has a decomposition

soc C =
⊕
i∈IC

Sαi
i .

The coalgebra C is called basic if αi = 1 for all i ∈ IC , i.e., if soc C =⊕
i∈IC Si, where Si � Sj for i 6= j. Following this definition, we may obtain

an immediate consequence:

Proposition 1.5.1. The following conditions are equivalent:

(a) C is basic.

(b) C =
⊕

i∈IC Ei.
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(c) C is a minimal injective cogenerator of the category MC.

The main reason to study basic coalgebras comes from the fact that,
in order to classify coalgebras by means of its category of comodules, it is
enough to consider only this kind of coalgebras, see for example [CM97] and
[Sim01].

Theorem 1.5.2. Let C be an arbitrary coalgebra. Then there exits a unique
(up to isomorphism) basic coalgebra D such that MC 'MD.

Proof. Suppose that C =
⊕

i∈IC E
αi
i . We consider the comodule E =⊕

i∈IC Ei. By Proposition 1.4.7, E is a quasi-finite injective cogenerator
and, by Theorem 1.4.4, the functor −�DE defines an equivalence between
the categories MD and MC , where D = CohomC(E,E). Thus we only
need to prove that D is a basic coalgebra. Let {E ′

i}i∈ID be a complete set
of indecomposable injective right D-comodules. Since −�DE is an equiv-
alence, we may number them in order to do that E ′

i�DE = Ei for all
i ∈ IC = ID. Now, suppose that D =

⊕
i∈ID E

′
i
ti . Then E ∼= D�DE ∼=⊕

i∈ID E
′
i
ti�DE ∼=

⊕
i∈ID(E ′

i�DE)ti =
⊕

i∈ID E
ti
i and therefore, by Krull-

Remak-Schmidt-Azumaya Theorem, ti = 1 for all i ∈ IC .
Let now H be another basic coalgebra such thatMC 'MH . Then there

exists an equivalence −�DDQH : MD → MH , where Q is a quasi-finite
injective cogenerator of MH . Since the equivalences preserve the minimal
quasi-finite injective cogenerator then Q ∼= D�DQ = H because D and H are
basic. Then, by Theorem 1.4.4, CohomH(H,H) ∼= D as coalgebras. Consider
the inverse equivalence and then CohomD(D,D) ∼= H. Finally, if D =
lim−→Dγ, where {Dγ}γ is the set of its finite dimensional subcoalgebras, then
H ∼= CohomD(D,D) = lim−→HomD(Dγ, D)∗ ∼= lim−→HomH(Dγ�DH,H)∗ =
CohomH(H,H) ∼= D.

Corollary 1.5.3. Any coalgebra is Morita-Takeuchi equivalent to a basic
coalgebra.

When the field K is algebraically closed, the structure of the coalgebra is
much simpler. The following definition is of importance all along the work. A
coalgebra is said to be pointed if every simple comodule is one dimensional.

Proposition 1.5.4. Every pointed coalgebra is basic.

Proof. Let C be a coalgebra such that soc C =
⊕

i∈IC S
ti
i . Since S∗i =

HomK(Si, K) ∼= HomC(Si, C) ∼= HomC(Si, soc C) ∼= HomC(Si, Si)
ti then

dimKSi = dimKS
∗
i = ti dimKEndC(Si) because dimKSi is finite. There-

fore ti = dimKSi

dimKEndC(Si)
. Now, if C is pointed then dimKSi = 1 and thus

dimKEndC(Si) = ti = 1.
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There are easy examples of non-pointed basic coalgebras:

Example 1.5.5. Let C be the R-vector space of the complex numbers endowed
with a structure of coalgebra given by the following formulae:

• ∆(1) = 1⊗ 1− i⊗ i and ∆(i) = i⊗ 1 + 1⊗ i

• ε(1) = 1 and ε(i) = 0.

Then C is a non-pointed and basic (actually, it is simple) coalgebra.

Corollary 1.5.6. Let K be an algebraically closed field and C be a K-
coalgebra. Then C is basic if and only if C is pointed.

Proof. If C is basic then ti = 1. Now, every K-division algebra is one
dimensional so dimKEndC(Si) = 1. Thus dimKSi = 1.

Corollary 1.5.7. Every coalgebra over an algebraically closed field is Morita-
Takeuchi equivalent to a pointed coalgebra.

1.6 Path coalgebras

In representation theory of coalgebras an important rôle is played by path
coalgebras. This is the analogous situation to the path algebra associated
to a quiver (see [ASS05], [ARS95] and [GR92]). In this section we give a
brief approach to them. They will be studied deeper in the next chapters.
Following [Gab72] (see also [ASS05] or [ARS95]), by a quiver, Q, we mean
a quadruple (Q0, Q1, s, t), where Q0 is the set of vertices (or points), Q1 is
the set of arrows and, for each arrow α ∈ Q1, the vertices s(α) and t(α) are
the source (or start point or origin) and the sink (or end point or tail)
of α, respectively. We denote an arrow α such that s(α) = i and t(α) = j as

α : i→ j or i
α // j . If i = j we say that α is a loop.

If i and j are two vertices in a quiver Q, an (oriented) path in Q of length
m from i to j is a formal composition of arrows

p = αm · · ·α2α1,

where s(α1) = i, t(αm) = j and t(αk−1) = s(αk) for k = 2, . . . ,m. To any
vertex i ∈ Q0, we attach a trivial path of length 0, say ei or simply i,
starting and ending at i such that αei = α (resp. ejβ = β) for any arrow α
(resp. β) with s(α) = i (resp. t(β) = i). We identify the set of vertices and
the set of trivial paths. A cycle is a path which starts and ends at the same
vertex.
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Let KQ be the K-vector space generated by the set of all paths in Q.
Then KQ can be endowed with a structure of (non necessarily unitary) K-
algebra with multiplication induced by the concatenation of paths, that is,

(αm · · ·α2α1)(βn · · · β2β1) =

{
αm · · ·α2α1βn · · · β2β1 if t(βn) = s(α1),
0 otherwise;

KQ is the path algebra of the quiver Q. The algebra KQ can be graded
by

KQ = KQ0 ⊕KQ1 ⊕ · · · ⊕KQm ⊕ · · · ,

where Qm is the set of all paths of length m; Q0 is a complete set of primitive
orthogonal idempotents of KQ. If Q0 is finite then KQ is unitary and it is
clear that KQ has finite dimension if and only if Q is finite and has no cycles.

An ideal Ω ⊆ KQ is called an ideal of relations or a relation ideal
if Ω ⊆ KQ2 ⊕ KQ3 ⊕ · · · = KQ≥2. An ideal Ω ⊆ KQ is admissible if it
is a relation ideal and there exists a positive integer, m, such that KQm ⊕
KQm+1 ⊕ · · · = KQ≥m ⊆ Ω. By a quiver with relations we mean a pair
(Q,Ω), where Q is a quiver and Ω a relation ideal of KQ. If Ω is admissible
then (Q,Ω) is said to be a bound quiver (for more details see [ASS05] and
[ARS95]).

The path algebra KQ can be viewed as a graded K-coalgebra with comul-
tiplication induced by the decomposition of paths, that is, if p = αm · · ·α1 is
a path from the vertex i to the vertex j, then

∆(p) = ej ⊗ p+ p⊗ ei +
m−1∑
i=1

αm · · ·αi+1 ⊗ αi · · ·α1 =
∑
ητ=p

η ⊗ τ

and for a trivial path, ei, we have ∆(ei) = ei ⊗ ei. The counit of KQ is
defined by the formula

ε(α) =

{
1 if α ∈ Q0,
0 if α is a path of length ≥ 1.

The coalgebra (KQ,∆, ε) is called the path coalgebra of the quiver Q.

Proposition 1.6.1. Let Q be a quiver and KQ the path coalgebra of Q.
Then the following assertions hold:

(a) KQ = KQ0 ⊕KQ1 ⊕ · · · ⊕KQn ⊕ · · · is a graded K-coalgebra.

(b) The subcoalgebras KQ0 ⊆ KQ0⊕KQ1 ⊆ KQ0⊕KQ1⊕KQ2 ⊆ · · · give
the coradical filtration of KQ.
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(c) Every simple right KQ-comodule is isomorphic to Kei for some trivial
path ei.

(d) KQ is pointed.

(e) Soc(KQ) =
⊕

i∈Q0
Kei.

(f) For each i ∈ Q0, the injective envelope of the simple right KQ-comodule
Si = Kei is generated by the set of all paths in Q ending at i.

Let us now introduce path coalgebras in another way. This point of view
allow us to associate a path coalgebra to any pointed coalgebra. Following
[Nic78], let C be a coalgebra and M be a (C,C)-bicomodule. Then we may
construct the cotensor coalgebra

CTC(M) = C ⊕M ⊕M�CM ⊕M�CM�CM ⊕ · · ·

Since the cotensor product of M , n-times, is usually denoted by M�n, we
write CTC(M) =

⊕
nM

�n. The comultiplication in CTC(M) is given by the
formula

∆(m1 ⊗m2 ⊗ · · · ⊗mn) = ωl(m1)⊗m2 ⊗ · · · ⊗mn+

+
n−1∑
i=1

(m1 ⊗ · · · ⊗mi)⊗ (mi+1 ⊗ · · · ⊗mn) +m1 ⊗ · · · ⊗mn−1 ⊗ ωr(mn),

where ωl and ωr are the structure maps of M as left and right C-comodule,
respectively. The counit is given by ε = εC ◦ π, where π is the projection of
CTC(M) onto C.

Example 1.6.2. Let Q be a quiver. Then it is easy to see from the definition
that KQ ∼= CTKQ0(KQ1). Furthermore, each piece (KQ1)

�n is isomorphic
to KQn.

An element x ∈ C is said to be a group-like element if ∆C(x) = x⊗ x.
It is not hard to prove that the set of group-like elements, G(C), is bijective
with the set of one dimensional subcoalgebras (which are simple) by the
map x 7→ Kx, see [Swe69]. If C is pointed then all simple subcoalgebras
are 1-dimensional, so the set of group-like elements generates the coradical
of C. Let now x and y be two group-like elements. We say that c ∈ C
is a (x, y)-primitive element if ∆C(c) = y ⊗ c + c ⊗ x. We denote the
vector space of (x, y)-primitive elements of C by PC

x,y. Note that the vector
space TCx,y = K(x − y) ⊆ PC

x,y. These elements are called the trivial (x, y)-
primitive elements. We denote the vector space formed by the non-trivial
(x, y)-primitive elements PC

x,y/T
C
x,y by P ′C

x,y.
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Lemma 1.6.3. [Mon93] Let C be a pointed coalgebra and

C0 ⊆ C1 ⊆ C2 ⊆ · · · ⊆ Cn ⊆ · · ·

its coradical filtration. Then C1 =
⊕

x,y∈G(C) P
C
x,y. Consequently, C1/C0 =⊕

x,y∈G(C) P
′C
x,y.

Observe that C0 is a coalgebra and C1/C0 is a (C0, C0)-bicomodule with
structure maps ωl(c) = y ⊗ c and ωr(α) = c ⊗ x for each c ∈ P ′C

x,y. There-
fore, for each pointed coalgebra C, we may associate the cotensor coalgebra
CTC0(C1/C0).

Proposition 1.6.4. Every pointed coalgebra C is a subcoalgebra of the coten-
sor coalgebra CTC0(C1/C0).

Proof. By [Nic78], the cotensor coalgebra CTC0(C1/C0) verifies that if C ′

is a coalgebra, h : C ′ → C0 and q : C → C ′ are coalgebras maps, and
f : C → C1/C0 is a (C,C)-bicomodule map with f(soc C) = 0; then there
exists a unique coalgebra map F : C → CTC0(C0/C1) such that the diagrams

CTC(M)

π

��

D′Foo

q

��

CTC(M)

p

��
C C ′hoo M D′

F
ddIIIIIIIII

foo

are commutative, where π and p are the standard projections. Furthermore,
the map F is exactly h ◦ q +

∑
n≥0 Tn(f)∆n−1.

For our purpose, we choose C ′ = C0, h = id, q the projection from
C = C0 ⊕ I onto C0 and f : C = C0 ⊕ I → C1/C0 the linear projection
from I to C1/C0 extended to C0 by taking f(C0) = 0. Then F |C1 = id and
therefore F is injective (see [Nic78], [Rad78] and [Mon93] for details).

Given a pointed coalgebra C, we may construct a quiver Q as follows: Q0

is the set of group-like elements and, for each x, y ∈ Q0, the number of arrows
from x to y equals dimKP

′C
x,y. This quiver is called the Gabriel quiver of

C. Also it is known as the Ext-quiver of C because of the vector space
P ′C
x,y
∼= Ext1C(Kx,Ky).

Lemma 1.6.5. Let C be a pointed coalgebra and Q be the Gabriel quiver of
C. Then CTC0(C1/C0) ∼= KQ.

Proof. We have KQ0
∼= C0 as coalgebras and KQ1

∼= C1/C0 as (C0, C0)-
bicomodules. Thus CTC0(C1/C0) ∼= CTKQ0(KQ1) ∼= KQ.



1.6 Path coalgebras 18

As a consequence of Proposition 1.6.4 and Lemma 1.6.5, we obtain the
main result of this section. We recall from [Woo97] that a subcoalgebra of a
path coalgebra KQ is said to be admissible if it contains the subcoalgebra
generated, as vector space, by the set of all vertices and all arrows of Q, that
is, if it contains KQ0⊕KQ1 (see ). On the other hand, a subcoalgebra C of
a path coalgebra KQ is called a relation subcoalgebra (cf. [Sim05]) if C
satisfies the following two conditions:

(a) C is admissible.

(b) C =
⊕

x,y∈Q0
Cxy, where Cxy = C ∩ KQ(x, y) and Q(x, y) is the set of

all paths in Q from x to y.

Theorem 1.6.6. [Woo97] Let C be a pointed coalgebra. Then C is isomor-
phic to an admissible subcoalgebra of the path coalgebra of its Gabriel quiver.



Chapter 2

Path coalgebras of quivers with
relations

Path algebras of bound quivers are one of the major tools in the representa-
tion theory of finite dimensional algebras. Indeed, a very well-known result
of Gabriel (see for instance [ASS05], [ARS95], [GR92] and references therein)
asserts that any basic algebra, over an algebraically closed field, is isomorphic
to a quotient of the path algebra of its Gabriel quiver. This gives rise to a
combinatorial approach to the calculation and description of the modules,
which is employed, up to some extent, in many of the present developments
of the theory. The main aim of this chapter is to study the possibility of
an analogous result for coalgebras, through the notion of path coalgebra of
a quiver with relations defined by Simson in [Sim01]. For this purpose, we
establish a general framework using the weak* topology on the dual algebra
to treat the problem in an elementary context. In conjunction with the cal-
culation of a more manageable basis of an admissible coalgebra, this allow
us to give a criterion for deciding whether or not an admissible subcoalgebra
is the path coalgebra of a quiver with relations.

2.1 Duality

After seing the definition of the coalgebra structure, it is rather natural to
have in mind that there should be certain kind of duality between algebras
and coalgebras. In this section we remind this duality. We also point out
some known facts about it in order to apply them all along this work.

Let (C,∆, ε) be a coalgebra, then we equip the dual vector space C∗ =
HomK(C,K) with an algebra structure as follows:
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• The product m is the composition of the maps

C∗ ⊗ C∗ ρ //

m

44(C ⊗ C)∗ ∆∗
// C∗,

where ρ is defined by ρ(f ⊗ g)(v ⊗ w) = f(v)g(w) for any f, g ∈ C∗

and u, v ∈ C. That is, for each f, g ∈ C∗, m(f ⊗ g) = (f ⊗ g) ◦ ∆.
This product is known as the convolution product. We shall denote
m(f ⊗ g) by f ∗ g, or simply by fg.

• The unit is u = ε∗ : K → C∗.

Proposition 2.1.1. [Tak77] The triple (C∗,m, u) is an algebra. We call it
the dual algebra of C.

We may relate the vector subspaces of C and its dual algebra. Let c ∈ C.
The orthogonal space to c is the vector space c⊥ = {f ∈ C∗ | f(c) = 0}.
More generally, for any subset S ⊆ C, we may define the orthogonal space
to S to be the vector space

S⊥ = { f ∈ C∗ | f(S) = 0}.

On the other hand, for any subset T ⊆ C∗, the orthogonal space to T
in C is defined by the formula

T⊥ = { c ∈ C | f(c) = 0 for all f ∈ T}.

We say that T ⊆ C∗ is closed if T⊥⊥ = T .

Proposition 2.1.2. [Swe69]

(a) If D ⊆ C is a subcoalgebra then D⊥ is an ideal of C∗.

(b) If I ⊆ C∗ is an ideal then I⊥ is a subcoalgebra of C.

(c) D ⊆ C is a subcoalgebra if and only if D⊥ is an ideal of C∗. In this case,
C∗/D⊥ ∼= D∗ as algebras.

Proposition 2.1.3. [Swe69]

(a) If J ⊆ C is a right (left) coideal then J⊥ is a right (left) ideal of C∗.

(b) If I ⊆ C∗ is a right (left) ideal then I⊥ is a right (left) coideal of C.

(c) J ⊆ C is a right (left) coideal if and only if J⊥ is a right (left) ideal of
C∗.
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Proposition 2.1.4. [Swe69]

(a) If J ⊆ C is a coideal then D⊥ is a subalgebra of C∗.

(b) If I ⊆ C∗ is a subalgebra then I⊥ is a coideal of C.

(c) J ⊆ C is a coideal if and only if D⊥ is a subalgebra of C∗.

Remark 2.1.5. In general, if (A,m, u) is an algebra, its dual vector space
A∗ does not have to be a coalgebra. This fact comes true if A is finite dimen-
sional, since, in such a case, the aforementioned map ρ is bijective. Namely,
we may set ∆ = ρ−1 ◦m∗ and ε = u∗, and then (A∗,∆, ε) becomes a coalge-
bra. Hence we have an equivalence between the category of finite dimensional
coalgebras and finite dimensional algebras over a field

FinDimAlgK
(−)∗ // FinDimCoalgKoo

On the other hand, by the Fundamental Coalgebra Structure Theorem, every
coalgebra is a directed union of its family of finite dimensional subcoalgebras.
So we may see a coalgebra as a direct limit of finite dimensional algebras.
For that reason, coalgebras might be considered as an intermediate structure
between finite dimensional and infinite dimensional algebras.

A coalgebra C may be endowed with a right and left C∗-module structure
using the actions ↼ and ⇀ defined by

c ↼ f =
∑
(c)

f(c(1))c(2) and f ⇀ c =
∑
(c)

f(c(2))c(1),

where f ∈ C∗ and c ∈ C verifies that ∆(c) =
∑

(c) c(1)⊗ c(2) using the sigma-

notation of Sweedler (see [Swe69]). For simplicity we write cf and fc instead
of c ↼ f and f ⇀ c, respectively.

A right C-comodule (M,ω) acquires a structure of left C∗-module (M,ρ)
(which is called the rational C∗ structure), where ρ is the composition

C∗ ⊗M I⊗ω // C∗ ⊗M ⊗ C T⊗I //M ⊗ C∗ ⊗ C I⊗e //M ⊗K ∼= M,

where T : C∗⊗M →M ⊗C∗ is the flip map defined by T (f ⊗m) = m⊗ f
for any f ∈ C∗ and m ∈M , and e is the evaluation map. That is, using the
sigma-notation,

fm = ρ(f ⊗m) =
∑
(m)

f(m(1))m(0),
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where f ∈ C∗ and m ∈ M verifies that ω(m) =
∑

(m)m(0) ⊗m(1). Observe
that if M = C, we obtain the aforementioned structure of C∗-module. Sym-
metrically, for any left C-comodule, we may define on it a right C∗-module
structure.

The reader should consider the question of which modules arise in the
above fashion from comodules. The solution comes from the so-called ra-
tional modules (or discrete modules in the terminology of [Sim01], or
pseudo-compact in the sense of [Gab62]). Let (M,ρ) be a left C∗-module
and ω : M → HomC∗(C

∗,M) be the linear map defined by ω(m)(f) =
ρ(f ⊗ m) for any f ∈ C∗ and m ∈ M . There exist the following injective
maps:

M ⊗ C //M ⊗ C∗∗ f // HomC∗(C
∗,M)

m⊗ c � //m⊗ c∗∗ � // fm⊗c∗∗ : C∗∗ //M

c∗
� // fm⊗c∗∗(c

∗) = c∗∗(c∗)m

Then M is called rational if ω(M) ⊆M ⊗ C.

Proposition 2.1.6. Let (M,ρ) be a rational left C∗-module. Then (M,ω)
is a right C-comodule.

This produces an equivalence of categories, MC ' Rat(C∗), between the
category of right C-comodules and the category of rational left C∗-modules.

2.2 Pairings and weak* topology

This is a technical section devoted to developing some basic facts on topolo-
gies induced by pairing of vector spaces which will be useful in what follows.
For further information see [Abe77], [HR73], [Rad74a] and [Rad74b].

Let V and W be vector spaces over a field K. A pairing (V,W ) of V
and W is a bilinear map 〈−,−〉 : V ×W → K. A pairing 〈−,−〉 is non
degenerate if the following properties hold{

if 〈v, w〉 = 0 for all v ∈ V , then w = 0,
if 〈v, w〉 = 0 for all w ∈ W , then v = 0.

This means that the linear maps σ : V −→ W ∗ and τ : W −→ V ∗ defined
by σ(v)(w) = 〈v, w〉 and τ(w)(v) = 〈v, w〉 for all v ∈ V and w ∈ W are
injective. Throughout this section all pairings will be non-degenerate.

A well-known example of a non degenerate pairing is the dual pairing,
(V, V ∗), given by the evaluation map 〈v, f〉 = f(v) for all v ∈ V , f ∈ V ∗.
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Given a pairing, (V,W ), we may relate subspaces of V and W through the
dual pairing, compare with the former section. Let v ∈ V . The orthogonal
complement to v is the set v⊥ = {f ∈ V ∗ | f(v) = 0}. More generally, for
any subset S ⊆ V , we define the orthogonal complement to S to be the space

S⊥ = { f ∈ V ∗ | f(S) = 0}.

Since W can be embebed in V ∗ by the pairing, we may consider the orthog-
onal subspace to S in W

S⊥W = S⊥ ∩W = {w ∈ W | 〈S,w〉 = 0}.

On the other hand, for any subset T ⊆ V ∗, the orthogonal complement
to T in V is defined by the formula

T⊥V = { v ∈ V | f(v) = 0 for all f ∈ T},

and if T ⊆ W , then we write T⊥V = { v ∈ V | 〈v, w〉 = 0 for all w ∈ T}. For
simplicity we write ⊥ instead of ⊥V .

The following diagram summarizes the above discussion:

_________
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V ∗
T⊥

ww S⊥∩W


V
S⊥W ={w ∈W | 〈S,w〉 = 0} //

S⊥

00

W
T⊥={v ∈ V | 〈v, T 〉 = 0}

oo

The following lemma gives a neighbourhood subbasis and a neighbour-
hood basis of a topology on V ∗. We call it the weak* topology on V ∗, see
[Abe77], [Rad74a] and [Rad74b].

Lemma 2.2.1. Let f be a linear map in V ∗.

(a) The set Uf = { f + v⊥ | v ∈ V } is a neighbourhood subbasis of f for a
topology on V ∗.

(b) The sets Bfx1,...,xn
= {g ∈ V ∗ | g(xi) = f(xi) ∀i = 1, . . . , n} ⊆ V ∗, for any

x1, . . . , xn ∈ V and n ∈ N∗, form a neighbourhood basis at f for the
topology on V ∗ defined in (a).
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Proof. (a) This is straightforward.

(b) The finite intersections of elements of a neighbourhood subbasis form a
neighbourhood basis and it is easy to check that

f + x⊥ = {g ∈ V ∗ | g(x) = f(x)},

for any x ∈ V .

If we view W as a subspace of the vector space V ∗, the induced topology
on W is called the V -topology. In the next proposition we collect some
useful properties of the weak* topology.

Proposition 2.2.2. Let (V,W ) be a pairing of K-vector spaces.

(a) The weak* topology is the weakest topology on V ∗ which makes continuous
the elements of V , that is, it is the initial topology for the elements of V .

(b) The closed subspaces on the weak* topology are S⊥, where S is a subspace
of V .

(c) The closure of a subspace T of V ∗ (in the weak* topology) is T⊥⊥.

(d) The closed subspaces on the V -topology are S⊥W , where S is a subspace
of V .

(e) The closure of a subspace T of W (in the V -topology) is T⊥⊥W .

(f) Let {Aλ}λ∈Λ be a family of subspaces of V . Then(∑
λ∈Λ

Aλ

)⊥

=
⋂
λ∈Λ

A⊥
λ and

(∑
λ∈Λ

Aλ

)⊥W

=
⋂
λ∈Λ

A⊥W
λ .

(g) Any finite dimensional subspace of W is closed.

Proof. (a) Let T be the initial topology for the elements of V , and W the
weak* topology on V ∗. Let k ∈ K and evy ∈ V be the evaluation on y.
Then

(evy)
−1(k) = {f ∈ V ∗ | f(y) = k}.

But, given g ∈ (evy)
−1(k), we obtain that g ∈ g + y⊥ ⊆ (evy)

−1(k) so
(evy)

−1(k) is an open set in weak* topology and thus T ⊆ W . Conversely,
given f ∈ V ∗ and x ∈ V , a neighbourhood of f in weak* topology is
f + x⊥ = ev−1

x (f(x)), which is open in T and thus W ⊆ T .
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(b) Let S ⊆ V , if f /∈ S⊥ then there exists x ∈ S such that f(x) 6= 0. Thus
(f + x⊥) ∩ S⊥ = ∅ and f /∈ S⊥. Conversely, let T be a closed subspace;
it suffices to prove that T⊥⊥ ⊆ T . Fix f ∈ T⊥⊥ and x ∈ V ; if x ∈ T⊥
then f(x) = 0, hence 0 ∈ (f + x⊥)∩ T . If, on the contrary, x /∈ T⊥ then

there exists g ∈ T such that g(x) 6= 0, therefore f(x)
g(x)

g ∈ (f + x⊥) ∩ T .

This shows that f ∈ T = T .

(c) T⊥⊥ is a closed set satisfying T ⊆ T⊥⊥, therefore T ⊆ T⊥⊥. We can now
proceed analogously to the proof of (b) in order to show T⊥⊥ ⊆ T .

(d) The V -topology on W is induced by the weak* topology on V ∗ so S⊥W =

S⊥ ∩W is closed. If T is closed, then T = T
W

= T ∩W = T⊥⊥ ∩W =
T⊥⊥W .

(e) The proof is straightforward from (d).

(f) We have

f ∈
⋂
λ∈Λ

A⊥
λ ⇔ f(Aλ) = 0 ∀λ ∈ Λ,

⇔ f(
∑

λ∈ΛAλ) = 0,

⇔ f ∈
(∑

λ∈ΛAλ
)⊥
.

(g) See [Abe77, Chapter 2].

Lemma 2.2.3. Let (V,W ) be a pairing of K-vector spaces.

(a) Let A be a subspace of V . Then A⊥⊥ = A.

(b) Let A be a finite dimensional subspace of V . Then A⊥W⊥ = A.

(c) Let {Ti}i∈I be a family of subspaces of V ∗. Then(∑
i∈I

Ti

)⊥

=
⋂
i∈I

T⊥i .

Proof. (a) f(A) = 0 for each f ∈ A⊥ and so A ⊆ A⊥⊥. Converselly, let
v /∈ A  V . There exists f ∈ V ∗ such that f(A) = 0 and f(v) 6= 0. By
Proposition 2.2.2, A⊥ is closed so A⊥⊥⊥ = A⊥ and therefore, ∀g ∈ V ∗,
g(A) = 0⇔ g(A⊥⊥) = 0, which implies that v /∈ A⊥⊥.

(b) See, for instance, [Abe77, Theorem 2.2.1].
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(c) We have

v ∈
⋂
i∈I

T⊥i ⇔ f(v) = 0 ∀f ∈ Ti ∀i ∈ I,

⇔ f(v) = 0 ∀f ∈
∑
i∈I

Ti,

⇔ v ∈

(∑
i∈I

Ti

)⊥

.

2.3 Basis of a relation subcoalgebra

The aim of this section is to obtain a more manageable basis for a rela-
tion subcoalgebra of a path coalgebra. For more information and technical
properties of subcoalgebras see [JMR].

Let Q = (Q0, Q1) be a quiver and C a subcoalgebra of KQ. Fix a path
p = αnαn−1 · · ·α1 in Q; a subpath of p is a path, q, such that either q is a
vertex of p or q is a non-trivial path αiαi+1 · · ·αj, where 1 ≤ j ≤ i ≤ n.

Lemma 2.3.1. [JMR] Let C ⊆ KQ be a subcoalgebra, and p be a path in C.
Then all subpaths of p are in C.

This result could lead the reader to ask if any subcoalgebra is generated
by a set of paths. Unfortunately this is not true as the following examples
show.

Example 2.3.2. Let Q be the quiver

'&%$ !"#2
α2

""F
FF

FF
FF

'&%$ !"#1

α1
<<xxxxxxx

α3 ""F
FF

FF
FF

'&%$ !"#4

'&%$ !"#3
α4

<<xxxxxxx

The subspace of KQ generated by {e1, e2, e3, e4, α1, α2, α3, α4, α2α1 +α4α3} is
a subcoalgebra of KQ which cannot be generated by paths.

Example 2.3.3. Let Q be the quiver

'&%$ !"#x'&%$ !"#x=='&%$ !"#x'&%$ !"#x aaα β

The subcoalgebra C = K{ex, α + β} is not generated by paths.
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One may observe that, in the preceding examples, the basic elements
which are not paths have the common property of being a linear combination
of paths with the same source and the same sink. The next proposition asserts
that, in general, every subcoalgebra of a path coalgebra has this property.

