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Abstract

We prove that for every smooth compact Riemannian three-manifold W with nonempty bound-
ary, there exists a smooth properly embedded one-manifold∆ ⊂ W = Int(W ), each of whose
components is a simple closed curve and such that the domainD = W − ∆ does not admit any
properly immersed open surfaces with at least one annular end, bounded mean curvature, compact
boundary (possibly empty) and a complete induced Riemannian metric.
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1 Introduction.

A natural question in the global theory of minimal surfaces,first raised by Calabi in 1965 [2] and later
revisited by Yau [11, 12], asks whether or not there exists a complete immersed minimal surface in a
bounded domainD in R

3. As is customary, we will refer to this problem as the Calabi-Yau problem
for minimal surfaces. In 1996, Nadirashvili [10] provided the first example of a complete, bounded,
immersed minimal surface inR3. However, Nadirashvili’s techniques did not provide properness of
such a complete minimal immersion in any bounded domain. Under certain restrictions onD and the
topology of an open surface1 M , Alarcón, Ferrer, Martı́n, and Morales [1, 7, 8, 9] proved the existence
of a complete, proper minimal immersion ofM in D. Recently, Ferrer, Martin and Meeks [4] have
given a complete solution to the “proper Calabi-Yau problem for smooth bounded domains” by
demonstrating that for every smooth bounded domainD ⊂ R

3 and for every open surfaceM , there
exists a complete proper minimal immersionf : M → D; furthermore, in [4], they proved that such
an immersionf : M → D can be constructed so that for any two distinct endsE1, E2 of M , the limit
setsL(E1), L(E2) in ∂D are disjoint compact sets2.

In contrast to the above existence results, in this paper we prove the existence of nonsmooth
bounded domainsD in R

3, and more generally, domainsD inside any Riemannian three-manifold, for
which some open surfaceM can not be properly immersed intoD as a complete surface with bounded
mean curvature. In this case, we will say thatD is aCalabi-Yau domain for M . The result described

∗This research is partially supported by MEC-FEDER Grant no.MTM2007 - 61775.
†This material is based upon work for the NSF under Award No. DMS - 0703213. Any opinions, findings, and conclu-

sions or recommendations expressed in this publication arethose of the authors and do not necessarily reflect the views of
the NSF.

1We say that a surface isopenif it is connected, noncompact and without boundary.
2See Definition 2.1 for the definition of the limit set of an end of a surface in a three-manifold.
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in the next theorem generalizes the main theorem of Martı́n,Meeks and Nadirashvili in [6] which
demonstrates the existence of nonsmooth bounded domains inR

3 which do not admit any complete,
properly immersed minimal surfaces with compact boundary (possibly empty) and at least one annular
end.

Theorem 1.1 Let W be a smooth compact Riemannian three-manifold with nonempty boundary and
let W = Int(W ). There exists a properly embedded one-manifold∆ ⊂ W whose path components
are smooth simple closed curves, such thatD = W − ∆ is a Calabi-Yau domain for any surface with
compact boundary (possibly empty) and at least one annular end. In particular,D does not admit any
complete, noncompact, properly immersed surfaces of finitetopology, compact boundary and constant
mean curvature.

2 Notation and the description of∆.

Before proceeding with the proof of the main theorem, we fix some notation.

1. B(R) = {x ∈ R
3 | |x| < R} and B = B(1).

2. B(R) = {x ∈ R
3 | |x| ≤ R} and B = B(1).

3. S
2(R) = ∂B(R) and S

2 = ∂B.

4. Forp ∈ R
3 andε > 0, B(p, ε) = {x ∈ R

3 | d(p, x) < ε} is the open ball of radiusε centered
atp.

5. Forn ∈ N, Bn = B(1 − 1
2n ) and S

2
n = ∂Bn.

6. For any setF ⊂ R
3, the cone onF is

C(F ) = {x ∈ R
3 | x = ta where t ∈ (0,∞) and a ∈ F}.

7. For any setF ⊂ R
3 and ε > 0, let F (ε) = {x ∈ R

3 | d(x, F ) ≤ ε} be the closedε-
neighborhood ofF , whered is the distance function inR3.

In the proof of Theorem 1.1, we will need the following definition.

Definition 2.1 Letf : M → D be a proper immersion of surfaceM with possibly nonempty boundary
into an open domainD contained in a three-manifoldN with possibly nonempty boundary. Thelimit
setof M is

L(M) =
⋂

α∈I

(f(M) − f(Eα)),

where{Eα}α∈I is the collection of compact subdomains ofM and the closuref(M) − f(Eα) is
taken inN . Thelimit set L(e) of an ende of M is defined to be the intersection of the limit sets all
properly embedded subdomains ofM with compact boundary which represente. Notice thatL(M)
andL(e) are closed sets of∂D, and so each of these limit sets is compact whenN is compact.
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First we will prove Theorem 1.1 in the caseW is the smooth closed Riemannian ballB ⊂ R
3. In

this case, we will construct a properly embedded 1-manifold∆ ⊂ B with path components consisting
of smooth simple closed curves such that every proper immersion f : A = S

1 × [0,∞) → B −
∆ of an annulus with a complete induced metric has unbounded mean curvature; this result will
prove Theorem 1.1 in the special caseW = B. The proof of the case of Theorem 1.1 whenW is a
smooth Riemannian ball, or more generally, an arbitrary compact smooth Riemannian manifold with
nonempty boundary follows from straightforward modifications of the proof of theB −∆ case; these
modifications are outlined in the last paragraph of the proof.

