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Abstract

Using Legendrian immersions and, in particular, Legendre curves
in odd dimensional spheres and anti De Sitter spaces, we provide a
method of construction of new examples of Hamiltonian-minimal La-
grangian submanifolds in complex projective and hyperbolic spaces,
including explicit one parameter families of embeddings of quotients
of certain product manifolds. In addition, new examples of minimal
Lagrangian submanifolds in complex projective and hyperbolic spaces
also appear. Making use of all of them, we get Hamiltonian-minimal
and special Lagrangian cones in complex Euclidean space too.

1 Introduction

Let (M™, J,(,)) be a Kaehler manifold of complex dimension n, where J is
the complex structure and (,) the Kaehler metric. The Kaehler 2-form is
defined by w(.,.) = (J.,.). An immersion ¢ : M" — M™ of an n-dimensional
manifold M is called Lagrangian if ¢*w = 0. For this type of immersions,
J defines a bundle isomorphism between the tangent bundle T'M and the
normal bundle 7M. .

A vector field X on M is a Hamiltonian vector field if Lxw = gw, for some
funcion g € C*°(M), where L is the Lie derivative in M. This means that
there exists a smooth function F: M — R such that X = JVF , where V is
the gradient in M. The diffeomorphisms of the flux {p;} of X satisfy that
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htw, and so they transform Lagrangian submanifolds into Lagrangian

pjw=e
ones.

In this setting, Oh studied in [O] the following natural variational pro-
blem. A normal vector field £ to a Lagrangian immersion ¢ : M"™ — M™ is
called Hamiltonian if ¢ = JV f where f € C*°(M) and V f is the gradient
of f with respect to the induced metric. If f € C§°(M) and {¢ : M — M}
is a variation of ¢ with 1y = 1 and % l,_o ¥+ = &, then the first variation of

the volume functional is given by (see [O]):

d VOI(M,’Q/JI:(,»:—/ fdivJHdM,
dt|,—o M

where H is the mean curvature vector of the immersion ¢ and div denotes
the divergence operator on M. Oh called the critical points of this varia-
tional problem Hamiltonian minimal (or H-minimal briefly) Lagrangian sub-
manifolds, which are characterized by the third order differential equation
divJH =0. In particular, minimal Lagrangian submanifolds (i.e. with van-
ishing mean curvature vector) and, more generally, Lagrangian submanifolds
with parallel mean curvature vector are trivially H-minimal ones.

Even when M is a simply-connected complex space form, only few exam-
ples of H-minimal Lagrangian submanifolds are known outside the class of
Lagrangian submanifolds with parallel mean curvature vector.

This can be a brief history of them: In 1998 it was classified in [CU1]
the S'-invariant H-minimal Lagrangian tori in complex Euclidean plane C2.
H-minimal Lagrangian cones in C? were studied in 1999, see [SW]. In 2000
and 2002 (see [HR1] and [HR2]) a Weierstrass type representation formula
is derived to describe all H-minimal Lagrangian tori and Klein bottles in C2.
When the ambient space is the complex projective plane CP? or the complex
hyperbolic plane CH?, conformal parametrizations of H-minimal Lagrangian
surfaces using holomorphic data were obtained in [HR3] and [HR4] in 2002
and 2003. Making use of this technique, in 2003 H-minimal Lagrangian
symply periodic cylinders and H-minimal Lagrangian surfaces with a non
conical singularity in C? were constructed in [A]. Finally, only very recently
we can find in [M] some examples of H-minimal Lagrangian submanifolds of
arbitrary dimension in C* and CP" and in [ACR] a classification of H-minimal
Lagrangian submanifolds foliated by (n—1)-spheres in C" is given.

Our aim in this paper is the construction of H-minimal Lagrangian sub-
manifolds in complex Euclidean space C", the complex projective space CIP"



and the complex hyperbolic space CH", for arbitrary n > 2. The examples in
CP™ are constructed by projections, via the Hopf fibration II : S?**! — CP",
of certain family of Legendrian submanifolds of the sphere S?"*! (Corollary
1). The cones with links in this family of Legendrian submanifolds provide
new examples of H-minimal Lagrangian submanifolds in C**! (Corollary 6).
Using the Hopf fibration II : Hi"*!' — CH" and a similar family of Legen-
drian submanifolds of the anti De Sitter space H2"*! (see Corollary 7), we
also find out the examples of H-minimal Lagrangian submanifolds in CH".

In CP", we emphasize two different one-parameter families of H-minimal
Lagrangian immersions described in Corollaries 3 and 5; as a particular case
of one of them, in Corollary 4 we provide explicit Lagrangian H-minimal
embeddings of certain quotients of S' x S™ x S, n; +ny +1 =n.

In CH", we also point up in Corollary 8 a one-parameter family of H-
minimal Lagrangian immersions, which (in the eaisest cases) induce explicit
Lagrangian H-minimal embeddings of certain quotients of St x S™ x RH"2,
ny + ny + 1 = n (see Corollary 9), where RH"2 denotes the real hyperbolic
space.

As a byproduct, using our method of construction, we also obtain new
examples of minimal Lagrangian submanifolds in CP" (see Corollary 3, Re-
mark 2 and Corollary 5) and CH" (see Corollaries 7 and 10), as soon as
special Lagrangian cones in C"*! (see Corollary 6).

2 Lagrangian submanifolds versus Legendrian
submanifolds

Let C™*! be the complex Euclidean space endowed with the Euclidean metric
(,) and the complex structure J. The Liouville 1-form is given by A,(v) =
(v,J2), V2 € C"" Vo € T,C"", and the Kaehler 2-form is w = dA/2.
We denote the (2n+ 1)-dimensional unit sphere in C**! by S***! and by
I : §**1 — CP", 1(z) = [z], the Hopf fibration of S**™! on the complex
projective space CP". We also denote the Fubini-Study metric, the complex
structure and the K&hler two-form in CP" by (, ), J and w respectively. This
metric has constant holomorphic sectional curvature 4.

We will also note by A the restriction to S?**! of the Liouville 1-form of
C™*!. So A is the contact 1-form of the canonical Sasakian structure on the
sphere S?"*1. An immersion ¢ : M™ — S?"*! of an n-dimensional manifold



M is said to be Legendrian if ¢*A = 0. So ¢ is isotropic in C"*! ie. ¢*w =0
and, in particular, the normal bundle T+M = J(TM) & span {J¢}. This
means that ¢ is horizontal with respect to the Hopf fibration II : S+ — CP»
and, hence ® = Ilo¢ : M"™ — CP" is a Lagrangian immersion and the induced
metrics on M™ by ¢ and ® are the same. It is easy to check that J¢ is a
totally geodesic normal vector field and so the second fundamental forms of
¢ and P are related by

IL(04(v,w)) = oo (1L, ILw), Vv, w € TM.

