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Introduction

Let 2 C R? be a convex set. The following are equivalent.

(@ Q is calibrable, i.e., there is a vector field £ € L>°(Q,R?), with
£(z)] < 1a.e.inQ, such that
P(92)

£ =—-1 in 09,

(b) €2 is a solution of the problem

it P(X) — Aa|X].

(c) We have
esssup kq(x) < Aq,
x€of2
o~
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Introduction

Applications:

® Existence of solutions to the capillary problem in absence of
gravity for any contact angle v € |0, 5] [Giusti, 78]
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Introduction

Applications:

® Existence of solutions to the capillary problem in absence of
gravity for any contact angle v € |0, 5] [Giusti, 78]

* Description of the sets I ¢ R” such that the solution of

ou , Du . N
5t = (jpu ) @r =0.TIRY,

with (0, z) = ya(z) is given by u(t) = (1 — A\at) " yq and

evolution of any convex set of class C'':!.[Bellettini, Caselles,
Novaga, 02, 05].
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Introduction

Applications:

® Existence of solutions to the capillary problem in absence of
gravity for any contact angle v € |0, 5] [Giusti, 78]

* Description of the sets I ¢ R” such that the solution of

ou ( Du

- = di i =)0, T[xR™
p v ]Du|) in Qr :=|0,T[x :

with (0, z) = ya(z) is given by u(t) = (1 — A\at) " yq and
evolution of any convex set of class C'':!.[Bellettini, Caselles,
Novaga, 02, 05].

® Cheeger sets and relations to landslides [Kawohl and
Lachand-Robert, 06]
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Introduction, anisotropic setting.

Let ¢ be an anisotropy in R? and let ' C R? be a convex set. The
following are equivalent [Bellettini, Novaga, Paolini, 01].

(@) Qis ¢-calibrable, i.e., there is a vector field ¢ € L>°(Q,R?), with
»(&(x)) < 1 a.e.in ) (where ¢ is the dual norm of ¢°), such that
Py (02)
€]

—div £ = )5 =

- =—0°(*Y) in 09,
(b) €2 is a solution of the problem

- ¢
oy S0 = Jg K-

(c) We have
ess sup mg(az) < )\g,

—
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Introduction. Problem view as a problem in c.v.

® Consider
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Introduction. Problem view as a problem in c.v.

® Consider
(PA) : min P¢(X)—)\|X|, A>0

XCC
® Show existence, uniqueness and concavity of solutions of

(@), min gbo(Du)Jrﬁ /RN (u—XC)2 dux,

w€BV (RN)NL2(RN) JrN 2
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Plan of the talk

® Preliminaries
© Anisotropies, ¢-regularity and the RW,-condition.

© BV-functions, ¢-total variation and Green’s formula.
© ¢-calibrable sets.

* Properties of the solutions of (Q,,).
® Convexity of the anisotropic perimeter with fixed volume.

® Characterization of convex ¢-calibrable sets by its anisotropic
mean curvature.

® Evolution of convex sets by the anisotropic total variation flow.
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Preliminaries. Anisotropies.

Definition: We say that ¢ : RY — [0, co[ is an anisotropy if
o) = [tlp(€) VEERY, Vi eR,

and there is m > 0 suchthat ml¢| < ¢(¢) VE € RY.
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Preliminaries. Anisotropies.

Definition: We say that ¢ : RY — [0, co[ is an anisotropy if
o) = [tlp(€) VEERY, Vi eR,

and there is m > 0 suchthat ml¢| < ¢(¢) VE € RY.

Wulff shape: Wy :={£: ¢(&) < 1}
Surface tension: ¢°(£) = sup{n-£: ¢(n) < 1}
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Preliminaries. Anisotropies.

Definition: We say that ¢ : RY — [0, co[ is an anisotropy if
o) = [tlp(€) VEERY, Vi eR,

and there is m > 0 suchthat ml¢| < ¢(¢) VE € RY.

Wulff shape: Wy :={£: ¢(&) < 1}

Surface tension: ¢°(¢) = sup{n-£: ¢(n) < 1}
Given ) # E C RY, we consider

E N . N
dy () == ylngcb(x —y) — yeﬁ%r}}"\Eaﬁ(x -y), T €E€RY,

dZ is a Lipschitz function. Where there exists Vd (z), ¢°(Vd (z)) = 1,

- vE(a)

2 () := Vd, () WP (1))

on OF
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Preliminaries. Anisotropies.