The first step in the construction of∆ is to create a CW-complex structureΛ on the open ballB.
Consider the boundary∂ of the box[−1, 1] × [−1, 1] × [−1, 1] ⊂ R

3. The surface∂ has a natural
structure of a simplicial complexX1 with facesF1 = {F1, F2, ..., F6} contained in planes parallel
to the coordinate planes, edgesE1 = {E1, E2, . . . , E12} and verticesV1 = {v1, v2, . . . , v8}. Let X2

denote the related refined simplicial complex obtained fromX1 by adding vertices to the centers of
each of the faces ofF1 and to the centers of each of the edges inE1, thereby obtaining new collections
F2, E2,V2 of faces, edges, and vertices. In this subdivision each faceof F2 corresponds to subsquare
in one the faces inF1 with four line segments, each of length one. Note thatF2 has6 · 4 faces,E2 has
2 · 6 · 4 edges andV2 has6 · 4 + 2 vertices. Continuing inductively the refining of the complex X2,
produces at then-th stage a simplicial complexXn with 6 · 4n−1 square facesFn, 2 · 6 · 4n−1 edges
En and6 · 4n−1 + 2 verticesVn.

We define the 1-skeletonΓ of Λ as follows:

Γ =

∞⋃

k=1

[
C(Ek) ∩ S

2
k

]
∪

[
C(Vk) ∩

(
Bk+1 − Bk

)]
,

whereC(Ek) denotes the coneC(∪Ek). Extend the proper 1-dimensionalCW -complexΓ ⊂ B to a
proper2-dimensionalCW -subcomplexΛ′ of Λ as follows. The faces ofΛ′ are the spherical squares
in S

2
k − Γ, ask varies inN, together with the set of flat rectanglesC(α) ∩ (Bk+1 − Bk), whereα is a

1-simplex inΓ ∩ S
2
k, ask varies inN andα varies inΓ∩ S

2
k, see Figure 1 below. LetF denote the set

of faces ofΛ. Finally, B−Λ′ contains an infinite collectionG = {Gα}α∈I of components which have
the appearance of a cube which is a radial product of a spherical square in someS2

k − Γ with a small
interval of length2−(k+1), together with the special componentB(1

2). The setG is the set of 3-cells in
Λ, which completes the construction of theCW -complex structureΛ of B.

Define the related closed, piecewise smooth regular neighborhoodN̂(Γ) of Γ:

N̂(Γ) =

∞⋃

k=1

[(
C(Ek) ∩ S

2
k

) (
1

2k10

)]
∪

[(
C(Vk) ∩

(
Bk+1 − Bk

)) (
1

2k100

)]
.

Then letN(Γ) ⊂ Int(N̂ (Γ)) be a small smooth closed regular neighborhood ofΓ in B such that its
boundary∂N(Γ) intersects each faceF in F transversely in a simple closed curveβ(F ) that bounds
a diskL(F ) ⊂ F ; let L = {L(F ) | F ∈ F}. For each open 1-simplexα ∈ Γ, let P (α) be the plane
perpendicular toα at the midpoint ofα. Let Ñ(Γ) ⊂ Int(N̂(Γ)) be another smooth closed regular
neighborhood ofΓ with N(Γ) ⊂ Int(Ñ(Γ)) and such that∂Ñ(Γ) ∩ P (α) contains a simple closed
curveβ(α) close toα and which linksα. Let W (α) ⊂ P (α) denote the closed disk with boundary
curveβ(α) and letW = {W (α) | α ∈ Γ}, see Figure 2.

The set∆ is the collection
[⋃

α∈Γ β(α)
]
∪

[⋃
F∈F β(F )

]
. The domain described in Theorem 1.1

isD = B − ∆.
We conclude this section with the following immediate consequence of our constructions above.

3



Figure 1: The first two steps in the construction ofΛ.

Figure 2: The 1-dimensional simplicial complexΓ, the 1-manifold∆ consisting of closed curvesβ(F )
andβ(F ) and the disksW (α) andL(F ), whereF is a face inΛ andα is a 1-simplex inΛ.
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Lemma 2.2 LetE be one of the following:

1. a 1-simplex, face or 3-cell inΛ;

2. a disk in eitherW or L;

3. a component of̃N(Γ) − ∪W.

If for someδ ∈ (0, 1
4), E ∩ [B − B(1 − δ)] 6= Ø, thenE is contained in a ambient ballBE of radius

4δ.

3 L(A) is a path connected subset ofS2 with more than one point.

In this and the following sections,f : A → D will denote a counterexample to Theorem 1.1 which,
after a small smooth perturbation, we will assume to be a fixedproperly immersed annulus diffeomor-
phic toS

1 × [0, 1) satisfying:

1. The supremum of the absolute mean curvature ofA is less than a fixed constantH0 > 10;

2. f is transverse to the disks inW and to the surface∂Ñ(Γ);

3. f is in general position with respect toΛ, i.e., f is disjoint from the set of verticesV of Λ,
transverse to the closed faces ofΛ and so, it is also transverse toS

2
k for eachk ∈ N.

