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Introduction

(Q, d, ) Metric space. u Borel probability measure.
FiQ R, feLipQ)
Problem:

Obtain pointwise inequalities that can be applied to provide a
unified treatment of Sobolev-Poincaré inequalities

‘f—/fdu
Q

where X, Y are function spaces on Q.

= IVflix, f e Lip(%),
Y
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» What does mean |Vf|, (f Lip.)

» On R” Poincaré's inequalities depend on dimension!!
Which is the role of the dimension ?

» What kind of function spaces on Q 7

» What norms are appropriate to measure the integrability
gains?
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To measure the integrability
Only the "size of the function” is needed
= r.i spaces.
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Basic definitions: Function spaces
To measure the integrability
Only the "size of the function” is needed
= r.i spaces.
distribution function

pu(t) = pi{x € Q:Ju(x)| > t}, (£ = 0).

decreasing rearrangement u;, of u:

u,(s) =inf{t: py(t) <s}, (s >0).
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Basic definitions: Function spaces
To measure the integrability
Only the "size of the function” is needed
= r.i spaces.

maximal function u/’j* of u:

ur(t) = - /0 (s (F+g)(E) < () + g2 (1),
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Basic definitions: Function spaces
To measure the integrability
Only the "size of the function” is needed
= r.i spaces.

X = X(£) Banach function space is a r.i. space if:
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Basic definitions: Function spaces
To measure the integrability
Only the "size of the function” is needed
= r.i spaces.

X = X(£) Banach function space is a r.i. space if:
feX g, =f =gecXand [lglx = Ifllx-

ok ok urBe
() < g7 (0) = IFllx < gl



Basic definitions: Function spaces
Examples:

» [P-spaces

Ifll, = </|f P il )”P </0°°uu >1:,,
) (f sera)”
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Basic definitions: Function spaces
Examples:

» [P-spaces

o (o) ([ inac)”
= ([

» Lorentz spaces LP9

1 q dt 14
”pr’q = (/0 <t1/pf:(t)> t) ) [Pl =[PP — [P [P®

» Others:

i urB
Orlicz spaces. e



An r.i. space X(£2) can be represented by a r.i. space on the
interval (0, 1), with Lebesgue measure, X = X(0, 1), such that

Ifllx = 11

for every f € X.
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An r.i. space X(£2) can be represented by a r.i. space on the
interval (0, 1), with Lebesgue measure, X = X(0, 1), such that

Ifllx = 11

for every f € X.
Hardy's Operators:

/0 (o) QF(t) = /t h f(s)§

P:X—>Xeag<l. Q: X —> X< ay>0.
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Classical inequalities: Q C R”", "nice”. (fQ f = O)

Gagliardo-Nirenberg-Sobolev-Petre: 1 < p < n, g = n’i”p

/0 <1/qf*(t) c/|w )IP dx.
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Classical inequalities: Q C R”", "nice”. (fQ f = 0)

Gagliardo-Nirenberg-Sobolev-Petre: 1 < p < n, g = n’f’p

/(qu* t) <C/Wf )|P dx.
0

nn

. /1 o2t < c/ V()| dx
n—n 0 t = Ja '

q:
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Classical inequalities: Q C R”", "nice”. (fQ f = O)

pn

Gagliardo-Nirenberg-Sobolev-Petre: 1 < p < n, g = —

/(qu* t) <C/Wf )|P dx.
0

nn ! dt
_ *(\n < n dx.
=00 /0 *(t) i C/Q|Vf(x)\ dx

Maz'ya, Hansson, Brézis-Wainger: Lorentz norms are replaced in
order to accommodate exponential integrability.

q:
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Classical inequalities: Q C R”", "nice”. (fQ f = O)

pn
n—p

/01 <t1/qf*(t)>p? < (;/Q IV£(x)[P dx.

Gagliardo-Nirenberg-Sobolev-Petre: 1 < p < n, g =

nn

q:

! * ndt n
o, / <t < c/ V)| dx.
0 t Q

Maz'ya, Hansson, Brézis-Wainger: Lorentz norms are replaced in
order to accommodate exponential integrability.

