Minimal surfaces with helicoidal ends

Leonor Ferrer * Francisco Martin *

1 Introduction and preliminaries

In the last few years the study of minimal surfaces with helicoidal ends has gathered new speed. This is
particularly the merit of D. Hoffman, H. Karcher and F. Wei who constructed the first examples of this
kind of surfaces different from the helicoid. One of the examples constructed by these authors was the
so called singly-periodic genus-one helicoid, [5], that we will represent as H;. The helicoid H; belongs
to a continuous family of twisted periodic helicoids with handles that converges to a genus one helicoid.
The continuity of this family of surfaces and the subsequent embeddedness of the genus one helicoid was
obtained by D. Hoffman, M. Weber and M. Wolf in [6, 14]. In [6] the authors made a careful study of
H1, with a new approach to the period problem associated to this surface. A thoughtful reading of this
new approach establish a close relationship between H; and an immersed minimal surface with planar
ends, constructed by F.J. Lépez, M. Ritoré and F. Wei in [12]. To be more precise, one observe that
a fundamental piece of H; can be obtained by deforming a fundamental piece of Lépez-Ritoré-Wei’s
surface. The deformation consists of moving one of the connected components of the boundary of the
surface following a vertical translation (see Fig. 1). Lépez and the second author [10, 11] constructed

Figure 1: The deformation that connects a fundamental piece of H; to the Lopez-Ritoré-Wei’s surface.

a family of minimal surfaces with planar ends based on Lépez-Ritoré-Wei’s, by modifying the angle
between the horizontal boundary lines of the fundamental piece.
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Figure 2: A non-orientable example for angle /2.

Therefore, it is quite natural to ask whether is possible to construct new examples of minimal
surfaces with helicoidal ends from the Lépez-Martin examples. The main objective of the present
paper is to describe this general deformation that connects Lépez-Martin examples with a family of
complete minimal surfaces with helicoidal ends that contains Hj.

These new surfaces, except for Hi, are not embedded. However, if the angle between horizontal
lines is 7, with n € N, n > 2, then the only self-intersection of our surfaces occurs along the vertical
axis. Furthermore, if n is even the examples are non-orientable in R3.

A simple proof of the embeddedness of the fundamental piece of our surfaces is obtained from the
study of the above mentioned deformation. In the particular case of angle 7 this argument provides
another proof of the embeddedness for H; (see Theorem 3). We also obtain the following uniqueness
result

Any complete, periodic, minimal surface containing a vertical line, whose quotient by ver-
tical translations has genus one, contains two parallel horizontal lines, has two helicoidal
ends and total curvature —8m is H;y.

This result was essentially obtain in [5, Theorem 1]. Our contribution consists of giving a new approach
to the proof of the uniqueness of the period problem (see Remark 3).

The paper is lay out as follows. In Sect. 2 we determine the underlying complex structure and the
Weierstrass data of a minimal disk bounded by a polygonal curve as in Fig. 3. Thus we obtain a three-
parameter family of Weierstrass data. Sect. 3 is devoted to prove that this family of meromorphic
data must contain, for each angle, an example with ¢; = q; (see Fig. 3). When the angle is a
rational multiple of 7, the surfaces obtained by successive Schwarz reflections about the straight lines
are complete and proper in R3. Finally, Sect. 4 contains the technical details about the geometric
functions that appear in Sect. 3.

2 Determination of the Weierstrass representation

As we announced in Sect. 1, the fundamental piece of the minimal surfaces we wish to construct belongs
to a family of minimal disks obtained moving one of the vertical segments upward in the Lépez-Martin



examples. Therefore, we are interested in the construction of properly embedded minimal disks whose
boundary I'gqn consists of the following configuration of straight lines:

Iy

Figure 3: The curve I'ggn

Fix 3 €]0,1],d > 0, h € R. Consider II a half-plane in R? and denote by ¢ the boundary line of II.
Let £y be a line in II parallel to £ and ¢; and ¢, two points in ¢y. Denote by ¢, the segment [q; , ¢35 ]
and define ¢; as the half-line on II orthogonal to ¢y starting at ¢; ,4 = 1,2. Finally, we label Z;" and
qu" as the image of £; and g; for ¢ =0, 1, 2, j = 1,2, respectively, by a screw motion of axis ¢, angle

—_—
[ and vector t- 7, t > 0, where 1 = |:W Write d = dist(¢], ¢, ) and h = (g; ¢, @), where (-, )
q5 9,
denotes the usual inner product of R3.
Denote IT* as the plane that contains £f U ¢ U f5. Finally, we define

2 2
P;ardh = U (&), Lgan = U (¢7), Tpan= F?i_dh UT 54p -
=0 =0
Observe that if t = 0 we have exactly the family of examples given by Lépez and Martin. Taking
into account the geometric and topological properties of the surfaces we are starting at, we have to
construct a properly immersed minimal surface X = (X1, X2, X3) : M — R?® with the following
assumptions:

A.1 M is homeomorphic to the closed unit disk D minus two boundary points £, and Es.
A.2 X(O(M)) =T gan.
A.3 The surface has a symmetry respect to the line contained in the bisector plane of IIT and I~

that intersects orthogonally ¢ at the point 4 ey +q2 .

A4 If 8 €]0,1] then X (M) lies in the convex hull, £(T'gan), of I'gan. If 5 = 1, X (M) lies in one of
the two half slab determined by the plane IIT™ = II~ and the planes orthogonal to £ containing
¢f and ¢; .



A5 If 4 Ny =0, X is an embedding. In case £5 N ¢, # ), the maps X|a—any+ and X|a—aan -
are injective, where O(M)* and (M)~ are the two connected components of d(M).

From now on, we use a set of Cartesian coordinates, such that the half-plane II coincides with the
half-plane {(z1,z2,73) € R? | sm( 6) x1 + COS( 6) (z2+ §) = 0,22 <0} and ¢, and ¢; are the
points (0, —g, 0) and (0, —%,t — h), respectively.

Assuming the above conditions and using the arguments presented in Sect. 2.1 of [4] with minor
changes, it is easy to prove that the boundary has the following behavior:

Lemma 1 Up to relabelings, the minimal immersion X : M — R® satisfies X(O(M)*1) = I‘;;dh,
X(A(M)™) =Ty, X 1) UX 1Y) diverges to Ey and X~ (¢3) U X1 ({y) diverges to Es.

Henceforth, g and ®3 will denote the Weierstrass data of a immersion X : M — R3 satisfying the
preceding five assumptions.

2.1 The underlying complex structure of M

The conformal type of M can be easily determined using a global result on conformal structure of
properly immersed minimal surfaces by P. Collin, R. Kusner, W.H. Meeks and H. Rosenberg (see [2]).
From Theorem 3.1 of [2] we obtain that M is parabolic and hence, taking into account the topological
type of M, M is conformally equivalent to the closed unit disk D minus two boundary points E; and
FE5, where the biholomorphism extends piecewise analytically to the boundary.

Next, we prove that the Gauss map and Weierstrass data extend continuously to the ends.

Lemma 2 The I-form ®3 extends meromorphically to the ends. Even more, it has simple poles at the
ends, with imaginary residues.

Proof: Let (U;,z) be a coordinate chart verifying that U; is biholomorphic to the upper half disk

Dt ={2€C : |2| <1<1+1Im(2)}, 2(E;) =0, z(v; nU;) =D+ NRF, and 2(y; NU;) =D NR,
i =1,2. We know that X3 is a bounded harmonic function on U; such that X3| - = (}, where C; is
a constant, and X3|7f = C; +t. So, the function X3 + £ arg(z) can be contlnuously extended to Ej,
i =1,2. Then the function Xz +iX3 — i;tlog(z) is a holomorphic function on U; that extends to F;,

and so @3 — lt% is a holomorphic 1-form on U;. This concludes the proof. a

Lemma 3 The Gauss map also extends and it is vertical at the ends.

