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Every real-analytic function f : U/ — R defined on a neighborhood
U C RN of a, with f(a) = 0 satifies Lojasiewicz (L-)inequality

IVF(x)| > |[f(x)|* forall x el (1)

for some exponent 0 < o < 1.
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Every real-analytic function f : U/ — R defined on a neighborhood
U C RN of a, with f(a) = 0 satifies Lojasiewicz (L-)inequality

IVF(x)| > |[f(x)|* forall x el (1)
for some exponent 0 < o < 1.

If the function f : U C RN — R satisfies inequality (1), then the
solutions of the gradient system

{v’(t) + VF(v(t

=0 for t >0,

<

trend to equilibrium.
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L. Simon, Asymptotics for a class of nonlinear evolution equations, with
applications to geometric problems, Ann. of Math. (2) 118 (1983),
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Simon'’s results imply that the solution of
up—Au="f(u) in [0,00xQ
u=0 on [0,00x 90N

converges of some equilibrium point when f is analytic.
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Simon'’s results imply that the solution of

up—Au="f(u) in [0,00xQ

u=0 on [0,00x 90N
converges of some equilibrium point when f is analytic.
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“the classical linear heat flow in RN can be derived as the gradient flow
of the Boltzmann entropy with respect to the 2-Wasserstein metric on

the space of probability measures on RN".
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“the classical linear heat flow in RN can be derived as the gradient flow
of the Boltzmann entropy with respect to the 2-Wasserstein metric on

the space of probability measures on RN".
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(9, d) denotes a complete metric space. 1 < p < oo and p’ := -2 be
the Holder conjugate
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Gradient flows in metric spaces

Definition (Strong upper gradient)

For a proper functional £ : 9 — (—o0, 0], a proper functional

g : M — [0, +00] is called a strong upper gradient of £ if for every curve
v € AC(0, +o0; ), the composition function g o v : (0, +00) — [0, 0] is
Borel-measurable and

|E(v(t)) — E(v(s))| < /tg(v(r)) [v'|(r) dr foralla<s<t<b

s

where
i d(v(s), V(1)

Iv'|(¢) : the metric derivative
s—st |s — t|
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Gradient flows in metric spaces

Definition (Strong upper gradient)

For a proper functional £ : 9 — (—o0, 0], a proper functional

g : M — [0, +00] is called a strong upper gradient of £ if for every curve
v € AC(0, +o0; ), the composition function g o v : (0, +00) — [0, 0] is
Borel-measurable and

|E(v(t)) — E(v(s))| < /tg(v(r)) [v'|(r) dr foralla<s<t<b

s

where

the metric derivative

V|(t) = lim 90/8), V(1))

st |s — t|

Definition

For a given functional &€ : M — (—o0, o], the descending slope
|ID=E| : M — [0, +o0] of £ is given by

N OB 0
ID=E|(u) = { TSP T FueD(E),

400 if otherwise.
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Gradient flows in metric spaces

Definition
Let £ : M — (—o0, 0] be proper functional with strong upper gradient

g, and v € ACjoc(0,+00; M). Then v is a p-gradient flow of £ if and only
if £ov:(0,400) — R is non-increasing and energy dissipation equality

ews) - em®) =1 [IWP@ar+ & [ g () ar

holds for all 0 < s < t < +00.
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Gradient flows in metric spaces

Definition (constant speed geodesics and \-geodesic convexity)

A curve 7y : [0,1] — 91 is said to be a constant speed geodesic
connecting two points vp, v; € M if v(0) = vy, ¥(1) = v1 and

d(v(s),v(t)) = (t — s)d(vo, 1) for all s, t € [0, 1] with s < ¢.

A metric space (90, d) with the property that for every two elements vy,
v1 € 9N, there is at least one constant speed geodesic v C 9t connecting
vo and vy is called a length space. Given A € R, a functional

E M — (—o0, 0] is called A-geodesically convex if for every vy,

vi € D(E), there is a constant speed geodesic v C 9 connecting vy and
v such that £ is A-convex along ~, tha is,

E(v(1)) < (1 = 1)E((0)) + t&(¥(1)) — 5t(1 = t)d*(7(0), (1))

for all ¢t € [0, 1],
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Gradient flows in metric spaces

Proposition

For A € R, let £ : M — (—o0, 0] be a proper A-geodesically convex
functional on a length space M. Then, if £ is lower semicontinuous, then
the descending slope |D~E| of £ is a strong upper gradient of £, and
|D~E&]| is lower semicontinuous.