Lemma 3.1 If f : Σ → D is a properly immersed surface with compact boundary ande is an end of
Σ, then the limit setL(e) of the ende is path connected.

Proof. This is a standard result, but for the sake of completeness, we present its proof. Letp, q ∈ L(e)
be distinct points. LetD1 ⊂ D2 ⊂ . . . ⊂ Dn ⊂ . . . be a smooth compact exhaustion ofD. After
replacing by subsequences, we may assume that there is a sequence of pairs of pointspn, qn which
lie in the component ofΣ − Int(f−1(Dn)) which representse and such thatlimn→∞ f(pn) = p and
limn→∞ f(qn) = q.

Let σn : [0, 1] → Σ − Int(f−1(Dn)) be paths withσn(0) = pn and σn(1) = qn. Since the
spaceC([0, 1], B) of continuous maps of[0, 1] into B is a compact metric space in the sup norm, a
subsequence of the pathsf ◦ σn converges to a continuous mapf ◦ σ of [0, 1] to ∂D =

[
S

2 ∪ ∆
]
⊂ B

with f ◦σ(0) = p andf ◦σ(1) = q. Sincef ◦σ([0, 1]) ⊂ L(e) also holds,L(e) is path connected.2

Lemma 3.2 If L(A) ∩ ∆ 6= Ø or if L(A) consists of a single point inS2, thenA has finite area.

Proof. By Theorems 3.1 and 3.1’ in [3], the bounded mean curvature hypothesis and the properness
hypothesis onf imply that if f composed with the inclusion map ofD into R

3 is proper outside of
a point inS

2 or outside of a component of∆, then the surfaceA has finite area. SinceL(A) is path
connected and the path components of∂D are S

2 or a simple closed curve in∆, then the lemma
follows. 2

Lemma 3.3 If F : A → R
3 is a complete immersion ofS1 × [0,∞) with bounded mean curvature,

thenA has infinite area.
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Proof. Suppose thatA has finite area and we will obtain a contradiction. SinceA is a complete
annulus of finite area, there exists a sequenceγn of pairwise disjoint, piecewise smooth, closed em-
bedded geodesics with a single corner, which are topologically parallel to∂A and whose lengths tend
to 0 asn tends to infinity. Assume that the index ordering of the geodesicsγn agrees with the rel-
ative distances of these curves to∂A. ReplaceA by the subendA(γ1) with ∂A(γ1) = γ1. By the
Gauss-Bonnet formula applied to the subannulusA(γ1, γn) with boundaryγ1 ∪ γn, the total Gaussian
curvature ofA(γ1, γn) is greater than−4π. Since the Gaussian curvature functionKA of A is point-
wise bounded from above byH2

0 , then the integral
∫
A(γ1) K+

A dA, whereK+
A (x) = max{KA(x), 0},

is finite becauseA has finite area. Hence, after replacingA by a subend ofA, we may assume that∫
A(γ1) K+

A dA < π. So, we conclude that
∫
A(γ1,γn) K−

A dA > −5π, for all n, whereK−
A (x) =

min{KA(x), 0}.
On the other hand, since the area ofA does not grow at least linearly with the distance from∂A, the

norm of the second fundamental form ofA is unbounded onA. By standard rescaling arguments (see
for example [5]), there exists a divergent sequencepn ∈ A(γ1) of blow-up points on the scale of the
second fundamental form with norm of the second fundamentalform atpn beingλn > n, and intrinsic
neighborhoodsBA(pn, λn

10 ) such that a subsequence of the rescaled surfacesλn

[
f(BA(pn, λn

10 )) − pn

]

converges in theC2-norm to a minimal diskD in R
3 satisfying:

1. The norm of the second fundamental form ofD is at most 1 and equal to 1 at the origin.

2. D is a graph over the projection to its tangent plane at the origin.

3. The total curvature ofD is −ε for someε > 0. Hence forn large, the integral of the function
K−

A onBA(pn, λn

10 ) is less than− ε
2 .

By property 3 above, we conclude thatlimn→∞

∫
A(γ1,γn) K−

A dA = −∞, which contradicts our earlier

observation that
∫
A(γ1,γn) K−

A dA is bounded from below by−5π. 2

The next lemma is an immediate consequence of Lemmas 3.2 and 3.3.

Lemma 3.4 L(A) is a path connected compact subset ofS
2 containing two distinct pointsx andy.

In particular, the immersionf can be seen as a proper immersion inB.

In the next sections, we will analyze how certain subdomainsof the immersed annulusf(A)
intersects certain specific two-dimensional subsets ofD, for which we need the following definitions.

Definition 3.5 SupposeF : Σ → D is a smooth proper immersion of a surface with compact boundary
which is transverse to the disks inW, to ∂Ñ(Γ) and is in general position with respect toΛ. Suppose
γ is a simple closed curve inΣ. Then:

1. γ is anX1-type curve, if γ is a component ofF−1(∪W).