So the mean curvature vector H of ¢ satisfies that (H,J¢) = 0 and, in
particular, ¢ : M™ — S?"*! is minimal if and only if ® =Ilo¢ : M™ — CP"
s minimal.

In this way, we can construct (minimal) Lagrangian submanifolds in CP"
by projecting Legendrian ones in S?**! by the Hopf fibration II.

Conversely, it is well known that if & : M* — CP" is a Lagrangian
immersion, then ® has a horizontal local lift to S?**! with respect to the Hopf
fibration II, which is unique up to rotations. We note that only Lagrangian
immersions in CP" have this type of lifts.

In this article, we will construct examples of Lagrangian submanifolds of
CP"™ by constructing examples of Legendrian submanifolds of S?**!. Thus

we study now some geometric properties of the Legendrian submanifolds in
g2nt1

Let © be the complex n-form on S?"*! given by

Q. (v1,...,0,) = d((cat {z,v1,..., 00}

If ¢ : M™ — S*™*! is a Legendrian immersion of a manifold M, then ¢*Q) is
a complex n-form on M. In the following result we analyze this n-form ¢*(2.

Lemma 1 If ¢ : M™ — S**! is a Legendrian immersion of a manifold M,
then
V(' Q) = an ® ¢"Q, (1)

where oy is the one-form on M defined by ay(v) = ni(H, Jv) and H is
the mean curvature vector of ¢. Consequently, if ¢ is minimal then M is
orientable.



Proof: Let {F, ..., E,} be an orthonormal frame on an open subset U C M,
p € U such that V,E; =0, Vv € T,M, i =1,...,n. We define A : U —

(Voo™ Q) (Ey, ..., Ey) = v(dgt A) = dgt A Trace (v(A)A"),

where A* denotes the transpose conjugate matrix of A. We easily have that

v(A) = {¢«(v), 04(v, Ex(p)) — (v, Ex(p))9, - - -, 06(v, En(p)) — (v, En(p)) 0},

and so we deduce that

(Vo™ Q(Er(p), - -, En(p)) = ni(H (p), Jo)(¢"Q)(EL, ..., En)(p).

Using this in the above expression we get the result.,

Suppose that our Legendrian submanifold M is oriented. Then we can
consider the well defined map given by

B: M — R/277Z
P = (" Q)y(er,. .., €n)

where {ej,...,e,} is an oriented orthonormal frame in T,M. We will call 8
the Legendrian angle map of ¢. As a consequence of (1) we obtain

JVB=nH, (2)
and so we deduce the following result.

Proposition 1 Let ¢ : M™ — S**1 be a Legendrian immersion of an orien-
ted manifold M. Then ¢ is minimal if and only if the Legendrian angle map
0B of ¢ is constant.

On the other hand, a vector field X on S*"*! is a contact vector field if
LxA = gA, for some function g € C>(S?"*1), where L is the Lie derivative
in S*"*1. Tt is well known (see [McDS]) that X is a contact vector field if
and only if there exists F' € C°°(S?"™!) such that

X, =J(VF), +2FJz, =z¢cS*"

where VF is the gradient of F. The diffeomorphisms of the flux {¢;} of X
are contactmorphisms of S?"*1 that is, pfA = e A, and so they transform
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Legendrian submanifolds into Legendrian ones. The Lie algebra of the group
of contactmorphisms of S?"*! is the space of contact vector fields. In this
setting, it is natural to study the following variational problem.

Let ¢ : M™ — S*"*1 a Legendrian immersion with mean curvature vector
H. A normal vector field &; to ¢ is called a contact field if

& = JVf +2f79,

where f € C®°(M) and Vf is the gradient of f with respect to the induced
metric. If f € C°(M) and {¢; : M — S*"*1} is a variation of ¢ with ¢o = ¢

and %hzo ¢¢ = &, the first variation of the volume functional is given by

d . B
%Hmmmw»—i&w@MM

But using the Stoke’s Theorem,
JulH. &) dM = [, (H, IV f +2fJ¢)dM

— — [, (JH,VfYdM = [,, fdiv JH dM.

This means that the critical points of the above variational problem are
Legendrian submanifolds such that

divJH = 0.

We name the critical points of this variational problem in the following defi-
nition.

Definition 1 A Legendrian immersion ¢ : M™ — S**1 s said to be contact
minimal (or briefly C-minimal) if divJH = 0.

Clearly, minimal Legendrian submanifolds and Legendrian submanifolds with
parallel mean curvature vector are C-minimal. As a consequence of (2) and
the geometric relationship between Legendrian and Lagrangian submanifolds
mentioned at the beginning of this section, we get the following.

Proposition 2 If ¢ : M™ — S?"™! is a Legendrian immersion of a Rieman-
nian manifold M, then:

1. If M 1is oriented, ¢ is C-minimal if and only if the Legendrian angle 3
of ¢ is a harmonic map.

2. ¢ is C-minimal if and only if ® =1lo ¢ : M™ — CP" is H-minimal.



3 A new construction of C-minimal Legen-
drian immersions

After Proposition 2, it is clear that constructing C-minimal Legendrian im-
mersions in odd-dimensional spheres is a good way to find out H-minimal
Lagrangian submanifolds in CPP". This is the purpose of this section. But
first we need to introduce some notations. Let n; and ns be nonnegative in-
teger numbers and n = ny +ny + 1. If SO(m) denotes the special orthogonal
group, then SO(n; + 1) x SO(ny + 1) acts on S*"* C C"™ n=n; +ny+1,
as a subgroup of isometries in the following way:

(A, Ay) € SO(ny + 1) x SO(ny +1) — ( A ) €S0 +1). (3)

Ay

Theorem 1 Let v; : N; — S*+1 c C%*L be Legendrian isometric immer-
sions of n;-dimensional oriented Riemannian manifolds (N;, gn,), 1 = 1,2,
and v = (1,72) : I — S* C C? be a Legendre curve. Then the map

¢: I x Ny x Ny — ST c C" =C™m ! x C™ n =141y + ng,

defined by
o(s,p,q) = (11(8)1(p); v2(s)v2(q))

is a Legendrian immersion in S*"*1 whose induced metric is
() = [V1%ds* + [nPgm + el*gw, (4)
and whose Legendrian angle map is
Bp = mm + By +niargy + npargy2 + By, + Oy, mod 27,  (5)

where (3, denotes the Legendre angle of v and By, the Legendrian angle map
Of wh 1= 1, 2.