/01 < IZZ(%)ndf s¢ /Q V()" dx.

n—n
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Classical inequalities

(Bennett-DeVore-Sharpley) Oscillation of f: £**(t) — £*(t)
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Classical inequalities

(Bennett-DeVore-Sharpley) Oscillation of f: f**(t) — £*(t)
Ifl<g<oo, 0<p< oo, then

171 o = {/Ooo [GRGEAG) tl/q]” dtt}

Sobolev embedding p = n: (Bastero-Milman-Ruiz;
Milman-Pustylnik)

1/p

W,""(Q) C L(oo, n)() & Ha(€)

b <
Lo, (@) = {F < i = [ (0= F(0) T < o0}

S
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Classical inequalities

(Bennett-DeVore-Sharpley) Oscillation of f: f**(t) — £*(t)
Ifl<g<oo, 0<p< oo, then

Hﬂmm~{lmk#wm—ﬂu»ﬁﬂpf}

Sobolev embedding p = n: (Bastero-Milman-Ruiz;
Milman-Pustylnik)

1/p

W,""(Q) C L(oo, n)() & Ha(€)

b <
Lo, (@) = {F < i = [ (0= F(0) T < o0}

s
In particular

/

11| ooy < 00 = F € €™
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In summary, we can write:
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In summary, we can write:

1<p<oo qg= p”p

/01 (tl/q(f**(t)* f*(t)))p% < C/Q‘Vf(xﬂp dx.

Ifp>n

1]l < /01 (5557 (0) ()’ %
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In summary, we can write:

1<p<oo, g= ””p

/01 (tl/q(f**(t)* f*(t)))p# < C/Q‘Vf(xﬂp dx.

(F) (1) = — (F7 (1) = (1)),
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In summary, we can write:

1<p<oo, g= ””p

/01 (tl/q(f**(t)* f*(t)))p% < C/Q‘Vf(xﬂp dx.

(F) (1) = —% (F7(2) = (1)),

/01 (tl—l/"(—f**)’)pdt < c/f'2 V£ (x)|P dx.
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Euclidean setting: Characterization and Optimality
M-Milman-Pustylnik: Let X(£2), Y() r.i spaces. There are equiv.

1.
Iy < IV Fllx
. /
1/2
‘ JRC LG P
t -
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Euclidean setting: Characterization and Optimality
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Euclidean setting: Characterization and Optimality

M-Milman-Pustylnik: Let X(€2), Y () r.i spaces. There are equiv.

1.
Iflly 2 IVFlx
1/2 d
‘ / Fo)s" | < 1l
t S -
Moreover:
L Ifay>12
IFlly = [F@eo] =19

IFlly = || (70 = £y e

=<
o XVl
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Gaussian setting: Why?

nnnnnnnnnnnnnnnnnn



Gaussian setting: Why?

Gross' inequality:

/ ()R In|F(x)] d(x) < / V7 () dynx).
Rn Rn
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Gaussian setting: Why?

Gross' inequality:

/ ()R In|F(x)] d(x) < / V7 () dynx).
Rn Rn

This inequality does not depend on n!!!
In terms of r.i. spaces, we can write

(=) (8)
FE(8) — F*(t 1
<()t()>t og < IVF,2

£2[0,1]
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Gaussian setting: Characterization

M-Milman: X, Y r.i. There are equivalent:

() f e Lip(R?) (] fdn=0)

Iflly = IV Flx -

(i) f € X positive,

1/2
/ o) — | <x.
t
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Gaussian setting: Optimality
(i) If ay >0,

Illy < |[f(£)4/log —

‘ < [IVFiix-
X




Gaussian setting: Optimality
(iii) If ax >0,

Illy < |[f(£)4/log —

‘ < [IVFiix-
X

(iv) If 0 =ay <ax <1,

Kok * / 1
(f;l. (t) - f;l(t)) IOg; R

= VAl

Illy = 1l




Gaussian setting: Optimality

(iii) If oy > 0,
1
f, (t)y/log —
Hlix

Iy < ' < [9lx.

X=12 a.=1/2

/ )R In £ ()] dy(x) < / VF(x)2 dya(x), (Gross)

.l



Gaussian setting: Optimality

(iv) If 0=ayx <ax <1,

k% * 1
(fﬂ (t) — f#(t)) wlog; .