Definition: T°(z) = %6’(¢O)2(a:), rc RN

T° Iis a maximal monotone operator mapping Wg. onto W,.
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Preliminaries. Anisotropies.

Definition: T°(z) = 56’(¢O)2(a;), rc RN
T° Iis a maximal monotone operator mapping Wg. onto W,.

Definition: ¢ € C}'' (resp. C%°) if ¢2 is V1 (RY) (resp. C= (RN \ {0}))
and 3 ¢ > 0 such that VZ(¢?) > ¢ 1d a.e.
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Preliminaries. Anisotropies.

Definition: T°(z) = %5’(gbo)2(x), rc RN

T° Iis a maximal monotone operator mapping Wg. onto W,.
Definition: ¢ € C}'' (resp. C%°) if ¢2 is V1 (RY) (resp. C= (RN \ {0}))
and 3 ¢ > 0 such that VZ(¢?) > ¢ 1d a.e.

Definition: ¢ is crystalline if the unit ball YW, of ¢ is a polytope.
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Preliminaries. Anisotropies.

Definition: T°(z) = %3(gbo)2(x), rc RN

T° Iis a maximal monotone operator mapping Wg. onto W,.

Definition: ¢ € C}'' (resp. C%°) if ¢2 is V1 (RY) (resp. C= (RN \ {0}))
and 3 ¢ > 0 such that VZ(¢?) > ¢ 1d a.e.

Definition: ¢ is crystalline if the unit ball YW, of ¢ is a polytope.

Definition: Let E Cc RN. Eis ¢-reqular if 9E is a compact Lipschitz
hypersurface and 3U D> 0F and n € L>°(U;RY) s.t. divn € L>=(U),
n e 5’¢°(Vdf) a.e. in U. E'is Lipschitz ¢-regular if E is ¢-regular and

n € Lip(U; RY).
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.

Example: ¢1(€) = [[€ls — ¢5(€) = l€llz — 963(E) = &
#2(6) = lélloc — 95(6) = llglls — D95(6) = (48 54
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.

Example: ¢1(€) = [[€ls — ¢5(€) = l€llz — 963(E) = &
#2(6) = lélloc — 95(6) = llglls — D95(6) = (48 54

n € 0@5‘{(Vdf) —n=vF
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.

Example: ¢1(€) = [[€ls — ¢5(€) = l€llz — 963(E) = &
#2(6) = lélloc — 95(6) = llglls — D95(6) = (48 54

n € 0@5‘{(Vdf) —n=vF

A

Y
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.

Example: ¢1(€) = [[€ls — ¢5(€) = l€llz — 963(E) = &
#2(6) = lélloc — 95(6) = llglls — D95(6) = (48 54

n € 0@5‘{(Vdf) —n=vF

= 5’¢§(qu€) —n € (signvf, ... signvk)
o
. /
S~
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Preliminaries. ¢-regularity

Example: (Wy,n), with n(x) := x/¢(z), is Lipschitz ¢-regular, and
divn(z) = (N —1)/¢(x) a.e. z € RY.

Example: ¢1(€) = [[€ls — ¢5(€) = l€llz — 963(E) = &
#2(6) = lélloc — 95(6) = llglls — D95(6) = (48 54

n € 0@5‘{(Vdf) —n=vF

= 5’¢§(qu€) —n € (signvf, ... signvk)
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Preliminaries. ¢-regularity

Definition: Let £ Cc RY be s.t. E° # () and R > 0. E satisfies the
RWg-condition (W) if V = € OF, there exists y € RY such that

RWy+yCE and r€d(RWy+y).
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Preliminaries. ¢-regularity

Definition: Let £ Cc RY be s.t. E° # () and R > 0. E satisfies the
RWg-condition (W) if V = € OF, there exists y € RY such that

RWy+yCE and r€d(RWy+y).

Lemma: (i) If E is Lipschitz ¢-regular, then E and RY \ E satisfy (W).
(i) A compact convex set satisfying the R)V,-condition is ¢-regular.