Proposition 2.3.4. Let Q be a quiver and C ⊆ KQ a subcoalgebra. Then
there exists a K-linear basis of C such that each basic element is a linear
combination of paths with common source and common sink.

Proof. See [JMR, Proposition 2.8].

Corollary 2.3.5. Any admissible subcoalgebra of a path coalgebra is a rela-
tion subcoalgebra.

Proposition 2.3.4 is the key-tool which allows us to give a more precise
description of the basis of a relation subcoalgebra. Throughout this section,
we assume that C is an admissible subcoalgebra of certain path coalgebra
KQ and that B is a K-linear basis of C as in Proposition 2.3.4. By definition,
C contains the set of all vertices, V = {ei}i∈Q0 , and the set of all arrows,
F = {α}α∈Q1 , therefore we rearrange the elements of the basis B as follows:

B = V ∪ F ∪ {Gτ
ij | τ ∈ Tij and i, j ∈ Q0},

where, for all τ ∈ Tij, the element Gτ
ij is a K-linear combination of paths

with length greater than one which start at i and end at j.
We now assume that D = {pλ}λ∈Λ is the set of all paths of length greater

than one in C. Proceeding as before we can rewrite

B = V ∪ F ∪D ∪ {Rυ
ij | υ ∈ Uij and i, j ∈ Q0},

where, for all υ ∈ Uij, the element Rυ
ij is a K-linear combination of at least

two paths of length greater than one which start at i and end at j. Obviously,
the paths involved in the linear combinations Rυ

ij are not in C, for any υ ∈ Uij

and i, j ∈ Q0.
For the convenience we introduce some notation. In that follows we de-

note by Q = Q0 ∪Q1 ∪ · · · ∪Qn ∪ · · · the set of all paths in Q. Let a be an
element of KQ. Then we may write a =

∑
p∈Q app, for some ap ∈ K. We

define the path support of a to be PSupp(a) = {p ∈ Q | ap 6= 0}. In this
way, for any set S ⊆ KQ, we define PSupp(S) =

⋃
a∈S PSupp(a).

Definition 2.3.6. Let S be a set in KQ. S is called connected if PSupp(S1)∩
PSupp(S2) 6= ∅ for any subsets S1, S2 ⊆ S such that S1 ∪ S2 = S and
S1 ∩ S2 = ∅. A subset S ′ ⊂ S is a connected component of S when S ′ is
connected and PSupp(S ′) ∩ PSupp(S\S ′) = ∅.
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Therefore we can break down each set Sij = {Rυ
ij}υ∈Uij

into its connected
components and then write the basis B of C as

B = V ∪ F ∪D ∪
⋃
φ∈Φ

Υφ,

where, for any φ ∈ Φ, the set Υφ is a connected set of K-linear combinations
of at least two paths such that PSupp(Υφ) ⊂ KQ≥2 and PSupp(Υφ1) ∩
PSupp(Υφ2) = ∅ ⇔ φ1 6= φ2.

As a final reduction, it will be useful to distinguish those sets Υφ which
are finite. Thus the basis B of C can be written as

B = V ∪ F ∪D ∪
⋃
γ∈Γ

Πγ ∪
⋃
β∈B

Σβ,

where Πγ is a finite set for all γ ∈ Γ and Σβ is infinite for all β ∈ B.

2.4 Path coalgebras of quivers with relations

In this section we study the notion of the path coalgebra of a quiver with
relations introduced by Simson in [Sim01] and [Sim05]. For the convenience
of the reader we shall denote by CQ and by KQ the path coalgebra and
the path algebra associated to a quiver Q, respectively (despite that the
underlying vector space is the same).

Definition 2.4.1. Let (Q,Ω) be a quiver with relations. The path coalgebra
of (Q,Ω) is defined by the subspace of CQ,

C(Q,Ω) = {a ∈ CQ | 〈a,Ω〉 = 0}

where 〈−,−〉 : CQ×KQ −→ K is the bilinear map defined by 〈v, w〉 = δv,w
(the Kronecker delta) for any two paths v, w ∈ Q.

This notion may be reformulated in the notation of the Section 2.2. It is
clear that 〈−,−〉 is a non-degenerate pairing between CQ and KQ, therefore
we have the following picture:
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CQ KQ
C
⊥KQ={p ∈ KQ | 〈C, p〉 = 0} //

KQCQ
Ω⊥=C(Q,Ω)

ooCQ

C⊥

33
I⊥

zz

KQ

C⊥∩KQ

��

(CQ)∗

First we prove the following result.

Lemma 2.4.2. If Q is any quiver, then the injective morphism KQ ↪→
(CQ)∗ defined by the pairing 〈−,−〉 of 2.4.1 is a morphism of algebras.

Proof. Recall that in the dual algebra (CQ)∗ := HomK(CQ,K) the (convo-
lution) product is defined by

(f ∗ g)(p) =
∑
p=p2p1

f(p2)g(p1), for any f, g ∈ (CQ)∗ and any p ∈ Q.

Fix p ∈ Q and let p∗ : CQ→ K be the linear map defined by p∗(q) = δp,q
for any q ∈ Q. It is enough to prove that (pq)∗ = p∗ ∗ q∗ for any two paths
p, q ∈ Q. To prove this, let r be a path in Q. Then:

(p∗ ∗ q∗)(r) =
∑
r=r2r1

δp,r2δq,r1 =

{
0 if r 6= pq
1 if r = pq

= (pq)∗(r),

and so (pq)∗ = p∗ ∗ q∗.

It may be helpful to point out that, in general, the algebra KQ does not
have identity (it has identity if and only if Q0 is finite) and the map defined
above is an injective morphism of non necessarily unitary algebras. Therefore
the situation is the following:

KQ � � // (KQ)1
� � // (CQ)∗,

where (KQ)1 = KQ⊕K · 1 is the unification of KQ.
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Lemma 2.4.3. KQ is dense in (CQ)∗ in the weak* topology on (CQ)∗.
Consequently, KQ is dense in (KQ)1 and (KQ)1 is dense in (CQ)∗ in the
weak* topology on (CQ)∗.

Proof. This is a particular case of Lemma 2.5.2 below. It is enough to con-
sider C = 0, obviously, (KQ)⊥ = 0 and then 0⊥ ∩ KQ = KQ is dense in
0⊥ = (CQ)∗.

From now on we will make no distinction between elements of KQ and
linear maps f : CQ → K with finite path support, that is, f(p) = 0, for
almost all p in Q. On the other hand, it is convenient to note that any
element g ∈ (CQ)∗ can be written as a formal sum g =

∑
p ∈ Q app, where

ap = g(p) ∈ K.

Corollary 2.4.4. Let Q be a quiver and C an admissible subcoalgebra of
CQ. Then C⊥KQ is a relation ideal of KQ.

Proof. Since C⊥ is an ideal of (CQ)∗, C⊥ ∩KQ = C⊥KQ is an ideal of KQ
by Lemma 2.4.2. If c ∈ KQ0 ⊕ KQ1, then c ∈ C since C is an admissible
subcoalgebra. Therefore 〈c, C〉 6= 0, so c /∈ C⊥KQ , which completes the
proof.

The following result, proved in [Sim05], justifies the preceding definition
of the path coalgebra of a quiver with relations.

Proposition 2.4.5. Let Q be a quiver and Ω a relation ideal of KQ, then
C(Q,Ω) = Ω⊥ is an admissible subcoalgebra of CQ.

Let us finish the section highlighting that the importance of the defi-
nition presented by Simson lies in the fact that it is consistent with the
classical case. Just as modules over path algebras of bound quivers, comodu-
les over path coalgebras of quivers with relations can be described by means
of representations of the corresponding quiver. We recall that a K-linear
representation (cf. [ASS05], [ARS95] and [Sim92]) of a quiver Q is a system

X = (Xi, ϕα)i∈Q0,α∈Q1 ,

where Xi is a K-vector space and ϕα : Xi → Xj is a K-linear map for any
α : i→ j. Given two K-linear representations of Q, (Xi, ϕα) and (Yi, ψα), a
morphism

f : (Xi, ϕα) −→ (Yi, ψα)
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of representations of Q is a system f = (fi)i∈Q0 of K-linear maps fi : Xi −→
Yi for any i ∈ Q0 such that, for any α : i → j in Q1, the following diagram
is commutative

Xi
ϕα //

fi

��

Xj

fj

��
Yi

ψα // Yj

We denote by RepK(Q) the Grothendieck K-category of K-linear representa-
tions of Q, and by Replf

K(Q) the full Grothendieck K-subcategory of RepK(Q)
formed by locally finite-dimensional representations, that is, directed unions
of representations of finite length. A linear representation X of Q is said to
be of finite length if Xi is a finite dimensional vector space for all i ∈ Q0 and
Xi = 0 for almost all indices i. Finally, we denote by repK(Q) ⊇ replf

K(Q) the
full subcategories of RepK(Q) formed by finitely generated representations
and representations of finite length, respectively.

A linear representation X of Q is said to be nilpotent if there exists an
integer m ≥ 1 such that the composed linear map

Xi0

ϕα1 // Xi1

ϕα2 // Xi2
// · · · // Xim−1

ϕαm // Xim

is zero for any path αmαm−1 · · ·α1 in Q of length m. We denote by nilreplf
K(Q)

the full subcategory of repK(Q) formed by all nilpotent representations of
finite length, and by Replnlf

K (Q) the full subcategory of RepK(Q) of all locally
nilpotent representations that are locally finite, that is, directed unions of
representations from nilreplf

K(Q).
Given a quiver with relations (Q,Ω), a linear representation of (Q,Ω) is

a linear representation X = (Xi, ϕα) of Q which verifies that if

p =
n∑
i=1

λiα
i
mi
· · ·αi1

is in Ω, then
∑n

i=1 λiϕαi
mi
· · ·ϕαi

1
= 0. As above, we may define the cate-

gories RepK(Q,Ω), Replf
K(Q,Ω), repK(Q,Ω), replf

K(Q,Ω), Replnlf
K (Q,Ω) and

nilreplf
K(Q,Ω), see [Sim01], [Sim05] or [Woo97] for details.

Theorem 2.4.6 ([Sim05], Theorem 3.5). Let (Q,Ω) be a quiver with rela-
tions. There are category isomorphisms

MC(Q,Ω) ∼= Replnlf
K (Q,Ω) and MC(Q,Ω)

f
∼= nilreplf

K(Q,Ω)

between the category of C(Q,Ω)-comodules (resp. finite dimensional C(Q,Ω)-
comodules) and locally finite locally nilpotent representations (resp. nilpotent
representations of finite length) of (Q,Ω).
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2.5 When is a coalgebra a path coalgebra of

a quiver with relations?

It is well-known that, over a algebraically closed field, a finite dimensional
algebra A is isomorphic to KQA/Ω, where QA is the Gabriel quiver of A
and Ω is an admissible ideal of KQ. In [Sim01], it is suggested, as an open
problem, to relate the admissible subcoalgebras of a path coalgebra CQ and
the relation ideals of the path algebra KQ, through the above-mentioned
notion of path coalgebra of a quiver with relations. That is, for any admissible
subcoalgebra C ≤ CQ, is there a relation ideal Ω ≤ KQ such that C =
C(Q,Ω)? In other words, in the notation of Section 2.2, for any admissible
subcoalgebra C ≤ CQ, is there a relation ideal Ω of KQ such that Ω⊥ = C?
Note that if C has finite dimension, then, by Lemma 2.2.3, (C⊥KQ)⊥ = C
and the result follows. This yields a reduction of the problem:

Problem 2.5.1. Verify the relation Ω⊥ = C for the ideal Ω = C⊥KQ.

Lemma 2.5.2. Let Q be a quiver and C a vector subspace of CQ. Then the
following conditions are equivalent.

(a) There exists a subspace Ω of KQ such that Ω⊥ = C.

(b) C⊥KQ is dense in C⊥ in the weak* topology on (CQ)∗.

(c) (C⊥KQ)⊥ = C.

Proof. (a)⇒ (b). Since C = Ω⊥, it follows that C⊥ = Ω⊥⊥ is the closure of Ω
in weak* topology by Proposition 2.2.2. Thus Ω ⊂ C⊥ ∩KQ = C⊥KQ ⊂ C⊥

and, by Proposition 2.2.3, C = C⊥⊥ ⊂ (C⊥KQ)⊥ ⊂ Ω⊥ = C. Therefore

C = (C⊥KQ)⊥ and thus C⊥ = (C⊥KQ)⊥⊥ = C⊥KQ .
(b) ⇒ (c). Since C⊥ = (C⊥KQ)⊥⊥, we have C⊥⊥ = (C⊥KQ)⊥⊥⊥ and, by

Proposition 2.2.3, C = (C⊥KQ)⊥.
(c)⇒ (a). It is trivial.

We now assume that C is an admissible subcoalgebra of CQ. If we con-
sider the basis of C,

B = V ∪ F ∪D ∪
⋃
γ∈Γ

Πγ ∪
⋃
β∈B

Σβ,

built in Section 2.3, then we have

C = KV ⊕KF ⊕KD ⊕

(⊕
γ∈Γ

KΠγ

)
⊕

(⊕
β∈B

KΣβ

)
(2.1)
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as K-vector space. Since the subsets into which we have partitioned B have
disjoint path supports, it is easily seen that Ω⊥ = C if and only if each direct
summand Ci of (2.1) is the orthogonal complement Ω⊥

i of a subspace Ωi and,
in this case, Ω =

⋂
Ωi. There are two trivial cases:

Case 1. It is immediate that KV = K(Q\V )⊥, KF = K(Q\F )⊥ and
KD = K(Q\D)⊥.

Case 2. For each γ ∈ Γ, KΠγ is a finite dimensional subspace and so,
by Lemma 2.2.3, KΠγ = ((KΠγ)

⊥KQ)⊥. As a consequence we get:

Corollary 2.5.3. With the above notation, C = Ω⊥ if and only if Σβ =
(Σβ)⊥KQ⊥ for each β ∈ B.

In particular, this implies the following proposition proved in [Sim05].

Proposition 2.5.4. Let Q be a quiver without cycles such that the set of
paths in Q from i to j is finite, for all i, j ∈ Q0. Then the map C 7−→ C⊥KQ

define a bijection between the set of all relation subcoalgebras of CQ and the
set of all admissible ideals of KQ. The inverse map is defined by Ω 7−→ Ω⊥,
for any relation ideal Ω of KQ.

Therefore, we can reduce Problem 2.5.1 to the situation of a quiver Q
with the following structure

Q ≡ ◦ ◦◦

γ1

  
◦◦

γ2

&& ◦◦γn // ◦
γi

88 length(γi)> 1, i ∈ I, I infinite (2.2)

and C an admissible subcoalgebra generated, as vector space, by V ∪F∪D∪Σ,
where Σ is an infinite connected set with PSupp(Σ) = {γi}i∈I . We may
assume that γi /∈ C for all i ∈ I. Then the question is: when the equality
Σ = Σ⊥KQ⊥ holds?

Let us first show that, at least, there is an example of an admissible
subcoalgebra C ⊆ CQ such that C is not of the form C = Ω⊥, where Ω is a
relation ideal of KQ.

Example 2.5.5. Let Q be the quiver

◦

◦rrrrrrrrrrr

99
α1

◦
LLLLLLLLLLL

%%

β1◦iiiiiiiiii

44α2

◦UUUUUUUUUU

**

β2

◦//αn ◦//βn

◦UUUUU

**αi

◦iiiii

44

βi

◦
◦
◦

γi = βiαi for all i ∈ N (2.3)
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and let H be the admissible subcoalgebra of CQ as in (2.2) with

Σ = {γi − γi+1}i∈N.

Assume that x =
∑

i≥1 aiγi belongs to H⊥ and ai = 0 for i ≥ n we have some
n ∈ N. Then 〈γi − γi+1, x〉 = ai − ai+1 = 0 for all i ∈ N, so ai = ai+1 for all
i ∈ N. But an = 0 and it follows that x = 0. Hence H⊥KQ = 0.
By a similar argument H⊥ = 〈f〉, where f(γi) = 1 for all i ∈ N. That is,
f ≡

∑
i≥1 γi. Obviously, H⊥KQ is not dense in H⊥.

Here we present a positive example:

Example 2.5.6. Let Q be the quiver of (2.3), and C the admissible subcoalge-
bra generated by Σ = {γ2n−1 +γ2n+γ2n+1}n≥1. A straightforward calculation
shows that Ω⊥ = C, where Ω = 〈{γ1 − γ2, {γ2n − γ2n+1 + γ2n+2}n≥1}〉.

We now analyze them deeply to provide a criterium which allows us to
know, when an admissible relation subcoalgebra of CQ is the path coalgebra
C(Q,Ω) of a quiver with relations. First, it is convenient to see Examples
2.5.5 and 2.5.6 from a more graphic point of view. We write the elements of
Σ in a matrix form. Thus we have the associated infinite matrices


1

1
1

1
1

1
1

1

-1
-1

-1
-1

-1
-1

-1
-1

0
0

0
0

0
0

0
0

JJJJJJJJJJJJJJJJJJJ

0

 and


1 1

1
1

1
1

1
1

1
1 1

1 1
1 1

1 1
1 1

0
0

0
0

GG
JJJ

JJJ
JJJ

JJJ
JJJ

GGG
GG

JJ
0


Example 2.5.5 Example 2.5.6

We may observe that Example 2.5.5 has an infinite diagonal of non zero
elements. Let h ∈ H⊥KQ . Then h must have finite path support, and so, if
we want to know h, we only have to solve a finite linear system of equations
with associated matrix

1
1

1
1

1
1

1
1

-1
-1

-1
-1

-1
-1

-1
-1

0
0

0
0

0
0

0
0

JJJJJJJJJJJJJJJJJJJ

0
_____

_____�
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 22ddddddddd


1

1
1

1

1
1

-1
-1

-1
-1

-1

0
0

0
0

0
GGGGGGGGGGGGGGGGGG

0


but zero is the unique solution.

In this way we obtain a class of admissible subcoalgebras which are not
path coalgebras of quivers with relations:
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Definition 2.5.7. Let Q be a quiver as in (2.2), C be an admissible sub-
coalgebra generated by a connected set Σ with PSupp(Σ) = {γi}i∈I and
γi /∈ C for all i ∈ I. We say that C has the infinite diagonal property
(IDP for short) if there exists a subset Σ′ ⊆ Σ with PSupp(Σ′) = {γn}n∈N
such that by means of elementary transformations, Σ′ can be reduced to
{γn +

∑
j>n a

n
j γj}n∈N, where anj ∈ K for all j, n ∈ N.

Proposition 2.5.8. Let Q be a quiver as in (2.2) and C be an admissible
subcoalgebra generated by a connected set Σ with PSupp(Σ) = {γi}i∈I . Sup-
pose that γi /∈ C, for each i ∈ I. If C has IDP, then there is no relation ideal
Ω ⊆ KQ such that C = C(Q,Ω).

Proof. Let Σ′ = {γn +
∑

j>n a
n
j γj}n∈N ⊆ Σ. Assume that the assertion is

not true, i.e., there is a relation ideal Ω ⊆ KQ such that C = C(Q,Ω). By
Lemma 2.5.2, C⊥KQ is dense in C⊥. Since γ1 /∈ C, there exists a linear map
g ∈ C⊥ such that g(γ1) 6= 0. By the density of C⊥KQ in C⊥, there exists
a linear map h with finite path support such that h(γ1) = g(γ1). Defining
xi := h(γi), for any i ∈ N, we obtain that h(Σ′) = 0 is the infinite system of
linear equations {xn +

∑
j>n ajxj = 0}n∈N. Since h has finite path support,

there exists an integer m such that xk = 0, for k ≥ m. Hence x1, . . . xm
satisfy the finite system of linear equations

x1 + a1
2x2 + · · ·+ a1

mxm = 0
x2 + · · ·+ a2

mxm = 0
...

xm = 0

which has the unique solution xm = xm−1 = · · · = x1 = h(γ1) = 0, and we
get a contradiction.

We claim that Example 2.5.6 does not have IDP. This means that for any
infinite countable subset Σ′ ⊆ Σ, the associated matrix can be reduced to a
matrix of a ”staircase” form

???

??
??

?

???

???

???

???

???

???

???

0


(2.4)
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that is, for any positive integer n, the first n rows have at least n variables
and there is an integer m > n such that the first m rows have more than
m variables. We can prove that for any linear map f ∈ C⊥ and any finite
set {γ1, . . . , γn} of paths in Q, we obtain a linear map g ∈ C⊥ such that
f(γi) = g(γi) for all i = 1, . . . , n. That is, C⊥KQ is dense on C⊥.

Proposition 2.5.9. Under the assumptions of Proposition 2.5.8, if C fails
IDP, then there exists a relation ideal Ω such that C = C(Q,Ω).

Proof. It suffices to show that Σ⊥KQ is dense in Σ⊥, that is, given f ∈ Σ⊥

and γ1, . . . , γn ∈ PSupp(Σ) there exists h ∈ Σ⊥, with finite path support,
such that h(γi) = f(γi) for all i = 1, . . . , n. We give the proof only for n = 1;
the general case is analogous and left to the reader.

We know that h(Σ) = 0 produces an infinite system of linear equations
with variables {h(γi) = xi}i∈I . We rewrite the system in the following way:

Step 1. Fix an equation, say E1, such that the coefficient of x1 is not
zero. We may assume that it is the only one with this property. Suppose
that

E1 ≡ x1 + a1
2x2 + · · ·+ a1

r1
xr1 + · · ·+ a1

mxm = 0,

where a1
2, . . . , a

1
m are non zero and x1, . . . , xr1−1 do not appear in any other

equation of the system.
Step 2. We take now xr1 . There is at least one equation, say E2, different

from E1, in which the coefficient of xr1 is not zero. We eliminate it from
the remaining equations different from E1. Choose variables xr1+1, . . . , xr2−1

which only appear in E1 or E2, and the system starts as

x1 + a1
2x2 + · · ·+ a1

r1
xr1 + · · ·+ a1

mxm = 0
xr1 + · · ·+ a2

mxm + · · ·+ a2
l xl = 0.

Step 3. We do the same with xr2 to obtain

x1 + · · ·+ a1
r1
xr1 + · · ·+ a1

r2
xr2 + · · ·+ a1

mxm = 0
xr1 + · · ·+ a2

r2
xr2 + · · · · · ·+ a2

l xl = 0
xr2 + a3

r2+1xr2+1 + · · ·+ a3
hxh = 0.

Step 4. We continue in this fashion. When we finish with the variables
of E1, we proceed with the variables of E2 and so on. The reader should ob-
serve that the variables x1, . . . , xr1 , xr1+1, . . . , xri only appear in the equations
E1, E2, . . . , Ei+1, for all i ∈ N.

There are two cases to consider:
Case 1. This process stops after a finite number of steps. Then we

consider xα = 0, for all variables outside the finite subsystem which we have
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obtained. Since any equation has at least two variables, the subsystem has
more variables than equations and maximal range. This follows that there is
a solution for x1 = −f(γ1).

Case 2. This process is infinite. Then we stop after finding a variable
xrk where rk is the minimal integer such that rk > n and rk+1 − rk > 1 (it
is possible because C fails IDP). Roughly speaking, this means that we stop
this process on the first ’step’ (horizontal segments in (2.4)) after processing
the variables of E1.

We consider xi = 0, for all i 6= 1, . . . , rk + 1, and therefore it suffices to
prove that the finite system of k + 1 equations and rk variables

??
??

?

??
??

??
??

?

??
??

?

??
??

?

_____________
�
�
�
�
�
�
�
�
�
�

a1
2x2+ +a1

mxm α

0

0

0


has a solution, where α = −f(γ1). But this is clearly true, because rk ≥ k+1
and the matrix of coefficients has maximal range.

LetQ be a quiver as in (2.2) and C be an admissible subcoalgebra as in the
assumptions of Proposition 2.5.8. Let us suppose that there exists a subset
Σ′ ⊆ Σ such that Σ′ = {γn +

∑
j>n a

n
j γj}n∈N, where anj ∈ K for all j, n ∈ N,

and γi = αini
αini−1 · · ·α2α1, for all i ∈ N. We may consider the subquiver

Q′ = (Q′
0, Q

′
1), where Q′

0 = {t(αij), s(αij)}i∈N
j=1,...,ni

and Q′
1 = {αij}i∈N

j=1,...,ni
.

Then C contains the admissible subcoalgebra of CQ′ generated by Σ′.
Therefore we turn to the case of a quiver Q with the following structure:

Q ≡ ◦ ◦◦

γ1

  
◦◦

γ2

&& ◦◦γn // ◦
γi

88 length(γi)> 1, i ∈ N (2.5)

and C an admissible subcoalgebra of CQ generated by an infinite countable
connected set Σ = {γn +

∑
j>n a

n
j γj}n∈N, where anj ∈ K for all j, n ∈ N. We

may suppose that γi /∈ C for all i ∈ N.
Under these conditions, we denote by Hn

Q the class of admissible subcoal-
gebras of CQ such that dimK(〈PSupp(Σ)〉/〈Σ〉) = n and by HQ the class of
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admissible subcoalgebras of CQ such that the dimension of the vector space
dimK(〈PSupp(Σ)〉/〈Σ〉) =∞. Finally, we set

H∞
Q = HQ ∪

⋃
n∈N

Hn
Q

Theorem 2.5.10. [JMN05] Let Q be any quiver and C be an admissible
subcoalgebra of CQ. There exists a relation ideal Ω of KQ such that C =
C(Q,Ω) if and only if there is no subquiver Γ of Q such that C contains a
subcoalgebra in H∞

Γ .

Proof. This follows from Proposition 2.5.8 and 2.5.9, and the arguments men-
tioned above.

As a consequence of Theorem 2.5.10 we may stated the desired criterion
characterizing path coalgebras of quivers with relations.

Corollary 2.5.11 (Criterion). Let C be an admissible subcoalgebra of a path
coalgebra CQ. Then C is not the path coalgebra of a quiver with relations if
and only if there exist an infinite number of different paths {γi}i∈N in Q such
that:

(a) All of them have common source and common sink.

(b) None of them is in C.

(c) There exist elements anj ∈ K for all j, n ∈ N such that the set
{γn +

∑
j>n a

n
j γj}n∈N is contained in C.

Remark 2.5.12. The reader could ask if an admissible subcoalgebra C of
CQC, which contains a subcoalgebra in H∞

Γ can be written as C(Q′,Ω′), where
Q′ is a quiver which is not the Gabriel quiver of C. The answer is negative.
We know that there exists an injective map f : C −→ CQ such that f |C1 = id.

If there is a quiver Q′ and an inclusion C i //CQ′ , the following diagram
conmutes:

C1 � p

i

!!D
DD

DD
DD

D
oo id // CQ1� _

i
���
�
�

CQ′
1

We need the following lemma to finish our remark.
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Lemma 2.5.13. Let f : C → D be a morphism of coalgebras.

(a) If e is a group-like element of C then f(e) is a group-like element of
D.

(b) If f is injective and x is a non-trivial (e, d)-primitive element of C
then f(x) is a non-trivial (f(e), f(d))-primitive element of D.

Thus, since CQ1 and CQ′
1 are generated by the set of all vertices and

arrows of Q and Q′, respectively, using Lemma 2.5.13, we conclude that Q
is a subquiver of Q′; so it contains some coalgebra in H∞

Γ .

As a consequence, we get a negative answer to the following open problem
considered by Simson in [Sim01] and [Sim05]: Is any basic coalgebra, over
an algebraically closed field, isomorphic to the path coalgebra of a quiver with
relations?



Chapter 3

Localization in coalgebras

Localization is an old theory which has been developed by many authors and
from different points of view. Among them, the most renowned procedure is
the localization in rings as a systematic method of adding multiplicative in-
verses to a ring. In the noncommutative case, a very satisfactory results have
been achieved by Chatters, Goldie, Goodearl, Small, Warfield and others, see
for instance the books [GW89] and [MR87]. In a higher level of abstraction,
in [Gab62], Gabriel describe the localization in abelian and Grothendieck
categories. This is presented as a functor onto a new category, the quotient
category, which has a right adjoint, the section functor. In this chapter we
develop the ideas of Gabriel in comodule categories (Grothendieck categories
of finite type). The key-point of the theory lies in the fact that the quotient
category becomes a comodule category, and then it is better understood than
in the case of modules over an arbitrary algebra. Therefore, to any coalgebra
C, we may attach a set of “localized” coalgebras which can provide informa-
tion about C or, as we show in the next chapter, its category of comodules
MC . Pointed coalgebras are a very special case. This is due to fact that
the “localized” coalgebras can be described by certain manipulation of the
Gabriel quiver. For that reason, we devote the last section to their study in
depth.

3.1 Some categorical remarks about localiza-

tion

Let C be an abelian category. A full subcategory A of C is said to be dense
if, for each exact sequence 0 → X ′ → X → X ′′ → 0 in C, it satisfies that
X belongs to A if and only if X ′ and X ′′ belong to A. For any dense
subcategory A of C, there exists an abelian category C/A and an exact
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functor T : C → C/A such that T (X) = 0, for each X ∈ A, satisfying
the following universal property: for any exact functor H : C → C ′ such that
H(X) = 0 for each X ∈ A, there exists a unique functor H : C/A → C ′
such that H = HT . The category C/A is called the quotient category of
C with respect to A, and the functor T is known as the quotient functor,
see [Gab62] for an explicit description of C/A and T .

Following [Gab62], a dense subcategory A of C is called localizing if the
quotient functor T : C → C/A has a right adjoint functor S : C/A → C. The
functor S is called the section functor of T .