Illy 1l
IVFx-

A

IA

X = L™, a;0 = 0 we obtain the concentration result

ok * 1
(f# (t) — f#(t)) \/Iogz |

2 URB
<oo=fe eL . e




Euclidean setting:

’

(=) (1)
iy = |(FEEED) el <ol
X
Gaussian setting
(=) ()
iy = |(C QD) e og t| <o
X
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Symmetrization by truncation: Isoperimetry

(Q, d, ) Metric spaces, p Borel probability measure.
A C Q, Borelian set
(AR — u(A)
(A) = lim inf 1A
() = fim o, =

Ap={x € Q:d(x,A) < h}.
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Symmetrization by truncation: Isoperimetry

(Q, d, ) Metric spaces, p Borel probability measure.
A C Q, Borelian set

Ap={x € Q:d(x,A) < h}.

The boundary measure is a natural generalization of the notion of
surface area to the metric probability space setting.
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Symmetrization by truncation: Isoperimetry

(Q, d, ) Metric spaces, p Borel probability measure.
A C Q, Borelian set

Ap={x € Q:d(x,A) < h}.

An isoperimetric inequality measures the relation between p™(A)
and p(A) by means of the isoperimetric profile | = [q 4,y defined
as the pointwise maximal function /(q 4 ) : [0,1] — [0, 00) such
that

1 (A) > a0 (1(A)),
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Example: Isoperimetric Inequality on R?
Among all regions in the plane, enclosed by a piecewise C?
boundary curve, with area A and perimeter L,

AA < 2.

If equality holds, then the region is a circle.

.y




Symmetrization by truncation: Isoperimetry

l@,d,.1) isoperimetric profile.

J:]0,1] — [0, 00) continuous, concave function, symmetric about
1/2 with J(0) = 0 st.

he,aum(t) = J(t), (¢ €0,1/2])

will be called an isoperimetric estimator
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l@,d,.1) isoperimetric profile.

J:]0,1] — [0, 00) continuous, concave function, symmetric about
1/2 with J(0) = 0 st.
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Symmetrization by truncation: Isoperimetry

liQ,d,,1) isoperimetric profile.

J:]0,1] — [0, 00) continuous, concave function, symmetric about
1/2 with J(0) = 0 st.

Kaa(®) > (1), (€ [0,1/2])

will be called an isoperimetric estimator
Q C R” ("nice”) J(t) =~ tlr=V/n
R, dyn(x) = (2m)~"/2e*/2dx, J(t) ~ t (log 1)"/?

Condition 1. In what follows we shall assume (2, d, i) has a
nonzero isoperimetric estimator.

.l



Symmetrization by truncation: The gradient

Metric spaces: Rademacher theorem is not true in general.
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Symmetrization by truncation: The gradient

Metric spaces: Rademacher theorem is not true in general.

Modulus of the gradient:

: |(x) = f(y)]
Vf(x)| = limsup —————=—,
’ ( )’ d(x,y)—0 d(X7 y)
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Symmetrization by truncation: The gradient

Metric spaces: Rademacher theorem is not true in general.

Modulus of the gradient:

: |(x) = f(y)]
Vf(x)| = limsup —————=—,
’ ( )’ d(x,y)—0 d(X7 y)

Condition 2. We assume that (€2, ) is such that for every
f € Lip(2), and every c € R, we have that |[Vf(x)| =0, a.e. on
the set {x : f(x) = c}.
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Symmetrization by truncation: The gradient

Metric spaces: Rademacher theorem is not true in general.

Modulus of the gradient:

iy [0~ A0
IVf(X)’ B cl(x,y)fo (Xay) 7

Condition 2. We assume that (€2, ) is such that for every
f € Lip(2), and every c € R, we have that |[Vf(x)| =0, a.e. on
the set {x : f(x) = c}.

Condition 1 and 2 are verified in all the classical cases: Euclidean,
Gaussian, Riemannian manifolds as well as for doubling measures
(homogeneous spaces).
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Symmetrization by truncation
I :]0,1] — [0, 00) isoperimetric estimator, there are equiv.

1.
VA C Q, Borel set, " (A) > I(u(A)). Isoperimetric
2. ~
/ 11 (5))ds < / V()| dp(x). Ledoux
0 Q
3.

(=) (s)I(s) < = /{f ) |Vf(x)|du(x). Maz'ya - Talenti

/( ds</ |V£], (s)ds. Pélya-Szegd
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Symmetrization by truncation
I :]0,1] — [0, 00) isoperimetric estimator, there are equiv.