2. γ is an X2-type curve, if γ is a component ofF−1(∂Ñ (Γ)). Note that in this caseγ ⊂[
∂Ñ(Γ) − ∪W

]
and so curves ofX1-type andX2-type are disjoint.

3. γ ⊂ Σ is anX3-type curve, if γ is a component ofF−1(∪L). Notice that in this caseγ is
contained in a face ofΛ.

Definition 3.6 Given the fixed immersionf : A → D, then:
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1. X1 is the set ofX1-type curves parallel to∂A andX2 is the set ofX2-type curves parallel to
∂A.

2. X3 is the set ofX3-type curves inA which are disjoint from(∪X1) ∪ (∪X2).

3. By Lemma 4.1 below, the countable setX can be expressed asX = X1 ∪ X2 ∪ X3 =
{γi | i ∈ N}, where the natural ordering of the simple closed, pairwise-disjoint curvesγi in
A by their relative distances from∂A agrees with the ordering of the index setN.

4. An denotes the compact subannulus inA with ∂An = ∂A ∪ γn; noteA1 ⊂ A2 ⊂ . . . ⊂ An ⊂
. . . is a smooth compact exhaustion ofA.

5. Forn, j ∈ N, A(n, j) denotes the compact subannulus ofA with boundary curvesγn andγn+j.

6. A(k) = ∪∞
j=1A(k, j) is the end representative ofA with boundaryγk.

4 Placement properties of∂A(k, 1) for k large.

Lemma 4.1 For k large, there exists at least one curve inX in the regionBk+2−Bk−1. In particular,
the setX is infinite.

Proof. Assume thatf(∂A) is contained inBn and we will prove thatBk+2−Bk−1 contains an element
in X, wheneverk > n. Sincef : A → B is proper and transverse to the spheresS

2
i for everyi, then

for i ≥ n, f−1(S2
i ) contains a simple closed curveαi which is a parallel to∂A. If f(αk) ∩ (∪L) 6=

Ø, then eitherαk ∈ X3 or αk intersects an elementγ of X1 ∪ X2, wheref(γ) is contained in[
Bk+1 − Bk−1

]
⊂

[
Bk+2 − Bk−1

]
. Similarly, if f(αk+1) ∩ (∪L) 6= Ø, then eitherαk+1 ∈ X3 or

αk+1 intersects an elementγ of X1 ∪ X2, whose imagef(γ) must be contained in
[
Bk+2 − Bk

]
⊂[

Bk+2 − Bk−1

]
. Hence, we may assume thatf(αk) andf(αk+1) are both disjoint from∪L and so,

[f(αk ∪ αk+1)] ⊂ Int(Ñ (Γ)).
Let Dk

W be the collection of disks inW which are contained inBk+1 −Bk and letΣk be the com-
pact domain which is closure of the component ofÑ(Γ)−(∪Dk

W) which containsf(αk) in its interior.
Let A(αk, αk+1) be the subannulus ofA with boundaryαk∪αk+1. Then(f |A(αk ,αk+1))

−1(∂Σk) con-
tains a simple closed curveγ which is parallel to∂A and which is an element ofX1 ∪ X2 ⊂ X. The
existence ofγ completes the proof of the assertion. 2

Lemma 4.2 There exists a smallη1 > 0 such that for anyη ∈ (0, η1], if D ⊂ A is a compact disk with
f(∂D) ⊂ B(z, η) for somez ∈ S

2 andD contains a pointp such that the distanced(f(p), z) ≥ 1,
then:

1. The diskD contains aXi-type curveβ, for i = 1, 2 or 3, andf(β) lies inB(z, 1/2)−B(z, 2η).

2. The curveβ can be chosen so that the diskD(β) ⊂ D bounded byβ containsp. In particular,
f(D(β)) contains a point of distance at least1

2 from its boundary and every point inD(β) has
intrinsic distance at leastη from∂D.

Proof. Recall that for any faceF in F , C(F ) denotes the cone overF . Clearly, forη1 > 0 sufficiently
small andη ∈ (0, η1], there exist facesF1, F2, F3 andF4 in F , such that:B(z, 2η) ⊂ Int(C(F1)),
C(Fi) ⊂ Int(C(Fi+1)), for i = 1, 2, 3 andC(F4) ⊂ B(z, 1/2).
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At this point we can follow the proof of Lemma 4.1 where the annulusD − {p} plays the role of
A and the piecewise smooth disk∂C(Fi) plays the role ofS2

k−2+i. Then we obtain anXi-type curve
β parallel to∂D in D − {p} and whose imagef(β) is in the open region between∂(C(F1)) and
∂(C(F4)), which is containedB(z, 1/2) − B(z, 2η). This is the desired curve. 2

Before stating the next assertion, we need some notation.

Definition 4.3 Given a curveγk in X, we defineχ1(f(γk)) to be the union of all closed3-cells inΛ
which intersectf(γk). Similarly, giveni ∈ N we defineχi+1(f(γk)) as the union of all closed3-cells
in Λ which intersectχi (f(γk)).

In what follows, we shall use the observation that fori = 1 and2, the setχi(f(γk)) is a piecewise
smooth compact ball, whose boundary sphere is a union of faces inF and it is in general position with
respect to the immersionf .