J.M. Mazén trabajo en colaboracién con Daniel Hauer (Sydney University) KtS-inequality for gradient flows in metric spaces



Gradient flows in metric spaces

Proposition

For A € R, let £ : M — (—o0, 0] be a proper A-geodesically convex
functional on a length space 9. Then, if € is lower semicontinuous, then
the descending slope |D~E| of £ is a strong upper gradient of £, and
|D~E&]| is lower semicontinuous.

Definition

An element ¢ € M is called an equilibrium point (or also critical point)
of a proper functional £ : 9 — (—o0, 00] with strong upper gradient g if
¢ € D(g) and g(p) = 0. We denote by E, = g~({0}) the set of all
equilibrium points of £ with respect to strong upper gradient g.
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Gradient flows in metric spaces

Proposition

For A € R, let £ : M — (—o0, 0] be a proper A-geodesically convex
functional on a length space 9. Then, if € is lower semicontinuous, then
the descending slope |D~E| of £ is a strong upper gradient of £, and
|D~E&]| is lower semicontinuous.

Definition

An element ¢ € M is called an equilibrium point (or also critical point)
of a proper functional £ : 9 — (—o0, 00] with strong upper gradient g if
¢ € D(g) and g(p) = 0. We denote by E, = g~({0}) the set of all
equilibrium points of £ with respect to strong upper gradient g.

We denote by argmin(€) the set of all global minimisers ¢ of £.
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Gradient flows in metric spaces

Proposition

For A € R, let £ : M — (—o0, 0] be a proper A-geodesically convex
functional on a length space 9. Then, if € is lower semicontinuous, then
the descending slope |D~E| of £ is a strong upper gradient of £, and
|D~E&]| is lower semicontinuous.

Definition

An element ¢ € M is called an equilibrium point (or also critical point)
of a proper functional £ : 9 — (—o0, 00] with strong upper gradient g if
¢ € D(g) and g(p) = 0. We denote by E, = g~({0}) the set of all
equilibrium points of £ with respect to strong upper gradient g.

We denote by argmin(€) the set of all global minimisers ¢ of £.
If for A > 0, £ is A-geodesically convex, then

argmin(€) = { € D(ID€J) | ID~€l(¢) =0} =Epp-g.
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Gradient flows in metric spaces

Definition
For a curve v € C((0, 00); M), the set

w(v) = {cp € zm‘ there is t, T +o00 s.t. nILn;o v(t,) = ¢ in Dﬁ}

is called the w-limit set of v.
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Gradient flows in metric spaces

Definition
For a curve v € C((0, 00); M), the set

w(v) = {cp € zm‘ there is t, T +o00 s.t. nILn;o v(t,) = ¢ in Dﬁ}

is called the w-limit set of v.

We denote by
Ty (v) = {v(t) |t > to}
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Gradient flows in metric spaces

Definition
For a curve v € C((0, 00); M), the set

w(v) = {cp € D)T‘ there is t, T +o00 s.t. nl|_>n;o v(t,) = ¢ in Dﬁ}

is called the w-limit set of v.

We denote by
Ty (v) = {v(t) |t > to}

For a proper functional £ : 9 — (—o0, 00] and ¢ € D(E), we call the
functional £(+|p) : M — (—o0, 0] defined by

E(vlp) =E(v) — E(v) for every v € M

the relative entropy or relative energy of £ with respect to ¢.

J.M. Mazén trabajo en colaboracién con Daniel Hauer (Sydney University) KtS-inequality for gradient flows in metric spaces



Trend to equilibrium in the entropy sense

Proposition

Let £ : MM — (—o0,+00] be a proper functional, g a strong upper
gradient of £, and v a p-gradient flow of £. Then, the following
statements hold.

(1) & is a strict Lyapunov function of v.

(2) (Trend to equilibrium in the entropy sense) /f for to > 0, £
restricted on the set Z.,(v) is lower semicontinuous, then for every
» € w(v), one has ¢ € D(E) and

lim E(v(t)) = E(p) = inf E(£). (3)

t—00 gezto (v)

(3) (w-limit points are equilibrium points of &) Suppose for to > 0, £
restricted on the set Z,,(v) is bounded from below and g restricted
on the set Z,,(v) is lower semicontinuous. Then the w-limit set w(v)
of v is contained in the set E, of equilibrium points of £.
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Kurdyka-tojasiewicz-Simon inequalities in metric spaces