1.
VA C Q, Borel set, " (A) > I(u(A)). Isoperimetric
2. ~
/ 11 (5))ds < / V()| dp(x). Ledoux
0 Q
3.

(=) (s)I(s) < = d /{f>f o) |VFf(x)| du(x). Maz'ya - Talenti

t
/ (- ))*(s)ds < / VT’ (s)ds. Polya-Szegd
0

(—fj‘*)’l(t) — (F*(t) — @j(t))’(:) < |VF[7" (t). Oscillation




Applying a r.i. norm X on Q

Il = | 70 - £26) “2 I

< (VAR
X

In the classical cases (Euclidean, Gaussian) is the best possible.
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(1) = (2). (Coarea formula in metric spaces (Bobkov-Houndre)).
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(1) = (2). (Coarea formula in metric spaces (Bobkov-Houndre)).
Idea others implications: 0 < t; < t» < 0o. The smooth
truncations of f are defined by

th — t1 if ‘f(X)| > to,
ft?(x): ‘f(X)|—t1 if 1 < ’f(X)‘ < to,
0 if 1F(x)] < 1.
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(1) = (2). (Coarea formula in metric spaces (Bobkov-Houndre)).
Idea others implications: 0 < t; < t» < 0o. The smooth
truncations of f are defined by

th — t1 if ‘f(X)| > to,
ft?(x): ‘f(X)|—t1 if 1 < ’f(X)‘ < to,
0 if 1F(x)] < 1.

| tgstones < [ 95200 di

[ g (60)ds > () min (1111 = ). 117> ).

Fors>0and h> 0, pick t1 = £(s + h),t2 = £(s),

(£1(s) = £r(s+ h)) min(/(s+h), I(s)) <

1 IVI£1 ()] d)

/{f;(s+h)<|f|<f;(5)}
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(1) = (2). (Coarea formula in metric spaces (Bobkov-Houndre)).
Idea others implications: 0 < t; < t» < 0o. The smooth
truncations of f are defined by

th — t1 if ‘f(X)| > to,
ft?(x): ‘f(X)|—t1 if 1 < ’f(X)‘ < to,
0 if 1F(x)] < 1.

| tgstones < [ 95200 di

[ g (60)ds > () min (1111 = ). 117> ).

Fors>0and h> 0, pick t1 = £(s + h),t2 = £(s),

(fu*(s) — f;(s + h)) min(/(s+h), I(s)) <

/{f;(s+h)<|f|Sf;(S)}

IVI£1 ()] d)



| lsoperimetric estimator

1/2
QF(t) = / {Or=1
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| lsoperimetric estimator

1/2
QF(t) = / {Or=1

Q C R" ("nice”) Iq(t) = c,t(r=/n

1/2
Q/f(t):/t f(s)s

S

1/n§
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| lsoperimetric estimator

1/2
QF(t) = / {Or=1

Q C R" ("nice”) Iq(t) = c,t(r=/n

1/2
Qif(t) = / f(s)sl/"f
t

s
n _ —n/2 —|x[2/2 _ 1)1/2
R", dvyn(x) = (27) e dx, lo(t) = ct (log })

ds

s\/log%

1/2
QF(t) = / (s)




Hardy isoperimetric type
X, Y r.i. spaces on Q. Assume that 0 < f € X, suppf C (0,1/2),

IQiflly < Clifllx-
Then, Vg € Lip(Q2)

Hg - / gdu
Q

= Velx-
Y
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Hardy isoperimetric type
X, Y r.i. spaces on Q. Assume that 0 < f € X, suppf C (0,1/2),

IQiflly < Clifllx-

Q

(a) Si Qf(t) = @ftl/z f(s)% is bounded on X. Vg € Lip(Q),

Then, Vg € Lip(Q2)

= Velx-
Y

It
e [ean| =|(e- [en) 0] <17el.
Q Y Q2 I X
(b) lfax <1,
Hg—/gdu = Hg—/gdu =2 IVellx -
Q Y Q




Hardy isoperimetric type

Definition

(Q,d, p) is of isoperimetric Hardy type if for any given
isoperimetric estimator /, the following are equivalent for all r.i.
spaces X = X(Q), Y = Y(Q) : there exists a constant

¢ = ¢(X,Y) such that
< c||Vfllx, Vfe Lip().