Lemma 4.4 For k large, we havef(γk+1) ⊂ χ3(f(γk)) or f(γk) ⊂ χ3(f(γk+1)). Furthermore,
givenη > 0, there exists an integerk(η) such that for anyk ≥ k(η) one has:

1. f(A(k)) ⊂
[
B − B(1 − η)

]
and eachXi-type curveγ, i = 1, 2 or 3, in A(k, 1) is contained in

a ball B(y(γ), η) for a suitable pointy(γ) ∈ S
2.

2. There is a pointz(k) ∈ S
2 such thatf(γk ∪ γk+1) ⊂ B(z(k), η).

3. Every simple closed curveγ ⊂
[
A(k, 1) − f−1(B(z(k), η))

]
bounds a disk inA(k, 1).

Proof. In order to prove the first statement of the lemma, we distinguish four cases, depending on the
position off(γk). We will use the fact that by Lemma 2.2, fork → ∞, the curvef(γk) becomes
arbitrarily close to a pointz(k) ∈ S

2.
Case A:f(γk) ⊂ D ∈ W.

In this casef(A(k, 1)) enters a componentC of Ñ − ∪W nearf(γk). Consider the compact
componentZ of

(
f |A(k)

)−1
(C) ⊂ A(k) with boundary componentγk and letαk be the boundary

curve ofZ − γk which is parallel to∂A(k) = γk. By the definition ofX1 andX2, αk = γk+j ∈
[X1 ∪ X2] ⊂ X, for somej ≥ 1. By definition ofX, γk+1 ⊂ A(k, j) and intersects the domainZ. If
γk+1 ⊂ Z, then clearlyf(γk+1) ⊂ C ⊂ χ2(f(γk)) and we are done. Otherwise,f(γk+1) must not be
contained inÑ(Γ). This means thatγk+1 belongs toX3 and so it is contained in a faceF of Λ, which
intersectsC. Hence,F ⊂ χ2(f(γk)) which impliesf(γk+1) ⊂ χ2(f(γk)).

Case B:f(γk) ⊂
[
∂Ñ(Γ) − ∪W

]
and the annulusf(A(k, 1)) entersÑ(Γ) nearf(γk).

In this case, the arguments in Case A apply to show thatf(γk+1) ⊂ χ2(f(γk)).

Case C: f(γk) ⊂
[
∂Ñ(Γ) −∪W

]
and the annulusf(A(k, 1)) entersB − Ñ(Γ) nearf(γk).

First, note that iff(γk+1) intersectsχ2(f(γk)), thenf(γk+1) ⊂ χ3(f(γk)). Thus, we may as-
sume thatf(γk+1) lies outside the compact piecewise smooth ballχ2(f(γk)). Consider the compact
componentZ of (f |A(k,1))

−1(χ2(f(γk))) containingγk in its boundary. Letαk 6= γk be the bound-
ary curve ofZ which is parallel inA(k) to γk; recall thatA(k) is the end ofA with boundaryγk.
If f(αk) intersects∪L, thenf(αk) is contained in a diskD ∈ L; in this case, sinceαk lies be-
tweenγk andγk+1 and it is parallel to∂A(k), thenαk ∈ X3, which is contrary to the definition
of γk+1. Thus,f(αk) ⊂ ∂(χ2(f(γk))) and is disjoint from∪L, and sof(αk) ⊂ Int(Ñ(Γ)). Let
A(γk, αk) ⊂ A(k, 1) be the subannulus with boundary curvesγk ∪ αk. As f(A(γk, αk)) enters
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B − Ñ(Γ) nearsf(γk) andf(αk) ⊂ Int(Ñ(Γ)), then ours previous separation arguments imply that
there exists a curveβ ⊂

(
f

∣∣
A(γk ,αk)

)−1
(∂Ñ(Γ) − ∪W) which is parallel toγk. Sinceβ ∈ X2 and

β 6= γk+1, we arrive at a contradiction. This contradiction proves Case C.
Case D:f(γk) ⊂ D ∈ L.

If f(γk+1) ⊂ ∂Ñ(Γ) or f(γk+1) ⊂ D̂ ∈ W, then the arguments in our previously considered
cases imply thatf(γk) ⊂ χ3(f(γk+1)). Hence, we may assume thatf(γk+1) ⊂ D′ ∈ L as well.

If χ1(f(γk)) ∩ χ1(f(γk+1)) 6= Ø, then f(γk+1) ⊂ χ2(f(γk)). Hence, we can assume that
χ1(f(γk))∩χ1(f(γk+1)) = Ø. Recall thatf |A(k,1) is in general position with respect to∂ (χ1(f(γk)))
and∂ (χ1(f(γk+1))). LetZi be the component of(f |A(k,1))

−1(χ1(f(γi))) with boundary component
γi and letαi 6= γi be the boundary component ofZi which is parallel toγi, for i = k, k + 1,
respectively. Sinceαk andαk+1 lie in Int(A(k, 1)), then by definition ofX, bothf(αk) andf(αk+1)
are disjoint from∪L. Moreover, asf(αi) ⊂ χ1(f(γi)), for i = k, k + 1, thenf(αk ∪ αk+1) ⊂
Int(Ñ(Γ)). Let A(αk, αk+1) be the subannulus ofA(k, 1) with boundaryαk ∪ αk+1.