Pl
_U_ PHIYERSITAT
F

FOMPEL FABRA

A characterization of convex calibrable sets in RN with resnect to an anisotronv. — p 11/26



Preliminaries. ¢-regularity

Definition: Let £ Cc RY be s.t. E° # () and R > 0. E satisfies the
RWg-condition (W) if V = € OF, there exists y € RY such that

RWy+yCE and r€d(RWy+y).

Lemma: (i) If E is Lipschitz ¢-regular, then E and RY \ E satisfy (W).
(i) A compact convex set satisfying the R)V,-condition is ¢-regular.

Proposition: Assume that ¢ € C1*. Then,

(a) E is Lipschitz ¢-regular if and only if E is of class C!!.

(b) A compact convex set which satisfies (W) is Lipschitz ¢-regular.
(c) Eis Lipschitz ¢-regular if and only if E and RY \ E satisfy (W).
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Preliminaries. Total Variation

Definition: Let Q C RY be an open set and consider u € L(9).

Dy

u € BV (Q) (z)/ dx——/gpd,uz-, Ve C°(Q), Vi=1,...,N
Q
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Preliminaries. Total Variation

Definition: Let Q C RY be an open set and consider u € L(9).

Dy

u € BV (Q) (z)/ dx——/gpd,uz-, Ve C°(Q), Vi=1,...,N
Q

| Du| := sup{/ wdiv(e)dr : ¢ € CP(Q,RY) |p(x)| <1, x € Q}
Q

lullBv = [lulls + |Du]
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Preliminaries. Total Variation

Definition: Let Q C RY be an open set and consider u € L(9).

Dy

u € BV (Q) (z)/ dx——/gpd,uz-, Ve C°(Q), Vi=1,...,N
Q

| Dul := sup {/ wdiv(e)dr : ¢ € CP(Q,RY) |p(x)| <1, x € Q} :
Q
lul[Bv := [ullx + [Dul

X8 € BV(Q) = P(E,Q) := |Dxxzl.
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Preliminaries. Total Variation

Definition: Let Q C RY be an open set and consider u € L(9).

0
u € BV (Q) @/ SOalac——/gpd,ui, Ve C°(Q), Vi=1,...,N
Q

| Dul := sup {/ wdiv(e)dr : ¢ € CP(Q,RY) |p(x)| <1, x € Q} :
Q
lul[Bv := [ullx + [Dul

X8 € BV(Q) = P(E,Q) := |Dxxzl.

/ngo(Du) = Sup{/QudiVJ dx:aECi(Q;RN)7¢(g(x))Slvxeg}.
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Preliminaries. Total Variation

Definition: Let Q C RY be an open set and consider u € L(9).

0
u € BV (Q) @/ SOalac——/gpol,ui, Vo e C5° (), Vi=1,...,N
Q

| Dul := sup {/ wdiv(e)dr : ¢ € CP(Q,RY) |p(x)| <1, x € Q} :
Q
lul[Bv := [ullx + [Dul

x5 € BV () = P(E,9) := |Dxx].
o O = sup {/ udivo du: o € CH(%RY), ¢(o(z)) < 1z € Q} .
2 Q

If £ C RY has finite perimeter in €2, we set

PoED) = [ (DXp) = [ B am
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Preliminaries. Total Variation.

Definition:  X5(2) := {z € (L=(Q))" : div(z) € L*(Q)}
Letu € BV(Q)NL?*(Q), z € X5(N), and define

((z, Du), p) := —/ngpdiv(z) dr — /Quz -Vpdz.
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Preliminaries. Total Variation.

Definition:  X5(2) := {z € (L=(Q))" : div(z) € L*(Q)}
Letu € BV(Q)NL?*(Q), z € X5(N), and define

((z, Du), p) := —/ngpdiv(z) dr — /Quz -Vpdz.

Theorem: (z, Du), |(z, Du)| << |Du.
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Preliminaries. Total Variation.

Definition:  X5(2) := {z € (L=(Q))" : div(z) € L*(Q)}
Letu € BV(Q)NL?*(Q), z € X5(N), and define

((z, Du), p) := —/ngpdiv(z) dr — /Quz -Vpdz.