1.
o
Q Y

2. There exists a constant ¢; = ¢1(X, Y) > 0 such that

IQiflly <allflly, 0<feX, with supp(f) C (0,1/2),

where @ is the isoperimetric Hardy operator

1/2 S
QF(t) = / f(s),Z’s). (1)

.l



Hardy isoperimetric type

Examples:
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Hardy isoperimetric type

Examples:
1. Q C R" "nice”
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
3. (R, ), " = p(x1) - p(xe)dx
po(x) = Zyt exp (—0(|x])) dx = p(x)dx,

® convex, v/® concave, Z(;l tq. po(R) =1.

xeR
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
3. (R", duf"), ke = ¢(x1) - ¢(xn)dx

po(x) = Zg ' exp (=@(|x])) dx = o(x)dx,

® convex, v/® concave, Z(;l tq. po(R) =1.
4. S" the the n—sphere.

xeR
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
3. (R", duf"), ke = ¢(x1) - ¢(xn)dx

po(x) = Zdjl exp (—P(|x|)) dx = ¢(x)dx, x€eR

® convex, v/® concave, Z(;l tq. po(R) =1.
4. S" the the n—sphere.

5. Model Riemannian manifolds (Ros).
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
3. (R", duf"), ke = ¢(x1) - ¢(xn)dx

po(x) = Zdjl exp (—P(|x|)) dx = ¢(x)dx, x€eR

® convex, v/® concave, Z(;l tq. po(R) =1.
. S" the the n—sphere.

[S2 B N

. Model Riemannian manifolds (Ros).

6. Surfaces of revolution (" controlled” curvature).
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Hardy isoperimetric type

Examples:
1. Q C R" "nice"
2. (R",~,) Gaussian
3. (R", duf"), ke = ¢(x1) - ¢(xn)dx

po(x) = Zdjl exp (—P(|x|)) dx = ¢(x)dx, x€eR

® convex, v/® concave, qul tq. po(R) =1.
4. S" the the n—sphere.
5. Model Riemannian manifolds (Ros).
6. Surfaces of revolution (" controlled” curvature).
Proof: “There is a special symmetrization that does not increase

the norm of the gradient”

.l



Hardy isoperimetric type

Gaussian case: H(r) = f o1(t

f € Lip(R"), f°(x) = f;(H(x1)) x € R™.
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Hardy isoperimetric type

Gaussian case: H(r) = ["_ ¢1(t
f € Lip(R"), f(x) = f;(H(x1)) x € R™.

A Young's function. s = H(x1).

1
/0 A((—f;)/(s)l(s)) ds:/A((—f:)'(H(xl))/(H(xl))‘H/(xl)]dxl

R

= [ AUTFEDR). (1) = a7 (0)
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Hardy isoperimetric type

Gaussian case: H(r) = ["_ ¢1(t
f € Lip(R"), f(x) = f;(H(x1)) x € R™.

A Young's function. s = H(x1).

1
/0 A((—f;)/(s)l(s)) ds:/A((—f:)'(H(xl))/(H(xl))‘H/(xl)]dxl

R

N /R A(IV )N du(x), (1(t) = d1(H (1))
/O ywoy;ds—/o (£ () (s)ds

.l




Hardy isoperimetric type

Gaussian case: H(r) = ["_ ¢1(t
f € Lip(R"), f(x) = f;(H(x1)) x € R™.

A Young's function. s = H(x1).

1
/0 A((—f;)/(s)l(s)) ds:/A((—f:)'(H(xl))/(H(xl))‘H/(xl)]dxl

R

= [ AUTFEDR). (1) = a7 (0)

/O ]Vf"]:ds_/o ((_f;)/(.)/(.))*(s)dsg/o VFL (s)ds

.l
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lully = [[Vullx

0<f, suppf C(0,1/2),

1 S
F(t) = /t f(s)IE’S)

u(x) = F(H(x1))
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lully = [[Vullx

0<f, suppf C(0,1/2),

1 S
F(t) = /t f(s)IE’S)

u(x) = F(H(x1))
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Hardy isoperimetric type

Let 0 < B < 1/2. Consider

I(s)=s'" 0<s<1/2.

1. There is a metric space (Qo, do, 110) st- 1(S) = [Qq,do,u0)(5)

Hg - / gd o
Qo

but Q; : X — Y is not bounded.

<cllVglx. &€ Lip(S0),
y
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Hardy isoperimetric type

Let 0 < B < 1/2. Consider

I(s)=s'" 0<s<1/2.