Consider the collection of disksDk
W in W which are contained in the interior ofχ2(f(γk)) −

χ1(f(γk)). ThenÑ(Γ)−∪Dk
W contains a connected domain whose closureΣk in B satisfiesf(αk) ⊂

Int(Σk) andf(αk+1) ⊂ B−Σk. Our previous separation arguments imply that there is a simple closed
curveβ in (f |A(αk,αk+1))

−1(∂Σk) which is parallel toγk. But β ⊂ Int(A(k, 1) andβ ∈ X1 ∪ X2,
which is a contradiction. This contradiction completes theproof of the first statement of the lemma.

Item 1 in the lemma is a straightforward consequence of the fact that, as→ ∞, thenf(A(k))
uniformly converges toS2. Moreover, given aXi-type curveγ ⊂ A(k), i = 1, 2, 3, the Euclidean
diameter off(γ) goes to zero (ask → ∞) and is arbitrarily close to a pointy(γ) in S

2. Item 2 in the
lemma follows from the observation that ask → ∞, the setsχ3 (f(γk)) are arbitrarily close tof(γk),
which in turn, lie arbitrarily close to pointsz(k) ∈ S

2. These observations imply that there exists an
integerj(η) such that fork ≥ j(η), items 1 and 2 in Lemma 4.4 hold.

In order to obtain item 3, we definek(η) = j( η
900 ). By definition of j( η

900 ), for k ≥ k(η),
f(γk ∪ γk+1) ⊂ B(z(k), η

900 ) andf(A(k)) ⊂
[
B − B(1 − η

900 )
]
. It remains to check that each simple

closed curveβ in a componentK of (fA(k,1))
−1(B − B(z(k), η)) bounds a disk inA(k, 1); note that

K ⊂ Int(A(k, 1)). Observe that η
900 is sufficiently small so that there exist facesF1, F2, F3 and

F4 in F , such that:B(z(k), η
900) ⊂ Int(C(F1)), C(Fi) ⊂ Int(Fi+1), for i = 1, 2, 3 andC(F4) ⊂

B(z(k), η).
If β ⊂ K does not bound a disk inA(k, 1), then it is parallel toγk in A(k, 1). LetA(γk, β) denote

the subannulus ofA(k, 1) with boundaryγk∪β. Then the arguments in the proof of Lemma 4.2 imply
that there exists a simple closed curveγ′ ⊂ Int(A(γk, β)) which is parallel toγk, f(γ′) ⊂ B(z(k), η)
andγ′ is anXi-type curve, fori = 1, 2 or 3. In particular,γ′ ∈ X which is impossible. Thus,
every simple closed curve inA(k, 1) whose image underf lies outside ofB(z(k), η) bounds a disk in
A(k, 1). This completes the proof of the lemma. 2

The next lemma directly follows from the mean curvature comparison principle.

Lemma 4.5 SupposeΣ ⊂ A is a compact domain such that:f(∂Σ) is contained inB(z, η), where
z ∈ S

2 andη < 1
H0

. Then eitherf(Σ) ⊂ B(z, η) or f(Σ) contains a point outside ofB(z, 1
H0

).

5 Proof of the Theorem 1.1.

By Lemma 3.4,L(A) ⊂ S
2 contains at least two distinct pointsx andy. We next prove that the limit

set off is the entire sphereS2.
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Lemma 5.1 L(A) = S
2.

Proof. By Lemma 3.4, there are distinct pointsx, y ∈ L(A) ⊂ S
2. Arguing by contradiction, suppose

that there exists a pointp ∈ S
2 − L(A). The definition of limit point and the fact thatf : A → D is

proper withL(A) ⊂ S
2 imply there exists anε > 0 such thatB(p, 10ε) ∩ f(A) = Ø. By properness

of f in B, then forn large, we havef(A − An) ⊂
[
B − B(1 − ε)

]
.

Note that for someδ ∈ (0, 1
8ε) sufficiently small, there exists a compact embedded annulusof

revolutionE(δ) ⊂
[
(B − B(1 − δ)) ∩ B(p, ε)

]
with boundary circles inS2 ∪

[
S

2(1 − δ)
]

and such
that the radial projectionr(E(δ)) ⊂ S

2 is contained in the diskB(p, ε) ∩ S
2. Furthermore,E(δ) is

also chosen to have mean curvature greater thanH0 and with mean curvature vector outward pointing
from the domain in

[
B − B(1 − δ)

]
− E(δ) which is contained inB(p, ε); for instance,E(δ) can be

chosen to be a piece of a suitably scaled compact embedded annulus in some nodoid of constant mean
curvature one, see Figure 3 Left. Assume now thatε is also chosen less than110d(x, y).

Assume thatn andj are chosen sufficiently large so that:

1. f(A(n, j)) ⊂
[
B − B(1 − δ)

]
.