Definition

A proper functional £ : 9t — (—o0, +00] with strong upper gradient g
and equilibrium point ¢ € [, is said to satisfy a Kurdyka-tojasiewicz
inequality on the set U C [lg > 0] N[0 (E(:|)) > 0] if there is a strictly
increasing function 6 € W' (R) satisfying 6(0) = 0 and

)
loc

0'(E(vlp)) g(v) > 1 forall v e Uf. (4)

v
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Kurdyka-tojasiewicz-Simon inequalities in metric spaces

Definition

A proper functional £ : 9t — (—o0, +00] with strong upper gradient g
and equilibrium point ¢ € [, is said to satisfy a Kurdyka-tojasiewicz
inequality on the set U C [lg > 0] N[0 (E(:|)) > 0] if there is a strictly
increasing function 6 € W' (R) satisfying 6(0) = 0 and

)
loc

0'(E(vlp)) g(v) > 1 forall v e Uf. (4)

v

In the case that there are o € (0, 1] and ¢ > 0 such that

0(s) = < s|*'s for every s € R,
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Kurdyka-tojasiewicz-Simon inequalities in metric spaces

Definition

A proper functional £ : 9t — (—o0, +00] with strong upper gradient g
and equilibrium point ¢ € [, is said to satisfy a Kurdyka-tojasiewicz
inequality on the set U C gg > 0] N[0 (E(:|)) > 0] if there is a strictly
increasing function 6 € W' (R) satisfying 6(0) = 0 and

)
loc

0'(E(viw)) g(v) > 1 forall v e Uf. (4)

In the case that there are o € (0, 1] and ¢ > 0 such that

0(s) = < s|*'s for every s € R,

Definition

A proper functional &€ : 9t — (—o0, +00] with strong upper gradient g
and equilibrium point ¢ € E, is said to satisfy a t.ojasiewicz-Simon
inequality with exponent « € (0, 1] near ¢ if there are ¢ > 0 and a set
U C D(E) with ¢ € U such that

1E(v]@)|}™* < cg(v) for every v € U. (5)

V.

J.M. Mazén trabajo en colaboracién con Daniel Hauer (Sydney University) KLS-inequality for gradient flows in metric spaces



Trend to equilibrium in the metric sense

Theorem (Trend to equilibrium in the metric sense)

Let £ : M — (—o0,+o0] be a proper functional with strong upper
gradient g, and v be a p-gradient flow of £ with non-empty w-limit set
w(v). Suppose, & is lower semicontinuous on Zz(v) for some t > 0 and
for ¢ € w(v) NE,, there is an € > 0 such that

B(p,e) N[E(]#) > 0] € [g > 0].

If there is a strictly increasing function 6 & W,i’cl (R) satisfying 6(0) =0
and |[# > 0,0 = 0]| = 0 such that £ satisfies the Kurdyka-t.ojasiewicz
inequality (4) on

U = B(p,e) N[E(1p) > 01 N[0"(E(|¢)) > 0], (6)
then v has finite length and

lim v(t) =¢ in 9. (7)

t—o0
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Decay estimates and finite time of extinction

Theorem (Decay estimates and finite time of extinction)

Let £ : M — (—o0,+00] be a proper functional with strong upper
gradient g, and v be a p-gradient flow of & with non-empty w-limit set
w(v). Suppose, £ is lower semicontinuous on Z(v) for some t > 0, and
for p € w(v) NEg there aree >0, ¢ > 0, and « € (0,1] such that £
satisfies a tojasiewicz-Simon inequality (5) with exponent « on

B(p,e) N D(E). Then

_a(p=1)
d(the) < £ €Dl = 0 (7 ) F0<a <2
1 1 —L/ o
d(v(t),¢) < cp(E(v(t)lv))? < cp (E(v(to)lp))? e P if o=
~ alp=1) ~
E(t—t)paT if to<t<t, 1
d(v(t),p) < - if=<a<i,
(V()@){O ift >t P
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Decay estimates and finite time of extinction

Theorem

where,

a—1 1

Pi=to+ a0 capm ezl (E(v(to)] )~

and ty > 0 can be chosen to be the “first entry time”, that is, tg > 0 is
the smallest time ty € [0, +00) such that v([fy, +00)) C B(yp, ).
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Decay estimates and finite time of extinction

Theorem

where,

(9}
Il
p—
Q
S
‘i—‘
A
(o}
ol
°
Q
2|
3
oy
=

Pi= o+ a0 c7em 2=l (£(y(1g)[))Fm,

and ty > 0 can be chosen to be the “first entry time”, that is, tg > 0 is
the smallest time ty € [0, +00) such that v([fy, +00)) C B(yp, ).