1. There is a metric space (Qo, do, 110) st- 1(S) = [Qq,do,u0)(5)

Hg - / gd o
Qo

but Q; : X — Y is not bounded.
2. There is a metric spaces (21, d1, p11) st. 1(s) = [, d,u1)(5);

Hg—/ gd o
Qo

<cllVglx. &€ Lip(S0),
y

< c||Vellx, g € Lip(Q1) < @ : X — Y bound.
Y

.l



Transference Principle

Theorem
(Q,d, u) isoperimetric Hardy type. Suppose that (1, d1, 111)
probability metric space st.

I(Ql,dl,;u)(t) > CI(Q,d,u)(t)7 tc (0? 1/2]

X(2), Y(Q) r.i. spaces st.
Hg - / gdu” < cllIVslllxy, forall g€ Lip().
Q Y(Q)

Then,

Hg - / gdu
9}]

< c|IVslllx(q). forall g € Lip(S1).
Y ()

.l



Corollary

Let M be a (compact) connected Riemannian manifold of
dimension n > 2, with Ricci curvature bounded from below by

p > 0. Let o be the normalized volume on M. Let X(0,1), Y(0,1)
be two r.i. spaces for which the following Poincaré inequality
holds in the probability space (S", d, o)

Hg_/ gdo'n

holds. Then,

Hg — / gdo
M

= IIVellxsn . &€ Lip(S").
Y (S7)

=< 1 Vellx . & € Lip(M).
Y (M)

.l



Corollary

Let M be a (compact) connected Riemannian manifold of
dimension n > 2, with Ricci curvature bounded from below by

p > 0. Let o be the normalized volume on M. Let X(0,1), Y(0,1)
be two r.i. spaces for which the following Poincaré inequality
holds in the probability space (S", d, o)

Hg_/ gdo'n

holds. Then,

Hg — / gdo
M

Gromov's theorem:

= IIVellxsn . &€ Lip(S").
Y (S7)

=< 1 Vellx . & € Lip(M).
Y (M)

.l



A question of Triebel

Dimension free Sobolev inequalities for the space
° 7wl Qn
WiiQn = Ge@n Y =1
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In our notation:

1 1 1/q
([rr@raropd) =19 e + e

for a suitable power a =7 of the logarithm.
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A question of Triebel

Dimension free Sobolev inequalities for the space
° 7wl Qn
WiiQn = Ge@n Y er=.1)

In our notation:

1 1 1/q
([rr@raropd) =19 e + e

for a suitable power a =7 of the logarithm.

Ign > 1,,. (Ros)
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A question of Triebel

Dimension free Sobolev inequalities for the space
° 7wl n

WHQ™) = G ™ @n = (0,1

In our notation:

1 1 1/q
([rr@raropd) =19 e + e

for a suitable power a =7 of the logarithm.

lQn Z I'Yn‘ (ROS)

(R",~p) of Hardy isoperimetric type, we can transfer to Q" the
Gaussian Poincaré inequalities.
By the asymptotic of /,,

(/01 Kf - / f>* (t)]q (1 + log 1)”2 dt) v <V F ) 1o

unB
with constants independent of the dimension. e



= {x =G, ) XIS = P+ P <1}, 1<p <2

vol ’Blr;

P~ Vol(Bp)

.l



= {x=Ca, o) IxIh = Bl + o+ al” < 1

vol ’Bg

P vol(BY)

1
lvn(a) > c2/Palogl=t/P p (Sodin).

Universtat Autdnomn
aeBarcelona



Bg:{x:(xl,--- ,xn);||x|yg=|x1v’+---+|xn|f’g1}, 1<p<2,
_ vol ’B;':"
P vol(B)

1
Ivn(a) > c2Y/Palogl=t/p B (Sodin).

pp(x) = Zp_1 exp(— [x|P)dx, xé€eR.

(R", u3™) is of Hardy isoperimetric type.

.l



By = {x=Ca, - x) t IxlE =l P <1}, 1<p<2
vol ’Bg
P vol(BY)
1
Ivn(a) > c2t/Palogtt/p B (Sodin).
pp(x) = Zp_1 exp(— [x|P)dx, xé€eR.
(R", u3") is of Hardy isoperimetric type. By Transference
1 1\ 91-1/p) \ 19
*(4)9 b
[ror(1eest) T d) <19y,
L

with constants that are independent of the dimension.



Weak assumptions

Condition 1: The isoperimetric profile /i 4, is a concave
continuous function, increasing on (0,1/2), symmetric about the
point 1/2 such that, moreover, vanishes at zero.

