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Summary

1. Differentiability and bifurcation

2. A degenerate elliptic boundary value problem
3. Bifurcation and concentration

4. Weaker degeneracy
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Fréchet differentiability

H is a real Hilbert space

F'is Fréchet differentiable at u € H

If 37" € B(H, H) such that

: Futw)—F(u)—Tw __
Loy | —0 Twl] =0
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Fréchet differentiability

H is a real Hilbert space

F'is Fréchet differentiable at u € H

If 37" € B(H, H) such that

: Futw)—F(u)—Tw __
Loy | —0 Twl] =0

=
1T € B(H, H) such that

Flutto)-F(w) — 7, uniformly for v in bounded subsets of

1iHlt—>O

H
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Hadamard differentiability

F 1s Hadamard differentiable at u € H
If 37" € B(H, H) such that

lim, o & (“”"f“)_F W — 7y forallv e H

for all {t,} C R\{0} with ¢, — 0
and for all {v,} € H with v, — v
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Hadamard differentiability

F 1s Hadamard differentiable at u € H
If 37" € B(H, H) such that

lim, o & (“”"f“)_F W — 7yforallv e H

for all {t,} C R\{0} with ¢, — 0
and for all {v,} € H with v, — v

<

1T € B(H, H) such that

lims_,q F(uﬂf"t)_F (u) _ Tv,

uniformly for v in compact subsets of H
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w-Hadamard differentiability

F 1s w-Hadamard differentiable at uw € H
if 37" € B(H, H) such that for all p € H

lim;, oo <F(“+t”f:)_F(“) , go> = (Tv,p) forallv e H

and for all {t,,} € R\{0} with ¢,, — 0
and for all {v,,} € H with v,, — v weakly in H
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w-Hadamard differentiability

F 1s w-Hadamard differentiable at uw € H
if 37" € B(H, H) such that for all p € H

lim;, oo <F(“+t”f:)_F(“) , go> = (Tv,p) forallv e H

and for all {t,,} € R\{0} with ¢,, — 0
and for all {v,,} € H with v,, — v weakly in H

=
17T € B(H, H) such that,forall p € H

limy,_g <F(u—|—tfvt)—F(u) , 90> _ <TU, S0> 7
uniformly for v in bounded subsets of H.
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Abstract bifurcation theory

H areal Banach space, F': H — H with F'(0) = 0.

F(u) = Aufor (\,u) e R x H
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Abstract bifurcation theory

H areal Banach space, F': H — H with F'(0) = 0.
F(u) = Aufor (\,u) e R x H
A € R is called a bifurcation point if

there exists {(\,,u,)} C R x H such that

F(u,) = Ayuy, and u,, #£ 0 for all n € N,

A — Aand ||up|ly — 0asn — oo.
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Abstract bifurcation theory

H areal Banach space, F': H — H with F'(0) = 0.

F(u) = Aufor (\,u) e R x H

A € R is called a bifurcation point if
there exists {(\,,u,)} C R x H such that

F(u,) = Ayuy, and u,, #£ 0 for all n € N,

A — Aand ||up|ly — 0asn — oo.

Let Br C R denote the set of all bifurcation points.
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Necessary conditions for bifurcation

Theorem Let F' : H — H be a function such that £'(0) = 0
and F'is w-Hadamard differentiable at « = 0 with F’(0) = F’(0)*.
If € (A, 00)\o(F'(0)) where A€ = supo.(F’(0)) and

F(u) — F'
lim sup (F'(u) 2(O)u,u>
ul|—0 [Ju|

< d(p, o (F'(0)),

then u ¢ Br.
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Necessary conditions for bifurcation

Theorem Let F' : H — H be a function such that £'(0) = 0
and F'is w-Hadamard differentiable at « = 0 with F’(0) = F’(0)*.
If € (A, 00)\o(F'(0)) where A€ = supo.(F’(0)) and

i sup (F(u) — F'(0)u, u)

> < d(p, o (F'(0)),
Juf| -0 [Jul]

then u ¢ Br.