If £: 91 — (—o0, 0] be a proper, lower semicontinuous, A-geodesically
convex functional on a length space (901, d), with A > 0 and is bounde
from below, then there is a unique minimiser ¢ € D(E) of £ and

1
E(v]p) < X |ID~E2(v) for all v € D(€).
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Decay estimates and finite time of extinction

Theorem

where,

(9}
Il
p—
Q
S
‘i—‘
A
(o}
ol
°
Q
2
3
oy
=

Pi= o+ a0 c7em 2=l (£(y(1g)[))Fm,

and ty > 0 can be chosen to be the “first entry time”, that is, tg > 0 is
the smallest time ty € [0, +00) such that v([fy, +00)) C B(yp, ).

If £: 91 — (—o0, 0] be a proper, lower semicontinuous, A-geodesically
convex functional on a length space (901, d), with A > 0 and is bounde
from below, then there is a unique minimiser ¢ € D(E) of £ and

1
E(v]p) < X |ID~E2(v) for all v € D(€).
Then, every gradient flow v of £ satisfies
d(v(t),) =0 (e™™) as t — oo.
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Entropy-transportation inequality and KL inequality

Definition

A proper functional £ : M — (—o0, +00] with strong upper gradient g is
said to satisfy locally a generalised entropy-transportation (ET-)
inequality at a point of equilibrium ¢ € E, if there are ¢ > 0 and a
strictly increasing function ¥ € C(R) satisfying W(0) = 0 and

inf  d(v,$) < W(E 8
st d(49) < W(E(VI)) ®)
for every v € B(p,e) N D(E). Further, a functional £ is said to satisfy

globally a generalised entropy-transportation inequality at ¢ € E, if £

satisfies
Aiglg d(v,®) < W(E(v|p)) for every v e D(E). (9)
Py

Assumption (E) Suppose, for the proper energy functional
E M — (—o0, +00] with strong upper gradient g holds:

for all vo € D(E), there is a p-gradient flow v of €& with v(0+) = v,.
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Entropy-transportation inequality and KL inequality

Theorem (Global Kt- and ET-inequality)

For A >0, let £ : M — (—o0, 00| be a proper, lower semicontinuous,
\-geodesically convex functional on a length space (I, d). Suppose, £
and the descending slope |D~E| satisfying Assumption (E) and for

o € Ep-g|, the set [E(-|¢) # 0] C [[D™E| > 0]. Then, the following
statements are equivalent.

(1) (Kt-inequality) There is a strictly increasing function 6 € W,lo’cl(]R)
satisfying 6(0) = 0 and |[0 # 0,0’ = 0]| = 0, and & satisfies a
Kurdyka-tojasiewicz inequality on

U:=[E(|e) > 01N [0"(E(-]¢)) > 0].

(2) (ET-inequality)There is a strictly increasing function ¥ € C(R)
satisfying W(0) = 0 and s — W(s)/s belongs to L} (R) such that £

loc
satisfies the generalised entropy-transportation inequality

inf  d(v,®) <WV(E(v]|p)) for all v € D(E).

@Eargmin(€)
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Entropy-transportation inequality and KL inequality

Corollary (Global £S- and ET-inequality)

For A >0, let £ : M — (—o0, +00] be a proper, lower semicontinuous,
A-geodesically convex functional on a length space (I, d). Suppose, £
and the descending slope |D~E&| satisfy Assumption (E) and for

o € Ep-¢|, the set [E(-|¢) > 0] C [g > 0]. Then, for a € (0,1], the
following statements hold.

(1) (LS-inequality implies ET-inequality) /f there is a ¢ > 0
(E(v]p)) ™™ < c|D™E|(v) for all v € D(E) (10)
then & satisfies

inf d(v,p) <
PEargmin(E) ( QO)

(E(v]p))® forallv e D(E). (11)

Q|0

(2) (ET-inequality implies £S-inequality) /f there is a ¢ > 0 such that
E satisfies (11), then £ satisfies

(E(v|))e < §|D‘S\(v) for all v e D(E).  (12)
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Aplications. The classical Hilbert space case

In the case (H,(.,.)n) is a real Hilbert space and £ : H — (—o0,+00] a
proper, lower semicontinuous and semi-convex functional. Then, the
following well-known generation theorem holds

Theorem

For every vy € D(E), there is a unique strong solution v of

{ V() + 9E(v(t) 90, t € (0, 00), e

v(0) =
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Aplications. The classical Hilbert space case

In the case (H,(.,.)n) is a real Hilbert space and £ : H — (—o0,+00] a
proper, lower semicontinuous and semi-convex functional. Then, the
following well-known generation theorem holds

Theorem

For every vy € D(E), there is a unique strong solution v of

{v’(t) +0E(v(1)) 30,  te(0,00), (13)

v(0) = v.