Condition 2: For every f € Lip(Q2) , and every ¢ € R, we have
that |Vf(x)| =0, p—a.e. on the set {x : f(x) = c}.

.l



Weak assumptions

Condition 1: The isoperimetric profile /i 4, is a concave
continuous function, increasing on (0,1/2), symmetric about the
point 1/2 such that, moreover, vanishes at zero.

Condition 1': The isoperimetric profile /g 4, is a positive
continuous function that vanishes at zero.

SDRE.




Weak assumptions

Condition 1: The isoperimetric profile /i 4, is a concave
continuous function, increasing on (0,1/2), symmetric about the
point 1/2 such that, moreover, vanishes at zero.

Condition 1': The isoperimetric profile /g 4, is a positive
continuous function that vanishes at zero.
I'=lq,q,) isoperimetric. 1 < q < oco.

1—gq

1 rt(_s q;il ¢ ;
Wq(t) — (t fO (@) dS) if q> 1

infocscs 1) if g = 1.

.y




Theorem

Let (Q2,d, u) be a metric probability space that satisfies Conditions
1'and 2, and let 1 < q < oo. Then for f € Lip(Q) N L*(Q), and
for all t € (0,1), we have

.l



Theorem
Let (Q,d, ) be a metric probability space satisfying Condition 1’,
and let 1 < q < oo. Then for f € Lip(Q) N L (), we have

(£2(£) (1) wq(£) < (1 /Ot (\Vf;)q(s)ds>l/q, for t € (0,1).
(4)

.l
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Computing Isoperimetric estimators. Semigrup approach
(Ideas comes from: Ledoux-E.Milman)

» (M, g) n-dimensional (n > 2) smooth complete oriented
connected Riemannian manifold or (M, g) = (R", |- |), and
Q=M.

» d induced geodesic distance on (M, g)

> du = exp(1)dyom, 1 € C2(M), and as tensor fields on M:

Ricg + Hessy >0
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Computing Isoperimetric estimators. Semigrup approach
(Ideas comes from: Ledoux-E.Milman)

» (M, g) n-dimensional (n > 2) smooth complete oriented
connected Riemannian manifold or (M, g) = (R", |- |), and
Q=M.

» d induced geodesic distance on (M, g)

> du = exp(1)dyom, 1 € C2(M), and as tensor fields on M:

Ricg + Hessy >0

associated Laplacian:
A =Ba—-VY-V

(Aq Laplace-Beltrami operator on Q).
(Pt)t>0 semi-group associated to the diffusion process with
infinitesimal generator Aq ) characterized by

0

aPt(f) = A u)(Pe(f)), Po(f)=f,

unB
(P¢)t>0 heat semig. infinitesimal generator L = A — V) - V L



> Pl =1.

> f>0= P >0.

> [(Pif)gdu = [ f(Peg)dp.
(PeF)™ < Pfo, Ya > 1.
PioPs = Pyt

v

vV v Y

2t |VPf|> < Pef? — (Pef)?.

P: : X(22) — X(Q2) is bounded for any r.i. space X(2).

.l



Theorem
Q = (M, g) as before
(i) X is q concave (q > 2);

or
(ii) ax < 1/2.
(iii)
Hg - gduH <c|Vely, Vg e Lip().
Q Y
Then

ey (t(1 - t)

r2n®) 2 afll =00, (= n)

.l



1) Approximation

V2tut(A) > /\XA — Pexal dp.

.l



1) Approximation
V2tpt(A) > /|XA — Pexal dp.
2)

/|XA—PtXAdM_/(1— PtXA)dM+/ Pixadp
A O\A

=2 (u(/\) - /A PtxAdu>

_s < 1(A) (1 = u(A)) ) ‘
— Jo (Pexa — 1(A)) (xa — u(A)) du

.y




3) From hypothesis

J(t) = | (Pt(xa— u(A))) (xa — n(A)) du

H(A)
ey (u(A)

S5~

(1(A))

C
\/ZSOX

.l




3) From hypothesis

Juraéu%uA—Mm»uﬁ—um»mt

< ox(u() i (5)
4) For 0 < pu(A) <1/2

\/7
o HA) (1 — u(A) 1(A)
> BRI S s
( n(A) ¢ wx(u(A))>
V2t t oy (u(A))
( 1 C SOX >
2 2t t oy (u .
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