We have an example where F : L?(Q) — L*(Q) is both
Hadamard and w-Hadamard differentiable with F’(0) = I but
B = |a,b] where a < 1 < b.
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Sufficient conditions for bifurcation

(H1) v € CY(H,R) with ¢(u) = ¥(—u) and (0) = 0 such that

blu) _

lull—oo ||ul|?

and
Y (uw)u < 2¢(u) for all u € H\{0}.
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Sufficient conditions for bifurcation

(H1) v € CY(H,R) with ¢(u) = ¥(—u) and (0) = 0 such that

blu) _

lull—oo ||ul|?

and
Y (uw)u < 2¢(u) for all u € H\{0}.

Define F' : H — H by

(F(u),v) =4¢"(u)v forall u,v € H
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Sufficient conditions for bifurcation

(H1) v € CY(H,R) with ¢(u) = ¥(—u) and (0) = 0 such that

blu) _

lull—oo ||ul|?

and
Y (uw)u < 2¢(u) for all u € H\{0}.

Define F' : H — H by
(F(u),v) =4¢"(u)v forall u,v € H

(H2) F : H — H is compact.
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Sufficient conditions for bifurcation

(H1) v € CY(H,R) with ¢(u) = ¥(—u) and (0) = 0 such that

blu) _

lull—oo ||ul|?

and
Y (uw)u < 2¢(u) for all u € H\{0}.

Define F' : H — H by
(F(u),v) =4¢"(u)v forall u,v € H

(H2) F : H — H is compact.

(H3) F : H — H Is either Hadamard or w-Hadamard
differentiable at u = 0 with £'(0) = F'(0)*.
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Theorem Suppose (H1), (H2) and (H3).
(A) If A€ > 0, then [0, A¢] C Bp,
and there is vertical bifurcation at every p € (0, A®).
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Theorem Suppose (H1), (H2) and (H3).

(A) If A€ > 0, then [0, A¢] C Bp,

and there is vertical bifurcation at every p € (0, A°).
and

(B) (A%, 00) No(£7(0)) C Br

where AS = max{0, A®}

and there is bifurcation to the left at every

i € (A%, 00) N o (F'(0)),
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Theorem Suppose (H1), (H2) and (H3).

(A) If A€ > 0, then [0, A¢] C Bp,

and there is vertical bifurcation at every p € (0, A°).
and

(B) (A%, 00) No(£7(0)) C Br

where AS = max{0, A®}

and there is bifurcation to the left at every

i € (A%, 00) N o (F'(0)),

If F'is w-Hadamard differentiable at © = 0,
then (AS, 00) No(F'(0)) = (A, 00) N Br.

|
Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 9/31



Remarks

If (H2) holds and F' is Frechet differentiable at v = 0,
then F’(0) is compact and so o.(F’(0)) = {0}.
Thus the situation (A) cannot occur in this case.
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Remarks

If (H2) holds and F' is Frechet differentiable at v = 0,
then F’(0) is compact and so o.(F’(0)) = {0}.
Thus the situation (A) cannot occur in this case.

In (A) we have that |0, A°] C Bp,
without requiring that (0, A¢) C o(F"(0)).
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Remarks

If (H2) holds and F' is Frechet differentiable at v = 0,
then F’(0) is compact and so o.(F’(0)) = {0}.
Thus the situation (A) cannot occur in this case.

In (A) we have that |0, A°] C Bp,
without requiring that (0, A¢) C o(F"(0)).

We have similar results for equations of the form

F(\ u) =0.

Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 10/31



Remarks

If (H2) holds and F' is Frechet differentiable at v = 0,
then F’(0) is compact and so o.(F’(0)) = {0}.
Thus the situation (A) cannot occur in this case.

In (A) we have that |0, A°] C Bp,
without requiring that (0, A¢) C o(F"(0)).

We have similar results for equations of the form

F(\ u) =0.
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Degenerate elliptic bvp

N > 3,0 c RY open bounded, 0 € Q
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Degenerate elliptic bvp

N > 3,0 c RY open bounded, 0 € Q

—V - {A(x)Vu(x)} = Af(u(z)) for x €
u(x) = 0 for z € 012,
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Degenerate elliptic bvp

N > 3,0 c RY open bounded, 0 € Q

—V - {A(x)Vu(x)} = Af(u(z)) for x €
u(x) = 0 for z € 012,

(D1) A € C(Q) with A(z) > 0 for all z € Q\{0}

and llm|x‘_>0 |(|:C) =1,
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Degenerate elliptic bvp

