2. Bifurcation for problems on R" in the presence of eigenvalues

We will consider the elliptic problem on R" of the type

(P) —Au+ q(x)u = du £ uP, u e WH(R").

In the sequel we will always assume that

q € L*(R") N L>(R"), l<p<2-—1.

and

lim g(x) =0.
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The linearized problem at u =0 is

(L) —Au+qglx)u= I, ue& W3R,



The spectrum of (L) depends on the following number

(1) A :=inf {/ (|[Vul]? + qu’ldr : w € WY(R"), |lullz: = 1} :
RTL

Precisely, it is well known that;

e If A < 0 then the spectrum contains eigenvalues. Indeed, A is the lowest
eigenvalue of (L) and is simple.

e If g(x) > 0, then the spectrum is the whole half line [0, c0) and coincides
with the essential spectrum.

The essential spectrum is the set of all points of the spectrum that are not
isolated, jointly with the eigenvalues of infinite multiplicity.

General Ref.: C. Stuart



Consider the problem
(P") —Au+ q(x)u = du —u?, u € W(R")

e and assume that A < 0.

Following a joint paper with J. Gamez, we will use an approximation proce-
dure.

Problem (P’) will be approximated by problems on balls B;, = {x € R" :
‘l" < Rk},

(B) —Dutg@lu=Xu—v’, uwe€Wy*(Br)) (B — o).

The solutions u of (P;) are extended to all of R” by setting u(z) = 0 for
‘QZ‘ > Rk



Let ¥ = {(\,u) ERX E: X >0,u >0, —Au+ q(z)u = du — u}.
Let Ap, denote the first (lowest) eigenvalues of

—Au+q(z)u=Xu,  ue Wy (Bg,),

which is given by

Ag, = inf {/ (IVul® + quilde - w € W, *(Bg,), ||ullr = 1} :
B,

Comparing this with the definition (1) of A, it follows that

M LA= o / IVul? + qudz, (R — oo).

weWL2(R?):||lul| 2=1

In particular, if A < 0 then Az, < 0 provided Ry > 1.



Problem (P;) can be faced by the Rabinowitz global bifurcation theorem:

There exists an unbounded connected component X} emanating from (), 0)
which lies on the right of \;.

In order to perform a limit as £ — 400, we will use the following topological
result:

Whyburn Lemma. Let Y be a metric space and Y}, a sequence of connected
subsets of Y. Suppose that

(i) J Y% is precompact,

(i) lim inf Y}, # 0)

Then limsup Y, is precompact and connected.

liminf Y, is the set of ¥y € Y such that every neighborhood of y has
nonempty intersection with all but a finite number of Y.

limsup Y} is the set of y € Y such that every neighborhood of y has
nonempty intersection with infinitely many of the Y.



In order to use this lemma, we take £ = W'?(R"), endowed with the
standard norm. Fixed b < 0, let Y = [A, b] X F and let Y}, be the connected

component of {(\,u) € ilg : A € [A,b]} such that (Ag,,0) € ilg.
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We also let IT : R x E be defined by setting [T(\, u) = A.
-

It is not difficult to check that H(ig) = [Ag,, +00). Since (Ag,0) € X,
and Ar, — A, then (A, 0) € liminf Y} and thus (ii) holds.
Moreover, one has that b € H(ig) for all &> 1.



In order to prove that | J Y} is precompact, we need a preliminary lemma.

Lemma 1. Let A < 0. There exists ¥ = ¥, € L*(R") N L*(R"), ¥ > 0,
such that v < W for all (\,u) € Y3, for all &> 1.

The proof (sketch) is carried out in 4 steps.
Step 1. Fix a with b < a < 0. Since limy;|_¢g(z) = 0 and & < 0,
the support of (¢(z) — a)~ (the negative part of ¢ — a) is compact and

is contained in the ball B,, for some p > 0. We define a piecewise linear
continuous function ~,(t), t € R, such that

—a t<p,

t>p+ 1

Let

e = inf {/ [Vul> + vo(|z))u’]ldz - v € E, ||ul|2 = 1} :



Since v, < 0, it follows that

te <inf{ [ |Vul’dz :u € E, ||ul|;2z=1} =0.
Rn

It is easy to see that there exists a* > 0 such that yu, < 0 for all a > .
Moreover, (i, is the principal eigenvalue of

—Au + 7, (|z))u = pu, u€ekFE.