Theorem: (z, Du), |(z, Du)| << |Du.

u div(z) dz +/

Green’s Formula: /
0

(z,Du):/ [z, vjud HY 1,
Q of2
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Preliminaries. ¢-calibrable sets

Definition: Let £ c R” be bounded and of finite perimeter. E is
¢-calibrable if 3 £ € L (RY,RY) with ¢(£(z)) < 1 a.e. such that
(&, DXg) = ¢°(DXg) as measures in RV, and

—diVS = )\EXE in D/(RN)
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Preliminaries. ¢-calibrable sets

Definition: Let £ c R” be bounded and of finite perimeter. E is
¢-calibrable if 3 £ € L (RY,RY) with ¢(£(z)) < 1 a.e. such that
(&, DXg) = ¢°(DXg) as measures in RV, and

—diVS = )\EXE in D/(RN)
Proposition: Let E be a bounded convex set of finite perimeter in RY.
Then FE is ¢-calibrable iff £ minimizes the functional
Py(X) — Ap|X|

among the sets of finite perimeter X C F.

Pl
_U_ PHIYERSITAT
F

FOMPEL FABRA

A characterization of convex calibrable sets in RN with resnect to an anisotronv. — o 14/26



Properties of the solutions of (Q))\

Consider the energy functional ¥, : L?(R") — [0, +0o0]

#°(Du) if wue L2RN)N BV(RY)
+00 if wec L2(RY)\ BV(RN).

\If¢(u) = RN
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Properties of the solutions of (Q)A

Consider the energy functional ¥, : L?(R") — [0, +0o0]

¢°(Du) if we L?*(RY)N BV (RY)
+00 if wec L2(RY)\ BV(RN).

\If¢(u) = RN

U, is convex, |.s.c. and proper, then 0¥ 4 is maximal monotone with
dense domain, generating a contraction semigroup in L?(R%).
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Properties of the solutions of (Q)A

Consider the energy functional ¥, : L?(R") — [0, +0o0]

¢°(Du) if we L*(RY)NBV(RY)
\If¢(u) = RN
+00 if we L?2(RY)\ BV(RYM).
U, is convex, |.s.c. and proper, then 0¥ 4 is maximal monotone with
dense domain, generating a contraction semigroup in L?(R%).

Lemma: Letu € L2(RY) N BV (RY). Then v € W4 (u) iff v € L*(RY)
and 3 z € X5(RY), ¢(2(x)) < 1a.e. suchthat v = —divzin D'(RY)
and

W [ D= [ & Do
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Properties of the solutions of (Q))\

Definition: Given g € L?(RY),

|gl¢,« := sup {/RN g(z)u(z) dz : we L2RM)NBVRY), | ¢°(Du) < 1} .

RN
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Properties of the solutions of (Q)A

Definition: Given g € L?(RY),

g« :=sup {/ g(x)u(z) dz : u e LA(RY)NBV (RY), »°(Du) < 1} :
RN RN
Lemma: Let f € L?(RY) and A > 0. Then,
(@) u is the solution of
@s: . min 6w+ 5 [ (w17 do
A weL?2(RN)NBV(RY) JrN 2 JpN

iff 3 2z € X,(RY) satisfying (1) such that ¢(z(z)) < 1 a.e. and
divz = A(u — f).

(b) u = 0is the solution of (Q)x iff || ]l < .

(c) We have 9W,(0) = {f € L*(R) : || flly,. < 1}. W

A characterization of convex calibrable sets in RN with resnect to an anisotronv. — p. 16/26



Properties of the solutions of (Q))\

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

N i { RaCOREy|

uw€BV (RN )NL2(RN) RN

(u — XC)2daz}.
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Properties of the solutions of (Q))\

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

N i { RaCOREy|

uw€BV (RN )NL2(RN) RN

(u — XC)2daz}.

(i) 0<u<l1. LetE;:={u>s},se(0,1]. Then E;, C C, and

Py(E,) — M1 — 8)|Es| < Py(F) — X1 — s)|F|, VFCC.
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Properties of the solutions of (Q)A

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

N i { RaCOREy|

uw€BV (RN )NL2(RN) RN

(u — Xc)? d:z:}.
(i) 0<u<l1. LetE;:={u>s},se(0,1]. Then E;, C C, and
Py(Es) — M1 —3s)|Es| < Py(F) — A1 —9)|F|, VFCC.