Proof: For the case 0 < 8 < 1, the arguments used in [10, Theorem 3.12] also work in this setting.
The case =1 can be treated as in [4, Proposition 3].
Since X (M) is contained between two horizontal parallel planes, the second assertion follows. O

The surface X (M) can be extended by 180° rotation about its boundary lines, to a complete surface
(w1thout boundary) in R3. Label X : M — R the complete minimal immersion obtained in this way,
where M is the corresponding Riemann surface without boundary, and let (g, ‘I>3) denote its Weierstrass

representation. Let S be the isometry of M induced by the symmetry described in assumption A.4.
We also denote Si j =0,1,2, as the isometry of M induced by the 180° rotation about the straight

line containing Z;t. Observe that:

e 70 =S 08, is a horizontal translation whose translation vector, ¥, is orthogonal to ¢; and
E(')". Furthermore, the length of ¢ is 2d;

e 71 = 8] 0S5 is a vertical translation of translation vector 77 = (0,0,2 (t — h));



e 7 = S 08, is a screw motion about the x3-axis of angle 237 and translation vector @y =
(0,0,2t).

Let G be the subgroup of ISO(M ) generated by {79, 71,72}. As G acts freely and properly discon-
tinuously on M, then the quotient 7 = M /G is a Riemann surface. Observe that (dg)/§ and @3 can
be induced in the quotient. We label (dg)/g and @3 as the induced one-forms.

Taking into account Lemma 1 it is not hard to see that 7 has the topology of a torus minus four
points. Moreover, this torus consists of four copies of M: M USS (M)USS (M)U(Sy oSy ) (M) where
the boundary is identified according to the symmetries in G. The compact torus is labeled as 7. Note
that (dg)/g and ®3 extends meromorphically to 7.

Now, we need to determine the underlying complex structure of 7. In order to do this, we will con-
sider the symmetry A = Sy oS;. This symmetry is induced by a 180° rotation in R® about the orthog-
onal line to IIT passing through q; . A is a holomorphic involution that can be induced in the quotient
7. It can be also extended to 7. We label A as the induced involution in i Note that A exactly fixes
four points {[g;"], [¢; ]}i=1.2 where [p] denotes the class in 7 of a point p € M. Using Riemann-Hurwitz
formula, it is straightforward to check that 7 /(A) is conformally equivalent to the Riemann sphere C.
If we label u : T — C the canonical projection, then u is an elliptic function on 7. Furthermore,
the branch points of u coincide with {[g;'], [g; ]}i=1,2- Up to a Mébius transformation we can assume
that u([¢;]) = 0, u([g5]) = oo and u([g;]) = r € R*. Moreover, we label s = u([g5]). Hence, T is
conformally equivalent to the algebraic elliptic curve {(u,v) € Cx C | v* = u(u—7)(u—s)}.

Let S,87, 85 : T — T be the maps induced by S, Si and Sy, respectively. Observe that S is
an antiholomorphic involution that fixes the branch points of . This means that u o Sar = 7w and so
s € R. On the other hand, S is a holomorphic involution verifying S([¢;"]) = [¢5 ] and S([¢;]) = [¢5]-
Furthermore, as the fixed points of S are not at the boundary then v o S = %, where k£ < 0. Up to the

w _ 1 . _ 1 ..
change u +— > We can assume that wo S = —<. In particular s = —. Summarizing,

(a) T ={(u,v) €CxC | v* =u(u—r)(ru+1)},
(b) S(u,v) = (—%, =), Sar(u,v) = (u,v), and S;(u,v) = (u, —).

Next, we will write our torus in a new way which is more suitable for our computations. Consider for
p €]0, 7| the following torus

N={(z,w) eCxC|uw?=2"+1-22z%cosp} .

It is not difficult to see that the map (u,v) = B(z,w) : N — T, given by
_ie R p 1 — sin(2

(e w) = (e7'2 +2) ( e.2/)—|— )cos(%—l—( sm(?))w

cos(5)w+ (—e7'2 —z) (—el? +2) (1 —sin(%))

vz w) = — . . —
e*s (=3 +cos(p) + 4 sin(§)) (cos(§)w+ (=1 +sin(5)) (=1 +22—2iz sm(g)))2

is a biholomorphism.
Note that the torus A is a two-fold covering of the rhombic torus {(z,y) € (o | y? = x+1—2cosp}.

The covering map is given by (z,w) — (2%,2) (see Fig. 4). This family of rhombic tori (depending on
p) coincides with those used by Hoffman, Karcher and Wei to construct the singly-periodic helicoids
in [5, 7).

We will continue denoting by S, S;” and S5 the symmetries on the new torus . According to (b)
the expressions of these symmetries on N are given by

st =(3%) . Siew=(3-%) . SHew=(=D). )
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Figure 4: The torus A/ and the fundamental piece M.

For the sake of brevity, when z* +1 —2 22 cosp € Rt we denote:

z+:(z,+\/z4+1—222(:osp) , Z_Z(Z,—\/Z4+1—22:2608p> .

Now we need to identify the punctures in this torus. Note that S fixes the ends and S inter-
changes them. Taking (1) into account we deduce that the ends are ' = {iay, —ia_, ¢ + —=_}, where
a € R. Up to relabeling, we can assume a € [0, 1[. We denote N = N —E.

On C define the following set of curves:

sj—{ei% | te[p,w]} 5T =1{M | Ae€la,1]},s5 = {Ai | A€ [1,00[U] — 00, —1[} U {oo} ,

Sa_{ei% | tE[—ﬂ',—p]} ,81_:{)\1 | Ae[_lva[}asgz{Ai | )\E]—%,—l]}.

Label vt = z7Y(sf), 77 = 27Y(s;), i = 0,1,2. In order to determine the domain in A that
corresponds to our fundamental piece we observe that the set of fixed points of Sy is ¢ U~y U
S (7 Uy ) and the set of fixed points of Sy is v U~y Uvs Uy UST (717 Uy Ung Uny ). According
to this we can identify M with the closure in A/ of the connected component of z~!(C— (U?:o (sFUs;)))

containing the point Py = 1. We will label this domain as M, , .

/b

Figure 5: The z-projection of the domain M, ,.

Define v and v~ by:

2 2
v=U v =Un
=0 =0



+

It is clear that (M) = vT U~~. Furthermore, note that z|,+ and z[ - are bijective maps onto s;

and s;

7 7

respectively, i = 1,2. However, 'yg’ and 7 consist of two copies of 83_ and s , respectively.

2.2 The complex height differential

According to Lemma 2 the height differential ®3 has a simple pole with imaginary residue at the ends.
As N is a torus, then ®3 has as many zeros as poles. Moreover, it is easy to see that the symmetries
act on ®3 as follows

S*Py = B3, (S7)"P3 =23, (S5) P3=—-T3. (2)

Both facts imply that ®3 has four zeros of order one and they have this form V = {—ib;,ib_, — %+, %_},
where b €] — 1,1[. All this information lead us to:

iz d
by — \NL L REE (3)
w —+ c11z w

where A > 0 and

1 . a*+142a?cos 1 . bt 4+1+20b2cos
e = —w(iay) = v " P = —pw(=iby) =~ v 5 £. (4)

2.3 The Gauss map

The objective of this subsection is to find the expression of the Gauss map of our examples. From
Lemma 3, we have that the normal vector at the ends must be vertical. Then we can assume g(iay) = 0.
Furthermore, taking A.2 into account we deduce that the behavior of g in a neighborhood of ia; is
given by g(z) = 2”. Since ®3 has zeros of order one at the points in V' we deduce that g has at these
points either simple poles or zeros of order one, in any case the points in V' are points where the normal
vector is vertical. To obtain more information about the normal vector at the point —ib; we need to
return to our initial conditions.
In fact, using A.4 and the interior maximum principle one can prove that X (M) N {z5 = 0} =
5, X(M)Nn{xs = 2t —h} = ¢, X(M) N {sin (%) x1 + cos (%) (z2+9) =0} = [gqn and
X (M) N {sin (%ﬁ) X1 — COS (%ﬁ) (z2—9) =0} = ngh. By studying the intersection of X (M) with a
horizontal plane containing ¢ , we deduce the existence of a point with vertical normal at ¢; . Clearly,
this point must be —iby. Suppose that g has at the point —ib, a simple pole. Then, as X (—ib;) € £]
and g(iay) = 0, should exists a point in ¢;, different from the point ¢; , whose tangent plane is