Lemma 3.1.1. [Gab62] Let A be a localizing subcategory of an abelian cate-
gory C. With the above notation, the following statements hold:

(a) T is an exact functor.

(b) S is a left exact functor.

(c) T is full and S is a fully faithful functor.

(d) The equivalence TS ' 1C/A holds.

Conversely, if T : C → C ′ is an exact functor between abelian categories
and S : C ′ → C is a fully faithful functor right adjoint to T , then the dense
subcategory Ker (T ) of C, whose class of objects is {X ∈ C | T (X) = 0}, is
a localizing subcategory of C and C ′ is equivalent to C/Ker (T ), see [Pop73,
4.4.9].

If C is a Grothendieck category, localizing subcategories have an easier
description.

Proposition 3.1.2. [Gab62] A dense subcategory A of a Grothendieck cate-
gory C is localizing if and only if it is closed under direct sums, or equivalently,
each object X ∈ C contains a subobject A(X) which is maximal among the
subobjects of X belonging to A.

We say that a localizing subcategory is perfect localizing if the compo-
sition functor Q = ST : C → C is exact, or equivalently, by [Gab62, Chapter
III, Corollary 3], if the section functor S is exact.

There exists a dual notion of localizing subcategory. Namely, if C is an
abelian category, a dense subcategory A of C is said to be colocalizing if
the functor T : C → C/A has a left adjoint functor H : C/A → C, see [NT96].
Throughout we call H the colocalizing functor.

Lemma 3.1.3. [NT96] Let A be a colocalizing subcategory of a Grothendieck
category C. Then A is a localizing subcategory of C.
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Lemma 3.1.4. [NT96] Let A be a colocalizing subcategory of C. Then

(a) X ∈ A if and only if HomC(H(Y ), X) = 0 for any Y ∈ C/A.

(b) The colocalizing functor H is a fully faithful and right exact functor.

(c) The equivalence TH ' 1C/A holds.

A colocalizing subcategory A of C is said to be perfect colocalizing if
the colocalization functor H : C/A → C is exact.

3.2 Localizing subcategories of a category of

comodules

The category MC of right comodules over a coalgebra C is a locally finite
Grothendieck category in which the theory of localization, as described in the
previous section, can be applied. The localizing subcategories of MC have
been studied in several papers with satisfactory results, see [Gre76], [JMN07],
[JMNR06], [Lin75], [NT94] and [NT96]. The reason of such advances comes
from that they can be parameterized by different ways, and, consequently,
there exist several approaches to the theory. Let us recall briefly some of
these relationships that there exist between localizing subcategories and other
concepts. In particular, we highlight the one with idempotents elements of
the dual algebra, which will be of importance in the next chapter.

(a) Coidempotent coalgebras. A subcoalgebra A of C is said to be coidem-
potent if A ∧ A = A. In [NT94], a bijective correspondence between
localizing subcategories of MC and coidempotent subcoalgebras of C is
established. Namely, the authors associate to any localizing subcategory
T the subcoalgebra T (C) =

∑
M∈T cf(M); and to any coidempotent

subcoalgebra A of C the closed subcategory TA whose class of objects is
{M ∈MC | cf(M) ⊆ A}.

(b) Injective comodules. From the general theory of localization in Grothen-
dieck categories (cf. [Gab62]), there exists a bijective correspondence
between localizing subcategories of a Grothendieck category C and equiv-
alence classes of injective objects of C. We recall that two injective ob-
jets E1 and E2 are said to be equivalent if Ei can be embedded in
a direct product of copies of Ej for i, j ∈ {1, 2}. The above corre-
spondence associates to any injective object E the localizing subcategory
TE = {M ∈ C | HomC(M,E) = 0}. If we deal with a comodule category
MC , the inverse is given as follows. For any localizing subcategory T of
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MC , it maps T to the injective right C-comodule E = S(D), where D
is an injective cogenerator of MC/T .

(c) Indecomposable injective comodules. This is a refinement of the previ-
ous case. Since two injective right C-comodules are equivalent if and
only if in their decompositions, as a direct sum of indecomposable in-
jectives, appear the same indecomposable injective comodules (probably
with different multiplicity) then every equivalence class of injective right
C-comodules is uniquely determined by a set of isomorphism classes of
indecomposable injective right C-comodules.

(d) Simple comodules. To any indecomposable injective right C-comodule,
we can attach a simple right C-comodule defined by its socle. Conversely,
given a simple comodule, its injective envelope is an indecomposable in-
jective comodule. Therefore we have a bijection between sets of indecom-
posable injective comodules and sets of simple comodules.

(e) Idempotents of the dual algebra. Given two idempotent elements f, g ∈
C∗, we say that f is equivalent to g if the injective right C-comodules
Cf and Cg are equivalent in the sense defined above. On the other hand,
it is easy to see that every injective right C-comodule E is of the form
E = Ce for some idempotent e ∈ C∗. Therefore there exists a bijective
correspondence between equivalence classes of injective comodules and
equivalence classes of idempotent elements of the dual algebra. Observe
that the set {Ei}i∈IC of indecomposable injective comodules is given by
the set {ei}i∈IC of primitive orthogonal idempotents of C∗. That is, Ei =
Cei for any i ∈ IC . Then a localizing subcategory ofMC is determinated
by a suitable choice of some primitive orthogonal idempotents in C∗.

Given an idempotent element e ∈ C∗, we denote the localizing subcate-
gory associated to e by Te and by Ie the subset of IC such that {Si}i∈Ie
is the subset of simple (or, {Ei}i∈Ie is the subset if indecomposable in-
jective) comodules associated to this idempotent element. We refer the
reader to [CGT02], [JMN07], [JMNR06] and [Woo97] for details.

Following [Gab62], if T is a localizing subcategory of a Grothendieck cate-
gory, then C/T is also Grothendieck. Furthermore, if C is of finite type, then
so is C/T . In other words, a quotient categoryMC/T is a category of como-
dules MD for certain coalgebra D. Our aim now is to provide a description
of the coalgebra D and of the localizing functors associated to the localizing
subcategory. Let us first pay attention to this problem from the point of
view of the Morita-Takeuchi contexts.
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Theorem 3.2.1. [JMNR06] Let T be a localizing subcategory ofMC and X
be a injective quasifinite right C-comodule such that T = TX . Consider the
injective Morita-Takeuchi context (D,C,X, Y, f, g) defined by X. Then the
functors

T = −�CY :MC →MD and S = −�DX :MD →MC

define a localization of MC with respect to the localizing subcategory T . In
particular, MC/T is equivalent to MD.

Proof. Since XC is injective and quasifinite, the funtor S = −�DX has
an exact left adjoint functor CohomC(X,−). This functor preserves direct
sums so, for every N ∈ MC , there is an isomorphism CohomC(X,N) ∼=
N�CCohomC(X,C) = N�CY . Therefore, we obtain a natural isomorphism
CohomC(X,−) ∼= −�CY = T and thus S is right adjoint of T .

Now, we have to show that Ker (T ) = TX . Let us point out that X =
S(D). Then, by the adjunction, for every M ∈ MC , There is a bijec-
tion HomC(M,X) ←→ HomD(T (M), D). Thus M ∈ TX if and only if
HomC(M,X) = 0 if and only if HomD(T (M), D) = 0 if and only if T (M) =
0.

Remark 3.2.2. By virtue of the previous theorem and Proposition 1.4.1,
we have an isomorphism D ∼= CohomC(X), where X is an injective right
C-comodule. Therefore, we may understand the theory of localization as
an evolution of the Morita-Takeuchi equivalences described in Chapter 1.
Namely, the coalgebra C is Morita-Takeuchi equivalent to D = CoendC(E)
for any injective cogenerator E, i.e., for any E = ⊕i∈ICE

αi
i , where αi > 0.

Therefore, from the point of view of its representation theory, we may look
into C by means of D and by taking advances of its possible good properties
(for instance, D could be basic). Now, if we drop the condition of E being
a cogenerator, i.e., not any indecomposable injective comodule appears as a
direct summand of E. Then D and C are no longer equivalent. However,
there exists a weaker relation: D is a “localized” coalgebra of C. Therefore, it
is rather natural to inquire oneself which properties of C we may infer from
the ones of its “localized” coalgebras. Next chapters are devoted to this aim.

Let us now show the description of localizing categories by means of idem-
potents. Let e be an idempotent in C∗ and Te be the localizing subcategory
associated to e. From the above considerations, MC/Te is an abelian cate-
gory of finite type and therefore MC/Te ∼= MD for some coalgebra D. We
may give an explicit description of D. Let us consider the subspace eCe ⊆ C.
Then it can be endowed with a coalgebra structure given by the formulae:

∆eCe(exe) =
∑
(x)

ex(1)e⊗ ex(2)e and εeCe(exe) = εC(x)
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for any x ∈ C, where ∆C(x) =
∑

(x) x(1) ⊗ x(2) using the sigma-notation of

[Swe69].

Lemma 3.2.3. [Woo97] There exists a equivalence between the categories
MC/Te and MeCe.

If M is a right C-comodule, the vector space eM has a natural structure
of right eCe-comodule given by the formula:

ωeM(em) =
∑
(m)

em(0) ⊗ em(1)e,

for any m ∈ M , where ωM(m) =
∑

(m)m(0) ⊗ m(1) in the sigma-notation.
Now, there is a natural right eCe-comodule isomorphism eM ∼= M�CeC,
defined by ex 7→ x(0)⊗ex(1). This means that the functor −�CeC is naturally
isomorphic to the functor fromMC toMeCe defined by M 7→ eM . Observe
that if M = Ce, we obtain a natural isomorphism eCe ∼= Ce�CeC, see
[CGT02] for details.

Since Ce is a quasifinite injective right C-comodule, we may consider
the injective Morita-Takeuchi context associated to Ce, which, by [CGT02],
is (eCe, C,Ce, eC, f, g), where f : eCe ∼= Ce�CeC is the aforementioned
isomorphism and g : C → eC�eCeCe is defined by g(x) =

∑
ex(1) ⊗ x(2)e

for any x ∈ C. Hence there exist isomorphisms eC ∼= CohomC(Ce,C) and
eCe ∼= CoendC(Ce). Thus we can rewrite Theorem 3.2.1 as follows:

Theorem 3.2.4. The functors

T = −�CeC = e(−) :MC →MeCe and S = −�eCeCe :MeCe →MC

define a localization of MC with respect to the localizing subcategory Te.

Corollary 3.2.5. [CGT02] The functor T is naturally equivalent to the
Cohom functor CohomC(Ce,−).

Corollary 3.2.6. A localizing subcategory Te is perfect localizing if and only
if Ce is an injective left eCe-comodule.

Remark 3.2.7. Note that, as a consequence of Theorem 3.2.4, we obtain an
easy description of the localizing subcategory:

Te = Ker (T ) = {M ∈MC | M�CeC = 0} = {M ∈MC | eM = 0}.

Remark 3.2.8. If e ∈ C∗ is an idempotent, for a simple right C-comodule
S, we have exactly two possibilities:
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(a) eS = 0, in this case e · cf(S) = 0 and e|cf(S) = 0, or

(b) eS = S, in this case e · cf(S) = cf(S) and e|cf(S) = ε|cf(S).

Thus the class Te is the localizing subcategory ofMC determined by the subset
Ie = {i ∈ IC | eSi = Si}. Furthermore, a complete set of pairwise non-
isomorphic simple comodules of the quotient category is {Si}i∈Ie. It is not
difficult to see that the coidempotent subcoalgebra determined by Te is the
biggest subcoalgebra of C annihilated by e. Note that, for any subcoalgebra A
of C, eA = 0 if and only if Ae = 0.

We now turn to colocalizing subcategories. From Theorem 3.2.4 we may
deduce easily the following result.

Proposition 3.2.9. Let e ∈ C∗ be an idempotent and Te be its associated
localizing subcategory in MC. Then Te is a colocalizing subcategory if and
only if eC is a quasi-finite right eCe-comodule.

Proof. By Theorem 1.3.2, the functor T = −�CeC :MC →MeCe has a left
adjoint functor if and only if eC is quasi-finite as right eCe-comodule.

In the same direction we may characterize, also in terms of idempotents,
perfect colocalizing subcategories.

Proposition 3.2.10. Let e ∈ C∗ be an idempotent element and let Te be
the associated localizing subcategory inMC. Then Te is a perfect colocalizing
subcategory if and only if eC is a quasifinite injective right eCe-comodule.

Proof. Observe that the left adjoint of T = −�CeC : MC → MeCe is
H = CohomeCe(eC,−). By Proposition 1.3.3, H is exact if and only if eC is
an injective right eCe-comodule.

Remark 3.2.11. The reader can compare the last two propositions with
[NT96, Proposition 3.1] and [NT96, Proposition 4.1], where colocalizing and
perfect colocalizing subcategories of MC are characterized in terms of the
biggest subcoalgebra of C annihilated by e.

Proposition 3.2.12. Let C be a coalgebra and T be a perfect colocalizing
subcategory of MC. Then T is a perfect localizing subcategory of MC.

Proof. If T = Te is a perfect colocalizing subcategory of MC , eC is an
quasifinite injective right eCe-comodule. Thus, the functor −�CeC has an
exact left adjoint, namely CohomeCe(eC,−). On the other hand, since Ce is a
quasifinite injective right C-comodule, −�eCeCe admits an exact left adjoint,
namely CohomC(Ce,−). Then the composed functor −�C(eC�eCeCe) =
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(−�eCeCe) ◦ (−�CeC) has an exact left adjoint functor CohomeCe(eC,−) ◦
CohomC(Ce,−). Therefore eC�eCeCe is an quasifinite injective right C-
comodule and Te is a perfect localizing subcategory of MC .

A symmetric version of all this section may be done for left comodules. In
particular, the localization by means of idempotents is described as follows:
for each localizing subcategory T ′ of CM, there exists a unique (up to equiv-
alence) idempotent e in C∗ such that the localizing functors are equivalent
to

CM
T=(−)e=−�CCe // CM/T ′
S=−�eCeeC

oo ,

where CM/T ′ is equivalent to eCeM.

3.3 Quivers associated to a coalgebra

Associating a graphical structure to a certain mathematical object is a very
common strategy in the literature. Sometimes, it provides us a nice method
for replacing the object with a simpler one and improving our intuition about
its properties. When dealing with representation theory of coalgebras, the
quivers associated to a coalgebra play a prominent rôle in order to study their
structure in depth. For instance, we remind from Chapter 1 and Chapter
2 that the Gabriel quiver of a pointed coalgebra becomes a powerful tool.
Unfortunately, for an arbitrary coalgebra, these results are no longer valid.
This section deals with several quivers that we may attach to any coalgebra.
In particular, we study some algebraic properties which we may deduce from
their shapes, aiming to generalize the case of pointed coalgebras.

3.3.1 Definitions

Let us consider an arbitrary coalgebra C. We may associate to C a quiver ΓC
known as the right Ext-quiver of C, see [Mon95]. We recall that the set of
vertices of ΓC is the set of pairwise non-isomorphic simple right C-comodules
{Si}i∈IC and, for two vertices Si and Sj, there exists a unique arrow Sj → Si
in ΓC if and only if Ext1

C(Sj, Si) 6= 0.
This quiver admits a generalization by means of the notion of right valued

Gabriel quiver (QC , dC) of C, namely, following [KS05], the valued quiver
whose set of vertices is {Si}i∈IC and such that there exists a unique valued
arrow

Si
(d′ij ,d

′′
ij) // Sj
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if and only if Ext1
C(Si, Sj) 6= 0 and,

d′ij = dimGi
Ext1

C(Si, Sj) and d′′ij = dimGj
Ext1

C(Si, Sj),

as right Gi-module and as left Gj-module, respectively, where Gi denotes
the division algebra of endomorphisms EndC(Si) for any i ∈ IC . The (non-
valued) Gabriel quiver of C is obtained taking the same set of vertices and the
number of arrows from a vertex Sj to a vertex Si is dimEndC(Sj)Ext1

C(Sj, Si)
as right EndC(Sj)-module. Obviously, if C is pointed (or K is algebraically
closed) then it is isomorphic to the one used by Woodcock and C is a sub-
coalgebra of the path coalgebra of its (non-valued) Gabriel quiver.

In [Sim06], the valued Gabriel quiver of C is described through the no-
tion of irreducible morphisms between indecomposable injective right C-
comodules. Let us denote by injC (respect. C inj) the full subcategory of
MC (respect. CM) formed by socle-finite (i.e., comodules whose socle is
finite-dimensional) injective right (respect. left) C-comodules. Let E and E ′

be two comodules in injC . A morphism f : E → E ′ is said to be irreducible
if f is not an isomorphism and given a factorization

E
f //

g
��@

@@
@@

@@
E ′

Z
h

>>}}}}}}}

of f , where Z is in injC , g is a section, or h is a retraction. Set again
Gi = EndC(Si) for any i ∈ IC . Analogously to the case of finite-dimensional
algebras, there it is proven that the set of irreducible morphism IrrC(Ei, Ej)
between two indecomposable injective right C-comodules Ei and Ej is iso-
morphic, as Gj-Gi-bimodule, to the quotient radC(Ei, Ej)/rad2

C(Ei, Ej). We
recall that, for each two indecomposable injective right C-comodules Ei
and Ej, the radical of HomC(Ei, Ej) is the K-subspace radC(Ei, Ej) of
HomC(Ei, Ej) generated by all non-isomorphisms. Observe that if i 6= j,
then radC(Ei, Ej) = HomC(Ei, Ej). The square of radC(Ei, Ej) is defined to
be the K-subspace

rad2
C(Ei, Ej) ⊆ radC(Ei, Ej) ⊆ HomC(Ei, Ej)

generated by all composite homomorphisms of the form

Ei
f // Ek

g // Ej,

where f ∈ radC(Ei, Ek) and g ∈ radC(Ek, Ej). The mth power radmC (Ei, Ej)
of radC(Ei, Ej) is defined analogously, for each m > 2.
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Lemma 3.3.1. [Sim06, Theorem 2.3(a)] Let C be a basic coalgebra and set
Gi = EndC(Si) for each i ∈ IC. There is an arrow

Si
(d′ij ,d

′′
ij) // Sj

in the right valued Gabriel quiver (QC , dC) of C if and only if IrrC(Ej, Ei) 6= 0
and

d′ij = dimGj
IrrC(Ej, Ei) and d′′ij = dimGi

IrrC(Ej, Ei),

as right Gj-module and as left Gi-module, respectively.

We may proceed analogously with left C-comodules and obtain the left-
hand version of this quivers. Nevertheless, as we show in the following propo-
sition, they are opposite to each other.

Proposition 3.3.2. Let C be a basic coalgebra. The right valued Gabriel
quiver (QC , dC) of C is the opposite valued quiver of the left valued Gabriel
quiver (CQ, Cd) of C. Consequently, the left (non-valued) Gabriel quiver of
C is the opposite of the right (non-valued) Gabriel quiver of C.

Proof. Denote by {Ei}i∈IC and {Fi}i∈IC the set of pairwise non-isomorphic
indecomposable injective right and left C-comodules, respectively. We recall
from [CKQ02] that there exists a duality D : injC → C inj given by D =
CohomC(−, C) whose inverse (which we also denote by D) is given by D =
CohomCop(−, Cop). Let us denote D(Ei) = Fi (and then D(Fi) = Ei) for
each indecomposable injective right C-comodule Ei. Following [CGT02], if
Si is the socle of Ei and Ei = Cei for some idempotent ei ∈ C∗,

Fi = D(Ei) = CohomC(Cei, C) = eiC,

then soc Fi = Si. Summarizing, Ei and Fi are the right and the left injective
envelopes of Si, respectively.

Now, since HomC(Ei, Ej) ∼= HomC(Fj, Fi), for each two indecomposable
injective right comodules Ei and Ej, it is easy to see that also IrrC(Ei, Ej) ∼=
IrrC(Fj, Fi) and then dimKIrrC(Ei, Ej) = dimKIrrC(Fj, Fi). Thus

dimGi
IrrC(Ei, Ej) =

dimKIrrC(Ei, Ej)

dimKSi

=
dimKIrrC(Fj, Fi)

dimKSi
= dimGi

IrrC(Fj, Fi)

Analogously, dimGj
IrrC(Ei, Ej) = dimGj

IrrC(Fj, Fi). Therefore, there exists
an arrow

Si
(d′ij ,d

′′
ij) // Sj



3.3 Quivers associated to a coalgebra 50

in (QC , dC) if and only if there exists an arrow

Sj
(d′′ij ,d

′
ij) // Si

in (CQ, Cd) and the result follows.

3.3.2 The geometry of the Ext-quiver

Throughout we assume that the aforementioned quivers are connected, that
is, by [Sim06], C is indecomposable as coalgebra. Let us take into consid-
eration some geometric properties of them. Since the discussion below is
independent of the chosen quiver, throughout this section and the next one
we deal with the Ext-quiver ΓC . Given a vertex Sx, we say that the vertex Sy
is an immediate predecessor (respectively, a predecessor) of Sx if there
exists an arrow Sy → Sx in ΓC (respectively, a path from Sy to Sx in ΓC).

Lemma 3.3.3. Sy is an immediate predecessor of Sx if and only if Sy ⊆
soc (Ex/Sx).

Proof. Let us consider the short exact sequence Sx ↪→ Ex → Ex/Sx. Then
we obtain the exact sequence

0 // HomC(Sy, Sx) // HomC(Sy, Ex) //

// HomC(Sy, Ex/Sx) // ExtC1 (Sy, Sx) // 0

Since HomC(Sy, Sx) ∼= HomC(Sy, Ex) then HomC(Sy, Ex/Sx) ∼= Ext1
C(Sy, Sx)

and the result follows.

We may generalize the former definition by means of the socle filtration.
Following [Gre76], any right C-comodule M has a filtration

0 ⊂ soc M ⊂ soc2M ⊂ · · · ⊂M

called the Loewy series , where, for n > 1, socnM is the unique subcomod-
ule of M satisfying that socn−1M ⊂ socnM and

socnM

socn−1M
= soc

(
M

socn−1M

)
.

Lemma 3.3.4. [Gre76] Let M and N be right C-comodules.

(a) Let n be a positive integer. If 0 ⊆ R1 ⊆ R2 ⊆ · · · ⊆ Rn is a chain of
subcomodules of M such that Ri/Ri−1 is semisimple for all i = 1, . . . , n
then Rn ⊆ socnM .
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(b) If N is a subcomodule of M then socnN = socnM ∩N for all n ≥ 1.

(c) If f : N → M is a morphism of right C-comodules then f(socnN) ⊆
socnM for all n ≥ 1.

(d) If M =
⊕

λMλ then socnM =
⊕

λ socnMλ for all n ≥ 1.

We shall need the following result.

Lemma 3.3.5. Let M be a right C-comodule. For any n ≥ 1, the Loewy
series of M/socnM is the chain

0 ⊂ socn+1M

socnM
⊂ socn+2M

socnM
⊂ · · · ⊂ socn+tM

socnM
⊂ · · ·

Proof. For each t > 0, denote by Nt the C-comodule socn+tM/socnM and
by N the C-comodule M/socnM . The case t = 1 follows from the definition
of the Loewy series. Assume now that the statement holds for t − 1. Then
Nt is a subcomodule of N such that soct−1N ⊂ Nt and

Nt

soct−1N
∼=

socn+tM

socn+t−1M
∼= soc

(
M

socn+t−1M

)
∼= soc

(
N

soct−1N

)
.

Thus soctN = Nt.

Given a vertex Sx, we say that the vertex Sy is an n-predecessor of Sx
if Ext1

C(Sy, socnEx) 6= 0, or equivalently, proceeding as in Lemma 3.3.3, if
Sy ⊆ soc (Ex/socnEx).

Convention 3.3.6. Throughout, given a simple comodule Sx, for each n ≥ 1,
we shall denote by {Si}i∈In the set of simple C-comodules such that

soc

(
Ex

socnEx

)
=
⊕
i∈In

Si,

and we will refer to it as the set of all n-predecessors of Sx. Obviously, each
n-predecessor Si is repeated ri times, where

ri =
dimKHomC(Si, Ex/socnEx)

dimKEndC(Si)
=

dimKExt1
C(Si, socnEx)

dimKEndC(Si)
.

Lemma 3.3.7. Let Sx and Sy be two simple C-comodules. The following
assertions are equivalent:

(a) Sy is a n-predecessor of Sx.
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(b) There is a non-zero morphism f : socn+1Ex → Ey such that f(socnEx) =
0.

(c) There exists a morphism g : Ex → Ey such that g(socnEx) = 0 and
g(socn+1Ex) 6= 0

Proof. (a) ⇔ (b). Assume that Sy is an n-predecessor of Sx. Then there
exists a non-zero map h : socn+1Ex/socnEx → Ey such that h|Sy = i, where
i : Sy → Ey is the inclusion map. Then, the composition

socn+1Ex
p // socn+1Ex/socnEx

h // Ey

is a nonzero morphism which vanishes in socnEx.
Conversely, given such an f , it decomposes through a non-zero morphism

g :
⊕

i∈In Si −→ Ey. Therefore there is an i ∈ In such that g|Si
: Si → Ey is

non-zero. That is, Si = Sy is an n-predecessor of Sx.
(b) ⇔ (c). Assume that f is such a morphism. Since Ey is an injective

C-comodule, there exists a morphism g : Ex → Ey such that g|socn+1Ex
= f .

Obviously, g(socnEx) = 0 and g(socn+1Ex) 6= 0.
For the converse, it is enough to consider the restriction of g to the sub-

comodule socn+1Ex.

Remark 3.3.8. Observe that the above result also holds replacing Ex for an
arbitrary C-comodule M and statement (a) by Sx ⊆M/socnM .

We simply say that Sy is a predecessor of Sx if there exists an integer
n ≥ 1 such that Sy is an n-predecessor of Sx. The following result gives a
necessary and sufficient condition for the vertex Sy to be a predecessor of a
vertex Sx.

Corollary 3.3.9. Let Sx and Sy be two simple C-comodules. Then, Sy is a
predecessor of Sx if and only radC(Ex, Ey) 6= 0.

Proof. The sufficiency is proved by the former lemma. Conversely, for each
n ≥ 1, we have the short exact sequence

0 // socnEx // socn+1Ex //
⊕

i∈In Si
// 0 .

If Sy is not a predecessor of Sx then Sy � Si for all i ∈ In. Therefore, for
any n ≥ 1, HomC(socn+1Ex, Ey) ∼= HomC(socnEx, Ey). Now,

HomC(Ex, Ey) ∼= HomC(lim−→ socnEx, Ey)
∼= lim−→HomC(socnEx, Ey)
∼= HomC(Sx, Ey)

∼=
{

0, if Sx � Sy,
EndC(Sx), if Sx ∼= Sy.
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Thus radC(Ex, Ey) = 0.

Theorem 3.3.10. Let Sx and Sy be two simple C-comodules. If Sy is an
n-predecessor of Sx then there exists a path in ΓC of length n from Sy to Sx.

Proof. We proceed by induction on n. For n = 1 is just Lemma 3.3.3. Let us
assume that the assertion holds for n−1 and let Sy be a n-predecessor of Sx.
By Lemma 3.3.7, there exists a non-zero map f : socn+1Ex → Ey such that
f(socnEx) = 0. Then f has a factorization f = gp, where p is the projection
of socn+1Ex onto the quotient M = socn+1Ex/socn−1Ex and g is a non-zero
map such that g(socnEx/socn−1Ex) = 0.

By Lemma 3.3.5, we have M = soc2(Ex/socn−1Ex) and

soc M = soc (Ex/socn−1Ex) =
⊕
i∈In−1

Si.

Hence Si is a (n− 1)-predecessor of Sx. By hypothesis of induction, for any
i ∈ In−1, there is a path γi of length n− 1 from Si to Sx. On the other hand,
M is contained in soc2(

⊕
i∈In−1

Ei) =
⊕

i∈In−1
soc2Ei. Therefore, since Ey

is injective, there exists a non-zero map h :
⊕

i∈In−1
soc2Ei → Ey such that

h|M = g. Hence there is an index j ∈ In−1 such that h|soc2Ej
6= 0. Lastly,

since g(soc M) = 0, h(
⊕

i∈In−1
Si) = 0 and then h|Sj

= 0. Then, by Lemma
3.3.7, there is an arrow Sy → Sj in ΓC . The composition of this arrow and
the path γj gives us the required n-length path from Sy to Sx.

Remark 3.3.11. A result analogous to Theorem 3.3.10 is obtained indepen-
dently in the recent paper [Sim06] by means of irreducible morphism between
indecomposable injective comodules.

Remark 3.3.12. The reader should observe that if there is a path in ΓC from
Sy to Sx, then Sy does not have to be a predecessor of Sx. For example, let
Q be the quiver

'&%$ !"#y α // ��������z β //'&%$ !"#x ,
and C be the subcoalgebra of KQ generated by {x, y, z, α, β}. Then the quiver
ΓC is

Sy −→ Sz −→ Sx.

Obviously, there is a path from Sy to Sx, but there is no non-zero morphisms

f : Ex =< x, β >−→ Ey =< y > .

On the other hand, if C is the coalgebra KQ, the Ext-quiver of KQ is also
the previous quiver but, in this case, we may obtain a map

f : Ex =< x, β, βα >−→ Ey =< y >

defined by f(βα) = y and zero otherwise.
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Lemma 3.3.13. Let Sx and Sy be two simple C-comodules such that Sy is
an n-predecessor of Sx and let f : Ex → Ey be a map verifying the conditions
of Lemma 3.3.7(c). Then f(socn+1Ex) = Sy and f(socn+tEx) ⊆ soctEy for
any t > 1. Moreover, if C is hereditary, then f(socn+tEx) = soctEy for any
t ≥ 1 .