(i) uy # X forany A > 0, and uy, — X¢ in L2(RY) as A — oo.
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Properties of the solutions of (Q)A

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

(Q)a : min { 9% (Dw) % /RN (u— Xg)? d:z:} .

u€BV (RN )NL2(RY)
(i) 0<u<l1. LetE;:={u>s},se(0,1]. Then E;, C C, and
Py(Es) — M1 —3s)|Es| < Py(F) — A1 —9)|F|, VFCC.

(i) uy # X forany A > 0, and uy, — X¢ in L2(RY) as A — oo.

(iii) If C satisfies the RW,-condition, then u, > (1 — —) Xc.
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Properties of the solutions of (Q)A

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

(Q)a : min { 9% (Dw) % /RN (u— Xg)? d:z:} .

u€BV (RN )NL2(RY)
(i) 0<u<l1. LetE;:={u>s},se(0,1]. Then E;, C C, and
Py(Es) — M1 —3s)|Es| < Py(F) — A1 —9)|F|, VFCC.

(i) uy # X forany A > 0, and uy, — X¢ in L2(RY) as A — oo.
(iii) If C satisfies the RW,-condition, then u, > (1 — —) Xc.
(iv) uy # 0 ifand only if A >

IIXc|I¢,*'
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Properties of the solutions of (Q)A

Proposition: Let C be a bounded convex domain in RY. Given \ > 0,
let uy € BV (RY) N L?(RY) be the solution of

(Q)a : min { 9% (Dw) % /RN (u— Xg)? d:z:} .

u€BV (RN )NL2(RY)
(i) 0<u<l1. LetE;:={u>s},se(0,1]. Then E;, C C, and
Py(Es) — M1 —3s)|Es| < Py(F) — A1 —9)|F|, VFCC.

(i) uy # X forany A > 0, and uy, — X¢ in L2(RY) as A — oo.
(iii) If C satisfies the RW,-condition, then u, > (1 — —) Xc.
(iv) uy # 0 ifand only if A >

IIXc|I¢,*'
If C'Is not ¢-calibrable, for an nn
(v) If C'is not ¢-calibrable, for any A > TXo,. U ca ot be af:j
mUIUpIe Of XC l'F:J. FOMPEL FABRA
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Properties of the solutions of (Q))\

Theorem: Let C be bounded, convex and satisfying (W). If A > 2,
then the solution u) of (@), is concave in C.
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Properties of the solutions of (Q)A

Theorem: Let C be bounded, convex and satisfying (W). If A > 2,
then the solution u) of (@), is concave in C.

Lemma: Let ¢ be an anisotropy, and let C be a convex body in R,
Then 3 {¢.}, anisotropies and {C.}, compact convex sets s.t.

(i) {¢.} — ¢ uniformly on RY as e — 0;
(i) {C.} — C inthe Hausdorff distance as ¢ — 0;
() ¢, ¢ € C and C. is of class C$° for any € > 0.
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Properties of the solutions of (Q)A

Theorem: Let C be bounded, convex and satisfying (W). If A > 2,
then the solution u) of (@), is concave in C.

Lemma: Let ¢ be an anisotropy, and let C be a convex body in R,
Then 3 {¢.}, anisotropies and {C.}, compact convex sets s.t.

(i) {¢.} — ¢ uniformly on RY as e — 0;
(i) {C.} — C inthe Hausdorff distance as ¢ — 0;
() ¢, ¢ € C and C. is of class C$° for any € > 0.

. o0 N :
Theorem: Let ¢ € C°* and A > 2%, Consider

T°(D .
w— A" tdiv ( (Du) ) — 1 in C
(P). Ve + ¢6°(Du)?
u=0 on 0C.
Then, there is a unique solution € of (P)., 0 < uf < 1. ﬁ e

Moreover u€ > « > 0 in a neighborhood of 9C for some a > 0.
|
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Convexity of the minima of the constrained anisotropic perimeter.