{sin (%) 1 + cos (%ﬁ) (1[,’2 + %) = 0}, but this contradicts what we have obtain previously. So, g

has at —ib; a zero of order one.
Finally, the behavior of the symmetries at the points in EUV, allows us to deduce that distribution

of poles and zeros of the multivalued function g using non-integral exponents must be as follows

i i

ia+ —ia_ E-{- “a_ —lb+ ib_ -7

o
+
(SRS

0P 0° oo oo 0! 0! ool ool

Thus, % (recall that this is a meromorphic function on A), have only simple poles at the points in

E UV and the residues of % at these points are given in the following table
p e e T e e TR
Residue(%m) ‘ B B -8 =B 1 1 -1 -1




Furthermore, from the definitions of the symmetries in (1) we have
S* (@1 —i®y) = e (D1 +i®s) , (S5 ) (P1—i®2) = —(D1—i®2) , (S5 )" (®1 —iD2) = e 27 (Dy +iD3) .

Now, taking into account (2) and that g = ﬁ we infer

dg dg dg dg dg dg
p p (So°) J ’ (53) p J (5)
All the facts above presented imply that % can be written as
d
2 m +asnz,
g

where a3 € R and

B i e
mialw—i—cliz a9 W + coiz =i
Resid dz . ay/a* + 1+ 2a2 cos(p) (©)
a; = Residue | ———,ia, | =
! Wiz’ 1—a* ’
. dz ) by/b% + 1 + 2b2 cos(p)
as = Residue (m, —lb+) = — 1= b4 . (7)

Now, we must prove that there exist b(a, p, 3) and as(a, p, 3) so that the Gauss map g = exp (f1+ %)

verifies on M the other required conditions. Taking into account the symmetry S it is sufficient to
pay attention to {(z,w) € M | Re(z) > 0}. To translate these conditions into equations we need some
terminology.

The curve 74 consists of two copies, §; and d2, of s§. We can assume that &;(¢) and da(t) are
the two lifts to M of the curve ¢'2, ¢ € [p, 7], in the z-plane, satisfying d1(7) € 7" and d2(7) € 75,
respectively. Let 8(t) be the lift to M of the curve €'z, t € [0, p], in the z-plane. Observe §(0) = 1,
and 0(p) = 01(p) = d2(p). With this notation we have:

e As we wish that |g| = 1 on 7;" we have to impose

Re (/6%)—0. (8)

e We also have to impose that ¢g(i;) = g(i—). Then we have the condition

w(f4)>

where 0 = —01 + 03, with —&; () = 61 (7 — ¢).
On N we consider the curves 1 and ~» below described:
e 7, is the curve in AV given by 71 = a1 — (Sg )«(1), where oy = —S,(8) + 6.

® 7, is the curve in N given by 72 = —as + a3, where ag = d; — (S;‘)*(él) and a3 = 09 — (Sj)*(ég).



Observe that {y1,72} is a canonical homology base of N and 3 = 6 — (S)u(0 8). Thus, from (5) we

have

[ ([,,8) (9
7 9 a o S.(&)+s 9 s g

L;Q/ ()

are equivalent to the system:

/771+a3/77220 for 1=1,2.
¥i ;

i

Therefore the equations (8) an

I

In order to solve (10) it is sufficient to prove that there exists b(a, p, 3) such that

Joom [ m2 > /
det< n n = 771/ 7)2—/7)2/771:0.
f’Yz m f’Yz 2 71 Y2 Y1 Y2

Applying the bilinear relations of Riemann to the 1-forms 7; and 72 we obtain:

/m/ nz—/ 772/ m =27 Y f(p)Residue(n,p)
71 2 71 V2

pEEUV

(10)

(12)

where f is a primitive of 73 on the simply connected domain of A/, 2, obtained by removing the curves

1 and 7o (see [3]). We choose f so that f(el%) = 0. From (1) we obtain that (Sg)*(n2) =

we get

55 (p) P N _
fsso) = [, = [ == [ m=-Tw.

13

On the other hand we can consider the holomorphic transformation on N given by T'(z,w) =

As T*(n2) = —n2 we also obtain
T(p) P P
)= [, m= [, == [ m =10,

Notice that in the above computations we have used that S (Q) = T(Q) = Q.
Therefore, the equality in (12) can be written as

/71 m /W2 M2 — /W1 2 /72 m=4xiRe (B(f(iay) — f(—iay)) + f(=iby) — f(iby)) =

73. Then

(z,—w).

iay iby a dt b dt
47i Re / — / = —8ri / — / 13
0 —iay " —iby " o 0 Vtr+1+2t2cosp  Jo \/tA+1+2t2cosp (13)

Taking into account (13), the equation (11) is satisfied if F'(a, b, p, 8) = 0, where

dt ’ dt
Fa‘7b7 76 :ﬁ/ - -
(@5,2.0) 0 P+ 1+22cosp  Jo \/tt+1+2t2cosp

The function F' can be expressed as

1
Flabpd) = [ fa - b it
0o \Va*tt +1+2a%t2cosp  /bAd+ 1+ 2b%t2cosp

(14)



Since 0 < # < 1 we have that F'(a,a, p, 3) < 0. Moreover, it is easy to check that lim;, .o F'(a, b, p, 5) >
0. Now, for b € [0, a] we have

OF ! (1 —b*t*)dt
- \4, b» ) = -
b (a:6,.5) /0 (b4 + 1 + 2b2t2 cos p) &

<0.

From the above settings, we infer that there exists a unique b(a, p, 3) € [0, a] such that F'(a, b(a, p, 8), p, 8) =
0 and therefore verifies equation (11). Moreover, one can give an explicit, but rather long, formula for
the function b in terms of elliptic functions and so b is a real analytic function. Consequently, there
exists as(a, p, 5) € R solution of the system (10). From equation (8) we obtain

P Jél 1 1 1
. Re fé m . fO (a_l a2+a%+2 cos(t) + az b2+b%+2cos(t)) \/Q(COS(t) - COS(p))dt
a3(a, P, ﬁ) = _Ref 7 -~ fp 1 . (16)
s 0 2(cos(t)—cos(p))

Analogously, from (9) we obtain an alternative definition for as given by

(B8 1 1 1
Im fg m . fp (a_l a2+aiz+2x:os(t) + £b2+b%+2cos(t)) \/2(008(/)) - COS(t))dt (17)

_ > = 1
Im fé 2 fP ‘/2(cos(p)—cos(t))dt

a3(a7p7 /B) =

3 The complete examples

Figure 6: A complete surface constructed with a fundamental piece of angle /3.

Our geometric assumptions of the minimal disk have led us to an explicit tree-parameter family of
Weierstrass data: For a € [0, 1], p €]0,n[ and § €]0, 1], the disk M, , defined at the end of paragraph
2.1 and the meromorphic data

i dz n i dz i@%) ’ (I>3:)\w+c2lz% (18)

g = exp — - — - - )
14 a1 w—+ ci1z as W + c212 w—+ cl11z w
where b is the function satisfying F'(a,b(a, p, 8), p, f) = 0 with F' defined in (14), a3 is given by either

(16) or (17), A > 0 and ¢;, a; are given in (4), (6) and (7).
In addition, we can prove

10



Theorem 1 A minimal immersion satisfying assumptions A.1-A.5 has Weierstrass data of the form
(18) with a € [0,1], p €]0, x| and 8 €]0, 1].