Moreover, a Legendrian immersion ¢ : M"™ —s S+ is invariant under
the action (8) of SO(ny+1) x SO(notl), withn = ny+ngo+1 and ny,ny > 2, if
and only if ¢ is locally congruent to one of the above Legendrian immersions
when 1; are the totally geodesic Legendrian embeddings of S™ in S?™+!l § =
1,2; that is, ¢ is locally given by ¢(s,x,y) = (11(s)z,7(s)y), x € S™,
y € S"2, for a certain Legendre curve v in S°.



These Legendrian immersions introduced in Theorem 1 have singularities in
the points (s,p,q) € I x Ny X Ny where either v(s) = 0 or 12(s) = 0.

Proof: If ' denotes derivative with respect to s, and v and w are arbitrary
tangent vectors to N7 and N, respectively, it is clear that

Os = $+(05,0,0) = (7 ¥, 75 ¢2),
Px(v) = ¢x(0,0,0) = (1 ¥1.(v), 0), (6)
P(w) := 9.(0,0,w) = (0,72 P2, (w)).

Recall that gy, and gy, are the induced metrics on N; and Ny by ¥, and 19
respectively. From (6) and using that ¢); and v, are Legendrian immersions,
the induced metric on I x Ny x Ny by ¢ is given by |[/|>ds®+|v1|[2gn, + 72|29, -
From the Legendrian characters of 7, ¥ and s, it follows that the immersion
¢ is also Legendrian.

In order to compute the Legendrian angle map [y, let {e1,...,e,, } and
{el, ..., ey, } be oriented local orthonormal frames on Ny and N; respectively.
Then

{Ul,'Ul,...,'Unl,'lUl,...,wnz} (7)
defined by

Os
Uy = ( /,0,0)
od
6j .
v; = |0,—=,0),1<7<ny,
|%|

/
wp = (0,0,2) 1<k <mn,
72|

is an oriented local orthonormal frame on I x Ny x Ny. Putting ¢ = (¢, 0)+
’}/2(07'&2) and ¢*(U1) = L(wb 0) + |:/,_2/|(0>¢2), we have that

Y

L@ =dete{d,6u(un), o Bul()). o bulwn), .} =
B0 U 02) et { (1, 0), (0, 4), - -, (¥1.(€5),0), - -, (0,ba, (€}), ... }.

[ 1lya |1 [yl ™2

In this way we obtain that

/ /
By (s,0,q) _ (_1)n1 i(n1 argy1+ng argy2)(s) (7172 _7172)(3) det A ( ) det A ( )
e e €l A1\p) Aet A2(q),
17 (s)] c C



where A; and Ay are the matrices

Ay ={¢n, ¢ (er), . (e}

and
Ag = {tha, 2, (€)), ... Y2, (er,)}-

Taking into account the definition of the Legendrian angle map given in
section 2, we finally arrive at

eBo(s:pa) — (_1)“1 el (ByFn1 argy1+nz arg2)(s) ,iby, (P) iy, (a)
This proves the first part of the result.

On the other hand, let ¢ : M"® — S?"*1 C C"*! be a Legendrian im-
mersion which is invariant under the action (3) of SO(n; + 1) x SO(n2 + 1),
n =mny +ny + 1. Let p be any point of M and let z = (21,...,2,11) = ¢(p).
As ¢ is invariant under the action of SO(n; +1) x SO(ny+ 1), for any matrix
X = (X1, X5) in the Lie algebra of SO(n1 + 1) x SO(n2 + 1), the curve

t — zetX with
5 Xl
= ()

lies in the submanifold. Thus its tangent vector at t = 0 satisfies
2X € ¢.(T,M).

Since ¢ is a Legendrian immersion, this implies that
F(2XYz) =0

for any matrices X = (X1, Xs),Y = (Y1, Y2) in the Lie algebra of SO(n;+1) x
SO(ng+1). Asni+1 >3 and ny+1 > 3, it is easy to see from the last equa-
tion that R(z1, . .., 2n,+1) and (21, . . ., 2y 41) (respectively R(zp 42, - -+, Zn1)
and (zp 42, .-, Zns1)) are linear dependent. As SO(n; + 1) acts transi-
tively on S™ and SO(ng + 1) acts transitively on S"2, we obtain that z
is in the orbit (under the action of SO(n; + 1) x SO(ny + 1) described

above) of the point (29,0,...,0,20 ,,,0,...,0), with [29> = "1 | 2% and
20 o7 = Z;::LIH |z;]?. This implies that locally ¢ is the orbit under the

action of SO(n; +1) x SO(ng +1) of acurve vy in C> = C"N{zg = --- =



Zny41 = Zng+3 = - = Zny1 = 0}. Therefore M is locally I x S™ x S"2, with
I an interval in R. Moreover, ¢ is given by

o(s,2,y) = (11(s) 2,72(5) y),

where v = (71,7) must be a Legendre curve in S C C2. Finally, as ¢
is a Legendrian submanifold, the result follows using the first part of this
Theorem.

In the following result we make use of the method described in Theorem
1 to obtain new minimal and C-minimal Legendrian immersions, which will
provide (projecting via the Hopf fibration) new non-trivial minimal and H-
minimal immersions in CP".

Corollary 1 Let ¢; : N; — S?"*t § = 1,2, be C-minimal Legendrian
immersions of n;-dimensional oriented Riemannian manifolds N;, 1 = 1,2,
and v = (y1,72) : I — S* C C? be a Legendre curve. Then the Legendrian
immersion described in Theorem 1 given by

¢: 1 x Ny x Ny — S n=ny+ny + 1,

is C-minimal if and only if (71,72) s a solution of some equation in the two
parameter family of o.d.e.

(T () = —(R)(t) = — P Ay T ()2 N pe R (8)

Moreover, the above Legendrian tmmersion ¢ is minimal if and only if 1;,
i = 1,2, are minimal and (y1,72) is a solution of some o.d.e. of (8) with

w=0.

Remark 1 If we make a #-rotation of a Legendre curve 7 solution of (8)
for the parameters (A, ), the new Legendre curve is a solution of (8) for
the parameters (A — (n + 1)0, u). The corresponding immersions given in
Corollary 1 are related by ¢ = ¢ and so they are congruent. In this way,
taking 6 = WT/L i’\, up to congruences it is sufficient to consider solutions of
the one parameter family of equations

() = (1) R R, e R =12 (9)
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Proof: Recall from (5) that
By = mim + By +niargy + noarg ya + By, + By, mod 2,

where ¢ is one of the Legendrian immersions described in Theorem 1.