Proposition: Let C be a bounded convex domain in RY satisfying the
RW,-condition. Let u, be the solution of (Q),. Let o, 3 > 2. Then,

(i) A > a(l — ||ualleo), the unique solution of (P), is a convex set

(P)a s min Py(F) = AF|

(i) {ua = lualloct ={ug = [[ugll}, and

A\ — Py({ua 2 ||ualloo})
{ua 2 [lualloo}]

= a(l = [luallec) = B(1 = [luglloo)-

o~

—
_U_ UHIYERSITAT
F

FOMPELD FABERA

A characterization of convex calibrable sets in RN with resnect to an anisotronv. — p. 19/26



Convexity of the minima of the constrained anisotropic perimeter.

Proposition: Let C be a bounded convex domain in RY satisfying the
RW,-condition. Let u, be the solution of (Q),. Let o, 3 > 2. Then,

(i) A > a(l — ||ualleo), the unique solution of (P), is a convex set

(P)a s min Py(F) = AF|

(i) {ua = lualloct ={ug = [[ugll}, and

A\ — Py({ua 2 ||ualloo})
{ua 2 [lualloo}]

= a(l = [luallec) = B(1 = [luglloo)-

Therefore, K := {u, > ||ual| } IS ¢-calibrable.

o~
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Convexity of the minima of the constrained anisotropic perimeter.

Definition: We define the Cheeger ¢-constant of C' as

(Ch) hs(C) = min & Tﬁ )
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Convexity of the minima of the constrained anisotropic perimeter.

Definition: We define the Cheeger ¢-constant of C' as

(Ch) hs(C) = min & Tﬁ )

Definition: A Cheeger ¢-set of C'is any set G which minimizes (Ch).
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Convexity of the minima of the constrained anisotropic perimeter.

Definition: We define the Cheeger ¢-constant of C' as

(Ch) he(C) = ll;ﬂglf(lj PT}(WZ‘T)

Definition: A Cheeger ¢-set of C'is any set G which minimizes (Ch).
Theorem: Let C' be bounded and convex satisfying the ball condition.
Then 4 K C C which is the largest Cheeger ¢-set of C. K is convex,
calibrable and it minimizes  Py(F) — \{.|F| V F CC.

VA #£ A2, A >0, 3! C\ minimizer of (P)y, it is convex, A — C, is
increasing and continuous. Moreover, C =0V A € (0, Af().
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Convexity of the minima of the constrained anisotropic perimeter.

Remark: Assume ¢ being smooth and strictly convex. Then, if C'is
uniformly convex and has C? boundary, the Cheeger set is unique
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Convexity of the minima of the constrained anisotropic perimeter.

Remark: Assume ¢ being smooth and strictly convex. Then, if C'is
uniformly convex and has C? boundary, the Cheeger set is unique

Lemma: Let C be bounded and convex. Let 1 > 0 and let £ be a
solution of
in Py(F) — plF|.
iy Ep (07 — el

Let V = |E|. Then E is a solution of min Py (F).
FCC,|F|=V
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Convexity of the minima of the constrained anisotropic perimeter.

Remark: Assume ¢ being smooth and strictly convex. Then, if C'is
uniformly convex and has C? boundary, the Cheeger set is unique

Lemma: Let C be bounded and convex. Let 1 > 0 and let £ be a
solution of
in Py(F) — plF|.

iy Ep (07 — el

Let V = |E|. Then E is a solution of min Py (F).
FCC,|F|=V

Theorem: Let C be a bounded convex domain in RY satisfying the
RWy-condition for some R > 0. Forany V' € || K|, |C|] there is a unique
convex solution of the constrained isoperimetric problem.
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The anisotropic mean curvature

Let (E,U,n) be a ¢-regular set. For any p € [1, +o0], we define

H{YP(U,RN) == {N € L®°(U;R") : N € T°(Vd}), div N € LP(U)}.
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The anisotropic mean curvature

Let (E,U,n) be a ¢-regular set. For any p € [1, +o0], we define

H{YP(U,RN) == {N € L®°(U;R") : N € T°(Vd}), div N € LP(U)}.