2. Any circle inS
2 − {x, y} which represents the generator of the first homology groupH1(S

2 −
{x, y}) and whose distance fromx andy is at leastδ, intersects the radial projectionr(f(A(n, j))) ⊂
S

2. This property holds sincex andy are limit points off(A).

3. The radial projection of each of the two boundary curves off(A(n, j)) has diameter less than
ε. This condition is possible to achieve since each of the components of∂f(A(n, j)) has image
on either a disk component ofW, a face ofF or a component of∂Ñ (Γ) − ∪W, and each of
these components and faces is contained ambient balls of radius 4δ by Lemma 2.2, which in
turn have radial projections of diameter less thanε.

Figure 3: Left: This figure shows a domain on the nodoid corresponding to a scaling ofE(δ). Right:
Since all of theE(δ)(ϑ) are disjoint from∂f(A(n, j)), a first point of contact inE(δ)(ϑ0)∩f(A(n, j))
occurs an interior point off(A(n, j)).

By the above three properties and our choices ofε andδ, we can choose a circleS1 ⊂ S
2 −{x, y}

which intersectsr(f(A(n, j))), and such that theε-neighborhoodS1(ε) of S1 is disjoint from the
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radial projectionr(∂f(A(n, j))) ⊂ S
2 and each component ofS2 − r(S1(ε)) contains points of

r(f(A(n, j))). Let L be an oriented radial ray which is an axis for the circleS1. For ϑ ∈ [0, 2π),
consider the family of annuliE(δ)(ϑ) obtained by rotatingE(δ) counterclockwise aroundL by the
angleϑ. By elementary separation properties, there is a smallestϑ0 ∈ (0, 2π) such thatE(δ)(ϑ0) ∩
f(A(n, j)) 6= Ø. Since all of theE(δ)(ϑ) are disjoint from∂f(A(n, j)), a first point of contact
in E(δ)(ϑ0) ∩ f(A(n, j)) occurs an interior point off(A(n, j)), which must have absolute mean
curvature onA at least equal to the minimum of the mean curvature ofE(δ)(ϑ0) (see Figure 3 Right).
But the mean curvature ofE(δ)(ϑ0) is greater than the absolute mean curvature function ofA. This
contradiction completes the proof of Lemma 5.1. 2

The next lemma follows immediately from the arguments presented in the proof of Lemma 5.1;
also see Figure 3 Right. We note that the constantH0 in the statement of the next lemma is the
same constant which is the strict upper bound on the supremumof the absolute mean curvature of
f : A → B.

Lemma 5.2 Given anyε ∈ (0, 1
4), there exists anη0 ∈ (0, ε

10) that also depends onH0 such that
the following statements hold. For anyη ∈ (0, η0] and for any immersiong : Σ → B − B(1 − η)
of a compact surface with boundary and absolute mean curvature less thanH0 such thatg(∂Σ) ⊂[
B(x, η) ∪ B(y, η)

]
for two pointsx, y ∈ S

2 with d(x, y) ≥ ε, then eitherg(Σ) ⊂
[
B(x, η) ∪ B(y, η)

]

or g(Σ) is ε-close to every point inS2. (Note that it may be the case thatg(∂Σ) is contained entirely
in one of the ballsB(x, η), B(y, η).)

Lemma 5.3 Given anε ∈ (0, 1
2H0

), there exists ann(ε) ∈ N such that for eachk ≥ n(ε), there exists

a pointy(k) ∈ S
2 with f(A(k, 1)) ⊂ B(y(k), ε) andf(A(n(k)) ⊂

[
B − B(1 − ε)

]
.

Proof. Fix ε ∈ (0, 1
2H0

) and letη = min{η0, η1} whereη0 is given in Lemma 5.2 and depends on
ε and H0 and η1 given in Lemma 4.2. Letk(η) be the related integer given in Lemma 4.4. We
claim that fork ≥ k(η), f(A(k, 1)) ⊂ B(z(k), η) and thatf(A(k(η)) ⊂

[
B − B(1 − ε)

]
, and so, by

settingn(ε) = k(η), this claim will complete the proof of the lemma. By Lemma 4.4, f(A(k(η))) ⊂[
B − B(1 − η)

]
⊂ B − B(1 − ε) and so it remains to verify thatf(A(k, 1)) ⊂ B(z(k), η).

Suppose thatf(A(k, 1)) contains a point outside ofB(z(k), η). Let K be a nonempty compo-
nent in (fA(1,k))

−1(B − B(z(k), η)). By Lemma 4.5, there is a point onK which lies outside of
B(z(k), 1

H0
). Sinceε ∈ (0, 1

2H0
) andη ≤ η0, Lemma 5.2 implies that the distance between every

point of S
2 andK is at mostε. In particular, there exists a pointp ∈ K such thatf(p) has distance

greater than 1 fromz(k).
By the third statement in Lemma 4.4, each boundary curve ofK bounds a disk inA(k, 1). From

the simple topology of an annulus we find that exactly one boundary curve ofK bounds a diskD ⊂
A(k, 1) and such thatK ⊂ D. Next we apply Lemma 4.2 to find anXi-type curveβ1 ⊂ D which
bounds a subdiskD(β1) which contains the pointp and which satisfies the other properties in that
lemma. In particular, we may assume the intrinsic distance from D(β1) to ∂D is at leastη. By the
second statement in Lemma 4.4,f(β1) ⊂ B(y(β1), η) for some pointy(β1) ∈ S