Conversely, for a € [0,1[, p €]0,7[ and 8 €]0, 1] the Weierstrass data (18) define a proper minimal
immersion Xq 5 My, — R* that fulfills the assumptions A.1-A.4. Furthermore, X+ and X~
are injective.

Proof: The first part of the theorem is a direct consequence of the development along the previous
section. For the sake of brevity, throughout the proof of the converse part of the theorem we denote
M =M,, and X = X, , 3. Clearly, a surface represented by the data as given in (18) on M satisfies
A.1 and A.3. To see A.2 we parametrize the curves 7i as ;' (t) = ity, t €]a,1] and 4y (t) = it
t € [-1,a[. At this point, we are interested in compute g(£iy). In order to do this, we consider the
curve ¥ = ag + ag — (S5 )« (a1) — Si(a2), where a;, i = 1,2 are the curves defined in paragraph 2.3.
Observe that the curve 7 — S, (72) bounds a disk in A/ whose projection in the z-plane is the unit disk.
So, we have

d d d
/ %9~ o (Residue (—g, ia+) + Residue <—g, —ib+)> =2mi(B+1). (19)
Y=Su(v2) 9 g 9
Using again the notation of paragraph 2.3 and taking into account (5), i% (%1) € R and that b and

a3 have been chosen to satisfy (10) (or equivalently equations (8) and (9)), we also obtain

d d d d d dg d
/ _9:/ dg _ _9:2/ _9:2/ _9__9:4/ 9 (9p)
y—S.(v2) 9 y+v2 9 v 9 §—81—(S5)«(6—61) 9 5—6, 9 g 5-6, 9

Then, from (19) and (20) we get
d i
g(i+) = exp (/ _g> —e ([3;—1) .
6—61 9

iB+1)
2

Analogously, we can prove that g(—iy) = e~
difficult to see that on the curves v we have

. By using these computations and (18), it is not

. +
gD = (), @ <dl) — A p(t)dt |

where ¢ : [-1,=b[U] — b,a[U]a,1] — R and ¢ : [-1,a[U]a, 1] — R have the following properties
e ¢p>0and ¢ <0 on la,1],
ety > 0on [—1,-b[, ¥y <O0on]—"bal, p < 0on [-1,-b], ¢ > 0on|—b—al, pb) =0,

lim;_, -t = 400, limy_, 4+ = —oco and ¢y is well defined on [—1,a[ and in this interval
Yo < 0.
o lim; ..+ p=—o0, lim;_,,— ¢ =00, lim;_,,+ ¥ = oo and lim;_,,- ¢ = —o0.

Hence we have

d’yli i\ i+ 1 :ti([-l+1)
d =) = = F = _ 2 t t

d')/li - A ii(ﬁ;l) 1 ii([i;—l)
q>2< dt ) 2 (e o(t) te P(t) ) o(t) -
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The expressions for ®;, i = 1,2,3, imply that Zli is a half-line contained in a straight line {z3 =

k%, Fsin (%r) x1 + cos (%) ry = KT}, for suitable k¥, K* € R. Observe that these straight lines

meet the straight line {x3 = k*, x; = 0} at an angle 67” Note also that

(o (5)) - (252 ()

(0 () - (252) (g ) -

Taking into account the properties of the functions ¢ and ¢ and that § € ]0,1], we deduce that

+
Re (@2 (d;’tl )) < 0 and so Xmi is injective.

Moreover, it is clear that Lok diverges to +oo. If B €]0,1], then Tk diverges to +oo, while

6 =1 implies that T1 )t is constant.

On the other hand, it is straightforward to check that &3 (‘fi‘sti) € R and i% (dd—‘ii) eR, fori=1,2.

Moreover, since b and a3 had been selected to satisfy the system (10) we have that the Weierstrass
data verify equation (8). All these facts imply that

ds;
Re (éj (E)) =0,i=1,2,j=1,2,

and so /] is a vertical segment.
doy ddo _
O3 | — RY, &5 ( — R
’ ( dt ) R ( dt ) =

Furthermore, note that
and this implies that X5(i;) — X3(i—) > 0 and X|70+ is injective. On the other hand, since iy € ~;

and 0 € y; we have

iy
Et — k™ = X3(i4) — X3(04) = Re </ <I>3> = im Residue(®s,ia4) =T AR,
0+

where R = 1f14 (\/a2 + 25 +2cos(p) + \/b2 + &+ 2005(/))). Thus, t = k* — k= > 0. Taking into

account that symmetry S given in (1) verifies S(7{") = 75, S(v1) = 75 and S(vf) = 75, it is not
hard to conclude A.2 and that X|,+ and X|,- are injective.
Next, we prove that X is a proper immersion that satisfies A.4. In order to do this we recall that
% has a simple pole at ia with residue 5. Therefore, one has that the behavior of g in a neighborhood
of ia4 in M is given by
9= Bo(z—ia)? + Ho(2),

where By # 0, Hy is a holomorphic function in that neighborhood and the branch of (z —ia)? satisfies
17 = 1. On the other hand, since ®3 has a simple pole at ia, one has that in a neighborhood of ia,
in M AR
—i
D3(z) = + Hq(2),

z —la

where Hi is a holomorphic function in that neighborhood. Hence we deduce that

B
(z —ia)P+1

iBy

P1(z) = + Hy(z), ®a(z) = G0 + Hs(z) ,

12



where as before Ho and Hs are holomorphic functions at ia;. From expressions of ®;, for i = 1,2,3 in
a neighborhood of ia; we have

X(z) = (X1(2)+iXa(2), X3(2))
— ¢} L z —iIm L 2 e(—i ooz — ia .
= (e (G2 +00)) =it (G2 + H5(e) ) Re(—iARlog(: — ) + () )

By R
(ﬁo> £ (01(1) +102(1), 05(1)) .

z —

where O;(1) is a real function bounded in a neighborhood of iay and H;, for i = 4,5, 6 are holomorphic
functions at iay. Firstly, from the above expression it follows that X is proper. We also have that

arg (ﬁ) € larg(B1) — 3,arg(B1) + %] and then X (M) C X%, where £V is a half space of R?

determinated by a plane ¥ orthogonal to {z3 = 0} that verifies X (9(M)) C £+. Furthermore, we can
infer from the preceding expression that X (M) C {(z1,z2,23) | k < z3 <k}, where k < k. In the
case # = 1, we can use a result by Meeks and Rosenberg (see Lemma 2.1 in [13]) to obtain that X (M)
lies in the half slab determinated by to horizontal planes containing éf' and /5 , respectively, and ZS‘ ,
where ES‘ is the half space determinated by the plane parallel to ¥ that contains 9(M) and ES‘ cyt.
This concludes the proof of A.4 in the case § = 1. If 5 €]0,1[ we have that X (M) is in a half slab
and X (0(M)) is contained in a wedge of angle 73 € ]0,7[. Then a result by Lépez and Martin (see
Corollary 2 in [11]) asserts that with this conditions X (M) lies in the convex hull of its boundary. O

Remark 1 Observe that the case a = 0 in our family corresponds with the Lopez-Martin examples
(see [11]).

The second objective of the present section is to prove the following result:

Theorem 2 For each (3 €]0,1] there exists (a(5), p(8)), such that
h(a(B),p(B),8) =0, d(a(3),p(B),3) =0. (21)

Assume j €]0, 1] fixed. First we try to write the system (21) in terms of integrals of the Weierstrass
data. Observe that 04 € v; and co_ € 5. On the other hand we have the symmetry S that satisfies
S(04) = S(co_) and S(14) = 14. Thus, taking into account (2) we get the following expression for
the function h

oo 14
h(a,p, 8) = w3(ay ) — w3(q; ) = Xs(00-) — X5(04) = Re (/ ‘1’3> =2Re </ ‘1’3> :
04
So the first equation in (21) is equivalent to

h(a, p,5) = Re </0 ' %@3) =0. (22)

Regarding the function d, it is clear that ¢'% e 7o and e 7 e Yo » thus we have

dlap ) = Xale®) - ol ) =g | [ (g 2 ou) = fr ([ (943 )m) e

where a is the curve defined in paragraph 2.3. We recall that a1 = —S,(0)+9 and thus Si(an) = —a.
Then, taking into account (2) and (5) we deduce that

1
/ —(1)3 :/ gq)g. (24)
[e5] g [e5]
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From here and (23) we obtain that the second equation in (21) is equivalent to

i2
1 1 e
d(a,p,3) = —XIm </ g<I>3) = —XIm /4/i gPs | =0. (25)

Thus, to prove Theorem 2 it suffices to prove that there exists (a(8), p(3)) such that

h(a(B),p(B), B) =0, d(a(B), p(B), B) = 0.