N > 3,0 c RY open bounded, 0 € Q

—V - {A(x)Vu(x)} = Af(u(z)) for x €
u(x) = 0 for z € 012,

(D1) A € C(Q) with A(z) > 0 for all z € Q\{0}

and llm|x‘_>0 |(|CU) =1,

(D2) f € CH(R) with f(0) =0, f'(0) =1,
sup{|f'(s)|: s e R} = M < ¢
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Finite energy solutions

E(u QfQA\Vu\ daz—)\fQ u)dxr < 0o
Where F(s)= [y f(
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Finite energy solutions

E(u QfQA\Vu\ daz—)\fQ u)dxr < 0o
Where F(s)= [y f(
Since [, A(x) |Vu(z )] dr < 00 <= [, || |Vu|* dz < oo
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Finite energy solutions

E(u QfQA\Vu\ daz—)\fQ u)dxr < 0o

Where F(s)= [y f(

Since [, A( yvu( )y dr < 00 <= [, || |Vu|* dz < oo
and |F(s)| < &5
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Finite energy solutions

E(u QfQA\Vu\ daz—)\fQ u)dxr < 0o

Where F(s)= [y f(

Since [, A( yvu( )y dr < 00 <= [, || |Vu|* dz < oo
and |F(s)| < &5

We seek solutions in the space
H={uelL*: [, 2] [Vul* dz < oo, u = 0 on 6}
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Finite energy solutions

E(u QIQA\Vu\ dx—)\fQ u)dxr < 0o

Where F(s)= [y f(

Since [, A( yvu( )y dr < 00 <= [, || |Vu|* dz < oo
and |F(s)| < &5

We seek solutions in the space
H={uelL*: [, 2] [Vul* dz < oo, u = 0 on 6}

But [, u?dz < 5 [o, |z |[Vu|* dz for u € H,
(Hardy for v(x ) x| u(x))
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Finite energy solutions

E(u QfQA\Vu\ dx—)\fﬂ u)dxr < 0o

Where F(s)= [y f(

Since [, A( yvu( )y dr < 00 <= [, || |Vu|* dz < oo
and |F(s)| < &5

We seek solutions in the space
H={uelL*: [, 2] [Vul* dz < oo, u = 0 on 6}

But [, u’dz < + [, 2| |[Vul|® dz for u € H,
(Hardy for v(x ) x| u(x))

S0 H is a Hilbert space with
(u,v) 4 = [o A(z)Vu - Vude.
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For Ireneo Peral

Consider A(z) = |z|* and f(s) = s — g(s) where ¢’(0) = 0
Setv(z) = |x|u(x)
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For Ireneo Peral

Consider A(z) = |z|* and f(s) = s — g(s) where ¢’(0) = 0
Setv(z) = |x|u(x)

u e H < ve Hj(Q)

|
Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 13/31



For Ireneo Peral

Consider A(z) = |z|* and f(s) = s — g(s) where ¢’(0) = 0
Setv(z) = |x|u(x)

u e H < ve Hj(Q)

—V - {|z|* Vu} = Af(u)
<
—Av—Lv+2¢(2)=0

where y =A+1—- N
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For Ireneo Peral

Consider A(z) = |z|* and f(s) = s — g(s) where ¢’(0) = 0
Setv(z) = |x|u(x)

u e H < ve Hj(Q)

=V {l2* Vu} = Af(u)
—
—Av—Lv+2¢(2)=0
where y =A+1—- N

(N—2)?
4

Note that A = ¥~ <= 1 =
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For Ireneo Peral

Consider A(z) = |z|* and f(s) = s — g(s) where ¢’(0) = 0
Setv(z) = |x|u(x)

u e H < ve Hj(Q)

—V A{|z|* Vu} = Af(u)
<
—Av—Lv+2¢(2)=0

74

where y =A+1—- N

(N—2)°

Note that A = &~ <= p = 25

If g(s) = |s|” s, the problem is
—Av— Lo+ A5 |v|7v =0
v e H(Q)
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Solutions of bvp

A solution of bvp IS a pair (\,u) € R x H such that

Jo Al ) - Vo(z)dz = A |, f(u(x))p(x)dx
for aII gp S H
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Solutions of bvp

A solution of bvp IS a pair (\,u) € R x H such that

Jo A ) Ve(z)dr = A [ f(u(z))p(z)dz
for aII gp S H

A point A € R Is a bifurcation point for bvp

If there is a sequence {(\,,u,)} C R € [H\{0}]
of solutions such that

Ar, — A and |up|, — 0,
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Solutions of bvp