The sub-differential € of £ is given by

t

0g = {(v.u) e Hx H| liminf EEDE > (u,w) for all w e H.
t
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Aplications. The classical Hilbert space case

In the case (H,(.,.)n) is a real Hilbert space and £ : H — (—o0,+00] a
proper, lower semicontinuous and semi-convex functional. Then, the
following well-known generation theorem holds

Theorem

For every vy € D(E), there is a unique strong solution v of

{v’(t) +0E(v(1)) 30,  te(0,00), (13)

v(0) = v.

The sub-differential € of £ is given by

9 = {(v,u) € Hx H‘ lim inf E04=E0) > (4 w) for all w e H}.
£10
For v € D(|D~&]), the descending slope
\D=&|(v) = min {||u||H \ ue 85(v)}

and |D~€&] is a strong upper gradient of £.
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Applications. The classical Hilbert space case

Corollary

Let £: H — (—o0,+0o0] be a proper, lower semicontinuous and
semi-convex functional on a Hilbert space H. Suppose v is solution of
(13) and there are ¢, € > 0 and an equilibrium point ¢ € w(v) such that
& satisfies a tojasiewicz-Simon inequality

1E(v]@)} < c|lul| for every v € B(p,e) and u € 9E(v).
Then,
Iv(e) = ¢lln < £ EWBIR)" = O (£ ) f0<a<j
1 i
Iv(t) = elln < c2(E(v(t)l9))® < c2 (E(v(to)lg))? e 2 ifa=3

if 3 <a<l,

0
E(f—t)=1  if t<t<fi
wans{ﬂ T s

ift >t

where, to > 0 can be chosen to be the “first entry time”, that is, ty > 0
is the smallest time ty € [0, +00) such that v([fy, +00)) C B(p,¢).
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

=div (\Dv|) in Q x (0, 400),
v=0 on 99 x (0, +00), (14)
\/(O) =V on Q,
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

=div (\Dv|) in Q x (0, 400),
v=0 on 99 x (0, +00), (14)
\/(O) =V on Q,

Problem (14) can be rewritten as an abstract initial value problem (13)
in the Hilbert space H = L2(Q) for the energy functional
€ : 1%(Q) — (—o0, +00] given by
/ |Dv| +/ lv| if ve BV(Q)NL3(Q),
Q Elo}

if otherwise.

(15)
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

=div (\Dv|) in Q x (0, 400),
v=0 on 99 x (0, +00),
v(0) = v on ,

(14)

Problem (14) can be rewritten as an abstract initial value problem (13)
in the Hilbert space H = L2(Q) for the energy functional
€ : 1%(Q) — (—o0, +00] given by

‘ v . v| ifv 2
/Q\D|+/m|\ freBV@ni@, o

if otherwise.
Extinction time

T*(v) := inf{t > 0’ v(s)=0 forall s> t}.
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

Theorem

Suppose N < 2 and for vo € L?(Q), let v be the unique strong solution of
problem (14). Then,

1/2 N
T*(v) < s+ 51 |Q|Y=E(v(s)) I.fN 1,
s+ S E(v(s)) if N =2,
for arbitrarily small s > 0, and

E(T*(v)—t) f0<t<T*(v),

16
0 ift > T*(v), (16)

lv(t)lle@) < {

where Sy is the best constant in Sobolev inequality and ¢ > 0.
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

Skech of proof By Sobolev's inequality in BV(2), we have

(@) < Su (/Q|Dv| +/an> forall ve BV(Q)  (17)

vl
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

Skech of proof By Sobolev's inequality in BV(2), we have

(@) < Su (/Q|Dv| +/an> forall ve BV(Q)  (17)

vl

V]2 < CE(v|0) for all v € D(E), (18)
where the constant C = 5, [Q|Y2if N=1and C=S, if N = 1.
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

Skech of proof By Sobolev's inequality in BV(2), we have

(@) < Su (/Q|Dv| +/an> forall ve BV(Q)  (17)

vl

V]2 < CE(v|0) for all v € D(E), (18)
where the constant C = 5, [Q|Y2if N=1and C=S, if N = 1.