Proof. We may factorize f as a composition gp, where p is the standard
projection of Ex onto Ex/socnEx. Then

f(socn+1Ex) = gp(socn+1Ex) = g

(
socn+1Ex
socnEx

)
is a non-zero semisimple subcomodule of Ey, i.e., it is Sy. Let us consider
the chain

0 ⊆ f(socnEx) ⊆ f(socn+1Ex) ⊆ · · · ⊆ f(socn+tEx) ⊆ · · ·

Since each quotient f(socn+iEx)
f(socn+i−1Ex)

is semisimple for any i ≥ 0, by Lemma 3.3.4,

f(socn+tEx) ⊆ soctEy for any t > 1.
Suppose now that C is hereditary. Then Ex/socnEx ∼=

⊕
i∈In Ei. Since

g(
⊕

i∈In Si) = Sy, there is an index j ∈ In such that g|Sj
: Sj → Sy is

bijective. Thus g|Ej
is an isomorphism and

soctEy = g|Ej
(soctEj) ⊆ g(

⊕
i∈In

soctEi) = f(socn+tEx)

for any t > 0.

Corollary 3.3.14. Let C be a hereditary coalgebra and n be a natural num-
ber. The following conditions are equivalent:

(a) There is a path in ΓC of length n from a vertex Sy to a vertex Sx.

(b) Sy is an n-predecessor of Sx.

Proof. It is enough to prove (a)⇒ (b). If

Sy // S1
// · · · // Sn−1

// Sx

is a path in ΓC , there exists a sequence of (surjective) morphisms

Ex
fn // En−1

fn−1 // · · · f2 // E1
f1 // Ey

such that fi(Si) = 0 and fi(soc2Ei) 6= 0 for all i = 1, . . . , n, where Sn = Sx.
Then, applying repeatedly the previous lemma, we obtain that the compo-
sition (f1f2 · · · fn)(socnEx) = 0 and (f1f2 · · · fn)(socn+1Ex) = Sy 6= 0. By
Lemma 3.3.7, Sy is an n-predecessor of Sx.
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3.4 Injective and simple comodules

As usual when dealing with an algebraic structure, the difficulty of studying
coalgebras in a general framework has caused the appearance of several kinds
of coalgebras which are investigated separately. Many of them are defined
through certain properties involving their comodules or, merely, their sim-
ple or injective comodules. For instance, this is the case of cosemisimple,
pure semisimple, semiperfect, quasi-co-Frobenius, (colocally) hereditary, se-
rial or biserial coalgebras, see [Chi02], [CKQ02], [Chi], [CGT04], [DNS01],
[JLMS05], [Lin75], [NTZ96] or [NS02]. Therefore it is natural to ask about
the behavior of such comodules in the context of localization. That question
will become of importance since, as we show below, some properties of the
localization functors strongly depends on this.

3.4.1 The section functor

From now on we fix an idempotent element e ∈ C∗. We recall that Te
designates the localizing subcategory associated to e and that {Sx}x∈Ie⊂IC is
the subset of simple comodules of the quotient category. Let us consider the
quotient and the section functor associated to Te:

MC
T=e(−)=−�CeC //

MeCe

S=−�eCeCe
oo .

We also remind that there exists a torsion theory on MC associated to the
functor T , where a right C-comodule M is a torsion comodule if T (M) = 0.

We know that for a simple right C-comodule Sx, T (Sx) = Sx if x ∈ Ie
and zero otherwise. Therefore there are two kinds of simple comodules:
the torsion and the torsion-free simple comodules, where the second class
correspond to the simple comodules of the coalgebra eCe. From this fact
we obtain the following result. From now on we will make no distinction
between torsion-free simple C-comodules and simple eCe-comodules.

Lemma 3.4.1. Let M be a right C-comodule, then T (soc M) ⊆ soc T (M).

Proof. Let us suppose that soc M = (
⊕

i∈I Si)
⊕

(
⊕

j∈J Tj), where Si and
Tj are simple right C-comodules such that T (Si) = Si and T (Tj) = 0 for all
i ∈ I and j ∈ J . Since soc M ⊆M then we have that T (soc M) =

⊕
i∈I Si ⊆

T (M).

Let us study the behavior of the injective comodules under the action of
the section functor. Indeed, we shall prove that S preserves indecomposable
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injective comodules and, consequently, injective envelopes. In what follows
we denote by {Ex}x∈Ie a complete set of pairwise non-isomorphic indecom-
posable injective right eCe-comodules, and assume that Ex is the injective
envelope of the simple right eCe-comodule Sx for each x ∈ Ie.

Proposition 3.4.2. The following properties hold:

(a) The functor S preserves injective comodules.

(b) If N is a quasi-finite indecomposable right eCe-comodule, then S(N) is
indecomposable.

(c) The functor S preserves indecomposable injective comodules. As a con-
sequence, S preserves injective envelopes.

(d) If Sx is a simple eCe-comodule then soc S(Sx) = Sx.

(e) If Sx is a simple eCe-comodule then S(Sx) is torsion-free.

(f) We have that S(Ex) = Ex for all x ∈ Ie.

(g) The functor S preserves quasi-finite comodules.

(h) The functor S : MeCe → MC restricts to a fully faithful functor S :
MeCe

qf →MC
qf between the categories of quasi-finite comodules which pre-

serves indecomposables comodules and reflects the isomorphism classes.

Proof. (a) The functor T is exact and left adjoint of S so, by [Ste75, Propo-
sition 9.5], the result follows.

(b) Since N is quasi-finite and indecomposable then the endomorphism ring
EndeCe(N) ∼= EndC(S(N)) is a local ring, see [CKQ02, Corollary 2.2(a)].
Thus S(N) is indecomposable.

(c) It follows from (a) and (b).

(d) Suppose that soc S(Sx) = (
⊕

i∈I Si)
⊕

(
⊕

j∈J Tj), where Si and Tj are
simple right C-comodules such that T (Si) = Si and T (Tj) = 0 for all
i ∈ I and j ∈ J . By Lemma 3.4.1,⊕

i∈I

Si = T (soc S(Sx)) ⊆ soc TS(Sx) = soc Sx = Sx.

Since S is left exact and preserves indecomposable injective comodules,
Sx ⊆ soc S(Sx) ⊆ soc S(Ex) = Sy for some simple comodule Sy. Then
Sy = Sx = soc S(Sx).
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(e) If M ⊆ S(Sx) is a non-zero torsion subcomodule of S(Sx) then there
exists a simple C-comodule R contained in M such that T (R) = 0. But
soc S(Sx) = Sx, so Sx = R and we get a contradiction.

(f) It is easy to see from (c) and (d).

(g) Let M be a quasi-finite right eCe-comodule. The injective envelope of
M is of the form E =

⊕
E
nx

x , where the nx’s are finite cardinal numbers.
Since S is left exact then S(M) embeds in S(E) =

⊕
Enx
x . Thus S(M)

is quasi-finite.

(h) It follows from the above assertions and TS ' 1MeCe .

After proving Proposition 3.4.2, one should ask if the behavior of simple
comodules is analogous to injective ones, that is, if S preserves simple como-
dules and, consequently, in view of Proposition 3.4.2(c), S(Sx) = Sx for all
x ∈ Ie. Unfortunately, in general, this is not true and we can only say that
S(Sx) is a subcomodule of Ex which contains Sx.

Example 3.4.3. This example shows that S(Sx) 6= Sx for every x ∈ Ie. Let
Q be the quiver

'&%$ !"#y α //'&%$ !"#x ,
C = KQ and e ∈ C∗ the idempotent associated to the set {x}. Then, the
localized coalgebra eCe is Sx and

S(Sx) = Sx�eCeCe = eCe�eCeCe ∼= Ce ∼=< x, α >6= Sx.

The reader should observe that S(Sx) could be an infinite dimensional
right C-comodule. Therefore, in general, S cannot be restricted to a functor
between the categories of finite dimensional comodules.

Example 3.4.4. Let Q be the quiver

αn // '&%$ !"#n αn−1 // α3 //'&%$ !"#3
α2 //'&%$ !"#2

α1 //'&%$ !"#1 ,

C = KQ and e ∈ C∗ the idempotent associated to the set {1}. Then the
localized coalgebra eCe is S1 and

S(S1) = S1�eCeCe = eCe�eCeCe ∼= Ce ∼=< 1, {α1 · · ·αn−1αn}n≥1 > .

Remark 3.4.5. The reader may find in the next chapter (Lemma 4.2.8) a
proof of the following fact: S preserves finite dimensional comodules if and
only S(Sx) is finite dimensional for each x ∈ Ie.
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In order to characterize the simple comodules invariant under the functor
S we need the following result. Observe that, when n = 1, it asserts that
the torsion immediate predecessors of a torsion-free vertex Sx in ΓC are the
simple C-comodules contained in the socle of S(Sx)/Sx. In the following
picture the torsion-free vertices are represented by white points.
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Theorem 3.4.6. Let Sx and Sy be two simple C-comodules such that Sx is
torsion-free. Then Sy ⊆ S(Sx)/socnS(Sx) if and only if Sy is torsion and
Sy ⊆ Ex/socnS(Sx).

Proof. Consider the short exact sequence and apply T (−)

0 // socnS(Sx) // S(Sx) // S(Sx)/socnS(Sx) // 0

Since Sx ∼= TS(Sx) ∼= T (socnS(Sx)), S(Sx)/socnS(Sx) is a torsion subco-
module of Ex/socnS(Sx). Therefore if Sy ⊆ S(Sx)/socnS(Sx) then Sy ⊆
Ex/socnS(Sx) and T (Sy) = 0.

Conversely, applying the functor S to the exact sequence

0 // Sx
i // Ex

p // Ex/Sx // 0

we obtain the following commutative diagram:

S(Sx)
S(i) // Ex

S(p) //

Coker S(i) ))R
RRRRRR S(Ex/Sx) // Coker S(p)

Ex/S(Sx)
' �

44iiiiii

Therefore we have HomC(Sy, Ex/S(Sx)) is contained in the set of morphisms
HomC(Sy, S(Ex/Sx)) ∼= HomeCe(T (Sy), Ex/Sx) = 0. Now, applying HomC(Sy,−)
to the exact sequence

0 // S(Sx) // Ex // Ex/S(Sx) // 0,

we obtain the exactness of the sequence

0 = HomC(Sy, Ex)→ HomC(Sy, Ex/S(Sx))→ Ext1
C(Sy, S(Sx))→ 0
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and then 0 = HomC(Sy, Ex/S(Sx)) ∼= Ext1
C(Sy, S(Sx)).

Applying the functor HomC(Sy,−) to the short exact sequences

0 // socnS(Sx) // Ex // Ex/socnS(Sx) // 0

0 // socnS(Sx) // S(Sx) // S(Sx)/socnS(Sx) // 0

we obtain that HomC(Sy,
S(Sx)

socnS(Sx)
) ∼= HomC(Sy,

Ex

socnS(Sx)
). Then the result

follows.

Corollary 3.4.7. Let Sx be a simple eCe-comodule. The following assertions
are equivalent:

(a) Ex/Sx is torsion-free.

(b) There is no arrow in ΓC from a torsion vertex Sy to Sx.

(c) S(Sx) = Sx.

Proof. It is straightforward from Lemma 3.3.3 and Theorem 3.4.6 for the
case n = 1.

Theorem 3.4.8. Let Sx and Sy be two simple C-comodules such that Sx is
torsion-free. If Sy ⊆ S(Sx)/socnS(Sx) for some n ≥ 1, then the following
assertions hold:

(a) Sy is a n-predecessor of Sx.

(b) There exists a path in ΓC

Sy = Sn // Sn−1
// · · · // S2

// S1
// Sx

such that Si is torsion for all i = 1, . . . , n.

Proof. (a) is obtained from the inclusion S(Sx)
socnS(Sx)

⊆ Ex

socnEx
.

(b) Sy is a torsion comodule by Theorem 3.4.6. In order to prove the existence
of the path, we proceed by induction on n. The case n = 1 corresponds
to Theorem 3.4.6. Assume now that the statement holds for n − 1 and
that Sy ⊆ S(Sx)/socnS(Sx). Analogously to the proof of Theorem 3.3.10,
we may prove that there exists an arrow from Sy to a simple C-comodule
Sj ⊆ S(Sx)/socn−1S(Sx).

Theorem 3.4.9. Let C be a hereditary coalgebra and Sx and Sy be two simple
C-comodules such that Sx is torsion-free. Suppose that there exists a path in
ΓC

Sy = Sn // Sn−1
// · · · // S2

// S1
// Sx

such that Si is torsion for all i = 1, . . . , n. Then Sy ⊆ S(Sx)/socnS(Sx).
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Proof. We prove by induction that, for each n, the torsion simple comodules
contained in Ex/socnS(Sx) are those for which there is a path as described
in the hypotheses. By Corollary 3.3.14 and Theorem 3.4.6, this will imply
the statement. The case n = 1 follows from Theorem 3.4.6. Let us assume
that it holds for n− 1. Then

Ex
socnS(Sx)

∼=
Ex

socn−1S(Sx)

socnS(Sx)
socn−1S(Sx)

∼=
(⊕j∈JEj)⊕ E
⊕j∈JSj

∼= (⊕j∈JEj/Sj)⊕ E,

where Sj is torsion for all j ∈ J and E is an injective comodule whose
socle is torsion-free. If there is a path from Sy to Sx as described above,
1 ∈ J by hypothesis and hence Sy ⊆ E1/S1 ⊆ Ex/socnS(Sx). Now, if
Sy ⊆ Ex/socnS(Sx), there is some jo ∈ J such that Sy ⊆ Ej0/Sj0 and then
we have an arrow Sy → Sj0 . By hypothesis, there is a path of length n − 1
from Sj0 to Sx whose intermediate vertices are torsion. This completes the
proof.

Corollary 3.4.10. Let Q be a quiver, KQ the path coalgebra of Q and e ∈
(KQ)∗ an idempotent element associated to the subset X ⊆ Q0. For each
vertex x ∈ X, the KQ-comodule S(Sx) is generated by the set of paths

'&%$ !"#1 //'&%$ !"#2 //'&%$ !"#3 // // '&%$ !"#n //'&%$ !"#x
such that i /∈ X for any i = 1, . . . , n

3.4.2 The quotient functor

Let us now analyze the properties of the quotient functor. We start with an
example which shows that, in general, T does not preserve injective como-
dules.

Example 3.4.11. Let Q be the quiver

'&%$ !"#x α //'&%$ !"#y β // ��������z ,
C be the subcoalgebra of KQ generated by {x, y, z, α, β} and Ie = {x, y}. The
injective right C-comodule Ez is generated by < z, β > and T (Ez) =< β >∼=
Sy 6= Ey.

Proposition 3.4.12. The following statements hold:

(a) T (Ex) = Ex for any x ∈ Ie.
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(b) If E is an injective torsion-free right C-comodule then T (E) is an injec-
tive right eCe-comodule.

(c) If M is a torsion-free right C-comodule then soc M = soc T (M) =
T (soc M).

(d) The functor T : MC → MeCe restricts to a functor T : MC
qf → MeCe

qf

and a functor T : MC
f → MeCe

f between the categories of quasi-finite
and finite dimensional comodules, respectively.

Proof. (a) By Proposition 3.4.2, Ex = S(Ex) for any x ∈ Ie. Then T (Ex) =
TS(Ex) = Ex.

(b) It follows from (a).

(c) Consider the chain
⊕

x∈I Sx = soc M ⊆ M ⊆ E(M) =
⊕

x∈I Ex.
Since M is torsion-free then I ⊆ Ie. Therefore soc M =

⊕
x∈I Sx =⊕

x∈I T (Sx) = T (soc M) ⊆ T (M) ⊆ T (E(M)) =
⊕

x∈I T (Ex) =
⊕

x∈I Ex

and the result follows.

(d) It is easy to see.

Corollary 3.4.13. Let Ex be an indecomposable injective C-comodule such
that Sx is torsion-free. Then S(Sx) = Ex if and only if all predecessors of Sx
in ΓC are torsion.

Proof. Assume that all predecessors of Sx are torsion. Then,

T (socnEx) = T (socn+1Ex) = T (soc Ex) = Sx.

Now, by the previous proposition,

Ex = T (Ex) = T (lim−→ socnEx) = lim−→T (socnEx) = Sx

and thus, by Proposition 3.4.2(f), Ex = S(Ex) = S(Sx). The converse
follows from Theorem 3.4.8.

Example 3.4.14. In general, the functor T is not full. Let Q be the quiver

'&%$ !"#y α //'&%$ !"#x ,
C = KQ and e ∈ C∗ be the idempotent associated to the set {x}. Then
dimKHomC(Sx, C) = dimKEnd(Sx) = 1 and dimKHomeCe(Sx, eC) = 2.
Therefore the map TSx,C : HomC(Sx, C)→ HomeCe(Sx, eC) cannot be surjec-
tive.
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Example 3.4.15. In general, the functor T does not preserve indecomposable
comodules. Let KQ be the path coalgebra of the quiver

'&%$ !"#x α
))TTTTTTT
��������z

'&%$ !"#y β

55kkkkkkk

and e ∈ C∗ be the idempotent associated to the set {x, y}. Then T maps
the indecomposable injective right C-comodule Ez =< z, α, β > to the right
eCe-comodule Sx ⊕ Sy. Nevertheless, it is easy to see that T preserves inde-
composable torsion-free comodules.

Since T (Sy) = 0 for each torsion simple C-comodule, one could expect
the analogous property for their injective envelopes. Unfortunately, this is
only true under some special conditions related to the stability of the torsion
theory.

Example 3.4.16. Let KQ be the path coalgebra of the quiver

'&%$ !"#x α //'&%$ !"#y ,
C = KQ and e ∈ C∗ be the idempotent associated to the set {x}. Then
T (Ey) = T (< y, α >) ∼= Sx 6= 0.

Theorem 3.4.17. Let Ey be an indecomposable injective right C-comodule
with y /∈ Ie. The following statements are equivalent:

(a) T (Ey) = 0,

(b) HomC(Ey, Ex) = 0 for all x ∈ Ie,

(c) Sy has no torsion-free predecessor in ΓC.

Proof. (a)⇒ (b). Since S is left adjoint to T then we have that HomC(Ey, Ex) =
HomC(Ey, S(Ex)) ∼= HomeCe(T (Ey), Ex) = 0 for all x ∈ Ie.

(b)⇒ (c). It is proved in Proposition 3.3.9.
(c)⇒ (a). For each n ≥ 1, we have the short exact sequence

0 // socnEy // socn+1Ey //
⊕

i∈In Si
// 0 .

Since Sy has no torsion-free predecessor, T (Si) = 0 for all i ∈ In and then
T (socnEy) = T (socn+1Ey). Now,

T (Ey) = T (lim−→ socnEy) = lim−→T (socnEy) = T (soc Ey) = 0.
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Let us finish the subsection by giving an approach to the image of an
indecomposable injective comodule Ey with torsion socle. Firstly, from the
Loewy series of Ey, we may obtain a chain

0 ⊆ T (socEy) ⊆ T (soc2Ey) ⊆ · · · ⊆ T (socnEy) ⊆ · · · ⊆ T (Ey)

such that each quotient T (socn+1Ey)

T (socnEy)
∼= T

(
socn+1Ey

socnEy

)
is the direct sum of the

torsion-free n-predecessors of Sy. As a consequence, by Lemma 3.3.4, we have
that T (socn+1Ey) ⊆ socnT (Ey). In particular, T (soc2Sy) is the direct sum of
all torsion-free immediate predecessors of Sy and T (soc2Ey) ⊆ soc T (Ey).

Lemma 3.4.18. Let Sy be a torsion simple right C-comodule. Suppose that
{Sx, Tz}x∈I,z∈J is the set of all immediate predecessors of Sy in ΓC, where Sx
is torsion-free for all x ∈ I and Tz is torsion for all z ∈ J . Then

soc T (Ey) ⊆

(⊕
x∈I

Sx

)⊕(⊕
z∈J

soc T (Ez)

)
.

If C is hereditary, the opposite inclusion also holds.

Proof. By Lemma 3.3.3, soc (Ey/Sy) = (⊕x∈ISx) ⊕ (⊕z∈JTz) and, conse-
quently, Ey/Sy ⊆ (⊕x∈IEx)⊕ (⊕z∈JEz). Then

T (Ey) ∼= T (Ey/Sy) ⊆

(⊕
x∈I

Ex

)⊕(⊕
z∈J

T (Ez)

)

and then

soc T (Ey) ⊆

(⊕
x∈I

Sx

)⊕(⊕
z∈J

soc T (Ez)

)
.

Clearly, the inclusions are equalities if C is hereditary.

In a general context it is not possible to prove the equality in Lemma
3.4.18. For example, consider the quiver of Example 3.4.11, the coalgebra
generated by the set < x, y, z, α, β > and Ie = {x}. Then soc T (Ez) = 0 and
soc T (Ey) = Sx.

Corollary 3.4.19. Let Ey be a indecomposable injective C-comodule such
that Sy is torsion. If Sx ⊆ soc T (Ey) then

(a) Sx is torsion-free.

(b) Sx is a predecessor of Sy in ΓC.
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(c) There exists a path in ΓC

Sx // Sn // · · · // S2
// S1

// Sy

such that Si is torsion for all i = 1, . . . , n.

Proof. By Lemma 3.4.18, it is enough to prove (b). Now, by hypothesis,
0 6= HomeCe(T (Ey), Ex) ∼= HomC(Ey, Ex) = RadC(Ey, Ex). Corollary 3.3.9
completes the proof.

Remark 3.4.20. In case C is hereditary we may prove a partial converse.
Namely, if the conditions (a) and (c) hold, then Sx ⊆ soc T (Ey).

3.4.3 The colocalizing functor

Throughout this subsection we assume that Te is a colocalizing subcategory
of MC . Therefore the localizing functor H : MeCe → MC exists and is
left adjoint to T . We recall from [Tak77] that there exists such functor H
if and only if eC = T (C) is quasi-finite as right eCe-comodule, i.e., since
T (C) = eCe

⊕
(
⊕

y∈IC\Ie T (Ey)), if and only if
⊕

y∈IC\Ie T (Ey) is quasi-
finite as eCe-comodule. According to Corollary 3.4.19, this is obtained if
dimKExt1

C(S, S ′) is finite for each pair of simple comodules S and S ′, and
there are finitely many paths in ΓC

Sx // Sn // · · · // S3
// S2

// S1

where Si is torsion for all i = 1, . . . , n, for each torsion-free simple comodule
Sx.

Proposition 3.4.21. The following assertions hold:

(a) H preserves projective comodules.

(b) H preserves finite dimensional comodules.

(c) H preserves finite dimensional indecomposable comodules.

(d) The functor H : MeCe → MC restricts to a fully faithful functor H :
MeCe

f → MC
f between the categories of finite-dimensional comodules

which preserves indecomposable comodules and reflects the isomorphism
classes.

Proof. (a) It is dual to the proof of Proposition 3.4.2(a).
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(b) Let N be a finite dimensional right eCe-comodule. Then

H(N) = CohomeCe(eC,N) = HomeCe(N, eC)∗.

Now, since eC is a quasi-finite right eCe-comodule, HomeCe(N, eC) has
finite dimension.

(c) Let N be a finite dimensional indecomposable right eCe-comodule. Since
H is fully faithful then EndeCe(N) ∼= EndC(H(N)) is a local ring. Now,
by (b), H(N) is finite dimensional and then H(N) is indecomposable.

(d) It is straightforward from (b), (c) and the equivalence TH ' 1MeCe .

Analogously to the study of the section functor, let us characterize the
simple comodules which are invariant under the functor H. For that purpose
we need the following proposition:

Proposition 3.4.22. Let Sx be a simple eCe-comodule. Then H(Sx) = Sx
if and only if HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie.

Proof. From the decomposition eC = eCe⊕eC(1−e) as right eCe-comodules,
we have the following equalities:

dimKH(Sx) = dimKCohomeCe(eC, Sx)
= dimKSx + dimKCohomeCe(eC(1− e), Sx)
= dimKSx +

∑
y/∈Ie dimKCohomeCe(T (Ey), Sx)

= dimKSx +
∑

y/∈Ie dimKHomeCe(Sx, T (Ey)).

Therefore, HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie if H(Sx) ∼= Sx.
Conversely, there is a natural isomorphism

HomC(H(Sx), Sx) ∼= HomeCe(Sx, Sx)

so there exists a non-zero (and then surjective) morphism f : H(Sx) → Sx.
By hypothesis, dimKH(Sx) = dimKSx and then f is an isomorphism.

Theorem 3.4.23. Let Sx be a simple eCe-comodule. Then H(Sx) = Sx if
and only if Ext1

C(Sx, Sy) = 0 for all y /∈ Ie, i.e., there is no arrow Sx → Sy
in ΓC, where Sy is a torsion simple C-comodule.

Proof. By Proposition 3.4.22, it is enough to prove that Ext1
C(Sx, Sy) = 0 for

all y /∈ Ie if and only if HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie.
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⇐) Suppose that Ext1
C(Sx, Sy) 6= 0 for some y /∈ Ie. By Lemma 3.3.3,

Sx ⊆ soc (Ey/Sy). Then

Sx = T (Sx) ⊆ T (soc Ey/Sy) ⊆ soc T (Ey/Sy) = soc T (Ey)

and therefore HomeCe(Sx, T (Ey)) 6= 0.
⇒) If Ext1

C(Sx, Sy) = 0 for each y /∈ Ie then there is no path as described
in Corollary 3.4.19(c). Thus Sx is not contained in T (Ey) for any y /∈ Ie.

3.5 Stable subcategories

The bijective correspondence between localizing subcategories of MC and
equivalence classes of idempotent elements in C∗ is interesting because we
may parameterize some classes of localizing subcategories using well known
classes of idempotent elements. The first interesting case appears when we
consider central idempotent elements. Which localizing subcategories corre-
spond to central idempotent elements? The answer to that question is given,
for example, in [GJM99]. If T is a localizing subcategory such that the as-
sociated idempotent element is central, then T is closed under left and right
links. Following these ideas, we may consider more general classes of idem-
potent elements and the corresponding localizing subcategories. Using the
results of the last section we shall deal with semicentral idempotent elements
in C∗ and see that they define a special, and well known, class of localizing
subcategories.

Let us recall that a localizing subcategory T of MC which is closed for
essential extensions is called stable. The first result we consider on stable
localization subcategories appears in [NT94]. There it is proved that the
localizing subcategory of MC defined by a coidempotent subcoalgebra A of
C is stable if and only if A is an injective right C-comodule. In order to
characterize stable localizing subcategories of MC in terms of idempotents,
first we recall some definitions from the theory of idempotent elements. Fol-
lowing [Bir83], an idempotent e of a ring R is said to be left semicentral
if (1 − e)Re = 0. Right semicentral idempotents are defined in an anal-
ogous way. The following characterizations of semicentral idempotent are
well-known and easy to prove:

e is left semicentral in R ⇔ eRe = Re
⇔ ere = re for all r ∈ R
⇔ eR is an ideal of R
⇔ R(1− e) is an ideal of R
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As a consequence of these equivalences, an idempotent element e ∈ C∗

is left semicentral if and only if 1− e is right semicentral. Let us give some
extra characterizations of a left semicentral idempotent in the dual algebra
C∗ of a coalgebra C.

Lemma 3.5.1. Let C be a coalgebra and e be an idempotent in C∗. The
following conditions are equivalent:

(a) e is a left semicentral idempotent in C∗.

(b) eCe = eC.

(c) C(1− e) is a subcoalgebra of C.

(d) eC is a subcoalgebra of C.

(e) eM is a subcomodule of M for every right C-comodule M .

Proof. (a) ⇒ (b) For any element x ∈ C and any g ∈ C∗, we have g(ex) =
(g ∗ e)(x) = (e ∗ g ∗ e)(x) = g(exe). Therefore exe = ex and thus eCe = eC.
(b)⇒ (a) Given g ∈ C∗, we have that for every x ∈ C, (g ∗ e)(x) = g(ex) =
g(exe) = (e ∗ g ∗ e)(x). Therefore e ∗ g ∗ e = g ∗ e for every g ∈ C∗ and e is
left semicentral in C∗.
(a)⇔ (c) It is easy to see that (C(1−e))⊥ = eC∗, so C(1−e) is a subcoalgebra
of C if, and only if eC∗ is an ideal of C∗ if and only if e is a left semicentral
idempotent in C∗.
(a) ⇒ (e) Let M be a right C-comodule and g an arbitrary element in C∗.
Then, for every x ∈ eM , we have gx = g(ex) = (g ∗ e)x = (e ∗ g ∗ e)x =
e(g ∗ ex) ∈ eM . Therefore eM is left C∗-submodule of M and thus it is a
right C-subcomodule.
(e)⇒ (d) It is trivial
(d) ⇔ (a) As before, (eC)⊥ = C∗(1 − e), thus eC is a subcoalgebra of C if
and only if C∗(1 − e) is an ideal of C∗ if and only if e is a left semicentral
idempotent in C∗.

The following theorem is the main result of this section. In it, we describe
stable subcategories from different points of view. A proof of some equiva-
lences is given in [JMNR06, Theorem 4.3]. We recall that, for a subset Λ of
the vertex set (ΓC)0, we say that Λ is right link-closed if it satisfies that,
for each arrow S → T in ΓC , if S ∈ Λ then T ∈ Λ.

Theorem 3.5.2. Let C be a coalgebra and Te ⊆ MC be a localizing sub-
category associated to an idempotent e ∈ C∗. The following conditions are
equivalent:
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(a) Te is a stable subcategory.

(b) T (Ex) = 0 for any x /∈ Ie.

(c) T (Ex) =

{
Ex if x ∈ Ie,
0 if x /∈ Ie.

(d) HomC(Ey, Ex) = 0 for all x ∈ Ie and y /∈ Ie.