A solution of bvp IS a pair (\,u) € R x H such that

Jo A ) Ve(z)dr = A [ f(u(z))p(z)dz
for aII gp S H

A point A € R Is a bifurcation point for bvp

If there is a sequence {(\,,u,)} C R € [H\{0}]
of solutions such that

Ar, — A and |up|, — 0,

= [|-lla — 0.
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Equation in H

Define K(u) and G(u) € H by
(K(u),v) 4 = / uvdz and
Q

(G(u),v) 4 = /Qf(u)vda: forall u,v € H
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Equation in H

Define K(u) and G(u) € H by

(K(u),v) 4 = /qudw and

(G(u),v) 4 = /Qf(u)vda: forall u,v € H

(A, u) € R x H satisfies bvp <= u = AG(u).
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Equation in H

Define K(u) and G(u) € H by
(K(u),v) 4 = / uvdz and
Q

(G(u),v) 4 = /Qf(u)vda: forall u,v € H

(A, u) € R x H satisfies bvp <= u = AG(u).
K e B(H,H)and K = K* >0
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Equation in H

Define K(u) and G(u) € H by

(K(u),v) 4 = /qudm and

(G(u),v) 4 = /Qf(u)vda: forall u,v € H

(A, u) € R x H satisfies bvp <= u = AG(u).
K e B(H,H)and K = K* >0

G : H — H i1s Hadamard and
w-Hadamard differentiable at © = 0 with G’(0) = K.

G : H — H is compact if sup,cp | f(s)| < o0
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Equation in H

Define K(u) and G(u) € H by

(K(u),v) 4 = /qudm and

(G(u),v) 4 = /Qf(u)vda: forall u,v € H

(A, u) € R x H satisfies bvp <= u = AG(u).
K e B(H,H)and K = K* >0

G : H — H i1s Hadamard and
w-Hadamard differentiable at © = 0 with G’(0) = K.

G : H — H is compact if sup,cp | f(s)| < o0
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Linearisation

o(K) C [0,00) and sup o (K) = 5
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Linearisation

o(K) C [0,00) and sup o (K) = 5

K = G'(0) : H— H is not compact
G : H — H is not Frechet differentiable if sup,cg | f(s)| < o0
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Linearisation

o(K) C [0,00) and sup o (K) = 5

K = G'(0) : H— H is not compact
G : H — H is not Frechet differentiable if sup,cg | f(s)| < o0

ue€ a(K)N (55,00) <
the linear boundary value problem

— V- {A(x)Vu(z)} = \u(x) for x € Q
u = 0 for x € 05}

has a non-trivial solution v € H for \ = %
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Linearisation

o(K) C [0,00) and sup o (K) = 5

K = G'(0) : H— H is not compact
G : H — H is not Frechet differentiable if sup,cg | f(s)| < o0

ue€ a(K)N (55,00) <
the linear boundary value problem

— V- {A(x)Vu(z)} = \u(x) for x € Q
uw =0 for x € 0f)
has a non-trivial solution « € H for A = %
4

Y = {% € o(K) N (5z,00)} is the set of all eigenvalues of this
linearisation of bvp.
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Bifurcation for bvp

Theorem Suppose (D1) and (D2) are satisfied.
Let B be the set of bifurcation points for the bvp.
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Bifurcation for bvp

Theorem Suppose (D1) and (D2) are satisfied.
Let B be the set of bifurcation points for the bvp.

(i) If0 < f(s)/s < 1forall s # 0,
then BC XU [NT2,oo).
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Bifurcation for bvp

Theorem Suppose (D1) and (D2) are satisfied.
Let B be the set of bifurcation points for the bvp.

(i) If0 < f(s)/s < 1forall s #0,
then BC XU [NTQ,oo).

(i) If fis odd with sup,cr |f(s)| < co and
sf(s) <2 [y f(t)dtsforall s > 0,

then X U [T, >) C B.
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Bifurcation for bvp

Theorem Suppose (D1) and (D2) are satisfied.
Let B be the set of bifurcation points for the bvp.

(i) If0 < f(s)/s < 1forall s #0,
then BC XU [NTQ,oo).

(i) If fis odd with sup,cr |f(s)| < co and
sf(s) <2 [y f(t)dtsforall s > 0,

then X U [T, >) C B.

