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Abstract

This paper is devoted to the study of the existence of a solution to
the Dirichlet boundary value problem for the second-order differential
equation

u’ = ftu) +gtuu’s  wet) =0, u(d-)=1,

where the functions f, g : (a,b) x(0,1) — R satisfy the local Carathéodory
conditions and may have singularities both in the time (for ¢ = a and
t = b) and the phase (for u = 0 and v = 1) variables. Sufficient conditions
for the solvability of the above-mentioned problem are established.
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1 Statement of the Problem and Formulation of
the Main Results
Consider the boundary value problem

' = f(t,u) + g(t,u)u, (1.1)
u(a+) =0, u(b—) =1, (1.2)



where f,g € Carioe ((a,b) x (0,1);R). By a solution to the problem (1.1), (1.2) we
understand a function u € AC},.((a,b);R) such that 0 < wu(t) < 1 for t € (a,b),
satisfying Eq. (1.1) almost everywhere in (a,b) and verifying boundary conditions
(1.2).

The aim of the present paper is to investigate the question on the solvability of
the problem (1.1), (1.2) provided the functions f and g possess singularities both in
the time (for ¢ = a and ¢ = b) and the phase (for v = 0 and w = 1) variables. Singular
problems of such a type arise in the applications (see, e.g., [2, 4, 9] and references
therein). There are not so many papers dealing with the problem in question; maybe
the closest works deal with Eq. (1.1) subjected to the boundary conditions

u(a+) =0, u(b—) =0 (1.3)

(see, e.g., [1, 2, 3, 6, 7, 8, 10, 11]). However, in the mentioned papers the singularities
of the right-hand side of Eq. (1.1) appear for ¢ = a, ¢ = b, and v = 0 only. The
first step was made by S. Taliaferro in [11], where he established a necessary and
sufficient condition for the solvability of the problem (1.1), (1.3) with ¢ = 0 and
f(t,x) = —h(t)/z*, where A > 0 and h € Lioc((a,b);Ry). Most of the known results
for the problem (1.1), (1.3) deals with the case when g does not depend on the second
argument and f(¢,z) < 0 for ¢ € (a,b), = > 0 (see, e.g., [1, 2, 3,4, 5,6, 7, 8, 9, 11]).
The problem (1.1), (1.3) without sign restrictions on f was recently studied by A.
Lomtatidze and P. J. Torres in [10].

We establish new criteria guaranteeing the solvability of the problem (1.1), (1.2)
through the existence of a pair of well-ordered lower and upper functions. Our main
results are used to obtain effective criteria for the particular case of the problem (1.1),
(1.2), which often arises in applications, namely in the case when Eq. (1.1) has the

form
p(t) q(t)
" + T—wr + (), (1.4)

where g € C([0,1;R), h,¢ € Lioc((a,b);R), p,q € Lioc((a,b);Ry), and v, A, u are
positive constants.

The paper is organised in the following way: After the formulation of the main
results in Section 1, in Sections 2 and 3 we prove some a priori estimates and auxiliary
propositions. Section 4 is devoted to the proofs of the main results.

The following notation is used throughout the paper:

N is the set of all natural numbers, R is the set of all real numbers, Ry = [0, +00).

L([a,b]; D), where D C R, is the set of functions p : [a,b] — D which are Lebesgue
integrable on the segment [a, b].

Lioc((a,b); D), where D C R, is the set of functions p : (a,b) — D such that
pE L([a,ﬂ}; D) whenever [a, 8] C (a,b).

e ((a, b); R+) is the set of functions p : (a,b) — R4 which are essentially bounded
on each segment contained in (a,b).

C([a,b]; D), where D C R, is the set of continuous functions wu : [a,b] — D.

Cioc((a,b);R) is the set of functions u : (a,b) — R such that v € C([o, 8];R)
whenever [a, 8] C (a,b).

AC*([a,b]; D), where D C R, is the set of functions u : [a,b] — D which are
absolutely continuous together with their first derivatives.

ACL. (I; D), where I C (a,b), D C R, is the set of functions u : I — D such that
u € AC" ([, B]; D) whenever [, 8] C 1.

v’ = gu)u’ + h(t)u” —



Carioc ((a7 b) x D X R; R), where D C R, is the Carathéodory class, i.e., the set
of functions f : (a,b) x D X R — R such that f(¢,-,-) : D Xx R — R is continuous for
almost all t € (a,b), f(-,z,y) : (a,b) — R is measurable for all (z,y) € D x R, and

bup{\f(,x,y)\ : (‘T7 y) € DO} € Lloc((a7 b)7R+)
for any compact Do C D x R.
[p]- = 3(Ip| = p)-
u(s+) and u(s—) are one-sided limits of the function u at the point s from the

right and from the left, respectively.
First we will recall the notion of lower and upper functions to the general equation

v’ = h(t,u,u’) (1.5)

where h € Carjoe ((a, b) x D x R; ]R). The following definition is a particular case of
the definition of lower and upper functions introduced in [8] (see also [9]).