Unfortunately, the proof of the above assertion is quite long and technical. For the sake of clarity, we
develop here a sketch of the proof and we present the complete details in Sect. 4.
We study first the function h. From (22) we have that

h(a, p, B) =

(26)

/1 t* + 1+ (c1ca — 2cos p)t?
0 (24a®)(t2+ L)\ /t*+1—2t2cosp

Observe that the function h can be extended to [0, 1]x]0, 7] x]0, 1]. We obtain the following properties
for h:

Cram H.1 h(0,p,8) < 0 for p €]0,7],

Cram H.2 lim, o+ h(a, p,3) = —oc for a € [0,1],

Cramm H.3 h(l,7,8) =%,

Cramt H.4 §(a, p, B) > 0 for (a, p, 8) €]0,1]x]0, x[x]0, 1],
Cramt H.5 2 (a, p, 8) > 0 for (a,p, 3) €]0,1[x]0, 7] x]0,1] .

From the preceding assertions we have that there exist po(8) € ]0,7[ and ao(8) € ]0,1[ such that
h(1, po(0),B) = h(ao(B),m, 3) = 0. Furthermore, the set C1 = {(a,p) € [0,1] x [0, 7] | h(a,p,3) =0}
is a differentiable embedded curve in ]0, 1]x]0, 7] from (ag(53), 7) to (1, po(B)).

However, the study of the function d is much more complicated due to the expression of the Gauss
map g. For this function the following facts can be proved:

Cram D.1 d(a,0,8) >0,
Cram D.2 lim, . d(a,p, ) = —c0,

CLAM D.3 There exists a unique p1(8) €]0, 7| such that d(0, p1(8), 3) = 0. Furthermore, d is positive
for p € [0, p1(06)[ and negative for p € |p1(6),1] ,

Cram D.4 d(1,p,3) > 0 for p € [0, po(0)] -

All the preceding claims allow us to assert that there exists a connected component C' of the set
{(a,p) € [0,1] x [0,7] | d(a,p,B) = 0} that contains the point (0, p1(3)) and a point in the segment
{(1,p) | p € [po(B),n]}. Since d is a real analytic function in the interior of [0, 1] x [0, 7], we have
that d=1(0) is locally path-connected and thus C' is also a path component. We denote by Cy a path
in C starting at (0, p1(8)) and finishing at a point in the segment {(1, p) | p € [po(8), 7]} . Therefore,
C1 N Cy # P and this concludes the proof of Theorem 2.

Theorem 3 If (a,p) € Cs, then the surface given by the Weierstrass data (18) also fulfills A.5.

14
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Figure 7: A fundamental piece (d = h = 0) of angle 7/2.

Proof: Let Ca(s) = (a(s), p(s)), s € [0,1] a parametrization of the curve Cy. We label My = Mgy, o(s)
and X, = Xy(s),p(s),3- We also define the set Z = {s € [0,1] | X, satisfies A.5} . To conclude it is
sufficient to see that Z = [0, 1].

Recall that a = 0 corresponds to the Lopez-Martin example of angle m3. This surface verifies
A.5 when d = 0 (see [11]). So, 0 € Z # (. Consider sg € Z. Taking into account the Weierstrass
representation, one has that the ends of X, are asymptotic to two pieces of helicoid and the distance
between both ends is positive, Vs. Then, there exists €,r > 0 such that Xs(M) N (R — B(0,7)) is
embedded, Vs €]sg—¢, so+¢€[. If X were not injective for some s €]sg—¢€, so+¢€], then self-intersections
of X¢(My) would be in B(0,7). As X (M,) is contained in the convex hull of its boundary, there are
no contacts of interior points with points at the boundary. So we would arrive to a contradiction,
by using either the classical maximum principle or the maximum principle at the boundary. Hence,
]so — €, 8o + €[C Z which implies that Z is open.

Now, take {s,}nen & sequence in Z converging to so > 0. Assume that X, is not injective. Then,
there are two points z,y € M, satisfying X, (z) = X;,(y). The convergence of {X;, }nen to Xs,
uniformly over compact subsets of R? and the interior maximum principle assure that there exist
neighborhoods N (x), N(y), of x and y, respectively, such that X, (N (x)) = X,,(N(y)). So, the image
set X, (M) is an embedded minimal surface with finite total curvature and X, : My, — X, (Ms,)
is a finitely sheeted covering map. As X, is one-to-one in a neighborhood of the end, then we deduce
that X, is injective, which is contrary to our assumption. This contradiction proves that 7 is closed.

Thus, an elementary connectedness argument gives that Z = [0, 1], which concludes the proof. O

We can describe our family of surfaces M as follows:
M={X,,p5: M., — R | ac0,1],p€]0,7[,5€]0,1]}.

Finally, we are interested in the complete surfaces obtained from the minimal immersion X, , 3 :
M, , — R3? when the parameters (a, p, 3) satisfy (21). We summarize the properties of these complete
surfaces in the following remark.

Remark 2 As we mentioned in the paragraph 2.1, the complete orientable minimal surface without
boundary

Xap,p: Maps— R?

obtained from X4 p 3(Ma,,) by successive Schwarz reflections about straight lines is invariant under the
vertical translation 7.

15



The case B € Q is specially interesting. The immersion )Z'a,pﬁ is singly periodic and the induced
1mmersion

Yo : (Mayp,8)/(m1) — B®/(7)

has four ends and finite total curvature. If we write 8 = q/p, p, ¢ € N, ged(p,q) = 1, then it is not
hard to check that:

o Ifp is even the surface Ma%g is the two sheeted orientable covering of a nonorientable minimal
surface properly immersed in R®. Moreover, Y, , 3 has four ends, its total curvature is —8m(p+q)

and Ma,p,g/@'l) has genus 2p — 1. A fundamental piece bounded by straight lines of a surface
Xapp, B=1/2, is illustrated in Figure 2.

o If p is odd the induced immersion Y, , g has two ends. Moreover, if q is even (resp. q is odd),
Yo 5,8 has total curvature —8mw(p+q) (resp. —4dw(p+q)) and M, , 3/(T1) has genus 2p (resp. p).

Figures 6 and 8 shows a fundamental piece of a surface )?a,p,g(Ma7p7g), B=1/3 and g = 2/3,
respectively.

Figure 8: A complete surface constructed with a fundamental piece of angle 27/3.

o The ends of Y, , 3 are embedded if, and only if, B = %, n € N, n > 1. In this case the only

self-intersection of )?a,p,g(Ma,p,g) occurs along the x3—awis.

Remark 3 (Uniqueness of Hy) Observe that the case § =1 (i.e., angle ) corresponds to the simply
periodic genus-one helicoid whose existence and embeddedness were proved by Hoffman-Karcher-Wei
in [5].
From (14), it is clear that if 3 =1 we have b(a, p,1) = a. Hence aa = —ay, ca = —c¢1 and az = 0.
Thus we obtain the following expressions for the Weierstrass data in (18)
22 4 a2 )\w—cliz dz

927 @3:

a?z2+1" w+c1iz w

9% = d (Lw - icl) B

It is easy to check that

a?z?2 +1 w

Thus, from the expression (33), that we will prove in the following section, we have

. 2
d(a,p,1) = —%/ Zdx.
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Figure 9: The rhomboid with the boundary values for the Jenkins-Serrin graph.