(e) K = {S ∈ (ΓC)0 | eS = S} is a right link-closed subset of (ΓC)0, i.e.,
there is no arrow Sx → Sy in ΓC, where T (Sx) = Sx and T (Sy) = 0.

(f) There is no path in ΓC from a vertex Sx to a vertex Sy such that T (Sx) =
Sx and T (Sy) = 0.

(g) e is a left semicentral idempotent in C∗.

If Te is a colocalizing subcategory this is also equivalent to

(h) H(Sx) = Sx for any x ∈ Ie.
Proof. (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e) ⇒ (f) follows from the definition and
from Proposition 3.4.17.
(f)⇒ (e). Trivial.
(e)⇒ (c). By hypothesis, the set P defined in the proof of Proposition 3.4.23
is zero. Therefore soc T (Ey) = 0 for all y /∈ Ie. Then T (Ey) = 0 for all t /∈ Ie.
(c) ⇒ (a). Let M be a torsion right C-comodule such that its injective
envelope is ⊕i∈JEi. Then Si ⊆M is torsion for all i ∈ J and, by hypothesis,
T (Ei) = 0 for all i ∈ J . Thus T (⊕i∈JEi) = 0.
(c)⇔ (g). We have C = ⊕x∈ICEx then T (C) = ⊕x∈IeEx ⊕⊕y/∈IeT (Ey). On
the other hand, eCe = ⊕x∈IeEx. Therefore if (c) holds then eCe = T (C).
Conversely, if eCe = T (C) then ⊕x∈IeEx = ⊕x∈IeEx ⊕ ⊕y/∈IeT (Ey). Since
eCe is quasi-finite, by Krull-Remak-Schmidt-Azumaya theorem, T (Ey) = 0
for all y /∈ Ie.
(e)⇔ (h). It is Proposition 3.4.23.

Then we could say that the vertices which determine a stable localization
are placed “on the right side” of the Ext-quiver. In the following picture we
denote the vertices in K by white points.
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As a direct consequence of Theorem 3.5.2, we obtain an alternative proof
of the following fact:

Corollary 3.5.3. [NT96, 4.6] Any stable localizing subcategory of MC is a
perfect colocalizing subcategory

Proof. If the localizing subcategory T is stable, T is associated to a left
semicentral idempotent e ∈ C∗ and hence Ce = eCe is certainly injective
and quasi-finite as right eCe-comodule. Therefore, by Corollary 3.2.10, T is
a perfect colocalizing subcategory of MC .

Let us point out the following remarks.

Remark 3.5.4. It is well known that each stable localizing subcategory T is
a TTF class, that is, the torsion class T is the torsionfree class for another
localizing subcategory. If Te is stable then Te = F1−e the torsionfree class
associated to the localizing subcategory T1−e. Indeed, using Theorem 3.5.2
and Lemma 3.5.1, for every right C-comodule M , we have that eM is a sub-
comodule of M , therefore eM is precisely the torsion of M for the localizing
subcategory T1−e. Then M ∈ F1−e if and only if eM = 0 if and only if
M ∈ Te.

Remark 3.5.5. For an idempotent e ∈ C∗, we can consider also the locali-
zing subcategory T ′e of the category CM of left C-comodules, determined by e,
that is, T ′e = {M ∈CM |Me = 0}. Using Theorem 3.5.2 and its left version,
we obtain that the localizing subcategory T ′e of CM is stable if, and only if the
localizing subcategory T1−e of MC is stable.

We may find an analogous result to Theorem 3.5.2 for right semicentral
idempotents:

Proposition 3.5.6. Let C be a coalgebra and Te ⊆ MC be a localizing
subcategory associated to an idempotent e ∈ C∗. The following conditions
are equivalent:

(a) T1−e is a stable subcategory.

(b) T (Ex) = Ex for any x ∈ Ie.

(c) There is no path in ΓC from a vertex Sy to a vertex Sx such that T (Sx) =
Sx and T (Sy) = 0.

(d) K = {S ∈ (ΓC)0 | eS = S} is a left link-closed subset of (ΓC)0, i.e., there
is no arrow Sy → Sx in ΓC, where T (Sx) = Sx and T (Sy) = 0.
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(e) e is a right semicentral idempotent in C∗.

(f) The torsion subcomodule of a right C-comodule M is (1− e)M

(g) S(Sx) = Sx for all x ∈ Ie.

Proof. By the above remarks and Proposition 3.5.2, it is easy to prove (a)⇔
(b)⇔ (c)⇔ (d)⇔ (e)⇔ (f). (d)⇔ (g) is Corollary 3.4.7.

And now, we could say that the vertices of the localization are placed “on
the left side” of the Ext-quiver.
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As a consequence, for a non necessarily indecomposable coalgebra C, we
get the following immediate results:

Corollary 3.5.7. The following are equivalent:

(a) e is a central idempotent.

(b) For each arrow Sx → Sy in ΓC, T (Sx) = 0 if and only if T (Sy) = 0.

(c) For each connected component of ΓC, either all vertices are torsion or
all vertices are torsion-free.

(d) T (Ex) = 0 for any x /∈ Ie and S(Sx) = Sx for all x ∈ Ie.

Corollary 3.5.8. Let e be a central idempotent in C∗ and {Σt
C ,∆

s
C}t,s be

the connected components of ΓC, where the vertices of each Σt
C are torsion-

free and the vertices of each ∆s
C are torsion. Then {Σt

C}t are the connected
components of ΓeCe.

3.6 Localization in pointed coalgebras

We finish the chapter detailing the localization in pointed coalgebras. We
recall that, by Theorem 1.6.6, every pointed coalgebra C is isomorphic to a
subcoalgebra of a path coalgebra KQ. Then localization is somehow combi-
natoric since it is done by keeping and removing suitable vertices and arrows
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of Q according to the associated idempotent. This technique have some
applications to Representation Theory which we present in the next chapter.

Assume then that C is an admissible subcoalgebra of a path coalgebras
KQ. Thus, by Corollary 2.3.5, it is a relation subcoalgebra in the sense of
Simson [Sim05], that is, C =

⊕
a,b∈Q0

Cab, where Cab = C ∩ KQ(a, b) and
Q(a, b) is the set of all paths in Q from a to b. Hence, C has a basis in which
every basis element is a linear combination of paths with common source and
common sink.

Lemma 3.6.1. Let C be an admissible subcoalgebra of a path coalgebra KQ
of a quiver Q. There exists a bijective correspondence between localizing
subcategories of MC and subsets of vertices of Q.

Proof. The set of simple C-comodules is {Kx}x∈Q0 and therefore there is a
bijection between the subsets of simple comodules and the subsets of vertices
of Q. By the arguments of Section 2, the result follows.

Let X be a subset of vertices of Q. We denote by TX the localizing
subcategory ofMC associated to X, and by eX the corresponding idempotent
of C∗.

We may specify the aforementioned bijection as follows. For any idem-
potent element e in C∗ and any vertex x in Q, we have that either e(x) = 0
or e(x) = 1. Hence two idempotent elements e, f ∈ C∗ are equivalent if and
only if e|Q0 = f|Q0 . In this way, we obtain that every localizing subcategory
of MC is associated to an idempotent element e ∈ C∗ such that e(p) = 0
for any non stationary path p. Therefore, for an idempotent e ∈ C∗, we
may consider the subset of vertices Xe = {x ∈ Q0 such that e(x) = 1} and,
conversely, for a subset of vertices X, we may attach to it the idempotent
eX ∈ C∗ such that eX(x) = 1 if x ∈ X, and zero otherwise. In what fol-
lows, by the idempotent associated to a subset of vertices, we shall mean the
idempotent described above.

For the convenience of the reader we introduce the following notation.
Let Q be a quiver and p = αnαn−1 · · ·α1 be a non-stationary path in Q.
We denote by Ip the set of vertices {s(α1), t(α1), t(α2), . . . , t(αn)}. Given a
subset of vertices X ⊆ Q0, we say that p is a cell in Q relative to X (shortly
a cell) if Ip ∩X = {s(p), t(p)} and t(αi) /∈ X for all i = 1, . . . , n− 1. Given

x, y ∈ X, we denote by CellQX(x, y) the set of all cells from x to y. We denote
the set of all cells in Q relative to X by CellQX .

Lemma 3.6.2. Let Q be a quiver and X ⊆ Q0 be a subset of vertices.
Given a path p in Q such that s(p) and t(p) are in X, then p has a unique
decomposition p = qr · · · q1, where each qi is a cell in Q relative to X.
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Proof. It is straightforward.

Let p be a non-stationary path in Q which starts and ends at vertices in
X ⊆ Q0. We call the cellular decomposition of p relative to X to the
decomposition given in the above lemma.

Fix an idempotent e ∈ C∗. Then there exists a subset X of Q0 such that
the localized coalgebra eCe has a decomposition eCe =

⊕
a,b∈X Cab, that is,

the elements of eCe are linear combinations of paths with source and sink at
vertices in X. It follows that eCe is a pointed coalgebra so, by Theorem 1.6.6
again, there exists a quiver Qe such that eCe is an admissible subcoalgebra
of KQe. The quiver Qe is described as follows:

Vertices. We know that Q0 equals the set of group-like elements G(C) of
C, therefore (Qe)0 = G(eCe) = eG(C)e = eQ0e = X.

Arrows. Let x and y be vertices in X. An element p ∈ eCe is a non-trivial
(x, y)-primitive element if and only if p /∈ KX and ∆eCe(p) = y ⊗ p+ p⊗ x.
Without loss of generality we may assume that p =

∑n
i=1 λipi is an element

in eCe such that each path pi is not stationary, and pi = αini
· · ·αi2αi1 and

pi = qiri · · · q
i
1 are the decomposition of pi in arrows of Q and the cellular

decomposition of pi relative to X, respectively, for all i = 1, . . . , n. Then

∆C(p) =
n∑
i=1

λipi⊗ s(pi) +
n∑
i=1

λit(pi)⊗ pi +
n∑
i=1

λi

ni∑
j=2

αini
· · ·αij ⊗αij−1 · · ·αi1

and therefore,

∆eCe(p) =
n∑
i=1

λi(e pi e⊗ e s(pi) e) +
n∑
i=1

λi(e t(pi) e⊗ e pi e)+

+
n∑
i=1

λi

ni∑
j=2

e(αini
· · ·αij)e⊗ e(αij−1 · · ·αi1)e.

It follows that, for each path q in Q, eqe = q if q starts and ends at vertices
in X, and zero otherwise. Thus,

∆eCe(p) =
n∑
i=1

λi(pi ⊗ s(pi)) +
n∑
i=1

λi(t(pi)⊗ pi)+

+
n∑
i=1

λi

ri∑
j=2

qiri · · · q
i
j ⊗ qij−1 · · · qi1.

Now, this is a linear combination of linearly independent vectors of the vector
space eCe⊗ eCe, so ∆eCe(p) = y ⊗ p+ p⊗ x if and only if we have
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(a) s(pi) = x for all i = 1, . . . , n;

(b) t(pi) = y for all i = 1, . . . , n;

(c)
∑n

i=1 λi
∑ri

j=2 q
i
ri
· · · qij ⊗ qij−1 · · · qi1 = 0.

Condition (c) is satisfied if and only if ri = 1 for all i = 1, . . . , n. Therefore
∆eCe(p) = y ⊗ p + p ⊗ x if and only if pi is a cell from x to y for all i =
1, . . . , n. Thus the vector space of all non-trivial (x, y)-primitive elements is
KCellQX(x, y) ∩ C.

Proposition 3.6.3. Let C be an admissible subcoalgebra of a path coalgebra
KQ of a quiver Q. Let eX be the idempotent of C∗ associated to a subset of
vertices X. Then the localized coalgebra eXCeX is an admissible subcoalgebra
of the path coalgebra KQeX , where QeX is the quiver whose set of vertices is
(QeX )0 = X and the number of arrows from x to y is dimKKCellQX(x, y)∩C
for all x, y ∈ X.

Corollary 3.6.4. Let Q be a quiver and eX be the idempotent of (KQ)∗ asso-
ciated to a subset of vertices X. Then the localized coalgebra eX(KQ)eX is an
admissible subcoalgebra of the path coalgebra KQeX , where QeX = (X, CellQX).

Proof. By [Gab72], the global dimension of eXCeX is less or equal than the
global dimension of C. Then eXCeX is hereditary, i.e., it is the path coalgebra
of its Gabriel quiver, that is isomorphic to the quiver QeX , by Proposition
3.6.3.

Example 3.6.5. Let Q be the quiver

'&%$ !"#2
α2

""F
FF

FF
FF

'&%$ !"#1

α1
<<xxxxxxx

α3 ""F
FF

FF
FF

'&%$ !"#4

'&%$ !"#3
α4

<<xxxxxxx

and C be the admissible subcoalgebra generated by α2α1 + α4α3. Let X =
{1, 3, 4}. Then eXCeX is the path coalgebra of the quiver QeX

'&%$ !"#1
α3 //'&%$ !"#3

α4 //'&%$ !"#4

Here, the element α2α1 + α4α3 corresponds to the composition of the arrows
α3 and α4 of QeX .
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On the other hand, if we consider the path coalgebra KQ, the quiver
associated to eX(KQ)eX , say QeX

, is the following:

'&%$ !"#1
α3

//
β≡α2α1

))'&%$ !"#3
α4

//'&%$ !"#4

and α2α1 + α4α3 corresponds to the element β + α4 α3.

Remark 3.6.6. As in the previous example, it is worth pointing out that if
C is a proper admissible subcoalgebra of a path coalgebra KQ, then we may
consider two quivers: the quiver Qe defined above and the quiver Qe such that
e(KQ)e ∼= KQe. Clearly, Qe is a subquiver of Qe and the differences appear
in the set of arrows.

Let us now restrict our attention to the colocalizing subcategories ofMC .
For the convenience of the reader we introduce the following notation. We
say p = αn · · ·α2α1 is a s(p)-tail in Q relative to X if Ip ∩X = {s(p)} and
t(αi) /∈ X for all i = 1, . . . , n. If there is no confusion we simply say that p
is a tail. Given a vertex x ∈ X we denote by T ailQX(x) the set of all x-tails
in Q relative to X.

Lemma 3.6.7. Let Q be a quiver and X ⊆ Q0 be a subset of vertices.
Given a path p in Q such that s(p) ∈ X and t(p) /∈ X, then p has a unique
decomposition p = cqr · · · q1, where c, q1, . . . , qr are subpaths of p such that
c ∈ T ailQX(s(c)) and qi ∈ CellQX for all i = 1, . . . , r.

Proof. It is straightforward.

Let p be a path in Q such that s(p) ∈ X ⊆ Q0 and t(p) /∈ X, we call the
tail decomposition of p relative to X to the decomposition given in the
above lemma. We say that c is the tail of p relative to X if p = cqr · · · q1 is
the tail decomposition of p relative to X.

Assume that C is an admissible subcoalgebra of a path coalgebra KQ and
let {Sx}x∈Q0 be a complete set of pairwise non isomorphic indecomposable
simple right C-comodules. We recall that a right C-comodule M is quasi-
finite if and only if HomC(Sx,M) has finite dimension for all x ∈ Q0. Let
x ∈ Q0 and f be a linear map in HomC(Sx,M). Then ρM ◦ f = (f ⊗ I)◦ρSx ,
where ρM and ρSx are the structure maps of M and Sx as right C-comodules,
respectively. In order to describe f , since Sx = Kx, it is enough to choose the
image for x. Suppose that f(x) = m ∈M . Since (ρMf)(x) = ((f⊗I)ρSx)(x),
we obtain that ρM(m) = m⊗ x. Therefore

Mx := HomC(Sx,M) ∼= {m ∈M such that ρM(m) = m⊗ x},
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as K-vector spaces, and M is quasifinite if and only if Mx has finite dimension
for all x ∈ Q0.

Our aim is to establish when a localizing subcategory Te is colocalizing,
or equivalently, by Proposition 3.2.9, when eC is a quasifinite right eCe-
comodule. We recall that the structure of eC as right eCe-comodule is given
by ρeC(p) =

∑
(p) ep(1) ⊗ ep(2)e if ∆KQ(p) =

∑
(p) p(1) ⊗ p(2), for all p ∈ eC.

It is easy to see that eC has a decomposition eC =
⊕

a∈X,b∈Q0
Cab, as vector

space, that is, the elements of eC are linear combinations of paths which
start at vertices in X.

Proposition 3.6.8. Let C be an admissible subcoalgebra of a path coalgebra
KQ. Let eX be an idempotent in C∗ associated to a subset of vertices X.
The following conditions are equivalent:

(a) The localizing subcategory TX of MC is colocalizing.

(b) eXC is a quasifinite right eXCeX-comodule.

(c) dimKKT ailQX(x) ∩ C is finite for all x ∈ X.

Proof. By the arguments mentioned above, it is enough to prove that (eXC)x =
KT ailQX(x) ∩ C. For simplicity we write e instead of eX .

Let p =
∑n

i=1 λici ∈ C be a K-linear combination of x-tail such that
ci = αiri · · ·α

i
1 ends at yi for all i = 1, . . . n. Then,

∆KQ(p) = p⊗ x+
n∑
i=1

yi ⊗ λici +
n∑
i=1

λi

ri∑
j=2

αiri · · ·α
i
j ⊗ αij−1 · · ·αi1,

and then,

ρeC(p) = e p⊗ e x e+
n∑
i=1

λie yi ⊗ e ci e+

+
n∑
i=1

λi

ri∑
j=2

e(αiri · · ·α
i
j)⊗ e(αij−1 · · ·αi1)e = p⊗ x

because αij ends at a point not in X for all j = 1, . . . , ri and i = 1, . . . n.
Thus p ∈ (eC)x.

Conversely, consider an element p =
∑n

i=1 λipi +
∑m

k=1 µkqk ∈ (eC)x,
where t(pi) ∈ X for all i = 1, . . . , n, and t(qk) /∈ X for all k = 1, . . . ,m.
Moreover, let us suppose that pi = piri · · · p

i
1 is the cellular decomposition
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of pi relative to X for all i = 1, . . . , n, and qk = ckq
k
sk
· · · qk1 is the tail

decomposition of qk relative to X for all k = 1, . . . ,m. Then,

ρeC(p) =
n∑
i=1

λi

ri∑
j=2

piri · · · p
i
j⊗pij−1 . . . p

i
1+

n∑
i=1

λit(pi)⊗pi+
n∑
i=1

λipi⊗s(pi)+

+
m∑
k=1

µkck ⊗ qk +
m∑
k=1

µk

sk∑
l=2

ckq
k
sk
· · · qkl ⊗ qkl−1 . . . q

k
1 +

m∑
k=1

µkqk ⊗ s(qk).

A straightforward calculation shows that if ρeC(p) = p ⊗ x then n = 0,
s(qk) = x and sk = 0 for all k = 1, . . . ,m. Therefore p ∈ KT ailQX(x)∩C and
the proof is finished.

Corollary 3.6.9. Let Q be a quiver and X be a subset of Q0. Then the
following conditions are equivalent:

(a) The localizing subcategory TX of MC is colocalizing.

(b) The localizing subcategory TX of MC is perfect colocalizing.

(c) T ailQX(x) is a finite set for all x ∈ X. That is, there is at most a finite
number of paths starting at the same point whose only vertex in X is the
first one.

Proof. Since T ailQX(x) is a basis of the vector space KT ailQX(x)∩C, applying
Proposition 3.6.8, we get that (a) ⇔ (c). The statements (a) and (b) are
equivalent by [NT96, Theorem 4.2].

Example 3.6.10. Consider the quiver Q

•
'&%$ !"#x

α1
88pppppp α2 //
α3
&&NNNNNN

αi
��<

<
<

< •
•
•

where i ∈ N and the subset X = {x}. Then T ailQX(x) = {αi}i∈N is an infinite
set and the localizing subcategory TX is not colocalizing.

Remark 3.6.11. If C is finite dimensional or, more generally, if the set
Q0\X is finite and Q is acyclic, every localizing subcategory is colocalizing.

Remark 3.6.12. The reader should observe that all results and proofs stated
in this section also remains valid for an arbitrary field K.



Chapter 4

Applications to representation
theory

In this chapter we continue looking into the question raised in Section 2.5.
As it is shown there, there is a class of coalgebras which cannot be written as
path coalgebras of quivers with relations in the sense of Simson (cf. [Sim01]).
Therefore we cannot expect to find a full Gabriel’s theorem for coalgebras
using this notion. Nevertheless, for all these counterexamples, the category
of finitely generated comodules has very bad properties. This bad behavior
is similar to the notion of wildness given for the finitely generated module
categories of finite dimensional algebras, meaning that this category is so big
that it is not realistic aiming to give an explicit description of it. Therefore it
is natural to reformulate the problem as follows: any basic tame coalgebra C,
over an algebraically closed field, is isomorphic to the path coalgebra C(Q,Ω)
of a quiver with relations (Q,Ω). In order to study this question we make use
of the theory of localization developed in Chapter 3. This is hardly surprising
since we follow the categorical approach of Gabriel (cf. [Gab62]). Therefore
we relate the wildness and tameness (in the sense of [Sim01] and [Sim05]) of
a comodule category and its quotient categories. As a consequence, we may
prove the above problem under the further assumption that the quiver Q
is acyclic, that is, Q has no oriented cycles. This extends [Sim05, Theorem
3.14(c)] from the case in which Q is intervally finite and C ⊆ KQ is an
arbitrary admissible subcoalgebra to the case in which Q is acyclic and C ⊆
KQ is tame.
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4.1 Comodule types of coalgebras

Throughout this chapter we assume that K is an algebraically closed field.
It is well-known that the category of finite dimensional K-algebras is the
disjoint union of two classes: tame and wild algebras. This is known as the
tame-wild dichotomy, see [Dro79] or [Sim92]. The idea of such classes is
that the category of finite dimensional modules over a wild algebra is so big
that it contains (via an exact representation embedding) the category of all
finite dimensional representations of the noncommutative polynomial algebra
K〈x, y〉. As it is well-known, the category of finite dimensional modules over
K〈x, y〉 contains (again via an exact representation embedding) the category
of all finitely generated representations for any other finite dimensional al-
gebra, and thus it is not realistic aiming to give an explicit description of
this category (or, by extension, of any wild algebra). In opposition, a tame
algebra is one whose indecomposable modules of finite dimension are pa-
rameterized by a finite number of one-parameter families for each dimension
vector. We refer the reader to [Sim92] for basic definitions and properties
about module type of algebras. In this section we recall from [Sim01] and
[Sim05] the analogous concepts for a basic (pointed) coalgebra.

Let C be a basic coalgebra such that C0 = ⊕i∈ICSi. For every finite
dimensional right C-comodule M we consider the length vector of M ,
length M = (mi)i∈IC ∈ Z(IC), where mi ∈ N is the number of simple compo-
sition factors of M isomorphic to Si. In [Sim01] it is proved that the map
M 7→ length M extends to a group isomorphism K0(C) −→ Z(IC), where
K0(C) is the Grothendieck group of C. We recall that the Grothendieck
group of a coalgebra (or of the category MC

f ) is the quotient of the free
abelian group generated by the set of isomorphism classes [M ] of modules
M in MC

f modulo the subgroup generated by the elements [M ] − [N ] − [L]
corresponding to all exact sequence 0→ L→M → N → 0 in MC

f .
Let R be a K-algebra. By a R-C-bimodule we mean a K-vector space

L endowed with a left R-module structure · : R ⊗ L → L and a right C-
comodule structure ρ : L → L ⊗ C such that ρL(r · x) = r · ρL(x), i.e., the
following diagram is commutative

R⊗ L · //

I⊗ρL

��

L

ρL

��
R⊗ L⊗ C ·⊗I // L⊗ C

We denote by RMC the category of R-C-bimodules.
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Lemma 4.1.1. Let L be a R-C-bimodule and e ∈ C∗ be an idempotent. Then
eL is a R-eCe-bimodule and we have a functor

T = e(−) : RMC −→RMeCe.

Proof. The above compatibility property yields the following equalities:∑
(r·x)

(r · x)(0) ⊗ (r · x)(1) = ρL(r · x) = r · ρL(x) =
∑
(x)

r · x(0) ⊗ x(1), (4.1)

for each element r ∈ R and x ∈ L. Now, we have

r · (e · x) = r · (
∑

(x) x(0)e(x(1)))

=
∑

(x) r · x(0)e(x(1))

= (I ⊗ e)(
∑

(x) r · x(0) ⊗ x(1))
(4.1)
= (I ⊗ e)ρL(r · x)

= e · (r · x).

Then eL has a structure of left R-module and right eCe-comodule, and we
have the compatibility property.

r · ρeL(e · x) = r · (
∑

(x) e · x(0) ⊗ e · x(1) · e)
=

∑
(x) r · (e · x(0))⊗ e · x(1) · e

=
∑

(x) e · (r · x(0))⊗ e · x(1) · e
(4.1)
=

∑
(r·x) e · (r · x)(0) ⊗ e · (r · x)(1) · e

= ρeL(e · (r · x))

= ρeL(r · (e · x)).

We recall from [Sim01] and [Sim05] that a coalgebra C over an alge-
braically closed field K is said to be of tame comodule type (tame for
short) if for every v ∈ K0(C) there exist K[t]-C-bimodules L(1), . . . , L(rv),
which are finitely generated free K[t]-modules, such that all but finitely many
indecomposable right C-comodules M with length M = v are of the form

M ∼= K1
λ ⊗K[t] L

(s), where s ≤ rv, K
1
λ = K[t]/(t − λ) and λ ∈ K. If there

is a common bound for the numbers rv for all v ∈ K0(C), then C is called
domestic.
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If C is a tame coalgebra then there exists a growth function µ1
C :

K0(C) → N defined as µ1
C(v) to be the minimal number rv of K[t]-C-

bimodules L(1), . . . , L(rv) satisfying the above conditions, for each v ∈ K0(C).
C is said to be of polynomial growth if there exists a formal power series

G(t) =
∞∑
m=1

∑
j1,...,jm∈IC

gj1,...,jmtj1 . . . tjm

with t = (tj)j∈IC and non-negative coefficients gj1,...,jm ∈ Z such that µ1
C(v) ≤

G(v) for all v = (v(j))j∈IC ∈ K0(C) ∼= Z(IC) such that ‖v‖ :=
∑

j∈IC v(j) ≥ 2.
If G(t) =

∑
j∈IC gjtj, where gj ∈ N, then C is called of linear growth. If

µ1
C is zero we say that C is of discrete comodule type.

Let Q be the quiver ◦ ////// ◦ and KQ be the path algebra of the quiver
Q. Let us denote by Mf

KQ the category of finite dimensional right KQ-
modules. A K-coalgebra C is of wild comodule type (wild for short) if
there exists an exact and faithful K-linear functor F : Mf

KQ → MC
f that

respects isomorphism classes and carries indecomposable right KQ-modules
to indecomposable right C-comodules. If, in addition, the functor F is fully
faithful, we say that C is of fully wild comodule type.

Let us collect from [Sim01] and [Sim05] some properties about wild and
tame comodule type.

Proposition 4.1.2. (a) The tame, polynomial growth, linear growth, dis-
crete, domestic and wild comodule type are invariant under Morita-Takeuchi
equivalence of coalgebras.

(b) The notion of wild comodule type is left-right symmetric.

(c) If there exist a pair S, S ′ of simple right C-comodules such that the
integer dimKExt1

C(S, S ′) ≥ 3 then C is of wild comodule type.

(d) The following conditions are equivalent:

(i) C is of wild comodule type.

(ii) There exists a finite dimensional subcoalgebra H of C of wild co-
module type.

(iii) The coalgebra C is a direct union of finite dimensional subcoalgebras
of wild comodule type.

(e) If C is tame then each finite dimensional subcoalgebra of C is also tame.

Corollary 4.1.3. [Sim05] Let C be a coalgebra and D be a subcoalgebra of
C of wild comodule type. Then C is of wild comodule type.
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As a consequence of the former proposition, Simson proves in [Sim05] the
weak tame-wild dichotomy for coalgebras.

Corollary 4.1.4. Every coalgebra of tame comodule type is not of wild co-
module type.

We hope that the following tame-wild dichotomy holds.

Conjecture 4.1.5. [Sim05][ Tame-wild dichotomy for coalgebras] Every coal-
gebra is either of tame comodule type, or of wild comodule type, and these
types are mutually exclusive.

4.2 Localization and tame comodule type

This section and the subsequent are devoted to study relations between the
comodule type of a coalgebra and its localized coalgebras. Let e be an idem-
potent in the dual algebra C∗. Recall that we denote by Ie = {i ∈ IC | eSi =
Si} and K = {Si}i∈Ie . Let us analyze the behavior of the length vector under
the action of the quotient functor.

Lemma 4.2.1. Let C be a coalgebra and e ∈ C∗ be an idempotent.

(a) If L is a finite dimensional right C-comodule, then we have (length L)i =
(length eL)i for all i ∈ Ie.

(b) The following diagram is commutative

MC
f

e(−) //

length

��

MeCe
f

length

��
K0(C)

f // K0(eCe)

where f is the projection from K0(C) ∼= Z(IC) onto K0(eCe) ∼= Z(Ie).

Proof. (a) Let K = {Si}i∈Ie . Let us consider 0 ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Ln−1 ⊂
Ln a composition series for L. Then, we obtain the inclusions 0 ⊆ eL1 ⊆
eL2 ⊆ · · · ⊆ eLn−1 ⊆ eLn. Since e(−) is an exact functor, eLj/eLj−1

∼=
e(Lj/Lj−1) = eSj, where Sj is a simple C-comodule for all j = 1, . . . , n. But
eSj = Sj if Sj ∈ K and zero otherwise. Thus (length L)i = (length eL)i for
all i ∈ Ie. It is easy to see that (b) follows from (a).
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Corollary 4.2.2. For any finite dimensional right C-comodule M , we have
length (eM) ≤ length (M).