(18) is a entropy-transportation inequality for W(s) = Cs, (s € R),
which by Corollary 14, is equivalent to the tojasiewicz-Simon inequality

1< CID=€|(v), (vel[E >0
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Applications. Finite Extinction time of the Dirichlet-Total
Variational Flow

Skech of proof By Sobolev's inequality in BV(2), we have

vl

(@) < Su (/Q|Dv| +/an> forall ve BV(Q)  (17)

V]2 < CE(v|0) for all v € D(E), (18)
where the constant C = 5, [Q|Y2if N=1and C=S, if N = 1.

(18) is a entropy-transportation inequality for W(s) = Cs, (s € R),
which by Corollary 14, is equivalent to the tojasiewicz-Simon inequality

1< CID=€|(v), (vel[E >0

In dimension N = 2, the extinction time

1
T (v) < — Dvy|.
(0)—@/9' 0|
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Gradient flows in spaces of probability measures.

Let (X, B, d) be a Polish space equipped with their Borel o-algebra B.
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Gradient flows in spaces of probability measures.

Let (X, B, d) be a Polish space equipped with their Borel o-algebra B.

For s € {0,1}, let w5 : X x X — X be defined by
ms(x,y¥) :== (1 — s)x + sy. For given measures pg, p1 € P(X), the set of
transport plans with marginals po and g is denoted by

M(po, p1) = {7 € P(X x X) | Togy = to, gy = Ml}-

where iy is the push-forward of v through m;
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Gradient flows in spaces of probability measures.

Let (X, B, d) be a Polish space equipped with their Borel o-algebra B.

For s € {0,1}, let w5 : X x X — X be defined by
ms(x,y¥) :== (1 — s)x + sy. For given measures pg, p1 € P(X), the set of
transport plans with marginals po and g is denoted by

M(po, p1) = {7 € P(X x X) | Togy = to, gy = Ml}-

where iy is the push-forward of v through m;
For 1 < p < 400, the p-Wasserstein distance W, g(p1, f12) between pg
and p; € P(X) is defined by

1
P

YEM(po,p1)

WoaGui) = __ind | ey anten)
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Gradient flows in spaces of probability measures.

Let (X, B, d) be a Polish space equipped with their Borel o-algebra B.

For s € {0,1}, let w5 : X x X — X be defined by
ms(x,y¥) :== (1 — s)x + sy. For given measures pg, p1 € P(X), the set of
transport plans with marginals po and g is denoted by

M(po, p1) = {7 € P(X x X) | Togy = to, gy = Ml}-

where iy is the push-forward of v through m;
For 1 < p < 400, the p-Wasserstein distance W, g(p1, f12) between pg
and p; € P(X) is defined by

P

YEM(po,p1)

WoaGui) = __ind | ey anten)

Fixed xp € X, the space of finite p-moment

Ppa(X) == {u € P(X) ‘ /Xd(xO,x)" du(x) < +oo} :
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Gradient flows in spaces of probability measures.

Let (X, B, d) be a Polish space equipped with their Borel o-algebra B.

For s € {0,1}, let w5 : X x X — X be defined by
ms(x,y¥) :== (1 — s)x + sy. For given measures pg, p1 € P(X), the set of
transport plans with marginals po and g is denoted by

M(po, p1) = {7 € P(X x X) | Togy = to, gy = Ml}-

where iy is the push-forward of v through m;
For 1 < p < 400, the p-Wasserstein distance W, g(p1, f12) between pg
and p; € P(X) is defined by

P

YEM(po,p1)

WoaGui) = __ind | ey anten)
XxX
Fixed xp € X, the space of finite p-moment
Ppa(X) = {M € P(X) ‘ / d(xo, x)P du(x) < —I—OO} )
X

The pair (Pp,a(X), Wp.q4) is called the p-Wasserstein space.
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Gradient flows in spaces of probability measures.

Consider the free energy & : P,(RV) — (—o00, +00] composed by
E=Hr+Hv+Hw (19)
of the internal energy

/ F(p)dx if p=pLV,
]RN
+o0 if 11 € Pp(RY) \ P2E(RY),

He(p) =

the potential energy

/ Vdu ifp=pLV,
RN
400 if ue Py(RV)\ P;C(RN),

Hy(p) =

and the interaction energy

%/ W(x —y)d(u@p)(x,y) ifp=pL",
RN xRN
+o0 if 1€ Pp(RV)\ Pac(RN),

Hw(p) =
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Gradient flows in spaces of probability measures.