Therefore, the function d in this case does not depend on a. Then, taking into account CLAIM H.3, the
set {(a,p) € [0,1] x [0,7] | d(a,p,1) =0} ={(a,p1(1)) | a €[0,1]} = Ca. Finally, using CLAIM H.5
and that Cy is a graph in p we obtain that C1 N Cs is a unique point and so we have the uniqueness of
the example when the angle is .

Remark 4 (Limit case § =0) Regarding to the case 3 = 0, we observe that limg_.ob(a,p,5) = 0
and therefore limg_,g as(a, p, ) = 0 (see Lemma 4 and (16)). Furthermore, if we impose, in order to
take limits, that the length of the vertical segments were 1 we obtain that

ip . o .
A~ Re (/ ui) _ oh(a.p.8) + Re (/ Ld_> _ _oh(a,p.B) 4 7R,
0

o, WA+ criz w w~+ c1iz w

where R was defined in the proof of Theorem 2. Hence, if we study the limits of the Weierstrass data
given in (18) as  — 0 we obtain

iz dz
g:Z) ¢3:/’[/7-_)
w —+ c11z w

where i € R. One can see, using similar arguments as in Theorem 1, that the minimal surface with
this Weierstrass data satisfies assumptions A.1 to A.4. Taking into account the expression of the
Gauss map, it is easy to prove that this surface is a graph over the plane {x1 = 0}. Therefore, this
Weierstrass data corresponds to a Jenkins-Serrin graph defined on a rhomboid (see Fig. 9).

4 Appendix: Technical computations

The aim of this section is to present in detail the proofs of the claims in Sect. 3. Firstly, we have to
study in deep the function b(a, p, 3) defined in the paragraph 2.3. More precisely, we prove:

Lemma 4 The function b:[0,1]x |0, 7] x [0,1] — [0, a] fulfills the following properties:
a) bla,p,B) =0 if and only ifa=0 or 3 =0,

b) b(a,0,3) = tan(Barctan(a)) and b(a, 7, 3) = tanh(Barctanh(a)),

¢) lim, o 2228 — 3.

4) 2(a,p,6) > 0 for (a. p, §) €0, 1]x]0,x[x[0,1]

17



Proof: The assertions a) and b) are obtained straightforward from (14). Moreover, taking into account

that expression (15) vanishes for b = b(a, p, 8), it is not difficult to see ¢). Now we prove assertion d).
. . 2 3
For the sake of brevity, we will denote b, = g—z, bg = g—g, bps = aap—abﬁ and bygg = %' By

deriving in (14) we obtain the following expressions

b, = sinpy/b* 4+ 1+ 202 cos 5/a thdt - /b thdt (27)
P P P 0 (t*+1+22cosp)? o (t*+142t2cosp)s )
@ dt
by = b* + 1 + 2b2 . 28
A VBt L COSp/O t4+ 14 2t2cosp (28)
Deriving again in the preceding expressions we get the following differential equations
bpg = A+ Bb,, (29)
bpss = Cbgbys+ Dbib, + Eb? (30)
where
“ t2dt b si “ dt
A = sinp\/b4—|—1+2b2cosp/ - Sp / ,
0 Vtt+1+2t2cosp b+ 1+2b2cosp Jo /t4+ 1+ 2t2cosp
B — 2b (b* + cos p) /a dt ~4b(b? + cosp)
VO 1+ 20%cosp Jo /1P +1+2t2cosp bt + 1+ 2b%cosp ’
D o 2 (1—b%) (0% + cos(p)) + 4 b?sin(p)” o 2bsin(p) (1 —b*)

(b* + 1 + 2b2% cos p)? (b* + 1+ 2b%cosp)?

Let us prove that there does not exist any point (a, p, 8) € ]0,1]x]0, w[x[0, 1] such that

bo(a,p,8) <0, bysla,p,8) =0 and byss(a,p,B) >0. (31)

Assume we have a point (a, p, 3) with b,(a, p, 3) < 0 and bys(a, p, 3) = 0. If p €]0, T] we obtain from
(28), (30) and the definitions of D and E that b,gs(a, p,3) < 0.
Suppose now that p € [5,7]. From our assumptions and (29) we have

b(a, p, B)sin p > 2b,(a, p, B)(bla p, B)? + cos p) . (32)
Then, taking into account (30), (32) and that b € [0, 1] it is clear that

2 (b% —cosp)
bt + 1+ 2b2cosp P

bpﬁﬁ(aapaﬁ) S ( bp) (avpv ﬂ) < 0 .

On the other hand, from (27) we have b,(a, p,0) = b,(a, p,1) = 0. Since there are no points satisfying
(31) we deduce that b, as a function of § have no minimums corresponding to negative values of b,,.
Hence bp > 0 and this concludes the proof. O

PROOF OF CLAIM H.1 . This assertion can be inferred straightforward from (4), (26) and parts a)
and ¢) of Lemma 4.

PROOF OF cLAIM H.2 . Note that if p = 0, the denominator of (26) has a zero of order one at t =1
while the numerator is strictly negative at this point. This gives the claim.

PROOF OF cLAIM H.3 . From part a) in Lemma 4 and (4) we have that ¢; - co(1, 7, 3) = 0. Therefore

the integral (26) becomes
1
dt i
h(1 = —=—.
ams = [ Z5=1
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PROOF OF cLAM H.4 . To prove this claim we will consider the function iL(a,b, p) = h(a,p,B), it is
to say we consider h as a function of the independent variables (a, b, p). Then

%—@+8_Bb
dp dp Ob "

By deriving in (26) we get

oh _ —sinp /1 2 ((c} + 3 — c1ea)(t* + 1 — 2t% cos p) + ¢ c3t?) i@t
0

O e (72 +a2)(t2 + )t + 1 — 212 cos )’

%_—mrwﬂ/ r dt
Ob co b3 o (t2 4+ a2)( L)Vt +1—2t2cosp

From here and part a) in Lemma 4 we have g—h > 0 and ‘32 > 0 for (a,p,B) €]0,1]x]0,7[x]0,1] .
Therefore, taking into account part d) in Lemma 4 we obtain Craiv H.4.
PrOOF OF cLAIM H.5 . By deriving in (26) and simplifying we obtain

ah 1 1 t2 (2 — E—?tQ) \/t4 =+ 1-— 2t2 COS p 1 tQP(t a, p 6)
3__<_3_a>/ 2 1 g2)2(42 &+ L2 dt+/ 2 1 ,2)2(42 172,,4 2 d
a a 0 (12 4+ a?)2(1? 4+ %) 0 (24a2)2(t>+ %)%/t +1—2t2cosp

where P(t,a,p,3) = At*+Bt?>+Aand A = ib (— - b) B =cico (— — a)+A( ) Evidently, the

first summand in the above expression is positive for a €]0,1[. Then it suffices to see P(t,a,p, ) > 0.
Since A > 0, if B > 0 this is obvious. Therefore, assume B < 0. In order to see P(t,a,p,3) > 0 we
observe that the discriminant of P as a polynomial in ¢ is given by A = B? —4A2 = (B—2A)(B+2A).
From our assumption we know that the first factor of A is non positive. Let us analyze the second

one. We have )
1 1

B+2A=cico| 5 —a —1—@ ——b - +a) .
a3 a \ b3 a

Taking into account that z* +1 — 2 2% cosp < (22 + 1)? we obtain

(1+a?)?(1+b%) ([ 1- —a?
B+2A4> T 6 - .

Let us consider the function fi(a,p,8) =8 % - % From parts b) and d) in Lemma 4 we have

that b(a, p, 8) < b(a,m, 3) = tanh(F arctanh(a)). Since the function % is decreasing in b we get

2 1= a?
sinh(2 3 arctanh(a)) a

fila,p,8) >3

Next we compute

df1 _ 2cosh(2 B arctanh(a))
93~ sinh(2 8 arctanh(a))?