Using Proposition 2, ¢ is C-minimal if and only if A3, = 0. So we must
compute the Laplacian of 3,4. For this purpose we use the orthonormal frame
(7) and after a long but direct computation we obtain

! ((m 4 (1o ) 955, S

+— 1 Db,
2 7] ds

|%|2 |72|2 ’

Ay = 952 | 1 (10)

where A; are the Laplace operators in (V;, gn,), i = 1, 2.
The assumptions of the Corollary 1 imply that A;3y, =0, ¢ = 1,2, using
Proposition 2 again. So ¢ is C-minimal if and only if

2 ni n2
0°By  d (log 71" 2| )aﬁaﬁ _0

T V) s

0s? ds (11)

From (4), we have that +;(0) # 0, i = 1,2, since we want ¢ to be regular. So
we can choose, up to reparametrizations, v = y(t) to satisfy that |7/ (¢)| =
|71 (E)["[y2(t)|™. Thus (11) becomes

D26,
52 = 0.

This means that §4(t,p,q) = f(p,q) + tg(p,q), for certain functions f,g
defined on Ny x Ny. Using (5), we obtain that g(p, ¢) =constant and

(By +niargy +npargye)(t) = A+ pt, A\, p € R. (12)

The definition of the Legendrian angle 3, of v is given, in particular, by
iBy __ 1 / /
em’ = m(%% —72M)-

Using this, it is easy to check that (12) can be written as

. 6i()\+pt) —n1+1 =—na+1
’

N =~ = SR

that is exactly (8).

11



Finally, using Proposition 1, ¢ is minimal if and only if 34 is constant.
This is equivalent to that 3y, ¢ = 1,2, are constant (i.e. ; are minimal
from Proposition 1 again) and 3, + n; arg v + ng arg ¥, is constant. But this
corresponds to the case = 0 in (12) and so to the case =0 in (8).¢

It is rather difficult to describe the general solution of (9). However it is
an exercise to check that for any § € (0,7/2) the Legendre curve

75(t) = (c5 exp(isy c5? '), s5 exp(—isy' c5* ), (13)
satisfies (9) for g = s5* '™ ((ny + 1)s2 — (ng + 1)c2), where ¢; = cosd,
ss = sind. We observe that this value of p vanishes if and ond only if
tan?d = (ny +1)/(ny + 1). In this way we are able to obtain the following
explicit family of examples.

Corollary 2 Let v; : N; — S*™* ¢ = 1,2, be C-minimal Legendrian
immersions of n;-dimensional Riemannian manifolds N;, i =1, 2.
Given any § € (0,7/2) and denoting cs = cosd and ss = sind, the map

5 : R x Ny x Ny — ST n = ny 4+ ng + 1,

ds(t,p,q) = (cs exp(isy 27 ) i(p) , ss exp(—isy 2 t) a(q))
1s a C-minimal Legendrian immersion.

In particular, using minimal Legendrian immersions ¢;, © = 1,2, and
o = arctan \/(ng + 1)/(n1 + 1), the Legendrian immersion ¢s, : R x Ny X
Ny — S*FL n =ny +ny + 1, is minimal.

Proof: We simply remark that we do not need the orientability assumption
because, in this case, it is easy to check that the Legendrian immersions ¢s
satisfy divJH = 0 and so they are C-minimal (see Definition 1).

To finish this section, we pay now our attention to the equation (9) with
i = 0. We observe that it is exactly equation (6) in [CU2, Lemma 2| (in
the notation of that paper, put p = ny and ¢ = nsy). If we choose the initial
conditions v(0) = (cos#,sinf), § € (0,7/2), we can make use of the study
made in [CU2].

Lemma 2 Let v = (71,72) : I CR — S? be the only curve solution of
V= (1A = 12, (14)

satisfying the real initial conditions v9(0) = (cos@,sin@), 0 € (0,7/2). Then:

12



Z. %( ni+1 _no+1 n1+1

PprHag ) = cos g,

¢ sin
2. Forj=1,2, ﬁj(t) = ’}/j(—t), Vtel.

3. The functions |v;|, j = 1,2, are periodic with the same period T =T ().
Moreover, vy is a closed curve if and only if

m.  cos™tl

vefoeny o (/ mafzt(t)’/; ) <@

. If0 = arctan /T the curve yy is exactly the curve s, (see Corollary
n1+1 0

2 and (13)).

Proof: Parts 1 and 2 follow directly from parts 2 and 3 in [CU2, Lemma
2]. To prove 3 we define f(6) := cos®™+D @sin® 2+ g g ¢ (0,7/2). It is
easy to prove that f(0) < (ny+1)""(ng+1)"27 /(n41)"™ and the equality
holds if and only if = . Using this in parts 4 and 5 in [CU2, Lemma 2],
we finish the proof.

4 H-minimal Lagrangian submanifolds in com-
plex projective space

In section 2 we explained that we can construct (minimal, H-minimal) La-
grangian submanifolds in CP" by projecting (minimal, C-minimal) Legen-
drian submanifolds in S?"™! by the Hopf fibration IT : §?"*! — CP" (see
Proposition 2). The aim of this section is to analyze the Lagrangian immer-
sions in CPP™ that we obtain just by projecting the Legendrian ones deduced
in section 3.

First we mention that if no = 0 in Theorem 1, projecting by the Hopf
fibration II we obtain the Examples 1 given in [CMU1]. In this sense, the
construction given in Theorem 1 can be considered as generalization of the
family introduced in [CMU1]. Some applications of our construction of The-
orem 1 when n = 3 have been used very recently in [MV] to the study of
minimal Lagrangian submanifolds in CP3.

The Legendrian immersions described in Corollary 1 provide new exam-
ples of Lagrangian H-minimal immersions in CPP" when we project them by
I1. If we consider the particular case no = 0 < n; = n — 1 in the minimal
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case of Corollary 1, we recover (projecting via the Hopf fibration II) the mi-
nimal Lagrangian submanifolds of CP™ described in [CMU2, Proposition 6],
although we used there an unit speed parametrization for ~.

We write more in detail what we obtain by this procedure if we consider
the special case coming from Corollary 2.

Corollary 3 Let 9; : N; — S?*l § = 1,2, be C-minimal Legendrian
immersions of n;-dimensional Riemannian manifolds N;, i = 1,2 and § €
(0,7/2). Then

s : S x Ny x Ny — CP", n = nq +no + 1,
given by
®5(e”,p, q) = [(cosd exp(issin® )¢ (p), sin d exp(—is cos? §)12(q))]

1s a H-minimal Lagrangian immersion.
Moreover, ®s5 is minimal if and only if ¥;, i = 1,2, are minimal and
tan®d = (ny +1)/(n1 + 1).