Definition 1.1 The continuous function o : (a,b) — D is said to be a lower (upper)
function to Eq. (1.5) if o € ACL.((a,b) \ {t1,t2,...,ta}; D), where a < t1 < t2 <
... < tn < Db, there emist finite limits o(a+), o(b—), o' (t;i+), o' (t:i—), 1 =1,2,...,n,
o' (ti—) < o (ti+) (a'(tif) > a/(tﬂr)), i=1,2,...,n,
and
o"(t) > h(t, o (t), o’ () (a”(t) < h(t,a(t),a'(t))) for a. e. t € (a,b).
Now we can formulate our main result:

Theorem 1.1 Let o1 and o2 be lower and upper functions to the equation (1.1) such
that

0<o1(t) <oat) <1 for t € (a,b), (1.6)
o1(a+) =0, o2(a+) < 1, o1(b—) >0, oa2(b—) = 1. (1.7)

Further suppose that, for every n € (0,1/2),

|f(t,z)| < py(t), g(t,xz)sgn(t—c) < (bft;\ﬁ+q"(t) for a. e. t € (a,b),

o1y(t) < @ < o2p(t), (1.8)

where ¢ € (a,b), A, € [0,b—a), q, € L([a,b};R+), Py € Lloc((a, b);R+) with

b
/ (b—s)(s— a)py(s)ds < 400, (1.9)
and
o1,(t) = max{n, o1(t)}, o2n(t) = min{l — n, 02(t)} for t € (a,b). (1.10)
Then the problem (1.1), (1.2) has at least one solution u satisfying

o1(t) < u(t) < o2(t) for t € (a,b). (1.11)



Condition (1.8) of Theorem 1.1 allows the function g to have strong singularities at
the end-points, provided the one-sided bounds are fulfilled, as shown in Remark 1.1.
Theorem 1.2 established afterwards can be understood as a complement to Theo-
rem 1.1, applicable in the case when the function g can be bounded from both sides
and f allows only one-sided restrictions.

Remark 1.1 As an example, consider the problem

[ A A (1 — 2t)u’
Tl -1 —w)? A —tud 21— t)2(1 —u)?u?’

(1.12)

w(0+) =0, u(l-)=1 (1.13)

with A\ > 0. The right-hand side function in (1.12) is singular in the phase variable
and has non-integrable singularities with respect to the time variable (note that the
singularities of the function g may be non-integrable even with the weight t(1 — t)).
Howewver, according to Theorem 1.1, by choosing

) = et(l—t) for t€(0,1/2), (t) = 1—% for t € (0,1/2],
e i for t €[1/2,1), 7= 1—et(l—t) forte (1/2,1),

with € € (0,2) small enough, one can assure that there exists at least one solution to
(1.12), (1.13)

Theorem 1.2 Let o1 and o2 be lower and upper functions to the equation (1.1) such
that (1.6) and (1.7) hold. Further suppose that, for every n € (0,1/2),

f(t’ :C) Sgn(tfc) S pn(t), ‘g(tv :L')‘ S (b—t;\ﬁ+q"(t) fmn a. e te (av b)7

o1y (t) <z < oay(t), (1.14)
where ¢ € (a,b), Ay € [0,b—a), gy € L([a,b;Ry), py € Lioc((a,b);Ry) with the

property (1.9), and o1y, 02y are given by (1.10). Then the problem (1.1), (1.2) has at
least one solution u satisfying (1.11).

For the problem (1.4), (1.2) we obtain the following assertion:

Corollary 1.1 Let

b
/ (b= s)(s = a)[|[¥(s)] +p(s) + a(s) + [(s)|]ds < +o0,
and let there exist positive constants r, n, po, and qo such that

p(t) = po, qt) > q  fora. e te(ab),
(|h(t)\ +p(t) + q(t) + |<p(t)\) [(b —t)(t— a)]n <r for a. e. t € (a,b).

Then there exists at least one solution to the problem (1.4), (1.2).



2 A Priori Estimates

In the following section we prove some a priori estimates.

Lemma 2.1 Letrg >0, ha € L([a, b];]R+), and ho € Lloc((a, b);R+) with

/b(b —35)(s —a)ho(s)ds < +o0. (2.1)

Then there exists a constant r* > 0 such that, for any closed interval [t1,t2] C (a,b)
and any function u € ACl([tl,tz}; ]R), the inequalities

u'(t) > —ho(t) — ha(t)|U/(t)]  for a. e. t € (t1,t2), (2.2)
lu(t)] <ro  for t € [t1,t2] (2.3)

imply
(ta —t)(t —t)|u'(t)] < r° for t € (t1,t2). (2.4)

Let [t1,t2] C (a,b), a function u € AC*([t1,t2];R) satisfy the conditions of the
lemma, and let

pi(t) = /tlt exp (/t ha (&) sgnu’(g)dg) ds  for t € [t1,t2], (2.5)

Ja(t) = /:2 exp (f /f ha (€) sgnu’(g)dg) ds  for te [t ta.  (2.6)