Proof. By Lemma 4.2.1,

length (eM) =
∑
i∈Ie

(length eM)i ≤
∑
i∈IC

(length M)i = length (M).

Let us now consider the converse problem, that is, take a right eCe-
comodule N whose length vector is known, which is the length vector of
S(N)? Since, in general, the functor S does not preserve finite dimensional
comodules, we have to impose some extra conditions. We start with a simple
case.

Lemma 4.2.3. Let N be a finite dimensional right eCe-comodule such that
length N = (vi)i∈Ie. Suppose that S(Si) = Si for all i ∈ Ie such that vi 6= 0.
Then (

length S(N)
)
i

=

{
vi, if i ∈ Ie
0, if i ∈ IC\Ie

Proof. Let 0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nn−1 ⊂ Nn = N be a composition series
for N . Since S is left exact, we have the chain of right C-comodules

0 ⊂ S(N1) ⊂ S(N2) ⊂ · · · ⊂ S(Nn−1) ⊂ S(Nn) = S(N).

Now, for each j = 0, . . . , n− 1, we consider the short exact sequence

0 // Nj
i // Nj+1

p // Sj+1
// 0

and applying the functor S we have an exact sequence

0 // S(Nj)
S(i) // S(Nj+1)

S(p) // S(Sj+1) = Sj+1

This sequence is exact since S(p) is non-zero (otherwise S(i) is bijective and
then so is i). Thus S(Nj+1)/S(Nj) ∼= Sj+1 and the chain is a composition
series of S(N).

Lemma 4.2.4. Let C be a K-coalgebra and R be a K-algebra. Suppose that
N is a R-C-bimodule, M is a right R-module and f is an idempotent in C∗.
Then f(M ⊗R N) 'M ⊗R fN .
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Proof. Let us suppose that the right C-comodule structure of N is the map
ρN . Then M ⊗R N is endowed with a structure of right C-comodule given
by the map I ⊗R ρN : M ⊗R N →M ⊗R N ⊗ C defined by

m⊗R n 7→ m⊗R

∑
(n)

n(0) ⊗ n(1)

 =
∑
(n)

(m⊗R n(0) ⊗ n(1)),

for all m ∈M and n ∈ N .
Therefore f ·(m⊗Rn) =

∑
(n)m⊗Rn(0)⊗f(n(1)) =

∑
(n)m⊗Rn(0)f(n(1)) =

m ⊗R
∑

(n) n(0)f(n(1)) = m ⊗R f · n for all m ∈ M and n ∈ N . Thus

f(M ⊗R N) 'M ⊗R fN .

Proposition 4.2.5. Let v = (vi)i∈Ie ∈ K0(eCe) such that S(Si) = Si for all
i ∈ Ie with vi 6= 0. If C satisfies the tameness condition for v ∈ K0(C) given
by

(v)i =

{
vi, if i ∈ Ie
0, if i ∈ IC\Ie

then eCe satisfies the tameness condition for v, and µ1
eCe(v) ≤ µ1

C(v).

Proof. By hypothesis, there existK[t]-C-bimodules L(1), L(2), . . . , L(rv), which
are finitely generated free K[t]-modules, such that all but finitely many inde-
composable right C-comodules M with length M = v are of the form M ∼=
K1
λ⊗K[t]L

(s), where s ≤ rv, K
1
λ = K[t]/(t−λ) and λ ∈ K. Consider the K[t]-

eCe-bimodules eL(1), . . . , eL(rv). Obviously, they are finitely generated free
as left K[t]-modules. Let now N be a right eCe comodule with length N = v.

By Lemma 4.2.3, length S(N) = v and therefore S(N) ∼= K1
λ ⊗K[t] L

(s) for
some s ≤ rv and some λ ∈ K (since S is an embedding, there are only finitely
many eCe-comodules N such that S(N) is not of the above form). Then, by
the previous lemma, N ∼= eS(N) ∼= K1

λ ⊗K[t] eL
(s). Thus eCe satisfies the

tameness condition for v and, furthermore, µ1
eCe(v) ≤ µ1

C(v).

Corollary 4.2.6. Let C be a coalgebra and e ∈ C∗ be a right semicentral
idempotent. If C is tame (of polynomial growth, of linear growth, domestic,
discrete) then eCe is tame (of polynomial growth, of linear growth, domestic,
discrete).

Proof. By Proposition 3.5.6, e is right semicentral if and only of S(Si) = Si
for all i ∈ Ie. Then the statement follows from the former result.

The underlying idea of the proof of Proposition 4.2.5 goes as follows: if
we control the C-comodules whose length vector is obtained as length S(T )
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for some eCe-comodule T such that length T = v (under the assumption of
Proposition 4.2.5 the unique length vector obtained in such a way is exactly
v), then we may control the eCe-comodules of length v. In the following
result we generalize Proposition 4.2.5 applying the aforementioned method.

For the convenience of the reader we introduce the following notation.
To any vector v ∈ K0(eCe) ∼= Z(Ie) we associate the set Ωv = {v(β)}β∈B of
all vectors in K0(C) ∼= Z(IC) such that each v(β) = length S(N) for some
eCe-comodule N such that length N = v.

vβ1

T

++

vβ2

  A
AA

AA
AA

AA
vβ3

��

vβb

T
uuv

S

dd
S

``AAAAAAAAA
S

OO

S

HH _____________________

�
�
�

_____________________ �
�
�Ωv

TT

Proposition 4.2.7. Let v ∈ K0(eCe) such that Ωv is finite. If C satisfies the
tameness condition for each vector v(β) ∈ Ωv then eCe satisfies the tameness
condition for v.

Proof. Consider the set of all K[t]-C-bimodules associated to all vectors

v(β) ∈ Ωv, namely L = {L(j)
β }β∈Ωv ,j=1,...,rβ . By hypothesis, this is a finite

set and then so is T (L). We proceed analogously to Proposition 4.2.5 and
the result follows.

Given two vectors v = (vi)i∈IC , w = (wi)i∈IC ∈ K0(C), we say that v ≤ w
if vi ≤ wi for all i ∈ IC .

Lemma 4.2.8. Let v = (vi)i∈Ie ∈ K0(eCe) such that S(Si) is a finite di-
mensional right C-comodule for all i ∈ Ie with vi 6= 0. Then Ωv is a finite
set.

Proof. Let N be a right eCe-comodule such that length N = v. Consider a
composition series for N , 0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nn−1 ⊂ Nn = N . Since S is
left exact, we have the chain of right C-comodules

0 ⊂ S(N1) ⊂ S(N2) ⊂ · · · ⊂ S(Nn−1) ⊂ S(Nn) = S(N).

Then, for each j = 1, . . . , n, we have an exact sequence

0 // S(Nj−1) // S(Nj) // S(Sj) ,

where Sj is a simple eCe-comodule.
By Proposition 3.4.2, soc (S(Sj)) = Sj and hence S(Sj) has a composition

series
0 ⊂ Sj ⊂ S(Sj)2 ⊂ · · · ⊂ S(Sj)r−1 ⊂ S(Sj).
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Then we can complete the following commutative diagram taking the pull-
back Pi for i = 1, . . . , r − 1.

S(Nj) //| // P1

��

−

��

//| // Sj

��

−

��
S(Nj) //| // P2

//

��

−

��

S(Sj)2
//

��

−

��

Coker

...
...

��

−

��

...

��

−

��

...

S(Nj) //| // Pr−1
//

��

−

��

S(Sj)r−1
//

��

−

��

Coker

S(Nj) //| // S(Nj+1) // S(Sj) // Coker

�

�

�

Consider two consecutive rows and their quotient sequence

S(Nj) //| // Pt

i

��

−

��

gt //

))RRRRRRRRRRRR S(Sj)t

i

��

−

��

// Coker

Im gt

55lllllllllll

i

��

−

��

S(Nj) //| //

��

Pt+1
gt+1 //

p

��
−
��

((RRRRRRRRRR S(Sj)t+1
//

p

��
−
��

Coker

Im gt+1

55lllllllll

p

��
−
��

0 // Pt+1/Pt
g //

((RRRRRRRR
Sk

Im gt/Im gt+1

55lllllllllll

�

))SSSSS

0

))SSSSS

0

∼= Im g // 0

∼= S(Sj)t+1/S(Sj)t

Suppose that Pt+1 6= Pt, then Pt+1/Pt ∼= Im g ↪→ Sk, and thus Pt+1/Pt ∼= Sk.
Hence we have obtained a chain

0 ⊂ P 1
1 ⊆ · · · ⊆ P 1

r1
= S(N1) ⊆ · · · ⊆ S(Nn−1) ⊆ P n

1 ⊆ · · · ⊆ P n
rn = S(N),

where the quotient of two consecutive comodules is zero or a simple comodule.
Therefore length S(N) ≤

∑n
j=1 length S(Sj) for any right eCe-comodule N

whose length N = v. Thus Ωv is a finite set.

As a consequence of the former results we may state the following theo-
rem:
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Theorem 4.2.9. Let C be a coalgebra and e ∈ C∗ be an idempotent such
that S(Si) is a finite dimensional right C-comodule for all i ∈ Ie. If C is of
tame (discrete) comodule type then eCe is of tame (discrete) comodule type.

Proof. By Lemma 4.2.8, Ωv is a finite set for each v ∈ K0(eCe). Then, by
Proposition 4.2.7, eCe satisfies the tameness condition for v.

Remark 4.2.10. The reader should observe that the proof of Lemma 4.2.8
also shows that the section functor S preserves finite dimensional comodules
if and only if S(Si) is finite dimensional for all i ∈ Ie.

In particular, the conditions of Theorem 4.2.9 are satisfied for any idem-
potent if C is left semiperfect. A coalgebra is said to be left semiperfect
if every finite dimensional left comodule has a finite-dimensional projective
cover, or equivalently, if any indecomposable injective right comodule is finite
dimensional.

Corollary 4.2.11. Let C be a left semiperfect coalgebra and e ∈ C∗ be an
idempotent. If C is of tame (discrete) comodule type then eCe is of tame
(discrete) comodule type.

Proof. By Proposition 3.4.2, for any i ∈ Ie, S(Si) is a subcomodule of an
indecomposable injective right C-comodule. Therefore, if C is left semiper-
fect, S(Si) is finite dimensional for any i ∈ Ie. Thus the result follows from
Theorem 4.2.9.

The following problem remains still open.

Problem 4.2.12. Assume that C is a coalgebra of tame comodule type and
e is an idempotent in C∗. Is the coalgebra eCe of tame comodule type?

It would be interesting to know if the localization process preserves poly-
nomial growth, linear growth, discrete comodule type or domesticity. It is
clear that the converse result is not true as the following example shows.

Example 4.2.13. Let us consider the quiver

◦
��

Q : ◦ // ◦ // ◦ // ◦ // ◦ // ◦ // ◦ // ◦ // ◦

Since its underlying graph is neither a Dynkin diagram nor an Euclidean
graph, KQ is wild, see [Sim05, Theorem 9.4]. But it is easy to see that eCe
is of tame comodule type for each non-trivial idempotent e ∈ C∗.
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4.3 Split idempotents

Let us study the wildness of a coalgebra and its localized coalgebras. Directly
from the definition we may prove the following proposition.

Proposition 4.3.1. Let C be a coalgebra and e ∈ C∗ be an idempotent which
defines a perfect colocalization. If eCe is wild then C is wild.

Proof. By hypothesis, there is an exact and faithful functor F : Mf
KQ →

MeCe
f , where Q is the quiver ◦ // //// ◦ , which respects isomorphism classes

and preserves indecomposables. By Proposition 3.4.21, the colocalizing func-
tor H restricts to a functor H :MeCe

f →MC
f that preserves indecomposables

and respects isomorphism classes. H is also exact by hypothesis. There-
fore the composition HF : Mf

KQ → MC
f is an exact and faithful functor

that preserves indecomposables and respects isomorphism classes. Thus C is
wild.

A similar result may be obtained using the section functor if S preserves
finite dimensional comodules. For example, if C is left semiperfect.

Proposition 4.3.2. Let C be a left semiperfect coalgebra and e ∈ C∗ be an
idempotent which defines a perfect localization. If eCe is wild then C is wild.

Proof. It is analogous to the proof of the former proposition. It is enough to
show that if C is left semiperfect then S preserves finite dimensional como-
dules. Let M be a finite dimensional right eCe-comodule. Then soc M ⊆M
is finite dimensional. Suppose that soc M = S1⊕· · ·⊕Sn, then E1⊕· · ·⊕En

is the injective envelope of M . Therefore E1 ⊕ · · · ⊕ En = E is the injective
envelope of S(M). By hypothesis, E is finite dimensional and thus S(M) so
is.

Let us now consider the following question: when is the coalgebra eCe a
subcoalgebra of C? This is interesting for us because, by by Corollary 4.1.3,
we obtain the following result:

Proposition 4.3.3. Let C be a coalgebra and e ∈ C∗ be an idempotent such
that eCe is a subcoalgebra of C. If eCe is wild then C is wild.

In general, we always have the inclusion eCe ⊆ C, nevertheless the coal-
gebra structures may be different. This is not the case if, for instance, e is
a left semicentral idempotent. In that case, by [JMNR06], eC = eCe is a
subcoalgebra of C. The same result holds if e is a right semicentral or a
central idempotent.
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An idempotent e ∈ C∗ is said to be split if in the decomposition C∗ =
eC∗e ⊕ eC∗f ⊕ fC∗e ⊕ fC∗f , where e + f = 1, the direct summand He :=
eC∗f ⊕ fC∗e⊕ fC∗f is a twosided ideal of C∗. These elements were used by
Lam in [Lam06]. The main result there, see [Lam06, Theorem 4.5], assures
that the following statements are equivalent:

(a) He is a twosided ideal of C∗.

(b) e(C∗fC∗)e = 0.

(c) exeye = exye for any x, y ∈ C∗.

As a consequence, every left or right semicentral idempotent in C∗ is split.
Let us characterize when eCe is a subcoalgebra of C.

Theorem 4.3.4. Let e be an idempotent in C∗. Then the following state-
ments are equivalent.

(a) e is a split idempotent in C∗.

(b) eCe is a subcoalgebra of C.

Proof. Let us denote f = 1 − e. By Proposition 2.1.2, for any subspace
V ⊆ C, V is a subcoalgebra of C if and only if V ⊥ is a twosided ideal of C∗.
Then we proceed as follows in order to compute the orthogonal of eCe.

(eCe)⊥ = (eC ∩ Ce)⊥
= (eC)⊥ + (Ce)⊥

= C∗f + fC∗

= eC∗f + fC∗f + fC∗e+ fC∗f
= eC∗f + fC∗e+ fC∗f
= He

Thus eCe is a subcoalgebra of C if and only if He is a twosided ideal of C∗

if and only if e is a split idempotent in C∗.

Let us give a description of the split idempotents. Suppose that C is a
pointed coalgebra, that is, C is an admissible subcoalgebra of a path coal-
gebra. We recall from Theorem 3.5.2 and Proposition 3.5.6 that left (right)
semicentral idempotents can be described as follows.

Proposition 4.3.5. Let C be an admissible subcoalgebra of a path coalgebra
KQ and eX be the idempotent in (KQ)∗ associated to a subset X ⊆ Q0.
Then:
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(a) eX is left semicentral if and only if there is no arrow y → x in Q such
that y /∈ X and x ∈ X.

(b) eX is right semicentral if and only if there is no arrow x→ y in Q such
that y /∈ X and x ∈ X.

We want to give a geometric description of the split idempotents in a
similar way. In order to do this, we start giving an approach by means of
path coalgebras.

Lemma 4.3.6. Let Q be a quiver and eX ∈ (KQ)∗ be the idempotent asso-
ciated to a subset of vertices X. Then eX is split in (KQ)∗ if and only if
Ip ⊆ X for any path p in eX(KQ)eX , i.e., there is no cell in Q relative to X
of length greater than one.

Proof. Note that eX(KQ)eX is a subcoalgebra of KQ if and only if ∆(p) ∈
eX(KQ)eX ⊗ eX(KQ)eX for any path p in eX(KQ)eX .

Let p = αn · · ·α1 ∈ eX(KQ)eX , ∆(p) ∈ eX(KQ)eX ⊗ eX(KQ)eX if and
only if

n∑
j=2

αn · · ·αj ⊗ αj−1 · · ·α1 ∈ eX(KQ)eX ⊗ eX(KQ)eX .

Since all summands are linearly independent, this happens if and only if
s(αi) ∈ X for all i = 1, . . . n− 1. That is, if and only if Ip ⊆ X.

Note that Lemma 4.3.6 asserts that the vertices associated to a split
idempotent is a convex set of vertices in the quiver Q. Then it is really easy
to decide whether or not eX(KQ)eX is a subcoalgebra of KQ.

Example 4.3.7. Let Q be the following quiver:

•
((PPPPPP

•
((PPPPPP

66nnnnnn •
((PPPPPP

•
66nnnnnn

((PPPPPP ◦
66nnnnnn

((PPPPPP •
((PPPPPP

•
66nnnnnn

((PPPPPP ◦
((PPPPPP

66nnnnnn ◦
((PPPPPP

66nnnnnn •
•

((PPPPPP

66nnnnnn ◦
((PPPPPP

66nnnnnn •
((PPPPPP

66nnnnnn

•
66nnnnnn

((PPPPPP ◦
((PPPPPP

66nnnnnn ◦
((PPPPPP

66nnnnnn •
•

66nnnnnn

((PPPPPP ◦
66nnnnnn

((PPPPPP •
66nnnnnn

•
66nnnnnn

((PPPPPP •
66nnnnnn

•
66nnnnnn
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�
�
�
�

�
�
�
�
�
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oooooo

n n n n n n

QQQQQQ

X

Q

Then the idempotent associated to the set of white vertices X is a split idem-
potent.
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The proof of Lemma 4.3.6 easily extends to pointed coalgebras. Recall
that we denote by Q the set of all paths in Q.

Lemma 4.3.8. Let Q be a quiver and C be an admissible subcoalgebra of
KQ. Let eX ∈ C∗ be the idempotent associated to a subset of vertices X.
Then eX is split in C∗ if and only if Ip ⊆ X for any path p in PSupp(eXCeX).

Example 4.3.9. Let Q be the quiver

'&%$ !"#1
α //'&%$ !"#2

β //'&%$ !"#3

and C be the admissible subcoalgebra of KQ generated by {1, 2, 3, α, β}. Then
e ≡ {1, 3} is a split idempotent because eCe = S1 ⊕ S3 is a subcoalgebra of
C.

Let us finish the section with an open problem for further development
of representation theory of coalgebras.

Problem 4.3.10. Let C be a coalgebra and e ∈ C∗ be an idempotent. If eCe
is of wild comodule type then C is of wild comodule type.

Obviously, Problem 4.2.12 and Problem 4.3.10 are equivalent if the tame-
wild dichotomy for coalgebras, conjectured by Simson in [Sim05], is true.

4.4 A theorem of Gabriel for coalgebras

In Chapter 2 we intent to prove that every basic coalgebra, over an alge-
braically closed field, is the path coalgebra C(Q,Ω) of a quiver Q with a
set of relations Ω. This is an analogue for coalgebras of Gabriel’s theorem.
The result is proven in [Sim05] for the family of coalgebras C such that the
Gabriel quiver QC of C is intervally finite. Unfortunately, that proof does not
hold for arbitrary coalgebras, as a class of counterexamples given in Section
2.5 shows.

Nevertheless, it is worth noting that these counterexamples are of wild
comodule type in the sense described in Section 4.1. Since, according to
Theorem 2.5.11, the coalgebras C which are not the path coalgebra of quiver
with relations are close to be wild, we may reformulate the problem stated
in [Sim01, Section 8] as follows: any basic tame coalgebra C, over an alge-
braically closed field, is isomorphic to the path coalgebra C(Q,Ω) of a quiver
with relations (Q,Ω). This section is devoted to solve this problem when the
Gabriel quiver QC of C is assumed to be acyclic.

Now we show that the coalgebra H of Example 2.5.5 is of wild comodule
type.
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Example 4.4.1. Let Q be the quiver

◦

◦rrrrrrrrrrr

99
α1

◦
LLLLLLLLLLL

%%

β1◦iiiiiiiiii

44α2

◦UUUUUUUUUU

**

β2

◦//αn ◦//βn

◦UUUUU

**αi

◦iiiii

44

βi

◦
◦
◦

γi = βiαi for all i ∈ N

and suppose that H is the admissible subcoalgebra of KQ generated by the
set Σ = {γi − γi+1}i∈N. It is proved in Example 2.5.5 that H is not the path
coalgebra of a quiver with relations. Nevertheless, H is of wild comodule type
because it contains the path coalgebra of the quiver

◦ ◦
Γ ≡ ◦

α1 77oooooo α2 //

α3 ''OOOOOO
α4wwoooooo

α5ggOOOOOO ◦
◦ ◦

Since KΓ is a finite dimensional coalgebra then we have an algebra isomor-
phism (KΓ)∗ ∼= A, where A is the path algebra of the quiver Γ, and there exists
an equivalence between the category of finite dimensional right A-modules and
the category of finite dimensional right KΓ-comodules. But it is well-known
that A is a wild algebra and hence KΓ is a wild coalgebra. By Corollary
4.1.3, it follows that H is wild.

Theorem 4.4.2. Let K be an algebraically closed field, Q be an acyclic quiver
and C be an admissible subcoalgebra of KQ which is not the path coalgebra
of a quiver with relations. Then C is of wild comodule type.

Proof. By Corollary 2.5.11, since C is not the path coalgebra of a quiver with
relations, there exists an infinite number of paths {γi}n∈N in Q between two
vertices x and y such that:
• None of them is in C.
• C contains a set Σ = {Σn}n∈N such that Σn = γn +

∑
j>n a

n
j γj, where

anj ∈ K for all j, n ∈ N.

◦ ◦◦

γ1

  
◦◦

γ2

&& ◦◦γn // ◦
γi

88
x y

Consider PSupp(Σ1 ∪ Σ2 ∪ Σ3) = {γ1, γ2, . . . , γt} and Γ the finite subquiver
of Q formed by the paths γi for i = 1, . . . , t.
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Then D = KΓ ∩ C is a finite dimensional subcoalgebra of C (and an
admissible subcoalgebra of KΓ) which contains the elements Σ1, Σ2 and Σ3.
It is enough to prove that D is wild.

Consider the idempotent element e ∈ D∗ such that e(x) = e(y) = 1 and
zero otherwise, i.e., its associated subset of vertices is X = {x, y}. Then, by
Lemma 3.6.3, each Σi corresponds to an arrow from x to y in the quiver Γe,
that is, Γe contains the subquiver ◦ // //// ◦ and then dimKExt1

eDe(Sx, Sy) ≥
3. Thus eDe = KΓe is wild by [Sim05, Corollary 5.5]. Note also that the
quiver Γe is of the form

◦
α1 ////

αn
// ◦···x y

an then the simple right eDe-comodule Sx is injective.
Let us prove that the localizing subcategory Te ofMD is perfect colocal-

izing. Since Γ is finite and and acyclic then dimKKT ailΓX(x) is finite and
dimKKT ailΓX(y) = 0 so, by Proposition 3.6.8, the subcategory Te is colocal-
izing. Let now g be an element in eC(1− e). Then g is a linear combination
of tails starting at x and then ρeC(1−e)(g) = g ⊗ x (see the proof of Propo-
sition 3.6.8). Therefore < g >∼= Sx as right eCe-comodules. Suppose that
m = dimKeC(1 − e). Hence eC = eCe ⊕ eC(1 − e) = eCe ⊕ Smx and eC is
an injective right eCe-comodule. Thus the colocalization is perfect and, by
Corollary 4.3.1, D is wild.

Now we are able to extend [Sim05, Theorem 3.14 (c)], from the case
Q is an intervally finite quiver and C ′ ⊆ KQ is an arbitrary admissible
subcoalgebra to the case Q is acyclic and C ′ ⊆ KQ is tame, as follows.

Corollary 4.4.3 (Acyclic Gabriel’s theorem for coalgebras). Let Q be an
acyclic quiver and let K be an algebraically closed field.

(a) Any tame admissible subcoalgebra C ′ of the path coalgebra KQ is iso-
morphic to the path coalgebra C(Q,Ω) of a quiver with relation (Q,Ω).

(b) The map Ω 7→ C(Q,Ω) defines a one-to-one correspondence between the
set of relation ideals Ω of the path K-algebra KQ and the set of admissible
subcoalgebras H of the path coalgebra KQ. The inverse map is given by
H 7→ H⊥.

Proof. Apply Theorem 4.4.2 and the weak tame-wild dichotomy proved by
Simson in [Sim05].

Remark 4.4.4. It follows from the proof of Theorem 4.4.2 that if Q is
acyclic, a basis of a tame admissible subcoalgebra C cannot contain three lin-
early independent combinations of paths with common source and common
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sink and then C = KQ0

⊕⊕
x 6=y∈Q0

Cxy with dimKCxy ≤ 2 for all x, y ∈ Q0.
Nevertheless, this fact does not imply that the quiver is intervally finite (the
number of paths between two vertices is finite). It is enough to consider the
quiver

· // · //

��

· //

��

· //

�� ��· ·oo ·oo ·oo oo

and the admissible coalgebra C = C(Q,Ω), where Ω is the ideal

Ω = KQ2 ⊕KQ3 ⊕ · · · ⊕KQn ⊕ · · · .

C is a string coalgebra and then it is tame (see [Sim05, Section 6]).



Chapter 5

Some examples

In this final chapter we look into certain kind of coalgebras by applying the
topics developed all along this work. Mainly, we care for hereditary and serial
coalgebras. Hereditariness is introduced in [NTZ96] following the standard
categorical notion, namely, a coalgebra is hereditary if its comodules have
global dimension less or equal than one. Therefore, from a homological point
of view, this is the simplest case (we may omit semisimple coalgebras since
its representation theory is trivial). Since, in view of the previous chapters,
pointed coalgebras are of importance, then path coalgebras are treated ex-
tensively. With respect to serial coalgebras, a systematic study of them is
initiated in [CGT04], where, in particular, it is shown that any serial inde-
composable coalgebra over an algebraically closed field is Morita-Takeuchi
equivalent to a subcoalgebra of a path coalgebra of a quiver which is either a
cycle or a chain (finite or infinite). In this chapter we take advantage of the
valued Gabriel quivers associated to a coalgebra to characterize indecompos-
able serial coalgebras over any field. Also we would like to highlight a version
for coalgebras of the theorem of Eisenbud and Griffith which states that any
proper quotient of a hereditary noetherian prime ring is serial.

5.1 Hereditary coalgebras

We recall from [NTZ96] that a coalgebra C is said to be right hereditary
if, for each subcomodule N of an injective right C-comodule E, the quo-
tient E/N is an injective right C-comodule. We collect here some known
characterizations of a right hereditary coalgebra, see [Chi02] and [JLMS05].

Theorem 5.1.1. Let C be a coalgebra. The following conditions are equiv-
alent:

(a) C is right hereditary.
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(b) The global dimension of C is less or equal than one.

(c) The injective dimension of any simple right C-comodule is less or equal
than one.

(d) C/N is an injective right C-comodule for each right coideal N .

(e) C/S is an injective right C-comodule for any simple right C-comodule
S.

(f) C is left hereditary.

If the coradical C0 of C is coseparable, these conditions are also equivalent to

(g) C is formally smooth.

(h) The global dimension of the enveloping coalgebra C ⊗ Ccop is less or
equal than 1.

(i) Coker ∆ is an injective (C,C)-bicomodule, where ∆ is the comultipli-
cation of C.

(j) C is isomorphic to the tensor coalgebra TC0(N), where N is the injective
(C,C)-bicomodule C0∧C0

C0
.

Furthermore, if C is pointed then these conditions are equivalent to

(k) C is isomorphic to the path coalgebra KQ of a quiver Q.

Proof. (a) ⇔ (b) ⇔ (c) ⇔ (d) ⇔ (e) ⇔ (f) can be found in [NTZ96].
(a) ⇔ (g) ⇔ (h) ⇔ (i) ⇔ (j) is proved in [JLMS05]. Finally, (a) ⇔ (k)
appears in [Chi02].

Corollary 5.1.2. The notion of hereditary coalgebra is left-right symmetric.

Let C be a coalgebra. A right C-comodule M is called colocal if soc M
is a simple right C-comodule.

Proposition 5.1.3. Let C be a coalgebra. The following conditions are equiv-
alent:

(a) C/D is an injective right C-comodule for any colocal right coideal D of
C.

(b) Every quotient of an indecomposable injective right C-comodule is injec-
tive.
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(c) Every quotient of an injective right C-comodule by a colocal subcomodule
is injective.

(d) Every quotient of an indecomposable injective right C-comodule by its
socle is injective.

(e) C/S is an injective right C-comodule for any simple right C-comodule
S.

(f) C is right hereditary.

Proof. (a) ⇒ (b). Let Ei be an indecomposable injective right C-comodule
and N be a subcomodule of Ei. Since soc N ⊆ soc Ei = Si then N is a
colocal right coideal of C. Therefore C/N ∼= Ei/N ⊕ (⊕k 6=iEk) is injective
and thus so is Ei/N .

(b) ⇒ (c). Let E be an injective right C-comodule and N be a colocal
subcomodule of E. Then soc N = Si and N have the same injective envelope,
say Ei, and there exists a monomorphism f : Ei → E. Now, the exact
sequence Ei f // E p // E/Ei = E ′ splits so E = Ei⊕E ′ and E ′ is injective.

Thus E/N ∼= Ei/N ⊕ E ′ is injective.
(c)⇒ (d). Trivial.
(d)⇒ (e). Let Si be a simple C-comodule and Ei be its injective envelope,

that is, Ei is an indecomposable injective right C-comodule and soc Ei = Si.
Then C/Si ∼= Ei/soc Ei⊕(⊕j 6=iEj) and thus C/Si is a direct sum of injective
right C-comodules.