There is bifurcation to the right at every \ € X,
vertical bifurcation at every A € (&, c0)

and B N (0,00) = R U [, 00).
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Remarks

A and f were normalised so that

lim A(‘? =1and f'(0) = 1.
x—0 ‘CE‘
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Remarks

A and f were normalised so that

lim A(? =1and f'(0) = 1.
=0 |gf
If instead
A
lir% |(‘|2) —a>0and f(0)=08>0
r— €T

then [Z7, 00) C B.
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Remarks

A and f were normalised so that

lim A(? =1and f'(0) = 1.
=0 |gf
If instead
lin% 1?(‘;) —a>0and f(0)=08>0
r— €T

then [%*,00) C B.

This does not depend on 2 and other properties of A.
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Remarks

A and f were normalised so that

lim A(? =1and f'(0) = 1.
=0 ||
If instead
A
lin% |(‘|7;) —a>0and f(0)=08>0
r— €T

then [%*,00) C B.
This does not depend on 2 and other properties of A.

> does depend on 2 and global properties of A.
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Another type of nonlinearity

(F) Forsome T > 0, f € C*([-T,T)) is an odd function that is
strictly concave on [0, 7] with f(0) = f(T) =0 and f/(0) = 1.
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Another type of nonlinearity

(F) Forsome T > 0, f € C*([-T,T)) is an odd function that is
strictly concave on [0, 7] with f(0) = f(T) =0 and f/(0) = 1.

Examples: f(s) = s —|s|? s for any o > 0 (sublinear case)
or f(s) =sins
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Another type of nonlinearity

(F) Forsome T > 0, f € C*([-T,T)) is an odd function that is
strictly concave on [0, 7] with f(0) = f(T) =0 and f/(0) = 1.

Examples: f(s) = s —|s|? s for any o > 0 (sublinear case)
or f(s) =sins

Set
F(s) = / F(t)dt for s € [=T, T
0
and extend F' to R as an even function with

FeC*R),F'(s)<0forall s > T,
lim F(s) = lim F'(s) = lim F"(s) = 0.

S$— 00 S$—00 S$—00

|
Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 19/31



Another type of nonlinearity

(F) Forsome T > 0, f € C*([-T,T)) is an odd function that is
strictly concave on [0, 7] with f(0) = f(T) =0 and f/(0) = 1.

Examples: f(s) = s —|s|? s for any o > 0 (sublinear case)
or f(s) =sins

Set
F(s) = / F(t)dt for s € [=T, T
0
and extend F' to R as an even function with

FeC*R),F'(s)<0forall s > T,
lim F(s) = lim F'(s) = lim F"(s) = 0.

S$— 00 S$—00 S$—00

Then f = F’ satisfies the conditions of the previous theorems.
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Condition (F)

(a) function f (b) function F’
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Extension of f

2493 T "

-5 454 35-3 -25-2 -1.531 -05(0 0Os 15 = =3 3.5 4 455

-5 454 353 -2s5-2 -135-1 0350 051 152 253 354 455

S

(c) extension of F' (d) extension of f = I
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Bounded solutions

Theorem Let (D1) and (F) hold. Then X U [¥=, o0) C B.

Forany A € Y U [NTQ, 00), there exists a sequence of solutions
{(An,un)} C (0,00) x [Hyp\{0}] such that

foralln € N, |u,(x)| < T a.e. on (),

An, — Aand |upl, — 0a@sn — oo.

|
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Bounded solutions

Theorem Let (D1) and (F) hold. Then X U [¥=, o0) C B.

Forany A € Y U [NTQ, 00), there exists a sequence of solutions
{(An,un)} C (0,00) x [Hyp\{0}] such that

foralln € N, |u,(x)| < T a.e. on (),

An, — Aand |upl, — 0a@sn — oo.

1
Since [ul, < |9 [ul, it follows that |u,,|, < [ |u,|3 T >,
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Bounded solutions

Theorem Let (D1) and (F) hold. Then X U [¥=, o0) C B.

Forany A € Y U [NTQ, 00), there exists a sequence of solutions
{(An,un)} C (0,00) x [Hyp\{0}] such that

foralln € N, |u,(x)| < T a.e. on (),

An, — Aand |upl, — 0a@sn — oo.