Proof: We consider the C-minimal Legendrian immersions
b5 : R x Ny x Ny — S

given in Corollary 2. Projecting by the Hopf fibration IT : S?**! — CP" and
using Proposition 2

Mogps: R x Ny x Ny —s CP”

is a one parameter family of H-minimal Lagrangian immersions. We analyse
when Ilog; is periodic in its first variable. It is easy to obtain that there exists
A > 0 such that (ITogs)(t+ A, p,q) = (Mo ds)(t, p,q), V(t,p,q) € Rx Ny x Ny
if and only if there exists § € R verifying

exp(isp el A) = e = exp(—isi TPt A).

From here we deduce that the smallest period A must be given by A =

21 /(si*~'ci2 7). If we define the change of variable

[0, 27] — [0, 27 /(s5" ' c5>™")]

s t=s/(sp e
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the Legendre curve ~ys given in (13) is written as
v5(5) = (cs exp(is; s), ss exp(—ic3s)), s € [0, 2],

and now it is clear that we arrive at the expression of ®;.
Taking into account that ITo¢; is minimal if and only if ¢5 is minimal (see
Section 2) and using again Corollary 2, we finish the proof of this result.

We can even get H-minimal Lagrangian embeddings from a particular
case of Corollary 3.

Corollary 4 For each 6 € (0,7/2), the immersion ®s5 (given in Corollary 3)
where 1); are the totally geodesic Legendrian embeddings of S™ into S*™it+!,
1= 1,2, provides a H-minimal Lagrangian embedding

1 n n
S XZngligS S S CP", n=ni+ny+1

(eis, 2,y) — [(cos § exp(issin® §)x,sind exp(—iscos?d)y)]

of the quotient of S' x S™ x S™2 by the action of the group Zo x Zo where the
generators hy and ho of Zs act on St x S™ x S™ in the following way

h'l (6is> xz, y) = (_6is> -, y)> h'2(6is> xz, y) = (_6is> xz, _y)
Proof: We consider the H-minimal Lagrangian immersions

Bs:S! x SM xS — CP*, n=mn; +ny+ 1,

Ds(e™, z,y) = [(cosd exp(isin®d s) z,sind exp(—icos? § ) y)].

Let (e, z,y), (e, 2,9) € St x S x S"2. Then ®s(e', x,y) = Ps(e®, 2, 7) if
and only if 360 € R such that

& =exp (i(0 +sin’d(s — 8))) x, §=exp(i(0 —cos®d(s—3)))y. (15)
As some coordinate of x € S™ and y € S™ is non null, we deduce that

€1 :=exp (i(0 4 sin® 6(s — §))) = £1, ez := exp (i( — cos® §(s — §))) = £1.
(16)
We distinguish the following cases:
(1) €1 — €9 = +1:
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From (16) we get that e** = ¢ and using (15) we obtain that # = 2, § =y
ife;, = =1ord=—xz,9=—yif e, = ea = —1. Thus (e, 2,9) = (e, 2,v)
or (6i§7 z, 'g) = (6is> -, _y) = (hl © h'2)(6is> €, y)

(11) €1 = —€3 = +1:

From (16) we get that e*® = —¢® and using (15) we obtain that either # =
rand § = —yif e, = —ex = 1 and so (%, 2,9) = (=€, 2, —y) = ho(e, 2, 7)
or # =—zand § = yif ¢ = —eo = —1 and so (¢, 2,7)) = (=€, —x,y) =
hi(e®*, x,y). This reasoning proves the result.q

Remark 2 If tan?§ = (ny +1)/(ny + 1) in Corollary 4 we obtain a minimal
Lagrangian embedding that generalizes a well known example % —
CP™ studied by H. Naitoh in [N], which corresponds to take ny = 0 < n; =
n — 1 in Corollary 4.

We also remark that hy (resp. hs) preserves the orientation of St xS™ xS"2
if and only if ny (resp. ng) is odd. Thus SIxS™M x8"2 3o an orientable manifold

Zg XZQ
if and only if n; and ns are odd.

We finish this section making use of the information given in Lemma 2
for the solutions of equation (9) with p = 0.

Let 6 € (0,7/2) and -4 be the only solution of (14) satisfying ~4(0) =
(cos@,sinf). We consider the C-minimal Legendrian immersions

¢ 1 I x Ni x Ny — S?+1

constructed with 5. Projecting by the Hopf fibration II : S?**! — CP" and
using Proposition 2

Modgg:Ix Ny x Ny —s CP"

is a one parameter family of H-minimal Lagrangian immersions.

We know from Lemma 2,3 when vy is a closed curve, but now we want
to study when II o ¢y is periodic in its first variable. If we write 75 =
(pre™1, p2e™?), Lemma 2,3 says that p;(t +7T) = pi(t), i = 1,2. Then it is not
complicated to deduce that there exists A > 0 such that (ITogy)(t+ A, p,q) =
(IT o ¢y)(t, p, q) if and only if there exists v € R and m € Z (A must be an
integer multiple of T', A = mT') verifying

ewi(tmT) — eweii(t) 5 — 1 9 (17)
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From (14) we can deduce that
pivh = (=17 e syt g =1,2. (18)
Then it is easy to check that v;(t +mT') = v;(t) + mv;(T), j = 1,2, and (17)

is equivalent to e (1) = ¢ j = 1,2, This means that (v,(T) — 11 (T))/27
must be a rational number. Using (18) this implies that

7. cos™mtl@sinm2tlg [T dt
el :=<0€e(0,= / e@}.
{ 03 =% ) THEORP)

This study leads to the following result.

Corollary 5 Given 0 € T' and any C-minimal Legendrian immersions 1; :
N; — S*utl i =12, then the immersions ¢g, 0 € ', induce a one param-
eter family of H-minimal Lagrangian immersions

Pp:S'X Ny x Ny - CP", n=ny+ny+1,0€cTl.

In particular, ®¢ s minimal if and only if V;, 1 = 1,2, are minimal.

5 H-minimal Lagrangian cones in complex
Euclidean space

Let Qo = dz; A -+ Adz,11 be the complex volume (n+1)-form on C*1. Tt
is well-known that R(e®Qy), 6 € [0,27), is the family of special Lagrangian
calibrations in C"™ (see [HL]) and that their calibrated submanifolds, the
well known special Lagrangian submanifolds of C*™, are not only minimal
submanifolds but also minimizers in their homology class.