We assume that the function
(F) : F:[0,+c0) — R is a convex differential function satisfying

F(0) =0, Iimiionf Fs(j) > —oo for some a > N/(N + p), (20)

the map s — sMF(s~N) is convex and non increasing in (0, +00),
(21)
there is a Cg > 0 such that
F(s+38) < Cr(1+F(s)+ F(8) foralls, §>0,and (22)
F
jim  £05)

s—+oco S

= +00 (super-linear growth at infinity);
(23)

(V) : V:RN — (—o00,+0oq] is a proper, lower semicontinuous, A-convex
for some A € R, and the effective domain D(V) has a convex,
nonempty interior Q := int D(V) C RV,

(W) : W:RN — [0, +0c0) is a convex, differentiable, and even function
and there is a Cyy > 0 such that

W(x 4 %) < Cw (1 4+ W(x) + W(R)) forall x; R € RN .- (24)
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Gradient flows in spaces of probability measures.

Proposition

Suppose, the functions F, VV and W satisfy the hypotheses (F), (V)
and (W), and & : Py(RN) — (—o0, +od] is the functional given by (19).
Then, for = pLN € D(E), one has u € D(|D~&|) if and only if

Pr(p) € Wl (Q), p& =VPr(p)+pVV +p(VW)xp (25
for some &, € LP' (RN, RN; du), where Pg(x) := xF'(x) — F(x) is the
associated ‘pressure function” of F. Moreover, the vector field &,
satisfies

i
o7

D716 = ([ Jesbor au) (26)
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Gradient flows in spaces of probability measures.

For every uo € D(E), there is a p-gradient flow 4 : [0, +00) — P,(RN)
of £ with initial value lim o p(t) = p0. Moreover, for every t > 0,

u(t) = p(t) LN with supp(p(t)) € Q, and p is a distributional solution of
the following quasilinear parabolic-elliptic boundary-value problem

pe +div(p U, ) in (0, +00) x Q,
M o
U, -n=0 in (0,400) x 99,

with P(p) € LL_((0,+00); WE(Q)) and

loc

VPe(p)

¢ = FVV + (VW) xp e L2((0, +00); L7 (,RN; du(-))),

where, n in (27) denotes the outward unit normal to the boundary 9Q
which in the case Q = RV needs to be neglected.
If the function F € C?(0,+oc), then one has that

—U, = [F"(p)Vp+VV+(VW)xp” "2 (F"(p)Vp + VV + (VW) % p).
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Gradient flows in spaces of probability measures.

Problem (27) includes the

doubly nonlinear diffusion equation

pr— diV(IVpr"I”/‘2 Vp™) =0

(V—W:O F() i forg=m+1-

P’ pr—1
—(p'=1)
p'— 17'ém> N(p’ — 1))
Fokker-Planck equation with interaction term through porous
medium

:Aﬂm+di\/( (VV + (VW) % p))
(P=2 F(s) = iogy for L#m>1—4).
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Gradient flows in spaces of probability measures.

Every equilibrium point v = p, LN € E|p-¢| of £ can be characterised by

Pe(poo) € WEH(Q)  with

loc

_ VPE(poo)

+VV+(VW)*ps =0 ae. on .
Poo

Spoe
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Gradient flows in spaces of probability measures.

Every equilibrium point v = p, LN € E|p-¢| of £ can be characterised by

Pe(poo) € WEH(Q)  with

loc

_ VPE(poo)
Poo

Epoe +VV+ (VW) *pso =0 a.e. on Q.

Further, for every p-gradient flow p of £ and equilibrium point
IS E‘D—gl, we have

G E(u(t)) = —[DEP (u(t)) = ~Tp (u(t)|v),

where the generalised relative Fischer information of p with respect to v
is given by

L (1) = [ U, -6 an
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Gradient flows in spaces of probability measures.

Definition

We call a functional f : RN — (—o0, +00] uniformly \-p-convex for some
A € R if the interior Q = int(D(f)) of f is nonempty, f is differentiable
on Q and for every x € Q,

f(y) — f(x) > VF(x)-(y =x) + Ay —x|P forall y € RV.
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Gradient flows in spaces of probability measures.