Theorem: Let (E,U,n) be ¢—regular, 0 < §p < R such that
Uo := {|d}| < do} € U, and let (u", z") be the solution of

u? — hdiv 2" = df in R

where 2" € 90¢°(Vu") and (2", Du") = ¢(Du") in D'(RY). Then,
3z € L>*RY,RY) and h; — 0% s.t. 27 = Z, with 2 € T°(VdE) in Up,
||diV%/HLq(U5) S ||diVZHLq(U5) VZ € ﬁ;iv’oo(U57RN>a

for all ¢ € [1,00] and for all 0 < § < do, where Us := {|d| < 0}.
Moreover, if E Is convex, then divz > 0 in Uy. =
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The anisotropic mean curvature

Let (E,U,n) be a ¢-regular set. For any p € [1, +o0], we define

H{YP(U,RN) == {N € L®°(U;R") : N € T°(Vd}), div N € LP(U)}.

Theorem: Let (E,U,n) be ¢—regular, 0 < §p < R such that
Uo := {|d}| < do} € U, and let (u", z") be the solution of

u? — hdiv 2" = df in R

where 2" € 90¢°(Vu") and (2", Du") = ¢(Du") in D'(RY). Then,
3z € L>*RY,RY) and h; — 0% s.t. 27 = Z, with 2 € T°(VdE) in Up,
||diV%/HLq(U5) S ||diVZHLq(U5) VZ € ﬁ;iv’oo(U57RN>a

for all ¢ € [1,00] and for all 0 < § < do, where Us := {|d| < 0}.
Moreover, if E Is convex, then divz > 0 in Uy. =
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The Anisotropic Mean Curvature

Definition: (E,n) Lipschitz ¢-regular, N € Nory(0F), ¢ € Lip(OF).

div Ny ¢° (") = /8 i N-n ¢ div,n ¢° (v")— / [(Id—n®n) V9] N ¢° (")

OF OF
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The Anisotropic Mean Curvature

Definition: (E,n) Lipschitz ¢-regular, N € Nory(0F), ¢ € Lip(OF).

div Ny ¢° (") = /8 i N-n ¢ div,n ¢° (v")— / [(Id—n®n) V9] N ¢° (")

OF OF

HS'P(OE,RY) := {N € Norg(0E,R") : div,N € L?(E)}  p € [1,400],
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The Anisotropic Mean Curvature

Definition: (E,n) Lipschitz ¢-regular, N € Nory(0F), ¢ € Lip(OF).

div Ny ¢° (") = /8 i N-n ¢ div,n ¢° (v")— / [(Id—n®n) V9] N ¢° (")

OF OF

HS'P(OE,RY) := {N € Norg(0E,R") : div,N € L?(E)}  p € [1,400],

Niin := argmin / (div, N)? ¢° (v") dHN ! N € HgiV’Q(E?E, RM).
OFE
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The Anisotropic Mean Curvature

Definition: (E,n) Lipschitz ¢-regular, N € Nory(0F), ¢ € Lip(OF).

div Ny ¢° (") = /8 i N-n ¢ div,n ¢° (v")— / [(Id—n®n) V9] N ¢° (")

OF OF

HS'P(OE,RY) := {N € Norg(0E,R") : div,N € L?(E)}  p € [1,400],

Niin := argmin / (div, N)? ¢° (v") dHN ! N € HgiV’Q(E?E, RM).
OFE
Then div, N, € L*°(0F) and

|divs Ninin|loo = min{||div, N|jo : N € H3™(0E, RV)}.
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The Anisotropic Mean Curvature

Definition: (E,n) Lipschitz ¢-regular, N € Nory(0F), ¢ € Lip(OF).

div Ny ¢° (") = /6 i N-n ¢ div,n ¢° (v")— / [(Id—n®n)V, 9] -N ¢° (v7)

OF OF

HS"V'P(OE,RN) := {N € Norg(0E,R") : div.N € LP(OE)}  p € [L, +o0),

Npin := argmin / (div, N)? ¢° (v") dHN ! N € HgiV’Q(E?E, RM).
OFE

Then div, N, € L*°(0F) and
|div- Niin|loo = min{[|div, Nl : N € HS™*(0E,RY)}.
Proposition: If ¢ is crystalline (resp. ¢ € ") and let E ¢ RY be a
Lipschitz ¢-regular polyhedron (resp. E is Lipschitz ¢-regular ). Ihen
L) g

(N — 1)HH%||OO — ”diVTNminHLOO(aE) :
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Characterization of convex ¢-calibrable sets

Theorem: Let C ¢ RY be bounded, convex and satisfying (W). Let
A= (N — 1)||H%||o. Let C,, be the solution of (P),,, x> 0. Then
C,, = Ciff u > max(\&, A).
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Characterization of convex ¢-calibrable sets

Theorem: Let C ¢ RY be bounded, convex and satisfying (W). Let
A= (N — 1)||H%||o. Let C,, be the solution of (P),,, x> 0. Then
C,, = Ciff u > max(\&, A).