If ¢ : N**1 — C"*! is a Lagrangian immersion of an oriented manifold N
and {€g, €1, ...,€,} is an oriented orthonormal basis in TN, then the matrix
{¥.(€0), ¥s(€1), ..., 0(€,)} is an unitary matrix and so the following map is
well defined: _

BN — R/277Z
6i6(p) = (w*Qo)p(go, e 7€n)
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B is known as the Lagrangian angle map of 1 and verifies J%g = (n+
1)?[, where H is the mean curvature of 1. Then 1 is a special Lagrangian
immersion (with phase 6) if and only if g(p) =0, Vp € N; moreover, 1 is a
Hamiltonian minimal Lagrangian immersion if and only if 5 is a harmonic
function.

Given a Legendrian immersion ¢ : M™ — S*"*1 the cone with link ¢ in
C"*! is the map given by

C(¢):Rx M™ — C*!
(s,p) = so(p).

It is clear that C(¢) is a Lagrangian immersion, i.e. C(¢)*w = 0, with
singularities at s = 0. We consider in what follows s # 0. The induced
metric in R* x M by C(¢) is ds* x s(,), where {,) is the induced metric on
M by ¢. So, if {ej,...,e,} is an oriented orthonormal basis in 7'M, then

{eo = (1,0),e1 = (0,%),...,€, = (0,%*)} is an oriented orthonormal frame

on T'(R* x M). Thus:
eidlen) = (£20)c(6)(s:0) (C(@)4(€0), - . ., C(D)s(€n)) =

detc{d, d.(e1), ..., pulen)}(p) = PP
As a consequence, we deduce the following result.

Proposition 3 Let ¢ : M™ — S**1 be a Legendrian immersion of an orien-
ted manifold M and C(¢) : R x M — C"™! the cone with link ¢. Then ¢ is
C-manimal if and only if C(¢) is H-minimal.

In particular, ¢ is minimal if and only if C'(¢) is minimal; this result was
used in [H1] and [H2].

Thanks to Proposition 3 we have a fruitful simple method of construction
of examples of H-minimal Lagrangian cones in C"™! using the C-mininal
Legendrian immersions described in section 3. As an application of it, we
finish this section with the following illustrative result.

Corollary 6 Let v; : N; — S?*l § = 1,2, be C-minimal Legendrian
immersions of n;-dimensional oriented Riemannian manifolds N;, 1 = 1,2,
and v = (11,72) : I — S* C C? a solution of some equation in the one
parameter family of o.d.e.

() (0) = (1N R R, e R =12 (19)
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Then
P :R X I X Ny x Ny — Cl =Cutl x C2L (n=ny +ny+1)

¢(5> t>p> q) = (S T (U%(P) ) 572@)%@))

1s a H-minimal Lagrangian cone.

In particular, if V;, i« = 1,2, are minimal Legendrian immersions and
v is a solution of (19) with u = 0 (see Lemma 2), the corresponding cone
P R? x Ny x Ny — C"* s special Lagrangian.

A more explicit family of H-minimal Lagrangian cones is described when
we consider the one parameter family of C-minimal Legendrian immersions
coming from Corollary 2. Concretely, for any § € (0,7/2) (denoting c¢s =
cosd, s = sind),

s R2 X Ny X Ny — C*"t = Cmtl x C2t (n=ny +ng+ 1)

w5(87 t>p> q) = (65 S eXp(iS?H—lcgz_lt) wl(p) ; S§S eXp(_z.Sgll_lC?Z—i—lt) w2(q))
is a H-minimal Lagrangian cone. In particular, if ¢;, ¢ = 1,2, are minimal
Legendrian immersions and tan®dy = (ng + 1)/(ny + 1), then 15, is a special
Lagrangian cone.

6 'The complex hyperbolic case

In this section we summerize the analogous results when the ambient space
is the complex hyperbolic space and we omit the proofs of them.

Let C"™ be the complex Euclidean space C"*! endowed with the indefi-
nite metric (,) = R (, ), where

n

(Z> w) = E 2iW; — Zp+1Wn1,
=1

for z,w € C"*!, where 7z stands for the conjugate of z. The Liouville 1-form
is given by A (v) = (v, Jz), Vz € C"™ Vo € T,C" | and the Kaehler 2-form
is w = dA/2. We denote by H2"*! the anti-De Siter space, which is defined
as the hypersurface of C}*! given by

Hy™ = {z € C"" /(2,2) = -1},
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and by II : H?"*! — CH", II(z) = [z], the Hopf fibration of H:"*! on the
complex hyperbolic space CH". We also denote the metric, the complex
structure and the Kéhler two-form in CH" by (), J and w respectively. This
metric has constant holomorphic sectional curvature -4. We will also note by
A the restriction to H;"*! of the Lioville 1-form of C}*'. So A is the contact
1-form of the canonical (indefinite) Sasakian structure on the anti-De Sitter
space H3"*!. An immersion ¢ : M™ — H7"™ of an n-dimensional manifold
M is said to be Legendrian if ¢*A = 0. So ¢ is isotropic in CI™ | ie. ¢*w =0
and, in particular, the normal bundle T+M = J(TM) @ span {J$}. This
means that ¢ is horizontal with respect to the Hopf fibration IT : H3" ™ —
CH"™ and, hence ® =1lo¢: M™ — CH" is a Lagrangian immersion and the
induced metrics on M"™ by ¢ and ® are the same. It is easy to check that
Jo is a totally geodesic normal vector field and so the second fundamental
forms of ¢ and ® are related by

IL(04(v,w)) = oo (1L, ILw), Vv, w € TM.

So the mean curvature vector H of ¢ satisfies that (H,J¢) = 0 and, in
particular, ¢ : M™ — HI"™ is minimal if and only if ® = lo¢ : M™ — CH"
is minimal. In this way, we can construct (minimal) Lagrangian submanifolds
in CH” by projecting Legendrian ones in H"™ by the Hopf fibration II. Let
Q be the complex n-form on H2"*! given by

Q.(v1,...,0,) = d((cat {z,v1,..., 00}

If ¢ : M™ — H>*! is a Legendrian immersion of a manifold M, then ¢*() is
a complex n-form on M. In the following result we analyze this n-form ¢*(2.

Lemma 3 If ¢ : M" — H2""! is a Legendrian immersion of a manifold M,
then

V(¢™Q) = ag @ ¢*, (20)
where oy is the one-form on M defined by ay(v) = in(H, Jv) and H is
the mean curvature vector of ¢. Consequently, if ¢ is minimal then M is
orientable.