1

1
Since [ul, < |9 [ul, it follows that |u,,|, < [ |u,|3 T >,

Hence |u,|, — 0asn — oo forall p € [1,00).

|
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Radial case

QO=B={zcR":|z| <1}and A(z) = C(|z|) where
(R) C € C1([0,1]) with C(r) > 0 for all r € (0,1],C(0) = 0 and
W — o,

T

limf,n_>0
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Radial case

QO=B={zcR":|z| <1}and A(z) = C(|z|) where

(R) C € C'([0,1]) with C(r) > 0 for all » € (0,1],C(0) = 0 and
W — o,

Then A satisfies (D1).

Let f satisfy (F).

limf,n_>0
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Radial case

QO=B={zcR":|z| <1}and A(z) = C(|z|) where

(R) C € C'([0,1]) with C(r) > 0 for all » € (0,1],C(0) = 0 and
W — o,

Then A satisfies (D1).

Let f satisfy (F).

limf,n_>0

Then (i) |up|,, =T for all n
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Radial case

QO=B={zcR":|z| <1}and A(z) = C(|z|) where

(R) C € C'([0,1]) with C(r) > 0 for all » € (0,1],C(0) = 0 and
W — o,

Then A satisfies (D1).

Let f satisfy (F).

limf,a_>0

Then (i) |up|,, =T for all n

and we have concentration at the origin:
(ii) for any € € (0, 1), u,, — 0 uniformly on {z € RY : ¢ < |z| < 1}.
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Radial solutions

u(z) = v(r) s =r and w(s) = v(r)
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Radial solutions

u(z) = v(r) s =r and w(s) = v(r)

BVP becomes
A
—{D(s)w'(s)} = mf(w(s)) for0 <s <1
where D(s) = s*(1=%)C(s~) and

1
we X ={welL: (01): / s*w'(s)%ds < oo and w(1) = 0}
0

|
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Nodal properties

If A > 0andw e X\{0} satisfies
—{D(s)w'(s)} = %f(w(s)) for0 <s <1

then w has only a finite number of zeros in (0, 1)
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Nodal properties

If A > 0andw e X\{0} satisfies
D (s)) = 2 f 1
—{D(s)w'(s)} = <5 f(w(s)) for0 < s <
then w has only a finite number of zeros in (0, 1)

If \ > N{ and w € X satisfies

—{D(s)w'(s)} = %w(s) for0 <s<1

then w has infinitely many zeros in (0, 1)
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Weaker degeneracy

(D1); A € C(Q) with A(z) > 0 for all z € Q\{0} and
Alx) _

jz*

for some ¢ € [0, 2.

lim‘x‘_)()
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Weaker degeneracy

(Dl)t A€ C(ﬁ) with A(z) > 0 for all z € Q\{0} and

Az

for some t € [0, 2].
We can still define a Hilbert space (H4, (-, ) 4) by

Hjy={uce L2(Q) :
[, A(z) [Vu(z)|* dz < oo and u = 0 on 9Q}

with (u,v) , = [ A(z)Vu(z) - Vou(z)dz.

|
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Properties of H 4

Let A satisfy (D1); for some t € [0, 2].
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Properties of H 4

Let A satisfy (D1); for some t € [0, 2].
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Properties of H 4

Let A satisfy (D1); for some t € [0, 2].

(i) (Ha, (-,-) 4) is continuously embedded in the space (Hs, (-, ))
and hence also in L?(92).
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Properties of H 4

Let A satisfy (D1); for some t € [0, 2].

(i) (Ha, (-,-) 4) is continuously embedded in the space (Hs, (-, ))
and hence also in L?(92).

(i) (Ha, (-, -) 4) is continuously embedded in

WP(Q) for 1 < p < 225
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Properties of H 4

Let A satisfy (D1); for some t € [0, 2].

(i) (Ha, (-,-) 4) is continuously embedded in the space (Hs, (-, ))
and hence also in L?(92).

(i) (Ha, (-, -) 4) is continuously embedded in
WP(Q) for 1 < p < 225
(iii) (H a4, (-, ) 4) Is compactly embedded in

L) for 1 < ¢ < t* = 57

|
Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 27/31



Properties of H 4

Let A satisfy (D1); for some t € [0, 2].

(i) (Ha, (-,-) 4) is continuously embedded in the space (Hs, (-, ))
and hence also in L?(92).

