5. Bifurcation from the essential spectrum

We will consider the specific problem

(1) —Au+V(z)u = Au + h(z)|ul u, u € WH(R").
where p > 1, V' is bounded and A > 0. If we assume
(2) Ve L™, V(z) >0, ’hm V(z) =0,

then the spectrum of the linearized problem
—Av+V(z)v=XI, veW"3R"

is the whole half line [0, c0) and coincides with its essential spectrum, which
is the set of all points of the spectrum that are not isolated, jointly with the
eigenvalues of infinite multiplicity.

Clearly, none of the bifurcation results proved so far apply to (1).



In order to have an idea of the results we can expect, let us consider the
elementary case in one dimension when V' =0 and h = 1:

—u" =M+ |ufru, uwe WH(R),

which can be studied in a straightforward way by a phase-plane analysis.

Figure 1: Phase plane portrait of «” + A\u + u? = 0



It follows that from A = 0, the bottom of the essential spectrum of —v" =
v, v € WH(R), bifurcates a family of solutions (A, uy), A < 0, of
—u" = Au + |ulP~tu, with (A, uy) — (0,0) as A 7 0.

A




In order to prove a similar result for (1) with V' and h possibly depending
on z, we will use variational tools.

Let V' satisfy (2) and suppose that h verifies
(3) h e L™, h(xz) > 0, lim h(z) = 0.

|| =00

Let 1 <p<2*—1,1<0, and set E = W*(R"),

|5 = / [|[Vul]* + V(z)u® — M?] da, u ek,

and
\D(u):/ hlufPt'dz,
Rn

Let us remark that, for each fixed A < 0, || - ||, is a norm equivalent to the
usual one in WH2(R™).



Consider the functional J, : £ — R,

Ta(w) = 3llully = 779 (w).

p+1
Clearly, J, is of class C* and its critical points give rise to (weak and, by
regularity results, strong) solutions of (1) such that lim, .., u(z) = 0.

To find critical points of J, we can use the Mountain-Pass Theorem.
First of all, we show

Lemma 1 /f (3) holds, then U is weakly continuous and V' is compact.

PROOF. Let uy — win E. Given € > 0, from (3) it follows that there
exists R > 0 such that

/ M) (Jug”' = |uP*!) do <e.
|z[>R

Since W?(Bp) is compactly embedded in L' (Bg), we get

/ hz) (JupP* = JuP*) de <,
|z|<R



provided k£ > 1. Putting together the two preceding inequalities, it follows
that U is weakly continuous. The proof that V¥’ is compact is similar. =

Let m(\) denote the MP critical level of J,.
In order to estimate m(\) we strengthen assumptions (2) by requiring

(4) Z?V(z) € L®,  V(z) > 0.

Moreover, we suppose that h verifies (3) and 3K > 0, C' > 07 € [0,2]
such that

(5) h(z) > K|z, Yl|z| > C.

Lemma 2 /f (3-4-5) hold, then m(\) — 0 as A — 0.

PROOF. Fix the function ¢(z) = |z|e”*! and set u,(x) = ¢(ax). There



holds
Va2 = oAy, A1:/ Vo|2dz,
Rn
HuaHiz = a "Ay, Ay = o dz,

RTL

/Vuid:v < o' "A;, As=c | |z|*¢’dz,

Rn

where ¢; is such that |z|* |V (x)| < ¢;. Then one finds

ol = [ (90l + Vioh - ] da
S A10[2_n + A3Oé2_n — )\AQOé_n
< A, (-1 < A=—-0a’<0),

for some A, > 0. Moreover, using (5) we deduce

8

U(u,) = / M@)o > K | ol

|z|>C



Performing the change of variable y = ax, we find

/ 2| | $laz)P dz = / () o mdy
|z|>C ly|zaC &
_ / 1y (y) [Py,
ly|>aC

Therefore there exists A; > 0 such that
U(uy) > o’ "As.
Putting together all the preceding estimates, we get
I(ug) <aa”™* —ba™™"
Recall that
m(\) = inf max Jy(y(¢)),

vel' ¢t

where I" is the class of all paths joining 0 and v, Jy(v) < 0.
Since t — tu,, is a path in I, then

m(A) < max Jy(tug), (A= —a?).



We now use the above estimate to evaluate max; J)(tu,).

There holds (up to un-influent constants)

( ) 6( ) _ 2 at2 LOKT—ntp—i-l.

p+1

The maximum of (3 is achieved at t, = ar T and

B(ta) = o255 [loz2 ot 1] :

2 D

Therefore

m(Y) < ol [ja? —Zhar ] (A= —a?).

Since p > 1, the quantity [- - - | tends to zero as a — 0.

Thus, if 1 <p <1+ 2 ) , we find that m(\) — 0as A = —a* — 0.



We have proved that the MP critical point w, satisfies Jy(uy) = m(\) — 0
as A — 0.

Since Jy(uy) = $|lun|l} — ]ﬁ@(m) and wu, is a critical point, we have

(S(wa) [ ua) = 0= [Jurll; = V(un),

and hence
Hu) = (3= 55) luall
and thus ||uy||3 — 0as A — 0.

In conclusion, we can state the following theorem due to C. Stuart:

Theorem 3 Suppose that (3-4-5) hold. If 1 < p < 1+ 227 then the
bottom of the essential spectrum, A\ = 0, is a bifurcation point for (1).
Precisely, for all A\ < 0 there is a family of nontrivial solutions u, of (1)
such that ||uy|[y — 0as A — 0.



We anticipate that, using some perturbation result we will discuss in the
sequel, one can obtain other bifurcation results. For example one can prove

Theorem 4 Consider the equation

(6) Y+ M+ ()| =0, i P(z) =

|z|—00
where p > 1 and h satisfies
(h.1) 3£ >0:h—(e L'(R), and fR(h — {)dx # 0.

Then (6) has a family of solutions (X, 1)) such that A — 0~ and 1, — 0
as A — 07 in the C(R) topology. Moreover, one has:

0 if 1<p<5h
(7) lim [|9s]|72)) = § const >0 if p=35
A0 +00 if p>5

Finally, if p > 2, the family (X, 1)) is a curve.