(e)⇒ (f). It is proved in Proposition 5.1.1.
(f)⇒ (a). Trivial

5.1.1 Localization in path coalgebras

Let us now assume C is a pointed coalgebra. Then, by Corollary 1.5.6 and
Theorem 5.1.1, C is the path coalgebra of a quiver Q. We recall from Chapter
3 that, for any idempotent eX in (KQ)∗ associated to a subset of vertices
X ⊂ Q0, the localized coalgebra eX(KQ)eX is the path coalgebra of the
quiver QeX = (X, CellQX). Here we present the following examples.

Example 5.1.4. Let KQ the path coalgebra of the quiver Q given by

◦ β1 // •
δ

##H
HHHHH

◦
α
;;vvvvvv

γ ##H
HHHHH ◦ β2

;;vvvvvv
η

##H
HHHHH ◦

•
µ1

;;vvvvvv
µ2

// ◦
ρ

;;vvvvvv
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and X be the subset of vertices formed by the white points. Then, the set of
cells is {α, η, ρ, δβ1, δβ2, µ1γ, µ2γ}. Therefore the quiver QeX is the following:

◦
δβ1

++WWWWWWWWWW

◦
α
;;vvvvvv µ1γ //______

µ2γ ++WWWWWWWWWW ◦
η

##H
HHHHH

δβ2 //______ ◦

◦
ρ

;;vvvvvv

where the dashed arrows are the cells of length greater than one.

Example 5.1.5. Let KQ be the path coalgebra of the quiver Q

•

• ◦

OO

oo

��

α // •
β
oo

•

and X be the set of vertices formed by the only white point. Then the set of
cells is {βα}, that is, the quiver QeX is

◦ βα
yy

and eX(KQ)eX ∼= K[βα].

We apply this idea in order to obtain a description of the quotient functor
T : MKQ → MKQe

. Recall that the category of right KQ-comodules is
equivalent to the category Replnlf

K (Q) of locally nilpotent representations of
finite length of the quiver Q.

Proposition 5.1.6. Let KQ be a path coalgebra and eX ∈ (KQ)∗ be the
idempotent associated to a subset of vertices X. Then, the functor T :
Replnlf(Q) −→ Replnlf(QeX ) maps the representation (Vx, ϕα)x∈Q0,α∈Q1 of Q
into the representation (V̄y, ϕ̄β)y∈X,β∈CellQX

of QeX given by:

• V̄x = Vx for every x ∈ X.

• ϕ̄β = ϕαn · · ·ϕα1 for each β ∈ CellQX such that β = αnαn−1 · · ·α1 in Q.

In Chapter 3 we prove that, for a subset of vertices X of a quiver Q, the
localizing subcategory TX is colocalizing if and and if T ailQX(x) is a finite set
for each x ∈ X. Let us now prove that, under this conditions, the colocalizing
subcategories are also perfect colocalizing.
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Theorem 5.1.7. Let Q be a quiver and eX be the idempotent in (KQ)∗

associated to a subset X ⊆ Q0. Then

eX(KQ) ∼=
⊕
x∈X

E
Card(T ailQX(x))+1

x

as right KQeX -comodules, where {Ex}x∈X is a complete set of pairwise non-
isomorphic indecomposable injective right KQeX -comodules.

Proof. The rightKQeX -comodule eX(KQ) may be decomposed as eX(KQ) =
eX(KQ)eX ⊕ eX(KQ)(1− eX). Since there are isomorphisms eX(KQ)eX ∼=
KQeX ∼=

⊕
x∈X Ex, it is enough to prove that

eX(KQ)(1− eX) ∼=
⊕
x∈X

E
Card(T ailQX(x))
x

as right KQeX -comodules.
Let us assume that, for each x ∈ X, we have

T ailQX(x) = {τ ix}i∈Jx .

The K-vector space eX(KQ)(1 − eX) is generated by the set of all paths
starting at vertices in X and ending at vertices which do not belong to
X. Then, for any path p ∈ eX(KQ)(1 − eX), there exists a unique tail
decomposition p = τ ixpn · · · p1 for some τ ix ∈ T ail

Q
X(x), where x = t(pn) ∈ X.

We consider the linear map

f : eX(KQ)(1− eX) −→
⊕
x∈X

(
⊕
i∈Jx

Ex,i)

defined by f(τ ixpn · · · p1) = pn · · · p1 ∈ Ex,i for all p = τ ixpn · · · p1 ∈ eX(KQ).
Clearly f is well defined and it is a eX(KQ)eX-comodule map. Since Ex is
generated by the set of all paths in QeX which end at x, f is bijective.

Corollary 5.1.8. Let Q be a quiver and eX be the idempotent in (KQ)∗

associated to a subset X ⊆ Q0. Then eX(KQ) is an injective right KQeX -
comodule.

Theorem 5.1.9. Let Q be a quiver and eX be the idempotent in (KQ)∗

associated to a subset X ⊆ Q0. The following conditions are equivalent:

(a) The localizing subcategory TX of MKQ is colocalizing.

(b) The localizing subcategory TX of MKQ is perfect colocalizing.
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(c) T ailQX(x) is a finite set for all x ∈ X. That is, there are at most a finite
number of paths starting at the same point whose only vertex in X is the
first one.

We remark that since any path coalgebra is hereditary, the equivalence
between (a) and (b) in the previous Theorem can be obtained from [NT96].
Here we show that this property does not hold for an arbitrary pointed
coalgebra.

Example 5.1.10. Let us consider the quiver Q and the coalgebra C defined
on Example 3.6.5. Let X be the subset of vertices X = {1, 2, 3}. Then,
eXCeX is the path coalgebra of the quiver QeX

'&%$ !"#2 '&%$ !"#1
α1oo α3 //'&%$ !"#3

and then, the indecomposable injective right eXCeX-comodules are E1 =
K〈1〉, E2 = K〈2, α1〉 and E3 = K〈3, α3〉. If eXC(1−eX) = K〈α2, α4, α2α1 +
α4α3〉 were injective then it would be a sum of indecomposable injective right
eXCeX-comodules. Since eXC(1 − eX) has dimension 3, thus it would be
isomorphic to E1 ⊕ E1 ⊕ E1, or E1 ⊕ E2 or E1 ⊕ E3. A straightforward
calculation shows that this is not possible.

5.1.2 Tame and wild path coalgebras

By [Gab62, Chapter III, Proposition 7], any localizing subcategory of a ca-
tegory of comodules over a path coalgebra is perfect localizing. Then, from
the above results and the ones obtained in Chapter 4, we have the following:

Proposition 5.1.11. Let Q be a quiver and e be an idempotent of (KQ)∗

such that Te is a colocalizing subcategory of MKQ. If KQe is wild then KQ
is wild.

Proposition 5.1.12. Let Q be a quiver and e be an idempotent of (KQ)∗

such that the section functor S :MKQe →MKQ preserves finite dimensional
comodules. If KQe is wild then KQ is wild.

Following [Sim01], we finish the section giving a complete description of
all tame path coalgebras. First we show the list the of all Dynkin diagrams,
Euclidean graphs and infinite locally Dynkin diagrams:

Dynkin diagrams
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An : ◦ ◦ ◦ ◦ ◦ ◦ n vertices, n ≥ 1

◦

Dn : ◦ ◦ ◦ ◦ ◦ ◦ n vertices, n ≥ 4

◦

E6 : ◦ ◦ ◦ ◦ ◦
◦

E7 : ◦ ◦ ◦ ◦ ◦ ◦
◦

E8 : ◦ ◦ ◦ ◦ ◦ ◦ ◦
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Euclidean graphs

◦
QQQQQQQQQQQ

Ãn : ◦

mmmmmmmmmmm ◦ · · · ◦ ◦ n+ 1 vertices, n ≥ 3

◦ ◦

D̃n : ◦ ◦ ◦ ◦ ◦ ◦ ◦ n+ 1 vertices, n ≥ 4

◦ ◦
◦

Ẽ6 : ◦

◦ ◦ ◦ ◦ ◦
◦

Ẽ7 : ◦ ◦ ◦ ◦ ◦ ◦ ◦
◦

Ẽ8 : ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Infinite locally Dynkin diagrams

A∞ : ◦ ◦ ◦ ◦ ◦ ◦ ◦

∞A∞ : ◦ ◦ ◦ ◦ ◦ ◦ ◦
◦

D∞ : ◦ ◦ ◦ ◦ ◦ ◦ ◦

Theorem 5.1.13. [Sim01] Let Q be a quiver and KQ be the path coalgebra
of Q. The following conditions are equivalent:

(a) KQ is of tame comodule type.

(b) KQ is domestic of tame comodule type.

(c) The underlying graph of Q is a Dynkin diagram, or a Euclidean graph
or a infinite locally Dynkin diagram.

(d) KQ is not of wild comodule type.

Therefore the tame-wild dichotomy holds for this kind of coalgebras.
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5.2 Colocally hereditary coalgebras

The aim of this section is to introduce a generalization of hereditariness: colo-
cally hereditariness. This notion comes from the one for algebras introduced
by Simson in the Representation Theory seminar of the Niko laja Kopenika
University of Toruń in 1977. An algebra is said to be right l-hereditary, or
right locally hereditary, if any local right ideal is projective, see [Les04]
for a description of all tame locally hereditary algebras of finite dimension.
We list some equivalent conditions for finite dimensional algebras.

Theorem 5.2.1. [Les04] Let A be a finite dimensional algebra. The following
conditions are equivalent:

(a) A is right l-hereditary.

(b) Any local submodule of a projective right A-module is projective.

(c) Any nonzero morphism between indecomposable projective right A-modules
is a monomorphism.

(d) A is left l-hereditary.

(e) A is isomorphic to

A′ =


F1

2M1 F2 0
· · · · · ·
nM1 nM2 · · · Fn

 ,

where (Fi, iMj) is a K-species such that there exist Fi-Fj-homomorphisms
cijk : iMj ⊗Fj jMk → iMk verifying that cijk(x ⊗ y) = 0 if and only if
x = 0 or y = 0 for all i, j, k = 1, . . . , n.

When dealing with coalgebras, we may give a dual notion of l-hereditariness
as follows. A coalgebra C is said to be right cl-hereditary or right colo-
cally hereditary if, for any right coideal N such that C/N is colocal, the
quotient C/N is injective. The following lemma is obvious.

Lemma 5.2.2. Any hereditary coalgebra is right and left cl-hereditary.

Let us give some characterizations of a cl-hereditary coalgebra following
the style of Theorem 5.2.1.

Proposition 5.2.3. Let C be a coalgebra. The following conditions are equiv-
alent:
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(a) For any subcomodule N of a injective right C-comodule E such that E/N
is colocal, the quotient E/N is an injective right C-comodule.

(b) For any nonzero morphism f : E → F , where E and F are right C-
comodules such that E is injective and F is colocal, Im f is an injective
right C-comodule.

(c) Every nonzero morphism between indecomposable injective right C-comodules
is surjective.

(d) C is right cl-hereditary.

(e) For any subcomodule N of an indecomposable injective right C-comodule
Ei such that Ei/N is colocal, the quotient Ei/N is an injective right
C-comodule.

Proof. (a)⇒ (b). We have E/Ker f ∼= Im f and soc (Im f) ⊆ soc F . There-
fore soc (Im f) is simple and, by hypothesis, Im f is injective.

(b)⇒ (c). Let f : Ei → Ej be a nonzero morphism between indecompos-
able injective right C-comodules. Since soc Ej is simple, Im f is injective.
Therefore, the short exact sequence

0 // Im f // Ej // Ej/Im f // 0

splits and Ej = Im f⊕Ej/Im f . Since Ej is indecomposable and f is nonzero,
we deduce Ej/Im f = 0.

(c) ⇒ (d). Let N be a right coideal such that soc (C/N) = S is simple.
Let E be the injective envelope of S. Then f : C/N → E is also the
injective envelope of C/N . Therefore, there exists an index k ∈ IC such that

the composition Ek
� �

i // C = ⊕i∈ICEi p // C/N is nonzero, where i is the
inclusion and p is the projection. Then fpi is surjective and so is f .

(d) ⇒ (e). Let N ≤ Ei such that soc (Ei/N) is simple. Let us consider
the right coideal N ′ = N ⊕ (⊕j 6=iEj). Then C/N ′ ∼= Ei/N has simple socle
and thus Ei/N is injective.

(c)⇒ (a). It is similar to the proof of (c)⇒ (d).
(e) ⇒ (c). Let f : Ei → Ej be a nonzero morphism. We have Im f ∼=

Ei/Ker f . Since Im f has simple socle, by hypothesis, it is injective and the
result follows as in (b)⇒ (c).

Problem 5.2.4. Is the notion of cl-hereditariness left-right symmetric?

Let us show that cl-hereditary coalgebras are a generalization of finite
dimensional l-hereditary algebras.
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Lemma 5.2.5. If R is a finite dimensional right l-hereditary algebra then
R∗ is a right cl-hereditary coalgebra. Conversely, if C is a right cl-hereditary
coalgebra of finite dimension, C∗ is a l-hereditary algebra.

Proof. Let f : Ei → Ej be a nonzero morphism between indecomposable in-
jective right R∗-comodules. The dual morphism f ∗ : E∗

j → E∗
i is a non-zero

morphism between indecomposable projective right R-modules. By hypoth-
esis, f ∗ is a monomorphism and then f is surjective. The converse result is
similar.

The following example shows that there exist cl-hereditary coalgebras
which are not hereditary coalgebras.

Example 5.2.6. Let Q be the quiver

'&%$ !"#2
α2

""F
FF

FF
FF

'&%$ !"#1

α1
<<xxxxxxx

α3 ""F
FF

FF
FF

'&%$ !"#4

'&%$ !"#3
α4

<<xxxxxxx

and C be the coalgebra generated by the set

{1, 2, 3, 4, α1, α2, α3, α4, α2α1 + α4α3}.

The indecomposable injective right C-comodules are E1 = 〈1〉, E2 =
〈2, α1〉, E3 = 〈3, α3〉 and E4 = 〈4, α2, α4, α2α1 + α4α3〉. We consider the
subcomodule A = 〈4〉 of E4 and therefore E4/A = 〈α2, α4, α2α1 + α4α3〉. It
is easy to see that soc (E4/A) = S2 ⊕ S3 and then the injective envelope
E(E4/A) = E2 ⊕ E3 6= E4/A. Thus E4/A is not injective and C is not
hereditary. Nevertheless, a straightforward calculation shows that C is cl-
hereditary. We sum it up in the following table:

subcomodules with colocal quotient quotient
E1 ∅ —
E2 < x2 > E1

E3 < x3 > E1

E4 < 4, α2 >, < 4, α4 >, < 4, α2, α4 > E3, E2, E1

Example 5.2.7. The last example may be extended to an infinite dimen-
sional coalgebra. Let Q be the quiver

◦ α2

&&LLLLLL

◦
α1

88rrrrrr

β1 &&LLLLLL ◦ γ1 // ◦ γ2 // ◦ γ3 // ◦ · · ·

◦ β2

88rrrrrr
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and C be the subcoalgebra of KQ generated by the set of vertices, the set of
arrows and {γn · · · γ1(α2α1+β2β1)}n≥0 {γn · · · γ1α2}n≥1, {γn · · · γ1β2}n≥1 and
{γi · · · γj}i>j≥1. Proceeding as above, we may prove that C is a cl-hereditary
coalgebra. On the other hand, since C is not a path coalgebra, C is not
hereditary (see [JLMS05]).

Example 5.2.8. Consider the quiver Q

◦

◦rrrrrrrrrrr

99
α1

◦
LLLLLLLLLLL

%%

β1◦iiiiiiiiii

44α2

◦UUUUUUUUUU

**

β2

◦//αn ◦//βn

◦UUUUU

**αi

◦iiiii

44

βi

◦
◦
◦

γi = βiαi for all i ∈ N

and let H be the admissible subcoalgebra of KQ generated by the set Σ =
{γi − γi+1}i≥1. Then H is a cl-hereditary non-hereditary coalgebra.

Remark 5.2.9. It follows from the above example that not every cl-hereditary
coalgebra is the path coalgebra of a quiver with relations. Unlike it happens
with hereditary coalgebras.

As we show in Section 3.3.2, the paths in the Ext-quiver (in general,
in the valued Gabriel quiver) are closely related to the morphism between
indecomposable injective comodules. Moreover, that connection is rather
good if we deal with hereditary coalgebras (cf. Corollary 3.3.14). For cl-
hereditary coalgebras we may prove a partial result:

Lemma 5.2.10. Let C be a cl-hereditary coalgebra and S and S ′ two simple
comodules. If there is a n-path in ΓC from S to S ′ then S is a t-predecessor
of S ′ for some integer t ≥ n. As a consequence, there is a path in ΓC from
S to S ′ if and only if S is a predecessor of S ′.

Proof. Let us assume that

S // S1
// · · · // Sn−1

// S ′

is a path in ΓC . Then there exists a sequence of (irreducible) morphisms

E ′ fn // En−1
fn−1 // · · · f2 // E1

f1 // E

such that fi(Si) = 0 and fi(soc2Ei) 6= 0 for all i = 1, . . . , n, where En = E ′

and Sn = S ′. Since C is cl-hereditary, any of these morphisms is sur-
jective and then the composition f1f2 · · · fn so is. Thus there exists an
integer t such that (f1f2 · · · fn)(soctE ′) 6= 0. Finally, by Lemma 3.3.13,
(f1f2 · · · fn)(socnE ′) = 0 and therefore S is a t-predecessor of S ′ for some
t ≥ n



5.2 Colocally hereditary coalgebras 106

The following example shows that we cannot state the equality t = n
in Lemma 5.2.10 for an arbitrary cl-hereditary coalgebra, unlike hereditary
coalgebras.

Example 5.2.11. Let Q be the quiver

'&%$ !"#2
α2 //'&%$ !"#3

α3

��>
>>

>>
>

'&%$ !"#1

α1
@@������

β1 ''NNNNNNNNNN '&%$ !"#5

'&%$ !"#4
β2

77pppppppppp

and let C be the subcoalgebra of KQ generated (as vector space) by the set

{1, 2, 3, 4, 5, α1, α2, α3, β1, β2, α2α1, α3α2, α3α2α1 + β2β1}.

Let us now E5 be the indecomposable injective associated to the vertex 5,

E5 = 〈5, α3, β2, α3α2, α3α2α1 + β2β1〉.

Then the socle filtration of E5 is the following

S5 = 〈5〉 ⊂ 〈5, α3, β2〉 ⊂ 〈5, α3, β2, α3α2〉 ⊂ E5,

and the factors are soc2E5/soc E5
∼= S3 ⊕ S4, soc3E5/soc2E5

∼= S2 and
E5/soc3E5

∼= S1. Therefore S3 and S4 are the 1-predecessors of S5, S2 is
the unique 2-predecessor of S5, and S1 is the unique 3-predecessor of S5.
Nevertheless, there is a two-length path in Q = ΓC from S1 to S5.

Remark 5.2.12. Observe that Example 5.2.6 shows that there exist cl-hereditary
(non hereditary) coalgebras verifying the property stated in Corollary 3.3.14,
and therefore it does not characterize hereditariness.

Let now e ∈ C∗ be an idempotent. Then we may consider the functors
associated to the localization

MC
T=e(−)=−�CeC //

MeCe

S=−�eCeCe
oo .

As we show above, the localization process preserves hereditariness; actually,
one could prove that the global dimension of MeCe is less or equal than the
global dimension of MC (cf. [Gab62]). A converse result may be obtained
using the localization on certain injective comodules. For the convenience we
introduce the following notation. Let us define inductively several subsets of
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the set of indexes IC of the coalgebra C. Given some element x ∈ IC , we
denote the sets

I0(x) ⊆ I1(x) ⊆ · · · ⊆ In(x) ⊆ · · · ⊆ I∞(x)

as follows. We set I0(x) = {x} and, for any n > 0,

In(x) = {y ∈ IC | there is Sy → Sz in ΓC for some z ∈ In−1(x)}.

Finally, we set I∞(x) = ∪nIn(x). For any x ∈ IC , we denote by ex the
idempotent in C∗ associated to the set I∞(x). We recall from [Sim07] that the
quotient and the section functors define an equivalence of categories between
MeCe and the category MC

E of E-copresented right C-comodules, where
E = Ce, that is, the right C-comodules M which admit an exact sequence

0 //M // E0
// E1 ,

where E0 and E1 are direct sums of direct summands of the comodule E.

Lemma 5.2.13. Let C be a coalgebra. C is hereditary if and only if exCex
is hereditary for any x ∈ IC.

Proof. Assume that the coalgebra exCex is hereditary for any x ∈ IC . For
any indecomposable injective comodule Ex, we consider the quotient Ex/Sx.
It is clear that Ex/Sx is E-copresented and then, by [Sim07], there exists an
exCex-comodule M such that S(M) = Ex/Sx. Moreover, M = Ex/Sx and,
by hypothesis, M is injective. Since S preserves injective comodules, Ex/Sx
is an injective C-comodule. This proves that C is hereditary.

Theorem 5.2.14. If the coalgebra C is a right cl-hereditary then eCe is right
cl-hereditary for any idempotent e ∈ C∗. Moreover, if exCex is cl-hereditary
for any x ∈ IC then C is cl-hereditary.

Proof. Let f : Ei → Ej be a nonzero morphism between indecomposable
injective right eCe-comodules. Then S(f) : Ei → Ej is a nonzero morphism
between indecomposable injective right C-comodules. By hypothesis, S(f)
is surjective and since T is exact, TS(f) = f is surjective. The proof of the
second statement is similar to the one of the above lemma.

5.3 Serial coalgebras

Following [CGT04], a right comodule is called uniserial if its Loewy series
is a composition series. This property can be characterized through the socle
filtration:
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Lemma 5.3.1. [CGT04] The following statements are equivalent:

(a) M is uniserial.

(b) The Loewy series is a composition series.

(c) Each finite dimensional subcomodule of M is uniserial.

A coalgebra C is said to be right (left) serial if any indecomposable
injective right (left) C-comodule is uniserial. C is called serial if it is both
right and left serial.

5.3.1 The valued Gabriel quiver

Let us see that right serial coalgebras are easy to distinguish from its valued
Gabriel quiver. The following lemma appears in [CGT04, Proposition 1.7].
For the convenience of the reader, we give a new proof only by means of
“coalgebraic” arguments.

Lemma 5.3.2. A basic coalgebra C is right serial if and only if the right
C-comodule soc2E/soc E is zero or simple for each indecomposable injective
right C-comodule E.

Proof. Let E be an indecomposable injective right C-comodule. Let us prove
that the quotient sociE/soci−1E is simple or zero for any i ≥ 2. We proceed
by induction on i. The case i = 2 is a consequence of the hypothesis. Let us
now assume that the statement holds for some integer k ≥ 2, that is,

soc

(
E

sock−1E

)
=

sockE

sock−1E

is a simple comodule (if it was zero, then E = sockE and the result would
follow) and hence the right injective envelope of E/sock−1E is an indecom-
posable injective right C-comodule E ′. Therefore, by Lemma 3.3.5,

sock+1E

sockE
∼=

sock+1E
sock−1E
sockE

sock−1E

∼=
soc2

(
E

sock−1E

)
soc
(

E
sock−1E

) ≤ soc2E ′

soc E ′

which is simple or zero by hypothesis. The converse implication is trivial.

Proposition 5.3.3. A basic coalgebra C is right serial if and only if each
vertex Si of the right valued Gabriel quiver (QC , dC) is at most the sink of
one arrow and, if such an arrow exists, it is of the form

Sj
(1,d) // Si ,
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for some vertex Sj and some positive integer d. In particular, if C is pointed,
C is right serial if and only if each vertex in the (non-valued) Gabriel quiver
of C is the sink of at most one arrow.

Proof. Recall that, by Lemma 3.3.3, for any simple right C-comodule Si,

Ext1
C(Sj, Si) ∼= HomC(Sj, Ei/Si)

as rightGj-modules for all simple right C-comodule Sj, whereGj = EndC(Sj),
see also [KS05] and [Nav08, Lemma 1.2].

Assume now that C is right serial and Ei/Si 6= 0 (otherwise there is
no arrow ending at Si) then Ei/Si is a subcomodule of an indecomposable
injective right comodule Ej, and then

Ext1
C(S, Si) ∼= HomC(S,Ei/Si) ∼=

{
Gj, if Sj = S;
0, otherwise.

as right EndC(S)-modules. Hence, there is a unique arrow ending at Si of
the form

Sj
(1,d) // Si .

Conversely, the immediate predecessors of Si correspond to the simple
comodules contained in soc (Ei/Si). Since, by hypothesis, there is only one
arrow ending at Si, soc (Ei/Si) = (Sj)

t for some simple right comodule Sj
and some positive integer t. Now, since t is the first component of the label
of the arrow, soc2Ei/soc Ei = soc (Ei/Si) = Sj is a simple comodule. By the
previous lemma, C is right serial.

Symmetrically, we prove that C is left serial if and only if each vertex S
of the left valued Gabriel quiver (CQ, Cd) is at most the sink of one arrow
and, if such an arrow exists, it is of the form

S ′
(1,d) // S ,

for some vertex S ′ and some positive integer d.
Let us now prove a generalization of [CGT04, Theorem 2.10]. In what

follows we denote the labeled arrows ◦ (1,1) //◦ simply by ◦ //◦ . As well we
denote a valued quiver (Q, d) simply by Q if (d1

ij, d
2
ij) = (1, 1) for any i and

j.

Theorem 5.3.4. Let C be a indecomposable basic coalgebra over an arbitrary
field K. Then C is serial if and only if the right (and then also the left) valued
Gabriel quiver of C is one of the following valued quivers:



5.3 Serial coalgebras 110

(a) ∞A∞ : ◦ // ◦ // ◦ // ◦ // ◦
(b) A∞ : ◦ // ◦ // ◦ // ◦ // ◦ // ◦
(c) ∞A : ◦ // ◦ // ◦ // ◦ // ◦ // ◦
(d) An : ◦ // ◦ // ◦ ◦ // ◦ // ◦ n vertices, n ≥ 1

◦
yysssss ◦oo ◦oo

(e) Ãn : ◦
%%KKKKK ◦

eeKKKKK
n vertices, n ≥ 1

◦ // ◦ ◦
99sssss

Proof. Assume that C is serial and let S be a simple right (and left) C-
comodule. Since C is right serial, there exists at most one arrow in (QC , dC)
ending at S. Analogously, since C is left serial there exists at most one arrow
in (CQ, Cd) ending at S and then, by Proposition 3.3.2, we may deduce that
there is at most one arrow in (QC , dC) starting at S. Also, by Proposition
5.3.3 and its left-hand version and Proposition 3.3.2, any of these possible
arrows are labelled by (1, 1).

Taking into account the above discussion, let S0 be a simple right co-
module. If there is no arrow neither ending nor starting at S0, i.e., S0 is an
isolated vertex, since C is indecomposable (and therefore QC is connected,

cf. [Sim06]) then QC = A1. Similarly, if there is a loop at S0, then QC = Ã1.
Therefore we may assume that there is no loop in QC and then S0 is inside
a (maybe infinite) path

// S−n // // S−1
// S0

// S1
// // Sm //

If there exist two non-negative integers n and m such that S−n = Sm, then
QC must be a crown, i.e., QC = Ãp for some integer p. If not, QC must be a
line, that is, it is a quiver as showed in (a) ,(b), (c) or (d) depending on the
finiteness of the two branches. Clearly, the converse holds.

Corollary 5.3.5. A basic coalgebra C is serial if and only if each of the
connected component of its right (or left) valued Gabriel quiver is either ∞A∞,

or A∞, or ∞A; or An or Ãn for some n ≥ 1.

5.3.2 Finite dimensional comodules

This subsection is devoted to give a complete list of all indecomposable
finite-dimensional right comodules over a serial coalgebra and a descrip-
tion of the Auslander-Reiten quiver of the category MC

f . We recall from
[CGT04] that any finite dimensional indecomposable comodule M over a se-
rial coalgebra C is uniserial, and then, there exists an integer t ≥ 1 such that



5.3 Serial coalgebras 111

soctM = M . Thus M is a right D-comodule, where D is the subcoalgebra
of C, soctC = ⊕i∈IC soctEi (and then it is serial, cf. [CGT04]). We refer the
reader to [CKQ02], [KS05], [NS02] and [Sim01] for definitions and terminol-
ogy concerning almost split sequence and the Auslander-Reiten quiver of a
coalgebra, see also [ASS05].

Theorem 5.3.6. Let C be a serial coalgebra. The following statements hold:

(a) Each finite dimensional indecomposable right C-comodule is isomorphic
to sockE for some positive integer k and some indecomposable injective
right C-comodule.

(b) The category of finite dimensional right C-comodules has almost split
sequences. Furthermore, for each indecomposable non-injective right C-
comodule sockE, the almost split sequence starting on this comodule is

0 // sockE
(i

p) // sock+1E ⊕ sockE

soc E

(q−j) // sock+1E

soc E
// 0 ,

where i and j are the standard inclusions and p and q are the standard
projections.

Proof. (a). Let M be a finite dimensional indecomposable comodule, by
[CGT04], M is uniserial and then M = soctM for some t > 0 (we may
consider the minimal one). Since M has simple socle, its injective envelope is
an indecomposable injective comodule E. Let us prove that the Loewy series
of M and E are the same until the step t. We know that soc M = soc E = S
is a simple comodule. Let us now assume that sockM = sockE for each
k ≤ t− 1, and also soct−1M 6= soctM . Then

0 6= soctM

soct−1M
≤ soctE

soct−1E
∼= St,

where St is a simple comodule. That is, soctM/soct−1M ∼= St. Thus M is
uniserial and, by its definition, soctM = soctE. Then the result follows.