(tanh(2 @ arctanh(a)) — 2 § arctanh(a)) .

Since tanh(z) — z < 0 we deduce that %iﬁl < 0 and so

2 1—a?

fila,p,0) = fila,p,1) = sinh(2 arctanh(a))  a -0
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Thus B+2A > 0 and then A < 0. As P(0,a,p, ) = A > 0, this implies that P(¢,a, p, ) > 0 and this
concludes the proof of the claim.

Next we prove assertions on function d. In order to do this we need to establish some previous
results. The first one consists of finding an upper bound for the point py(8) defined in Sect. 3. To be
more precise we can see

Lemma 5 po(3) < 75

Proof: Taking into account CLAIM H.5, it suffices to prove that H(3) = h(1, #, B) > 0. To prove
this fact we will show that

m 1 s s
—2cos (m) \/b2+ b_2 + 2 cos (m) — 2cos (m) > —27

or equivalently
T 2 T 1 T
2sm<2(6+1)> COS<2(5+1)> \/b +b2+2COS(ﬁ+1>—O

Thereby, consider the function

i =190 (qrg) o (am) (2o (5759))

Using parts b) and d) of Lemma 4 we obtain that tan(i—”) < b(1, 577, 8) < 1. So, as the function
z? + g%z is decreasing in |0, 1] we get after some computations

Hy(B) > Hy(B) = 4 (tan (ﬁ)z — sin (5—2”)_2) .

By deriving in the above expression we have

T 1 : s s 2 T
o, (B) = 4m o <%) G Sm<2(ﬂ+1)) 4w 3 cos (67) B <6i1>2 cos <2<§+1>)
o sin (6—”)3 cos (L)B s sin <&)3 sin (L)B
2 2(6+1) 2 2(8+1)
2?2 cos(%x)

Now we define the function Hs(x) =

= e for z € [0, 1]. Let us see that Hs is a decreasing function
Sin EI

in z. Observe that OH. .
3 (x) = L ese (zm) (2sin(rx) — 7z (2 + cos(nz))) .

ox 2 2
It is easy to see that Hy(x) = 2sin(nz) — ma(2 + cos(wz)) is a concave function with Hy(0) = 0 and
H,(1) = —m. Therefore, we deduce that Hj is decreasing. Hence, since % < 8 we obtain
8H2 47 5 ))
—(8) = = | H: —Hs|——1]]<0.
35 )= g5 (0 - 1 (557 )) <
Finally, taking into account Hy(1) = 0 we conclude that Hy(5) > Ha(5) > 0. O

Next, we will study in deep the function as(a, p, 3) presented in paragraph 2.3.
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Lemma 6 The function ag : [0,1]x]0,x] x [0,1] — R fulfills the following properties:

a) as(a,0,8) =0,

b) asz(a,m 3) =0,

c) az(1,p,0) = —éAo, where 0 < Ap < 1.

Proof: Recall that ag can be computed either by the expression (16) or expression (17). Observe that
the denominator of (16) diverges to oo as p — 7 while the numerator goes to a constant. Therefore

we obtain part b) of the lemma. On the other hand, when ¢ — 1 the expression (16) gives us
as(1,p,B) = —%Ao, where

fo \/2(cos(t) cos(p)) V2(cos(t)—cos(p)) 4,

b2+ +2 cos(t)

Ao = i
—dt
‘[O 2(cos(t)—cos(p))

and b = b(1, p, ). Clearly Ay > 0. Furthermore, checking that the denominator in the above fraction
is greater than the numerator we have that Ag <1 and so part ¢) is proved.

As before the denominator in the expression (17) diverges to co as p — 0 while the numerator goes
to a constant. Thus we get statement a) of the lemma. a

PROOF OF cLAIM D.1 . From (25) we have

d(aapaﬁ):_ilm </ gq)‘3> ’

where «; is the curve defined in paragraph 2.3. On the other hand, from (2) and (5) we have
(S)*(g®3) = é(bg. Hence, taking into account (24) and that v1 = a1 — (S5 ). (1) we get

1
/ g(I);),:/ g(I)g—/ —@3—21Im</ g@g) .
Y1 3] [e31 ) a1

dap.9) =55 | 9%=g5 [ o0, (33)

where 7, is a curve in N homotopic to 7, that does not contain the point 1,. We can observe that
when p approaches 0 the curve 7; is the boundary of a topological disk around the point 1, and
thereby we obtain

Therefore, we have

i

d(a,0,08) = — / g®P3 = il Residue(lim g ®3,14) ,
)\ o A p—0

Taking part a) of Lemma 6 into account, we have that, when p approaches 0, 49 is a holomorphic

one-form in a neighborhood of 1 and furthermore lim, .o g(1+) = 1. On the other hand, we have

that lim,_.o ®3 has a simple pole at 1, and so

a(l+b%)
b(1 + a?)

PROOF OF CLAIM D.2 . Taking into account the assertion b) in Lemma 6, the Gauss map can be
easily computed in the case p = m and we obtain

g(z):-z—i—ib ( 2 —ia )‘3,

ibz+1 \ —iaz +1

d(a,0,8) = il Residue(;ii% O3,14) =7 >0.

A
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where b is given by part b) in Lemma 4 and we choose the branch of z? satisfying 1% = 1. From here
we infer that if @ € [0, 1] then g has no poles in the curve ;. On the other hand, the expression of the
one-form ®3 in the case p = 7 is given by

1 _a (z+1ib)(ibz+1) dz
3 Pslz) = b (z—ia)(—iaz+1) 22+ 1"

A

Clearly, for a € [0, 1], this one-form has a simple pole at z = +i that are the extremes of the curve «;.
Let us compute the sign of —Im (Residue (%g D3, ii)). Then, we get

a1+ b0 -0
2b(1 4 a)B+!

e

. 1 ) a(l1=0b2(1+a)’ ! 5.
, Residue (Xg @3,—1) =— 2501 — a)FFl e P2

Thus we obtain —Im (Residue (%g ®3, :l:i)) < 0. Note that if @ = 1, from statement b) of Lemma 4 we
have that b = 1. Therefore, in the case a = 1 we have

1
Residue (Xg D3, i) =

1 idz

g Pa =
e S CRTE

and in this case we have a pole of order 2 — 3 at z = i and as before we deduce that d(1, p, 3) diverges
to —oo when p — .

PROOF OF cLAIM D.3 . As was indicated in Remark 1 our examples for parameters (0, p, 3) coincide
with Lépez-Martin examples for parameters n = ﬁ, r = —cos(547) studied in [10] and [11]. Fur-
thermore, our function d corresponds with function f studied in Lemma 3 of [11]. From the analysis
of this function developed by Lépez and the second author in that paper follows that there exists

p1(B) €]0, 7] that verifies the conditions of CLAIM D.3.

PROOF OF cLAIM D.4 . Along this proof we assume a = 1 and p €0, po(5)]. Using (2), (5), (23) and
that a; = —S,(d) + § we obtain

v
1 e 1
1

Hence we can write d(a, p, 3) = I — Iz, where

h- | (191 + 57 ) cosare(o)m (-2

- = [ (1901 + 557 ) costenn (~ate't) )
L= (191 - 57 ) snCenstane 5

)
)= [ (101 - 757 ) simcenme (Foa())

1
A
where g(t) = g(e'2) and 0(t) = arg (g(ei%)) € [~3, 5] First of all we get
1 i) 2
Re (chg(e z)) =) 2. (34)

Furthermore, since h(1, p, 3) < 0 for p € [0, po(5)[ we deduce from (26) that 2 cos(p) — 2 cos(5)ca > 2
and therefore we obtain

—2cos(t) + 2 cos(p) — 2cos(§)ca sin(£)?2

S cos(3)2/Zloos(® —con(p) Zoos(§ )/ Zleon@ —eon) ~ )

Im (-%%(ei%)) -
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Next, we will compute the expressions of 8(¢) and ¢(t). Regarding 6(¢) we obtain

1—b? ¢ t
<0(t) = —  tan(=)) < - < = .
0 < 6(t) = arctan <1 T tan(2)> <5%3 (36)
On the other hand, |g(t)| is given by
ei'fj d
sl =exn | [ Re (L)) e (Gt 1)
1
where
1 [T [/2 — 1
o= | VIR o) .
2a3 Jo b% + 3z + 2cos(s) V/2(cos(s) — cos(p))

For this function we obtain the following facts:

Lemma 7 The function G above described satisfies:

a) G(t,p,3) >0,
1—b2 - b2+1+2bsin(2)
b) G(t,p,B) < mG(M ), where G(p, B) = log (\/ 7b2+1_2bsin(§)) .