We denote by ¢, > 0 the (normalized) eigenfunction corresponding to
ta < 0.

In addition, we notice that p, depends continuously upon «.



Step 2. From the preceding step it follows that we can find ay > 0 such
that fy 1= f1q, verifies b —a < py < 0.

We define a function ¢» € C*(R") N E by setting ¥(z) = p,,(z) for all
|z| > p+1; in the ball B,,; the function v is arbitrary, but positive.

One shows that there exists C' > 0 such that C'y is a super-solution of (P}
forall k > 1 and all A > b.

Roughly, it is easy to check that for C' > 0 sufficiently large one has that
—A(CY) +4(CY) 2 MCP) = (CP)', V| < p+1.

For |z| > p+ 1, one remarks that 7, = 0, so —At = 1 and one finds
—AY + qp = (g + q)1p. The definition of p implies that ¢ > a for all
|z| > p and thus =AY + gy > (o + a)ip > bp. Then for A < b we get
—AY + qp > Mp — P for all || > p+ 1, and the claim follows.



Step 3. One proves that U = C'¢ is such that u < U for all (A, u) € Y;
with k large. For A < b, set fy(u) := Au — qu — u” and take M > 0 such

that f\+ M is strictly increasing for u € [0, max W]. Let v, be the solution
of

We want to show that for all A < b, v is a super-solution of (P;,) but not
a solution.

Since f,(V) + MW > 0 then v, € Py, where P; denotes the interior of
the positive cone in Cj(Bp, ).

From the preceding step we know that
—AV > b — q¥ — VP = f; (V).
From this one easily infers

{—A(\Ij—vk)JrM(\IJ—vk) > 0 |z| < Ry,
> 0 |x| =



Then the maximum principle yields
(a) U(x) > v(z), Y |z| < Ry.

Since fy + M is strictly increasing, it follows that

H(Y)+ MU > fy(vp) + Muy.

This and the fact that f, > f) provided A < b, imply

—A’Uk = fb(‘lj)+M\Ij—MUk Z fA(\IJ)+M\IJ—MUk > f)\(’l}k), ‘Qf’ < Rk

This proves our claim.



Step 4. Let us prove that u < vy, for all (A, u) € Y. Consider the set
Y/ ={(A\, v, —u): (N u) € Yi}. Since (Ag,,0) € Y}, then (Ar,,v;) € Y],
and thus Y/ N ([A, 0] x Pp) # (. Let us check that Y, C [A,b] X Py
Otherwise, there exists (A", u*) € Y} such that vy — u* € OPy. Since vy
is not a solution of (P,) it follows that v, > u* but v, Z u* in By, This
implies —A(vy — u*) + M (v, — u*) > filvr) + Mo — fr(u®) + Mu* > 0.
By the maximum principle we infer that v, > u*, namely v, — u* € Py,
while v, — u* € OP,. This proves that u < v, and thus, using (a) we get
u < vp < W for all |x| < Ry, and the proof is completed.

Let us point out that we do not know whether u < U for all (A, u) € ZF,
with A € [A,b]. The proof only works for (A, u) € Y;.



The preceding lemma allows us to show
Lemma 2. |JY} is precompact.

Proof. Let (A\;,u;) € [JYi. We can assume that \; — )\, for some
A € [A,b]. From Lemma 1 it follows there is ¢; > 0 such that

lujllez < e, V3.

From (F}.) we also get

(2) /Rn |V, |*dz + /Rn quidz = )\/Rn wide — /Rn W,

From (2) it follows that 3¢, > 0 such that ||u;|| < ¢, and hence, up to a
subsequence, u; — u in E.