Definition

We call a functional f : RN — (—o0, +-00] uniformly A-p-convex for some
A € R if the interior Q = int(D(f)) of f is nonempty, f is differentiable
on Q and for every x € Q,

f(y)—f(x) > VIi(x) - (y —x)+ Ay —x|P for all y € RV,

(V*) V: RN — (—o0, 4] is proper, lower semicontinuous function, the
effective domain D(V) of V has nonempty interior Q := int D(V) C RV,
and V is uniformly Ay-p-convex for some Ay € R;
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Gradient flows in spaces of probability measures.

Theorem

Suppose that the functions F, V and W satisfy the hypotheses (F),
(V*) with Ay € R and (W). Further, suppose F € C?(0,00) N C[0, +00)
and let £ : Pp(RN) — (—o0, +00] be the functional given by (19). Then,
the following statements hold.
(ET-inequality) For an equilibrium point v = p LN € Ejp-g of
with pso € WH(Q) and inf po, > 0, and every u = pLN € D(E),

Av WP (p,v) < E(pv). (28)

(p-Talagrand transportation inequality) /f Ay > 0, then
entropy-transportation inequality (28) is equivalent to the
p-Talagrand inequality

Wolh,) < s /ECal) (29)

holding for an equilibrium point v = p, LN € E|p-g| of € with
Poo € WH(Q) and all 4= pLN € D(E).
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Gradient flows in spaces of probability measures.

Theorem
(generalised £S-inequality) /f A > 0 then for every probability
measures 1y = p1 LV, po = po LN € P;C(Q) with py € WH>(Q) and
inf po > 0, one has that

< p—1 1
Ay — X) we < —-<
E(palpr) + (Av = A) WE(p1, p2) < PP AL/(p—1)

ID7EIP (p2).

(generalised Log-Sobolev inequality) /f \\, > 0, then for every
probability measures pi1 = p1 LN, po = po LN € P2E(Q) with
p2 € Wh(Q) and inf p, > 0 and v € E|p-¢|, one has that

1 1

p_
E(palp) < mep/ (p2lv).
|

(p-HWI inequality) For every probability measures ji; = p1 LV,
2 = p2LN € Pac(Q) with p, € W>°(Q) and inf p, > 0, one has

E(palpn) + Av WE (1, 12) < Tp/® (alv) Wp(pa, pi2).

J.M. Mazén trabajo en colaboracién con Daniel Hauer (Sydney University) KtS-inequality for gradient flows in metric spaces




Gradient flows in spaces of probability measures.

Corollary (Equivalence between global ET-, £S- and Log-Sobolev

inequality)

Suppose that the functions F, V and W satisfy the hypotheses (F), (V)

and (W). Further, suppose F € C?(0,00) N C[0, +0c0) and let

E : Pp(RN) — (—00, +00] be the functional given by (19). Then, the

following statements hold.

(1) If for v = poo LN € E|p-¢|, there is some X > 0 such that & satisfies

entropy transportation inequality
Wo(p,v) < X(Eulv))>  for all p € D(E),
then £ satisfies the tojasiewicz-Simon inequality

E(ulpse) "7 < N|D7E|(n)  forall pe D(DE

).

or equivalently, £ satisfies the Log-Sobolev inequality

1

E(plpos) ™7 < XN T, (plv) for all n € D(|D~E

).

(30)

(31)

(32)
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Corollary (Equivalence between global ET-, £S- and Log-Sobolev
inequality)

(2) If for v = poo LN € E|p-g|, there is some X > 0 such that & satisfies
Log-Sobolev inequality (32), then £ satisfies entropy transportation
inequality

W, (1,v) < Ap(E(ulv))s  for all p € D(E),
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Corollary (Equivalence between global ET-, £S- and Log-Sobolev
inequality)

(2) If for v = poo LN € E|p-¢|, there is some X > 0 such that & satisfies
Log-Sobolev inequality (32), then £ satisfies entropy transportation
inequality

Wo(p,v) < 3p(E(ulv))>  for all € D),

Corollary (Trend to equilibrium and exponential decay rates)

Suppose that the functions F, VV and W satisfy the hypotheses (F),

(V*) with Ay > 0 and (W). Further, suppose F € C?(0,00) N C[0, +0c0)

and let € : Pp(RN) — (—o0, +00] be the functional given by

E=Hr+Hv +Hw. Then, there is a unique minimiser

v = g e E|p-g| of € and for every initial value g € D(E), the

p-gradient flow p of € trends to v in P,(2) as t — +oo and for all t > 0,
1

1/p pP

Wolp(2),v) < LS (E(u(DIn))? < LS (E(uoly))? e F140
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