Suppose that our Legendrian submanifold M is oriented. Then we can
consider the well defined map given by
g:M"— R/21Z
6iﬁ(p) = (¢*Q)P(617 cee >6n)
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where {e1,...,e,} is an oriented orthonormal frame in T,M. We will call 8
the Legendrian angle map of ¢. As a consequence of (20) we obtain

JVB=nH, (21)
and so we deduce the following result.

Proposition 4 Let ¢ : M™ — H2"*! be a Legendrian immersion of an orien-
ted manifold M. Then ¢ is minimal if and only if the Legendrian angle map
0B of ¢ is constant.

On the other hand, a vector field X on Hi"™ is a contact vector field if
LxA = gA, for some function g € C®(H"*'), where £ is the Lie derivative
in H3"**. Then X is a contact vector field if and only if there exists F €
C>(H2"*1) such that

X, =J(VF), —2F(2)Jz, =z¢eH",

where VF is the gradient of F. The diffeomorphisms of the flux {¢;} of X
transform Legendrian submanifolds in Legendrian ones. In this setting, it is
natural to study the following variational problem. Let ¢ : M" — H2"t! a
Legendrian immersion with mean curvature vector H. A normal vector field
§r to ¢ is called a contact field if

& = VI —2[79,

where f € C*°(M) and V f is the gradient of f respect to the induced metric.
If fe (M) and {¢ : M — H2"*1} is a variation of ¢ with ¢y = ¢ and
%hzo ¢¢ = &y, the first variation of the volume functional is given by

d

A vol(M, ¢;(,)) = —/MfdivJHdM.

This means that the critical points of the above variational problem are
Legendrian submanifolds such that

divJH = 0.

These critical points will be called contact minimal (or briefly C-minimal)
Legendrian submanifolds of H7" .
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Proposition 5 If ¢ : M™ — H2""! is a Legendrian immersion of a Rieman-
nian manifold M, then:

1. If M 1is oriented, ¢ is C-minimal if and only if the Legendrian angle 3
of ¢ is a harmonic map.

2. ¢ is C-minimal if and only if ® =1lo ¢ : M™ — CH" is H-minimal.

The identity component of the indefinite special orthogonal group will be
denoted by SO}(m). So SO(ny + 1) x SO}(ny + 1) acts on Hz"*! c C"*+1,
n =mny + ns + 1, as a subgroup of isometries in the following way:

(A1, Ay) € SO(ny +1) x SOy(ng + 1) — ( A ) € SOi(n+1). (22)

Ay

In the following we state (without proofs) the main results of section 3
adapted to this context.

Theorem 2 Let 1 : Ny — S¥™* € C*! and 4y : Ny — HI™T C
C™*! be Legendrian immersions of n;-dimensional oriented Riemannian ma-
nifolds (N;,gn,), i = 1,2, and a = (ay,a9) : I — H3 C C? be a Legendre
curve. The map

¢:Ix Ny X Ny — " Cc C" =C™H x C2 n=mny +np+ 1,

defined by
o(s,p,q) = (o1 (s)¥1(p), a2(s)12(q))

is a Legendrian immersion in HI" ™ whose induced metric is
<>> = |Oé/|2d82 + |Oé1|2gN1 + |a2|2gN2 (23)
and whose Legendrian angle map is
By = nim + Bo + 11 argay + ng arg s + By, + By, mod 27, (24)
where B, denotes the Legendre angle of o and 3y, the Legendrian angle map
Of wh 1= 1, 2.
Moreover, a Legendrian immersion ¢ : M™ —s H3"™ is invariant un-

der the action (22) of SO(ny + 1) x SO}(ny + 1), with n = ny + na + 1
and ny,ng > 2, if and only if ¢ is locally congruent to one of the above
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Legendrian immersions when 1y s the totally geodesic Legendrian embed-
ding of S™ in S?FL and 1y is the totally geodesic Legendrian embedding of
RH" in H%nz-l-l’ where RH" = {(y17 s >yn2+1) € Rzt / ZZL:ZI yzz - ylez-l-l =
—1, Yny+1 > 0} is the ng-dimensional real hyperbolic space; that is, ¢ is lo-
cally given by ¢(s,z,y) = (a1(s)x, az(s)y), x € S™, y € RH"2, for a certain

Legendre curve o in HS3.

Remark 3 If ny = 0 (resp. n; = 0) in the above Theorem, projecting by
the Hopf fibration II : H2"** — CH", we obtain the Examples 2 (resp. the
Examples 3) given in [CMU1J.

Corollary 7 Let 11 : Ny — S?™+1 C C4! and ¢y : Ny — HI™M C
C™*! be C-minimal Legendrian immersions of n;-dimensional oriented Rie-
mannian manifolds N;, i = 1,2, and a = (a1,a2) : I — H} C C? be a
Legendre curve. Then the Legendrian immersion described in Theorem 2
given by

¢:Ix Ny x Ny — H2" n=ng +ny+1,
o(t,p,q) = (a1 (t)r(p), aa(t)a(q))

is C-minimal if and only if, up to congruences, (au, az) is a solution of some
equation in the one parameter family of o.d.e.

(aham)(t) = (ahma)(t) = i e™an(t)™ T aa(t)™", p €R. (25)

Moreover, the above Legendrian tmmersion ¢ is minimal if and only if 1;,
i = 1,2, are minimal and (a1, as) is a solution of some o.d.e. of (25) with

w=0.

If we consider the particular cases ngo =0 n; =n—1and n; =0 <
ny =n — 1 in the minimal case of Corollary 7, we recover (projecting via the
Hopf fibration IT) the minimal Lagrangian submanifolds of CH" described
in [CMU2, Propositions 3 and 5], although we used there an unit speed
parametrization for «.

From these two last results we can get similar examples to the ones given
in Section 4 in the projective case. Concretely, it is easy to check that for
any p > 0 the Legendre curve

a,(t) = (sh, exp(i shﬁl_lch:jz“t), ch, exp(i shﬁ”lchzz_lt)), (26)
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satisfies (25) for p = sh*~*eh22~! ((ny + 1)ch? + (ny + 1)sh2), where ch, =
cosh p, sh, = sinh p.

Hence an analogous reasoning like in Corollary 3 let us to obtain the
following explicit family of examples.

Corollary 8 Let 1)y : Ny — S*™+1 ¢ C4! and ¢y 1 Ny — HI™H C
C™*! be C-minimal Legendrian immersions of n;-dimensional Riemannian
manifolds N;, i = 1,2, and p > 0. Then

®,:S!' x Ny x Ny — CH", n=nq +ns + 1,

(e, p, q) = [(sinh p exp(is cosh” p) ¥1(p), cosh p exp(is sinh® p) 1ha(q))]

1s a H-minimal Lagrangian immersion.