(i) (Ha, (-, -) 4) is continuously embedded in
WP(Q) for 1 < p < 225
(iii) (H a4, (-, ) 4) Is compactly embedded in

L) for 1 < ¢ < t* = 57

(iv) If t = 2, H4 is NOT compactly embedded in L?().

|
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The boundary-value problem

Let A satisfy (D1); for some t € [0, 2] and (D2).
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The boundary-value problem

Let A satisfy (D1); for some t € [0, 2] and (D2).

A solution is a pair (A, u) € R x H4 such that
o Al ) - Vo(x)dr = X [ f(u(z))p(x)dr forall o € Hy.
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The boundary-value problem

Let A satisfy (D1); for some t € [0, 2] and (D2).

A solution is a pair (A, u) € R x H4 such that
o Al ) - Vo(x)dr = X [ f(u(z))p(x)dr forall o € Hy.

A € R is a bifurcation point if there is a sequence

{(An,un)} C R x [H4\{0}] of solutions such that \,, — A and
|%r |y — 0.

|
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Equation in H 4

As before, define K(u) and G(u) € H4 by

(K(u),v) 4 = /qudx and

(G(u),v) 4 = /Qf(u)fuda: for all u,v € H»
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Equation in H 4

As before, define K(u) and G(u) € H4 by

(K(u),v) 4 = /qudx and

(G(u),v) 4 = /Qf(u)fuda: for all u,v € H»

(A, u) € R x Hy satisfies bvp <= u = AG(u).
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Equation in H 4

As before, define K(u) and G(u) € H4 by

(K(u),v) 4 = /qudx and

(G(u),v) 4 = Lf(u)vdx for all u,v € H»

(A, u) € R x Hy satisfies bvp <= u = AG(u).

KEB(HA,HA) and K = K* >0
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Equation in H 4

As before, define K(u) and G(u) € H4 by

(K(u),v) 4 = /qudx and

(G(u),v) 4 = Lf(u)vdx for all u,v € H»

(A, u) € R x Hy satisfies bvp <= u = AG(u).
K € B(HA,HA) and K = K* >0

G e CYHg, Hy)ift <2
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Linearisation

Ift <2, K € B(Ha, Hy) IS compact.
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Linearisation

Ift <2, K € B(Ha, Hy) IS compact.

o(K)={u; :i €N} C (0,00)
where ;11 < p; and lim; oo p1; =0
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Linearisation

Ift <2, K € B(Ha, Hy) IS compact.

o(K)={u; :i €N} C (0,00)
where ;11 < p; and lim; oo p1; =0
sup o.(K) = {0}
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Linearisation

Ift <2, K € B(Ha, Hy) IS compact.

o(K)={u; :i €N} C (0,00)
where ;11 < p; and lim; oo p1; =0
sup o.(K) = {0}

The linear boundary value problem

—V - {A(x)Vu(z)} = Au(x) for z € Q
u =0 for x € 992

has a non-trivial solution u € H 4 for \ = Mi

|
Bifurcation and concentration for a degenerate elliptic boundary value problem — p. 30/31



Linearisation

Ift <2, K € B(Ha, Hy) IS compact.

o(K)={u; :i €N} C (0,00)
where ;11 < p; and lim; oo p1; =0
sup o.(K) = {0}

The linear boundary value problem

—V - {A(x)Vu(z)} = Au(x) for z € Q
u =0 for x € 992

has a non-trivial solution u € H 4 for \ = Mi
Y = {%} IS the set of all eigenvalues.
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Regular bifurcation

Theorem Let (D1); for some t € [0, 2) and (D2) be satisfied.
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Regqular bifurcation

Theorem Let (D1); for some t € [0, 2) and (D2) be satisfied.

Let B denote the set of all bifurcation points for the bvp.
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Regqular bifurcation

Theorem Let (D1); for some t € [0, 2) and (D2) be satisfied.
Let B denote the set of all bifurcation points for the bvp.

Then B ={\; :i € N}
where 0 < \; < )‘i—l—l with lim; .~ \; = oo.
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Regqular bifurcation

Theorem Let (D1); for some t € [0, 2) and (D2) be satisfied.
Let B denote the set of all bifurcation points for the bvp.

Then B ={\; :i € N}
where 0 < \; < )‘z'—l—l with lim; .~ \; = oo.

Recall that for t = 2 and under some extra assumptions on f
BN(0,00) =X U [NT2,OO).

|
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