Since u; verifies

/vuj-v¢+/quj¢:A/uj¢—/u§¢, V¢ € CF(RY)

then wu satisfies

/Vu-ngJr/quqb:)\/ugb—/upqﬁ, Vé € CPRY).

Set G\(u) = Au — qu — uP. Equation (2) can be written as

2 sl = [ 2+ / G ()

Moreover, by density, we can set ¢ = u; in (3) yielding

(5) / Va; - Vi = / Gr(u)u,

Similarly, letting ¢ = u, we get [ |Vu|* = [ G\(u)u and hence

(6) HuH2:/GA(u)u+/Rnu2.



Using (4), (5) and (6), we infer

s — w2 = [l + [l g/vu Vi — g/uu

- Ji fouuims foin: [
-

= /[GAj(uj)—GA( )] uj+/GA(u)[U—uj]

+/u[u—u-]+/uj[uj—u].

Sin u<\I/€L ) we find

[— /\G 6w ¥+ [ 163wl u uj
/wm M+/Ww—w



Since
|Gy, (uw5) — Ga(u)] <A = Al |uy —ul + |q] [u; — uf + |uf — u?],

also taking into account that u; — w in E, it readily follows that all the
integrals in the right hand side of the preceding equation tend to zero. Thus
|u; — ul||* — 0, proving that u; — u strongly in E.

We are now ready to prove our main result

Theorem. (A.A - J.L. Gamez) If (1) holds, then there exists a connected
set X9 = {(\,u) € R x E} such that

(a) u is a positive solution of (P7);

(b) (A, 0) € 5 and 15, O [A, 0).

Proof. We set >y = limsup Y} \ {(A,0)}.



We use the Whyburn Lemma: Let Y be a metric space and Y/, a sequence
of connected subsets of Y such that

(i) J Y} is precompact,

(ii) liminf Y}, # 0

Then limsup Y), is precompact and connected.

Therefore Y, is connected and it is easy to check that any (\,u) € Y is a
non-negative solution of (P). To prove (a) we need to show that u > 0.

We have already remarked that for each £ > 1, (A, u) € ¥ implies that
A > Ag,, and this yields that (A\,u) € ¥y = A > A. Suppose that there
exist (A, u;) € Y, such that (A;,u;) — (A, 0) as k; — oo.

Recall that u; satisfies:

—AU]' + qu; = )\ju]' — u?, u € W01’2(BR].>.
Since A\, | Aand A\; — A > A, then given 0 > 0 there exists £ € N such
that \p, < A+0 < Ay, forall k; > £. Then

—A’Ujj == QU]' > (A 4 5)’&] — U?, u < W(}’2<BRj).



Therefore u; is a super-solution of
(7) —Au+qu = (A+6)u — u?, w € W, (Bg,).

One can also find €; < 1 such that €;¢; is a sub-solution of (7) such that
£;p1 < u; in Bg, and thus there exists a positive solution wu; of (7).

Since u; — 0, then also u; — 0 and therefore A+ 4 is a bifurcation point of
positive solutions of (7). This is not possible, since the unique bifurcation
point of positive solutions of (7) is Az, < A+ 4. This contradiction proves
that u > 0.

Since (A,0) € limsup Y it follows immediately that (A, 0) € 3.

As already remarked before, b € H(ig) for all £ > 1 and all b € (A,0).
Repeating the arguments carried out in Lemma 2, it follows that b € TI(%).

Finally, from the fact that 3, is connected one deduces that [A, 0) C TI(X%,).



It is possible to complete the statement of the previous Theorem by showing
that as A\ T 0 the solutions u, such that (A, uy) € X satisfy:

(i) ||ual|zr < const. if r > n/(n — 2);
(ii) ”UA r— oo ifr < n/(n _ 2)_
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By similar arguments one can handle sublinear problems on R", see Brezis
and Kamin.

Theorem. Let p € L*, and suppose that 3U € L* N L? such that
—AU = p in R". Then, for all 0 < ¢ < 1 the problem

—Au = Ap(z)ul, u € WH(R"),

possesses a branch X of positive solutions bifurcating from (0,0) and such

that T1(X).