2. By our previous
arguments there exists a pointp1 ∈ D(β1) such that the distance fromf(p1) to y(β1) is greater than
one. So, we can apply Lemma 4.2 again to obtain a subdiskD(β2), D ⊃ D(β1) ⊃ D(β2), where the
intrinsic distance from∂D(β1) to D(β2) is at leastη. Repeating these arguments, induction gives the
existence of a sequence of disksD ⊃ D(β1) ⊃ . . . ⊃ D(βn) ⊃ . . . such that the intrinsic distance
from D(βn) to ∂D is at leastn η. SinceD is compact, we obtain a contradiction which proves our
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earlier claim thatf(A(k, 1)) ⊂ B(z(k), η) for k ≥ k(η). As we have already observed, this claim
then proves the lemma. 2

We now complete the proof of Theorem 1.1. Fix someε′ ∈ (0, 1
2H0

) and letη0 ∈ (0, ε′

10 ) be the
related number given in Lemma 5.2. Setε = η0 and letn(ε) be the integer given in Lemma 5.3.
By Lemma 5.3, for eachi ∈ N, f(A(n(ε), i)) ⊂ [B − B(1 − η0)] , f(γn(ε)) ⊂ B(y(n(ε)), η0) and
f(γn(ε)+i) ⊂ B(y(n(ε) + i), η0). Since the limit set ofA(n(ε)) is all of S

2, there exists a smallest
j ∈ N such that the distance betweeny(n(ε)) andy(n(ε) + j) is greater thatε′. By Lemma 5.2 and
taking into account thatB(y(n(ε)), η0) andB(y(n(ε) + j), η0) are disjoint, then we conclude that
f(A(n(ε), j)) must beε′ close to every point ofS2.

On the other hand, givenk ∈ N, n(ε) ≤ k < n(ε)+j, we know (by Lemma 5.3) thatf(A(k, 1)) ⊂
B(y(k), ε), for a suitabley(k) ∈ S

2. Moreover, the choice ofj implies thatf(γk) ⊂ B(y(n(ε)), ε′ +
ε), for k satisfyingn(ε) ≤ k < n(ε) + j. So, by the triangle inequality we deducef(A(k, 1)) ⊂
B(y(n(ε)), ε′ + 2ε) ⊂ B(y(n(ε)), 2ε′) for any k satisfyingn(ε) ≤ k < n(ε) + j. This implies
f(A(n(ε), j)) ⊂ B(y(n(ε)), 2ε′) which is impossible since2ε′ < 1

10 and we have already seen
that f(A(n(ε), j)) must beε′ close to every point ofS2. This contradiction completes the proof of
Theorem 1.1 in the caseW = B.

For the general case whereW is a smooth compact Riemannian manifold with nonempty bound-
ary, small modifications of the proof of Theorem 1.1 in the special caseW = B ⊂ R

3 also demonstrate
that there exists a properly embedded 1-manifold∆W ⊂ W , whose path components are smooth sim-
ple closed curves, such thatD = W − ∆W is a Calabi-Yau domain for any open surface with at least
one annular end. In carrying out these modifications in the smooth compact 3-manifoldW , it is con-
venient, to place the 1-manifold∆W in the union of small pairwise disjoint closedε-neighborhoods
of the boundary components ofW which have a natural product structure derived from the distance
function to the boundary component. The product structure simplifies the construction of the related
1-complexΓW which has one component in each of theε-neighborhoods of each boundary component
of W . Also note that the properness of any proper immersion ofA = S

1 × [0,∞) into D guarantees
thatA has a end representative which maps into theε-neighborhood of exactly one of the boundary
components ofW . This discussion completes the proof of Theorem 1.1.

Remark 5.4 The reader familiar with the paper [6] might consider the question: Are the domains
DF ⊂ R

3 [6], obtained by removing a infinite proper familyF of horizontal circles fromB, Calabi-
Yau domains for surfaces with at least one annular end? The answer to this question is no because
for at least one suchDF constructed in [6], there exists a proper, conformal, complete embedding
f : R

2 → D with absolute mean curvature function less than 1,f(R2) is a surface of revolution with
axis thex3-axis, f(R2) has intrinsic linear area growth and has limit setL(R2) = S

2. The mean
curvature function off(R2) in this case contains points of mean curvature arbitrarily close to 1 and
also arbitrarily close to−1. In this case forD, the circles inF ⊂ B are chosen to have axis thex3-axis;
the surface has the appearance of taking an infinite connected sum of the spheresS2

k, k ∈ N, defined
at the beginning of Section 2, joined by small catenoidal type necks centered along points along the
x3-axis which limit to the north and south poles ofS

2.

We conclude the paper with the following conjecture.

Conjecture 5.5 Let∆ ⊂ B be the properly embedded one-manifold given in the proof of Theorem 1.1.
If B is a smooth compact Riemannian three-ball andF : B → B is a smooth diffeomorphism, then
D = B − F−1(∆) is a Calabi-Yau domain forany noncompact surface with compact boundary
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(possibly empty). In particular,D = B − ∆ does not admit any complete, properly immersed open
surfaces with bounded mean curvature.
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