A particular case of Corollary 8 gives a one parameter family of H-minimal
Lagrangian embeddings.

Corollary 9 For each p > 0, the immersion ®, (given in Corollary 8) where
Yy (resp. 1) is the totally geodesic Legendrian embedding of S™ into S*+!
(resp. of RH™ into H}">™ ), provides a H-minimal Lagrangian embedding

1 n n

(e%, z,y) — [(sinh p exp(is cosh? p) x, cosh p exp(is sinh? p) )]

of the quotient of St x S™ x RH"™ by the action of the group Zs where the
generator h of Zo acts on S x S™ x RH"™ in the following way

h(eis’l,’y) = (_6is> _$>y)

We finally pay now our attention to the equation (25) with u = 0. We
observe that it is exactly equation (3) in [CU2, Lemma 2| (in the notation
of that paper, put p = n; and ¢ = ny). If we choose the initial conditions
a(0) = (sinh g, cosh ), o > 0, we can make use of the study made in [CU2.

Lemma 4 Let a, = (a1, 9) : [ CR — H3 be the only curve solution of
ooy =iaptiaptt j=1,2, (27)

satisfying the real initial conditions a,(0) = (sinh g, cosh ), ¢ > 0. Then:
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1. R af> ™) = sinh™ ! pcosh™™ p.
2. Forj=1,2, a;(t) = aj(—t), Vt € I.

3. The curves oy, j = 1,2, are embedded and can be parameterized by
a;(s) = p;(s)e®) where

pi(s) = \fs?+sh2,

0:(5) /S shglﬂchz?“zdx
1$) =
0 (22 4 shg,)\/ (22 + sh2)m+1(z2 4 ch2)ma+l — shp™ D epp2
and
pa(s) = 4/s*+ch?,
:(5) shitieh?> e de
2l8) =

/0 (22 + chg)\/(x2 + sh2)m+1 (22 4 ch2)n2+l — shf,(n”l)chf,(nz“)
where ch, = cosh g, sh, = sinh p.

In this way, the immersions ¢,, 0 > 0, constructed with the curves «, of
Lemma 4 induce a one parameter family of H-minimal Lagrangian immer-
sions

O, :RXx Ny x Ng—-CH", n=ny+ny+1, 0>0.

In particular, ®, is minimal if and only if ;, + = 1,2, are minimal. We
conclude with the following particular case that leads to a one parameter
family of minimal Lagrangian embeddings.

Corollary 10 Let o > 0 and denote ch, = cosh o, sh, = sinh p. Then

R x S™ x RH"? — CH", n =n1 +ny + 1,

(5,2,y) = [(1/s* + sh2 exp(i 01(s))x, /5% + ch? exp(ib2(s))y)],

where 0;(s), 1 = 1,2, are given in part 3 of Lemma 4, is a minimal Lagrangian
embedding.

25



References

[A]

[ACR]

[CMU1]

[CMUZ2]

[CU1]

[CU2]

[HL]

[H1]

[H2]

[HR1]

[HR2]

H. Anciaux, Construction of many Hamiltonian stationary La-
grangian surfaces in Fuclidean four-space, Calc. of Var. 17 (2003),
105-120.

H. Anciaux, I. Castro & P. Romon, Lagrangian submanifolds foli-
ated by (n — 1)-spheres in R*", to appear in Acta Math. Sinica.

I. Castro, C.R. Montealegre & F. Urbano, Closed conformal vector
fields and Lagrangian submanifolds in complex space forms, Pacific
J. Math. 199 (2001), 269-302.

I. Castro, C.R. Montealegre & F. Urbano, Minimal Lagrangian
submanifolds in complex hyperbolic space, Illinois J. Math. 46
(2002), 695-721.

I. Castro & F. Urbano, Examples of unstable Hamiltonian-minimal
Lagrangian tori in C?, Compositio Math. 111 (1998), 1-14.

I. Castro & F. Urbano, On a new construction of special Lagrangian
immersions in complexr Fuclidean space, Quarter. J. Math. 55
(2004), 253-266.

R. Harvey & H.B. Lawson, Calibrated geometries, Acta Math. 148
(1982), 47-157.

M. Haskins, Special Lagrangian cones, Amer. J. Math. 126 (2004),
845-871.

M. Haskins, The geometric complexity of special Lagrangian T>-
cones, Invent. Math. 157 (2004), 11-70.

F. Hélein & P. Romon, Hamiltonian stationary Lagrangian surfaces
in C?, Comm. Anal. Geom. 10 (2002), 79-126.

F. Hélein & P. Romon, Weierstarss representation of Lagrangian
surfaces in four-dimensional space using spinors and quaternions,
Comm. Math. Helvetici 75 (2000), 668-680.

26



[HR3]

[HRA4]

[McDS]

[M]

(MV]

F. Hélein & P. Romon, Hamiltonian stationary Lagrangian sur-
faces in Hermitian symmetric spaces, Differential Geometry and
Integrable Systems, (Tokyo, 2000), 161-178, Contemp. Math., 308,
Amer. Math. Soc., Providence, RI, 2002.

F. Hélein & P. Romon, Hamiltonian stationary tori in complex
projective plane, math.DG/0310095, 2003.

D. Mc Duff & D. Salamon, Introduction to Symplectic Topology,
Oxford Math. Monographs, Clarendon Press, Oxford 1998.

A. E. Mironov, On new examples of Hamiltonian-minimal and mi-
nimal Lagrangian submanifolds in C" and CP"™, (Russian) Mat.
Sb. 195 (2004), 89-102.

C. R. Montealegre & L. Vrancken Pinching properties of La-
grangian submanifolds of complex projective space, preprint.

H. Naitoh, Isotropic submanifolds with parallel second fundamental
form in P™(C), Osaka J.Math. 18 (1981), 427-464.

Y.G. Oh, Second variation and stabilities of minimal Lagrangian
submanifolds, Invent. Math. 101 (1990), 501-519.

R. Schoen & J. Wolfson Minimizing volume among Lagrangian sub-
manifolds, Proc. Symp. Pure Math. 65, Amer. Math. Soc., Provi-
dence, RI (1999).

ADDRESSES:

(first author)

Departamento de Matematicas
Escuela Politécnica Superior
Universidad de Jaén

23071 Jaén

SPAIN

icastro@ujaen.es

(second author)

Department of Mathematical Sciences

27



Tsinghua University

100084 Beijing

PEOPLE’S REPUBLIC OF CHINA
hli@Gmath.tsinghua.edu.cn

(third author)

Departamento de Geometria y Topologia
Universidad de Granada

18071 Granada

SPAIN

furbanoQugr.es

28