Proof: First of all we note that G(0, p, ) = G(p, p, 8) = 0. Evidently, we have

oG 1 2(cos(t) — cos 1
LA W (Ve G R M |
ot 2a2 \ b2+ 3z +2cos(t) V/2(cos(t) — cos(p))
Thereby, if ¢y is a critical point of G as a function of ¢ we have at this point
1
2 (cos(tp) — cos(p)) — Ag (2 cos(to) + b + b_2> =0. (38)
Furthermore, the second derivative of G respect to t is
0°G sin(t) < 1
—(t, p, = - — [ —Ap(b? + = + 2cos(1))?
ot? (t:0.5) 4v2a3(b? + 7 + 2 cos(t))?(cos(t) — cos(p))2 of b? )

— 2(cos(t) — cos(p))(b* + biQ + 2cos(t)) + 8(cos(t) — cos(p))2>

Therefore, at the point ¢y we get

0%G sin(tp)

W(t07p76): 3A0(A0_1)7

- 2v/2a3(cos(ty) — cos(p)) 2
and since part ¢) of Lemma 6 guarantees that 0 < Ay < 1, we deduce that there exists at most one
critical point of G as a function of ¢ and this must be a maximum. From here follows statement a) of

the lemma.
Now, we recall that Ap > 0 and +/2(cos(s) — cos(p)) < 2cos(%). Then we have

K s —v? b2+ 1+ 2bsin(%
G(tvpv ﬂ) S _i fOS(Q) ds = ! b IOg T Sln(%) :
az Jo b+ 3 +2cos(s) Vb + 1+ 262 cos(p) b? +1 — 2bsin(3)

b24+142b sin(%)

To conclude the proof of b) it is suffices to note that log ( T 2bsn(L)
2

) is increasing as a function

of t.
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Now we will return to the study of d. From (35) and (36) we get the following inequality for the

integral I ,
e sin(%) P P
L = —|(sec(=z)—1) , 39
g /0 cos(L)y/2(cos(t) — cos(p)) 2 ( (2) ) (39)

On the other hand, taking into account (34), assertions a) and b) of Lemma 7, and that exp(z) —
exp(—z) and sin(x) are increasing functions we obtain

: 2cos(5) —ca [! sin(%)
S —exp(———1zt2 2 2
B < (expl s 600 0) — el Gl 0) ) 22 [ S,
N Reos(3) = ea) (ot _
= mnh(mG(p,ﬁ)) 5 sec(z) 1).
As sec(x) is also increasing it follows
inh (12t (Zeos(Q) = ca) (o)
Iggsmh(\/mG(p,ﬁ)) 5 (sec(2) 1). (40)

As a consequence of (39) and (40), we have

d(1,p,8) =1 — I, > % (sec(g) - 1) (7‘(‘ - (2cos(g) — ¢2) sinh (#@G(p, 6))) .

_ Py . 1—p2 . . .
We denote by H(p, 8) = (2 cos(§) —c2) sinh (—\/mG(p, ﬁ)) Our next objective is to prove

that = — H(p, 8) is non negative. We will distinguish several cases.
e T . . 1-b2 . .
. — 1 <
Suppose first that p € [0, 2arcsin(7)]. Taking into account TSR E—y 1 and that sinh(x) is

an increasing function we have

r—H(p,g) > n— 22S(B)@eos) —ea) | 4bsin(g) cos(f)
Vb + 1+ 202 cos(p) JOr+ 1+ 262 cos(p)

- ZSin(g) L (41

Consider now the function k1 (p, 5) = W. By deriving here we get
cos(p

My = — L0
op P (b* + 1+ 202 cos(p)) 2 g

From (28) we obtain that the preceding derivative is non negative. Therefore, taking part a) of Lemma
4 into account we get ki(p, 8) < k1(p,1) = Thus, we can conclude

1
2cos(£)"
w—H(p,3) 27r—4sin(g) >0.

Using Lemma 5 we know that if 8 € [, 1], where 5, =

Thereby, we only have to study the cases where 8 € [0, 1] and p € [2arcsin(]), 7]. Observe that in
the remainder cases cos(p) < 0.
Now, we assume 3 € [0,0.56] and p € [2arcsin(]),n]. Consider now the function kz(p,3) =
L . By deriving here we get

£/ b4 +142b2 cos(p)

x . .
Taresin(E) 1, we are in the preceding case.

%(m 3) = —2b(b? + cos(p))

by .
op (b* + 14 2b% cos(p)) 2 g
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Recall that bg > 0, there is a critical point when b*> = — cos(p). In order to see the character of the
critical point we compute the second derivative at a critical point and obtain

0%k, _ 4cos(p)
8—[32@’@ ~ sin(p)3

Hence, the critical point is a maximum and ka(p, ) < ==—. Then, from (41) we have
P sin(p)

<0.

W—H(p,ﬁ)ZW—Qb—2sin(g). (42)

Using statement d) of Lemma 4 and Lemma 5 we have b(1, p, 5) < b(1, ﬁ,ﬁ). If we compute the
derivative of this function respect to 8 and use (27) and (28) we obtain

0b

b 2 sin(2+)

T 1
—(1,55,8) = —5Enzby+bs = /b* + 1+ 2b2 cos( 5% / EAR dt
86( B+1 6) (B+1)27P B \/ (ﬁ-‘rl) <(5+1)2 0 (t4+1+2t2COS(611)'

Nl

/1 (1= #2)° + 28 cos( 57y )* (1 — e tan () )
+ dt
0

(4 + 1+ 2t% cos(577) 2

Let us prove g—g(l, ﬁ,ﬁ) > 0. To see this it suffices to prove that k(3) = (6151)2 tan(Q(ﬁTH)) < 1.
But this is very easy to see since k is an increasing function and k(1) = § < 1.

Summarizing we have that b(1, e B) < b(1, 1%5,0.56). Then substituting in (42) we get

7= H(p,B)>m—2b(1,——,0.56) —2 >0
1.56
Suppose now that 5 € [0.56, 1] and p € [2arcsin(Z),n]. From this assumptions and Lemma 5,

1
we can assert that p € [2arcsin(%) Let us consider the function k3(p,3) = 2cos(§) + c2 =
b*+1+4-2b2 cos(p)
b

) Ti56 )
2cos(§) +
where non negative also (see (28) and part d) in Lemma 4) we obtain that k3 are a decreasing function
on p and 3. Therefore, k3(p, 3) < k3(2arcsin(F),0.56) < 3.04.

On the other hand, reasoning as before it is easy to see that 1—b? is a decreasing function on p and 3.
Then, taking into account the results obtained before for the function k; and that p € [2arcsin(%),
we get

. It is not hard to see that %—’? and %% are non negative. Since bg and b,

T56)

1-0? < 1 —b(1,2aresin(%),0.56)?
Vb +1+2b2cos(p) — sin(1%g)

Finally, the same argument used with the preceding functions prove that G(p, ) is an increasing
function on p and 3 and so G(p, 3) < G(1%5,51) < 1.12. Thus we have

<0.79.

7 — H(p,B) > m —3.04sinh(0.79 - 1.12) = 0.08 > 0 .
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