Corollary: Let C C RY be bounded convex and satisfying (W). Then
E = C'Is a solution of

in Py(F) — AG|F|.
iy ) = el

iff (N — 1)[HE [loo < A&
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Evolution of a convex set by the anisotropic total variation flow

(ATVF) % = div 0¢° (Du) in Qr := 10, T[xR",
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Evolution of a convex set by the anisotropic total variation flow

(ATVF) % = div 0¢° (Du) in Qr := 10, T[xR",

Definition: u € C([0,T]; L?(RY)) is a strong solution of (ATVF) if
u € W,o2(0,T; L2(RY)) N LL (0, T; BV(RY)) and

ocC

3z € L™ (]0, T[xRY;RY) with ¢(z(z)) <1 a.e. st
up =divz  inD’ (0, T[xR"Y),

/RN(Z(t)’ Du(t)) = ¢°(Du(t)) t>0ae.

RN

o~
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Evolution of a convex set by the anisotropic total variation flow

(ATVF) % = div 0¢° (Du) in Qr := 10, T[xR",

Definition: u € C([0,T]; L?(RY)) is a strong solution of (ATVF) if
u € W20, T; L2(RN)) n LL (0, T; BV(RY)) and

3z € L™ (]0, T[xRY;RY) with ¢(z(z)) <1 a.e. st
up =divz  inD’ (0, T[xR"Y),

/RN(Z(t)’ Du(t)) = ¢°(Du(t)) t>0ae.

]RN

Theorem: Let ug € L?(R¥). Then there exists a unique strong solution
u of (ATVF) in [0, T] for every T > 0. If w and v are strong solutions of

(ATVF) corresponding to the initial conditions g, vy € L?(RY), then

HU(t)_'U(t>||2 S HuO_UOHZ fOranytZO- QUNIVEREITAT
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Evolution of a convex set by the anisotropic total variation flow

Let €2 be of finite perimeter. We say that the set () decreases at
constant speed A if

u(t,z) == (1 —Xt)" Xq(z)

IS the strong solution of (ATVF) with initial condition uy = Xq.
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Evolution of a convex set by the anisotropic total variation flow

Let €2 be of finite perimeter. We say that the set () decreases at
constant speed A if

u(t,z) == (1 —Xt)" Xq(z)

IS the strong solution of (ATVF) with initial condition uy = Xq.

Theorem: Let C' be bounded, convex and satisfying (W). TFAE:

() C decreases at constant speed,;
(i) C'is ¢-calibrable.
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Evolution of a convex set by the anisotropic total variation flow

Let €2 be of finite perimeter. We say that the set () decreases at

constant speed A if
u(t,z) == (1 —Xt)" Xq(z)

IS the strong solution of (ATVF) with initial condition uy = Xq.
Theorem: Let C' be bounded, convex and satisfying (W). TFAE:
() C decreases at constant speed,
(i) C'is ¢-calibrable.
For each \ > 0 let C'y be the solution of (P),. Consider

—inf{A:x € C\} onzxelC
0 on RV \ C.
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Evolution of a convex set by the anisotropic total variation flow

Let €2 be of finite perimeter. We say that the set () decreases at
constant speed A if
u(t,z) == (1 —Xt)" Xq(z)

IS the strong solution of (ATVF) with initial condition ug = Xq.
Theorem: Let C' be bounded, convex and satisfying (W). TFAE:
() C decreases at constant speed,
(i) C'is ¢-calibrable.
For each \ > 0 let C'y be the solution of (P),. Consider

—inf{A:x € C\} onzxelC
H =
o(@) { 0 on RN\ C.

Theorem: Let C' be bounded convex and satisfying (W). Then,
u(t,z) = (1 + He(x)t)"Xco(x) is the solution of (ATVF) corresponding
to the initial condition uy = X¢. g oo vere
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