(b). Here we essentially follow the proof of [ASS05, Theorem 4.1]. The
given sequence is easily seen to be exact. By Krull-Remak-Schmidt-Azumaya
Theorem, it is not split and, since C is right serial, it has indecomposable end
terms. Let us prove that the homomorphism f =

(
i
p

)
is left almost split. It is

clear that f is not a section. Let N be an indecomposable finite dimensional
C-comodule, and h : sockE → N be a non-isomorphism. We have two cases.
If h is not injective, it decomposes through sockE/soc E, namely h = h′p.
But then the homomorphism g = (0 h′) satisfies that gf = h. If, on the
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other hand, h is injective, since it is not an isomorphism, by (a), N ∼= soctE
with t > k. Then N is injective as right soctC-comodule and there exists a
morphism h′ : sock+1E → N such that h = h′i. Hence (h′ 0)f = h. Since the
left term and the right term are indecomposable comodules and f is a left
almost split morphism, the sequence is almost split in the category of finite
dimensional C-comodules, see [ASS05, Chapter IV, Theorem 1.13].

By applying Theorem 5.3.6, we can easily calculate the Auslander-Reiten
quiver of a serial coalgebra. For example, we do it for hereditary serial path
coalgebras.

Type ∞A∞. Let Q be the quiver

· · · α−2 // '&%$ !"#-2
α−1 // '&%$ !"#-1

α0 //'&%$ !"#0
α1 //'&%$ !"#1

α2 //'&%$ !"#2
α3 // · · ·

and let C = KQ be the path coalgebra of Q. By Theorem 5.3.4, C is serial.
Let Ei be the indecomposable injective right C-comodule associated to the
vertex i, that is, Ei = Kei

⊕(⊕
t≥0Kαi · · ·αi−t

)
, where ei is the stationary

path at i. Let

Ski = sockEi = Kei
⊕(

k−1⊕
t=0

Kαi · · ·αi−t

)
.

Now, since sockEi/soc Ei ∼= sock−1Ei−1 for any k and i, the almost split
sequences are the following:

0 // Ski
// Sk+1
i ⊕ Sk−1

i−1
// Ski−1

// 0 ,

for each k ≥ 0 and each i ∈ Z. Therefore, the Auslander-Reiten quiver of C
is the following.

S4
2

��>
>>

>>
S4

1

!!C
CC

CC
CC

oo_ _ _ _ _ _ S4
0

!!C
CC

CC
C

oo_ _ _ _ _ _ _ S4
−1

oo_ _ _ _ _ _ _

!!C
CC

CC
C

S4
−2

oo_ _ _ _ _ _

S3
1

>>}}}}}}

  A
AA

AA
A

S3
0

=={{{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ _ S3
−1

=={{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ _ S3
−2

=={{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _

S2
1

??�����

��>
>>

>>
S2

0

=={{{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ S2
−1

=={{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ _ S2
−2

=={{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ S2
−3

oo_ _ _ _ _ _

S1
0

>>}}}}}}

  A
AA

AA
A

S1
−1

=={{{{{{

!!C
CC

CC
C

oo_ _ _ _ _ _ S1
−2

oo_ _ _ _ _ _

=={{{{{{

!!C
CC

CC
C

S1
−3

oo_ _ _ _ _ _

=={{{{{{

!!C
CC

CC
C

S0
0

??�����
S0
−1

=={{{{{{
oo_ _ _ _ _ _ S0

−2

=={{{{{{
oo_ _ _ _ _ _ S0

−3

=={{{{{{
oo_ _ _ _ _ _ S0

−4
oo_ _ _ _ _ _
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where each dashed arrow Y Xoo_ _ _ means that Y = τ(X), where τ = DTr
is the Auslander-Reiten translation, see [CKQ02] for definitions and details.

Type ∞A. Let Q be the quiver

· · · α4 //'&%$ !"#4
α3 //'&%$ !"#3

α2 //'&%$ !"#2
α1 //'&%$ !"#1

α0 //'&%$ !"#0

and let C = KQ be the path coalgebra of Q. Again, by Theorem 5.3.4, C is
serial. Let Ei be the indecomposable injective right C-comodule associated
to the vertex i, that is, Ei = Kei

⊕(⊕
t≥0Kαi · · ·αi−t

)
, where ei is the

stationary path at i. Let

Ski = sockEi = Kei
⊕(

k−1⊕
t=0

Kαi · · ·αi−t

)
.

Since sockEi/soc Ei ∼= sock−1Ei+1 for any k and i, the almost split sequences
are the following:

0 // Ski
// Sk+1
i ⊕ Sk−1

i+1
// Ski+1

// 0 ,

for each i, k ≥ 0. Therefore, the Auslander-Reiten quiver of C is the follow-
ing.

S4
0

��?
??

??
S4

1
_ _ _ _ _ _

��?
??

??
S4

2
oo_ _ _ _ _ _

S3
0

??�����

��?
??

??
S3

1

??�����

��?
??

??
oo_ _ _ _ _ _ S3

2

??�����

��?
??

??
oo_ _ _ _ _ _

S2
0

??�����

��?
??

??
S2

1

??�����

��?
??

??
oo_ _ _ _ _ _ S2

2

??�����

��?
??

??
oo_ _ _ _ _ _ S2

3
oo_ _ _ _ _ _

S1
0

??�����

��?
??

??
S1

1

??�����

��?
??

??
oo_ _ _ _ _ _ S1

2
oo_ _ _ _ _ _

??�����

��?
??

??
S1

3
oo_ _ _ _ _ _

??�����

��?
??

??

S0
0

??�����
S0

1

??�����
oo_ _ _ _ _ _ S0

2

??�����
oo_ _ _ _ _ _ S0

3

??�����
oo_ _ _ _ _ _ S0

4
oo_ _ _ _ _ _

Type Ãn, n ≥ 1. Let Q be the quiver

'&%$ !"#1
αn

zzuuu
uuu

'&%$ !"#2
α1oo '&%$ !"#3

α2oo

'&%$ !"#n
$$

'&%$ !"#4

α3
ddIIIIII

'&%$ !"#7 α6

//'&%$ !"#6 α5

//'&%$ !"#5
α4

::uuuuuu
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and let C = KQ be the path coalgebra of Q. Clearly, C is serial. Let Ei
be the indecomposable injective right C-comodule associated to the vertex
i, that is, Ei = Kei

⊕(⊕
t≥0Kα[i] · · ·α[i−t]

)
where [p] ≡ p (mod n) for any

p > 0. Let

Ski = sockEi = Kei
⊕(

k−1⊕
t=0

Kα[i] · · ·α[i−t]

)
.

Now, since sockEn/soc En ∼= sock−1E1 and sockEi/soc Ei ∼= sock−1Ei+1

for each i = 1, . . . , n − 1, for any k ≥ 0, the almost split sequences are the
following:

0 // Ski
// Sk+1
i ⊕ Sk−1

i+1
// Ski+1

// 0 ,

for each i = 1, . . . , n− 1 and k ≥ 0; and

0 // Skn
// Sk+1
n ⊕ Sk−1

1
// Sk1

// 0 ,

for any k ≥ 0. Therefore, the Auslander-Reiten quiver of C is the following.

S0
1

��>
>>

>>
S0

2

��9
99

99
oo_ _ _ _ _ S0

3

��9
99

99
oo_ _ _ _ S0

n

!!B
BB

BB
B S0

1
oo_ _ _ _ _ _ _

S1
1

BB�����

��9
99

99
S1

2

BB�����

��9
99

99
oo_ _ _ _ S1

3
oo_ _ _ _ S1

n

==||||||

!!B
BB

BB
B

S2
n

@@�����

��=
==

==
S2

1

BB�����

��8
88

88
oo_ _ _ _ _ S2

2

BB�����

��8
88

88
oo_ _ _ _ S2

n−1

==||||||

  B
BB

BB
B

S2
n

oo_ _ _ _ _ _

S3
n

BB�����

��8
88

88
S3

1

BB�����

��8
88

88
oo_ _ _ _ S3

2
oo_ _ _ _ S3

n−1

>>||||||

  B
BB

BB
B

S4
n−1

@@�����
S4
n

BB�����
oo_ _ _ _ S4

1

BB�����
oo_ _ _ _ S4

n−2

>>||||||
S4
n−1

oo_ _ _ _ _

This structure is called a stable tube of rank n since the shape of the quiver
obtained is a tube if we identify the vertical double lines.

The Auslander-Reiten quiver of the remaining serial path coalgebras are
described in [NS02].

Remark 5.3.7. Observe that, for each indecomposable finite-dimensional co-
module M = socnE, τ(M) = sock+1E/soc E, and then length M = length τ(M).
That is, the comodules lying in the same τ -orbit has the same length.

Corollary 5.3.8. Any serial coalgebra over an algebraically closed field is of
tame comodule type.
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5.3.3 Localization in serial coalgebras

Let us now apply the localization techniques developed in Chapter 3 to (right)
serial coalgebras. In particular, we give a characterization of serial coalgebras
by means of its “local structure”, that is, by means of its localized coalgebras.

The following proposition shows that the localization process preserves
the uniseriality of comodules and the seriality of coalgebras.

Proposition 5.3.9. Let E = Ce be a quasi-finite injective right C-comodule
and M a uniserial right C-comodule. Then T (M) = CohomC(E,M) = eM
is a uniserial right eCe-comodule.

Proof. Let us consider the (composition) Loewy series of M as right C-
comodule,

soc M = S1 ⊂ soc2M ⊂ soc3M ⊂ · · · ⊂M

whose composition factors are S1 and Sk = M [k] = sockM/sock−1M for
k ≥ 2. Since a simple C-comodule is either torsion or torsion-free, let us
suppose that Si1 , Si2 , Si3 , . . . are the torsion-free composition factors of M ,
where i1 < i2 < i3 < · · · .

For each k < i1, T (M [k]) = T (Sk) = 0 and then T (sockM) = T (S1) = 0.
As a consequence, by Remark 3.2.8, T (soci1M) = T (Si1) = Si1 . Moreover,
since M [i1] = soc(M/soci1−1M) = Si1 , then M/soci1−1M is torsion-free and,
by Proposition 3.4.12,

Si1 = T (Si1) = T

(
soc

(
M

soci1−1M

))
= soc

(
T

(
M

soci1−1M

))
= soc T (M).

Applying the same arguments, we may obtain that T (sockM) = Si1 for each
i1 ≤ k < i2, and M/soci2−1M is a torsion-free right C-comodule. Then

T (M)[2] =
soc2T (M)

soc T (M)
= soc

(
T (M)

soc T (M)

)
= soc

(
T (M)

T (soci1M)

)
= soc

(
T (M)

T (soci2−1M)

)
= T

(
soc

(
M

soci2−1M

))
= Si2

Thus soc2T (M) = T (soci2M). If we continue in this fashion, we may prove
that

T (soci1M) ⊂ T (soci2M) ⊂ T (soci3M) ⊂ · · · ⊂ T (M)

is the Loewy series of T (M). Hence T (M) is uniserial as a right eCe-
comodule.

Corollary 5.3.10. Let C be a right (left) serial coalgebra and e ∈ C∗ an
idempotent. Then the localized coalgebra eCe is right (left) serial.
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Proof. LetEi be an indecomposable injective right eCe-comodule. By Propo-
sition 3.4.12, T (Ei) = Ei, where Ei is the indecomposable injective right
C-comodule such that soc Ei = soc Ei. Since Ei is uniserial, by Proposition
5.3.9, so is Ei.

Lemma 5.3.11. Let C be a coalgebra. If the localized coalgebra eCe is right
(left) serial for each idempotent e ∈ C∗ associated to a subset of simple
comodules with cardinal less or equal than three, then C is right (left) serial.

Proof. Let us suppose that C is not right serial. By Lemma 5.3.2 there
exists an indecomposable injective right C-comodule E such that S1 ⊕ S2 ⊆
soc(E/S), where S1 and S2 are simple comodules. Consider the idempotent
e ∈ C∗ associated to the set {S, S1, S2}. Then, by Lemma 3.4.1,

T (S1 ⊕ S2) = S1 ⊕ S2 ⊆ T (soc(E/S)) ⊆ soc(T (E/S)) = soc(E/S),

where T (E) = E is an indecomposable injective eCe-comodule. Thus eCe is
not right serial.

Proposition 5.3.12. Let C be a coalgebra. C is right (left) serial if and
only if each socle-finite localized coalgebra of C is right (left) serial.

Proof. Apply Corollary 5.3.10 and Lemma 5.3.11.

Remark 5.3.13. The subsets of simple comodules mentioned in Lemma
5.3.11 cannot have cardinal bounded by less than three. For instance, if C is
the path coalgebra KQ of the quiver Q

'&%$ !"#1

%%KKKKKK

'&%$ !"#3

'&%$ !"#2

99ssssss

then each localized coalgebra of C at subsets of two or one simple comodules
is right (and left) serial but clearly C is not.

The former results are quite surprising since, as the following proposition
shows, the localization process increases the label of an arrow (if exists)
between two torsion-free vertices.

Proposition 5.3.14. Let C be a coalgebra and e ∈ C∗ idempotent. Let S1

and S2 be two torsion-free simple C-comodules in the torsion theory asso-
ciated to the localizing subcategory Te. If there exists an arrow S1 → S2

in (QC , dC) labelled by (d′12, d
′′
12), then there exists an arrow S1 → S2 in

(QeCe, deCe) labelled by (t′12, t
′′
12), where t′12 ≥ d′12 and t′′12 ≥ d′′12.
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Proof. Let us suppose that soc(E2/S2) = ⊕i∈ICS
ni
i for some non-negative

integers ni. Then there exists an arrow Si → S2 if and only if ni 6= 0 and,
furthermore, in such a case, it is labelled by (ni,mi) for some positive integer
mi. Now, if there exists an arrow S1 → S2 in (QC , dC) labelled by (d′12, d

′′
12),

then

Sn1
1 ⊆ ⊕i∈IeS

ni
i = Te(soc(E2/S2)) ⊆ socT (E2/S2) ⊆ E2/S2,

since S1 and S2 are torsion-free. Hence there is an arrow

S1

(t′12,t
′′
12)

// S2

in (QeCe, deCe) and t′12 = dimG1HomeCe(S1, E2/S2) ≥ n1 = d′12. By the
left-hand version of this reasoning and Proposition 3.3.2, also t′′12 ≥ d′′12.

Remark 5.3.15. It is not possible to prove the equalities on the components
of the labels in the statement of Proposition 5.3.14. The reader only have to
consider the path coalgebra KQ of the quiver Q

'&%$ !"#2

��>
>>

>>
>

'&%$ !"#1 //

@@������ '&%$ !"#3

and the idempotent e ∈ (KQ)∗ associated to the subset {1, 3}.

5.3.4 A theorem of Eisenbud and Griffith for coalge-
bras

We finish the section by a version of the theorem of Eisenbud and Griffith
[EG71, Corollary 3.2] for coalgebras. We recall that this theorem asserts
that every proper quotient of a hereditary noetherian prime ring is serial.
Obviously, first we need a translation of the concepts from ring terminology
to the notions used in coalgebra theory. About hereditariness, the concept
is recalled above and it is not needed any explication. The “coalgebraic”
version of noetherianess is the so-called co-noetherianess (cf. [GTNT07]).
We recall that a comodule M is said to be co-noetherian if every quotient
of M is embedded in a finite direct sum of copies of C. Nevertheless, we
shall use a weaker concept: strictly quasi-finiteness [GTNT07], namely, M is
strictly quasi-finite if every quotient of M is quasi-finite. This is due to fact
that we may reduce the problem to socle-finite coalgebras and then, under
this condition, both classes of comodules coincide [GTNT07, Proposition 1.6].
Finally, following [JMR], a coalgebra is called prime if for any subcoalgebras
A,B ⊆ C such that A∧B = C, then A = C or B = C. For the convenience
of the reader we present the following example:



5.3 Serial coalgebras 118

Example 5.3.16. Let C be a hereditary colocal coalgebra such that C/S ∼=
C ⊕ C, where S is the unique simple comodule (or subcoalgebra). We prove
that C is not co-noetherian.

Let us consider the subcomodule N2 of C which yields the following com-
mutative diagram

0 // S // N2
//

��

S //

(0,i)
��

0

0 // S // C // C ⊕ C // 0

Then, N2 ⊆ soc2C and N2/S ∼= S. Now,

C/N2
∼= (C/S)/(N2/S) ∼= (C ⊕ C)/S ∼= (C ⊕ C ⊕ C) = C3.

Analogously, let N3 be the subcomodule of C which yields the commutative
diagram

0 // N2
// N3

//

��

S //

(0,0,i)
��

0

0 // N2
// C // C ⊕ C ⊕ C // 0

.

Again, N3/N2
∼= S and

C/N3
∼= (C/N2)/(N3/N2) ∼= (C ⊕ C ⊕ C)/S ∼= (C ⊕ C ⊕ C ⊕ C) = C4.

If we continue in this way, we obtain a increasing family of subcomodules
{Nt}t≥1, where N1 = S, such that C/Nt

∼= Ct+1 for any t ≥ 1. Let us consider
the uniserial subcomodule N = ∪t≥1Nt of C whose composition series (or
Loewy series) is given by

0 ⊂ S ⊂ N2 ⊂ N3 ⊂ · · · ⊂ N.

The comodule C/N has infinite dimensional socle. To see this, for each i ≥ 0,
consider the short exact sequence

0 // N/Ni
// C/Ni

// C/N // 0

which yields the exact sequence

0 // soc (N/Ni) // soc (C/Ni) // soc (C/N) ,

where soc (N/Ni) ∼= S and soc (C/Ni) ∼= Si+1. Thus dimKsoc (C/N) ≥
i · dimKS for any i ≥ 1. Consequently, C is not co-noetherian.

Theorem 5.3.17. Let C be a basic socle-finite coalgebra over an arbitrary
field. If C is coprime, hereditary and co-noetherian then C is serial.
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Proof. If C is colocal, then the valued Gabriel quiver of C is either a single
point or a vertex with a loop labeled by a pair (d′, d′′). Now, if d′ ≥ 2
or d′′ ≥ 2, proceeding as in Example 5.3.16, C is not co-noetherian. Thus
d′ = d′′ = 1 and, by Theorem 5.3.4, C is serial. Assume then that C is not
colocal. Let us first develop some properties about the valued Gabriel quiver
of a localized coalgebra of C. These are inspired by the ones obtained in
Section 3.6 for path coalgebras. Let us suppose that Sx, Sy and Sz are three
simple C-comodules (where Sx could equals Sz) such that there is path in
(QC , dC)

Sx
(d1,d2) // Sy

(c1,c2) // Sz .

Let e ∈ C∗ be an idempotent and eCe the localized coalgebra associated to e
whose quotient functor we denote by T . Assume that Sx and Sz are torsion-
free and Sy is torsion. Since C is hereditary, Ez/Sz ∼=

⊕
j∈J E

rj
j

⊕⊕
t∈T E

rt
t ,

where Sj is torsion for all j ∈ J and St is torsion-free for all t ∈ T , and rα
is a positive integer for any α ∈ J ∪ T . Now, since there is an arrow from
Sy to Sz, y ∈ J and E

ry
y ⊆ Ez/Sz, where ry = c1. Then T (Ec1

y ) ⊆ T (Ez/Sz).

Finally, since Sd1x ⊆ T (Ey) ∼= T (Ey/Sy) then Sd1c1x ⊆ T (Ez/Sz) = Ez/Sz.
That is, there exists an arrow

Sx
(h1,h2) // Sz

in (QeCe, deCe) such that h1 ≥ d1c1. By Proposition 3.3.2, it is easy to see that
h2 ≥ d2c2. Note that the hereditariness is a left-right symmetric property.

By an easy induction one may prove that if there is a path

Sx
(a0,b0) // S1

(a1,b1) // · · · // Sn−1
(an−1,bn−1)// Sn

(an,bn) // Sz (5.1)

such that Si is torsion, for all i = 1, . . . , n. Then there is an arrow

Sx
(h1,h2) // Sz

in (QeCe, deCe) such that h1 ≥ a0a1 · · · an and h2 ≥ b0b1 · · · bn. Furthermore,
following this procedure, one may prove that if P = {pl}l∈Λ is non empty,
where P is the set of all possible paths pl in (QC , dC) as described in (5.1),
i.e., starting at Sx, ending at Sy and whose intermediate vertices are torsion,
then there is an arrow

Sx
(h1,h2) // Sz

in (QeCe, deCe) such that h1 =
∑

l a
l
0a
l
1 · · · alnl

and h2 =
∑

l b
l
0b
l
1 · · · blnl

. Here
we have denoted by al0, . . . , a

l
nl

and by bl0, . . . , b
l
nl

the first and the second
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component, respectively, of the labels of the arrows whose composition build
the path pl.

Now we consider a primitive orthogonal idempotent ex ∈ C∗ and exCex
the localized coalgebra of C associated to ex. By [GTNT07, Proposition 1.8]
and [Gab62, p. 376, Corollary 5], exCex is co-neotherian and hereditary,
respectively. Therefore, following the colocal case, the valued Gabriel quiver
of exCex must be a single point or a vertex with a loop labeled by (1, 1). As a
consequence, by the above considerations, each vertex of the valued Gabriel
quiver of C is inside of at most one cycle and, if exists, the arrows of that
cycle are labeled by (1, 1).

Finally, we prove that for each pair of vertices of QC there is a cycle
passing through these two vertices. This yields the statement of the the-
orem since, together with the above conditions, the only possible quiver is
(QC , dC) = Ãn for some n ≥ 1 and then C is serial.

Fix two different simple comodules Sx and Sy. Let ex and ey be the
primitive orthogonal idempotents in C∗ associated to Sx and Sy, respectively.
We set e = ex + ey. By [JMR, Proposition 4.1], eCe is prime. First, let us
suppose that there is no path in QC from Sx to Sy nor vice versa. Then
eCe has two connected components and, by [Sim06, Corollary 2.4(b)], eCe is
not indecomposable. Thus eCe is not prime (cf. [JMR, Lemma 1.4]). Now,
suppose that there is a path from Sx to Sy but there is no path from Sy to
Sx. Then the valued Gabriel quiver of eCe is a subquiver of the following
quiver:

Sx
(a,b) //

��
Sy
��

.

By Corollary 3.4.19, exCey = Tx(Ey) 6= 0 and eyCex = Ty(Ex) = 0. There-
fore, there is a vector space direct sum decomposition eCe = exCex⊕exCey⊕
eyCey. A straightforward calculation shows that the linear map

Ψ : D =

(
eyCey exCey

0 exCex

)
−→ eCe,

between eCe and the bipartite coalgebra D (in the sense of [KSb]), given by

Ψ

(
a b
0 c

)
= a+ b+ c

is an isomorphism of coalgebras, see [CGT02] for definitions and details about
the structures of the spaces exCex, eyCey and exCey. We recall that the
coalgebra structure of the bipartite coalgebra D is given by the formulae:

• ∆(a+ b+ c) = ∆y(a) + ρy(b) + ρx(b) + ∆x(c), where ρy and ρx are the
eyCey-exCex-bicomodule structure maps of exCey; and ∆x and ∆y are
the comultiplication of the coalgebras eyCey and exCex, respectively.
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• ε(a + b + c) = εy(a) + εx(b), where εy and εx are the counit of the
coalgebras eyCey and exCex, respectively.

Then eCe = eyCey ∧ exCex and therefore eCe is not prime.

Now we prove the Eisenbud-Griffith Theorem for coalgebras.

Corollary 5.3.18. If C is a subcoalgebra of a prime, hereditary and strictly
quasi-finite (left and right) coalgebra over an arbitrary field, then C is serial.

Proof. By [CGT04, Proposition 1.5], we may assume that C is prime, hered-
itary and strictly quasi-finite itself. Let e ∈ C∗ be an idempotent such that
the localized coalgebra eCe is socle-finite. By [Gab72, p. 376, Corollary 5],
[JMR, Proposition 4.1] and [GTNT07, Proposition 1.8], eCe is hereditary,
prime and right strictly quasi-finite, respectively. Moreover, by [GTNT07,
Proposition 1.5], eCe is co-noetherian. Therefore, by Theorem 5.3.17, eCe
is serial. Thus the result follows from Proposition 5.3.12.

5.4 Other examples

Following [Sim05], a string coalgebra is a path coalgebra C = C(Q,Ω) of
a quiver with relations (Q,Ω) which satisfies the following properties:

(a) Each vertex of Q is the source of at most two arrows and the sink of at
most two arrows.

(b) The ideal Ω is generated by a set of paths.

(c) Given an arrow i β // j in Q, there is at most one arrow j α // k in

Q and at most one arrow l γ // i in Q such that αβ ∈ C and βγ ∈ C.

In [Sim05], it is proved that every string coalgebra is of tame comodule
type. See also [Chi] for a relation with special biserial coalgebras and its
representation theory. Let us show that the localization process preserves
string coalgebras.

Theorem 5.4.1. Let C = C(Q,Ω) be a string coalgebra and e ∈ C∗ be an
idempotent element. Then, the localized coalgebra eCe is the string coalgebra
C(Qe,Ωe), where Ωe = eΩe ∩KQe.

Proof. Since Ω is generated by paths, KQ = C ⊕ Ω as K-vector space.
Then KQe

∼= e(KQ)e = eCe ⊕ eΩe and therefore KQe = KQe ∩ KQe ∼=
eCe⊕ (eΩe ∩KQe). It is easy to see that Ωe is generated by paths in Qe of
length greater than one.
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Let us suppose that there is a vertex i ∈ (Qe)0 which is the source of
three different arrows α, β, γ ∈ (Qe)1. Then there exist three different paths
pα = αn · · ·α1, pβ = βm · · · β1, pγ = γr · · · γ1 ∈ CellQX ∩ C such that their
cellular decompositions are α, β and γ, respectively. We have that α1, β1

and γ1 are three arrows in Q starting at i and, since C is string, at least two
of them are the same. For instance, suppose that α1 = β1. Furthermore,
pα 6= pβ so there exists an integer s such that αs · · ·α1 = βs · · · β1 and
αs+1αs · · ·α1 6= βs+1βs · · · β1.

◦ ///o/o/o/o/o/o/o ◦
◦ α1=β2// ◦ αs=βs // ◦

αs+1 88pppppp

βs+1
&&NNNNNN

◦
α1=β1 88pppppp

γ1 &&NNNNNN ◦ ///o/o/o/o/o/o/o ◦
◦ ///o/o/o/o/o/o/o/o/o/o/o/o ◦

By the condition (c) of the definition of string coalgebra, βs+1βs /∈ C or
αs+1αs /∈ C and then pα /∈ C or pβ /∈ C. We get a contradiction. We may
proceed analogously if there are three different arrows ending at i.

Let j α // i , i β // k and i γ // l be three arrows in Qe such that
βα ∈ eCe and γα ∈ eCe. As above, there exist three different paths pα =
αn · · ·α1, pβ = βm · · · β1, pγ = γr · · · γ1 ∈ CellQX ∩ C such that their cellular
decompositions are α, β and γ, respectively. Since pβ 6= pγ, there exists an
integer s such that γs · · · γ1 = βs · · · β1 and γs+1γs · · · γ1 6= βs+1βs · · · β1.

◦ ///o/o/o/o/o/o/o ◦
◦ ///o/o/o/o/o/o/o ◦ αn // ◦ β1=γ1 // ◦ βs=γs // ◦

βs+1 88pppppp

γs+1 &&NNNNNN

◦ ///o/o/o/o/o/o/o ◦

If s ≥ 1 then βs+1βs /∈ C or γs+1γs /∈ C and then pβ /∈ C or pγ /∈ C. This is
a contradiction, so s = 0. But in that case, since C is string, β1αn /∈ C or
γ1αn /∈ C and then βα /∈ eCe or γα /∈ C. The dual case is similar and the
proof follows.

Definition 5.4.2. A coalgebra is said to be gentle if it is a string coalgebra
C(Q,Ω) which satisfies the following extra statement:

(d) Given an arrow i β // j in Q, there is at most one arrow j α // k in

Q an at most one arrow l γ // i in Q such that αβ /∈ C and βγ /∈ C

Unlike it happens with string coalgebras, the localized coalgebra of a
gentle coalgebra does not have to be gentle.
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Example 5.4.3. Let Q be the quiver

◦ β2 // ◦
◦ α // ◦

β1 66nnnnnn

γ ((PPPPPP

◦

and C the gentle subcoalgebra of KQ generated by all arrows and all vertices,
and the paths β2β1 and β1α. Let e be the idempotent element associated to
the subset of vertices X = Q0\s(β2). Then eCe is the admissible subcoalgebra
of the path coalgebra of the quiver

◦
◦ α // ◦

β 66nnnnnn

γ ((PPPPPP

◦

generated by the set of vertices and the set of arrows. Obviously eCe is not
a gentle coalgebra.
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preprint, 2006, 15 pages.

[KSa] M. Kontsevich and Y. Soibelman. Notes on A∞-algebras, A∞-
categories and Non-Commutative Geometry. I. http://arxiv.

org/abs/math/0606241.

[KSb] J. Kosakowska and D. Simson. Bipartite coalgebras and a reduc-
tion functor for coradical square complete coalgebras. 2007, 29
pages.

http://arxiv.org/abs/math/0606241
http://arxiv.org/abs/math/0606241


Bibliography 127

[KS05] J. Kosakowska and D. Simson. Hereditary coalgebras and repre-
sentations of species. J. Algebra, 293:457–505, 2005.

[Lam06] T. Y. Lam. Corner ring theory: A generalization of Peirce decom-
position. I. In Algebras, rings and their representations. 153-182.
World Sci. Publ., Hackensack, NJ., 2006.
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