Let to € (t1,t2) be arbitrary but fixed such that u'(tg) # 0. Then either

W (t0) < 0 @2.7)
or

o' (to) > 0. (2.8)

If (2.7) holds, then multiplying both sides of (2.2) by a function u; and integrating
such an inequality from ¢; to to, we obtain

|[u' (to)|p1(to) < u(ts) — u(to) +/t ' ho(s)pa(s)ds. (2.9)

If (2.8) is fulfilled, then multiplying both sides of (2.2) by a function u2 and integrating
such an inequality from to to t2, we arrive at

|u' (to)|u2(to) < u(tz) — u(to) +/ ’ ho(s)p2(s)ds. (2.10)

to
Now, in view of (2.3), (2.5), and (2.6), from (2.9), resp. (2.10), we obtain
to b
[u' (to)|(to — t1) < {27’0 +/ (s — a)ho(s)ds} exp (2/ hg(s)ds) , (2.11)
11 a
resp.

[u (to)|(t2 — to) < {27“0 + /t2 (- s)ho(s)ds} exp (2 /ab hg(s)ds> . (2.12)

to



Multiplying (2.11) by (t2 — to), resp. (2.12) by (to — t1), we get
[u'(to)|(t2 — to)(to — t1) <7°

where
b

P = [2r0(b7 a) + /ab(bf s)(s — a)ho(s)ds} exp (2/ hg(s)ds> . (2.13)

Since to € (t1,t2) was chosen arbitrarily, we conclude that (2.4) holds.

Lemma 2.2 Let ¢ € (a,b), A € [0,b—a), ro > 0, r1 > 0, h1 € L([a,b;Ry), and
let ho € Lloc((a7b);R+) with the property (2.1). Then there exist positive constants
ro and 1y such that, for any closed interval [t1,t2] C (a,b) with ¢ € (t1,t2) and any
Sfunction u € AC’l([tl,tg]; R), the inequalities (2.3),

17 A !
w' (t)sgn(t —c) < ho(t) + [(EDIE=) +hi(t)| |u'(t)] for a. e te (t1,t2),

(2.14)
lu'(e)] < 71 (2.15)

imply
(t—t)" T ()] < ra for t € (t1,¢) (2.16)

and

(t2 — )" TR/ (8)] < 7 for t € (¢, t2), (2.17)

where Ao = A/(b—a).

Let [t1,t2] C (a,b) with ¢ € (t1,t2), a function u € AC"([t1,t2];R) satisfy the
conditions of the lemma, and let
A
b-=t)(t—a)

b
pPo = exp (/ hl(s)ds> , Ao = 5 :\ . (2.19)

ha(t) = + hi(t) for a. e. t € (a,b), (2.18)

We will show that (2.16) holds, the estimate (2.17) can be proven analogously. Let,
therefore, p1 be defined by (2.5) and let tg € (£1,c) be arbitrary but fixed such that
u'(to) # 0. Then either (2.7) or (2.8) holds. If (2.7) is fulfilled, then multiplying both
sides of (2.14) by a function u; and integrating such an inequality from t1 to to, we
obtain (2.9).

On the other hand, in view of (2.18) and (2.19) we have

oo {(c—l;)_(bc— a)} ’ “Ifi);:ko

for ¢ € [t1,].
(2.20)

b—a)’\0 t—a

S’“(t)gpo(b—c 1— o

Thus, in view of (2.3), (2.5), (2.18)—(2.20), from (2.9) we obtain

I (t0)|(to — t1) 20 < p?)ileAz\o) <z - ‘Z)% (c—a) (21«0 + /a ho(s)(s — a)(dizl)



If (2.8) holds, then from (2.14), on account of (2.18), we obtain

- {u'(t) exp (— /t *ha(s) sen u'(s)ds)}/ < ho(t) exp (— /t “ha(s) sem u’(s)ds)
for a. e. t € (t1,c). (2.22)

The integration of (2.22) from to to ¢, in view of (2.15), results in

|u' (to)] < 71 exp (/to hz(s)ds> + /to ho(s) exp (/to hg({)d&) ds,

whence by a direct calculation, with respect to (2.18) and (2.19), we obtain

[/ (to)] < po {(to_ba*%} " (rl(c —a)™ + /to ho(s)(s — a))‘ods) . (223)

Multiplying both sides of (2.23) by (to — t1)'T*° we find

[/ (t0)|(to — t1)* 70 < po {w} . (m(c —a) + / ho(s)(s — a)ds) .

b—c
(2.24)
Therefore, on account of (2.21) and (2.24), in both cases (2.7) and (2.8) we have

|u' (t0)|(to — t1) '+ < g
where

N pgiljxi()) (Z: Z)m (c — a) (27"0 +ri(c—a)+ / ho(s)(s — a)ds) .

The estimate (2.17) can be proven analogously.

Lemma 2.3 Letro >0, A € [0,b—a), h1 € L([a7 b];R+), and let ho € Lloc((a7 b);R+)
satisfy (2.1). Then there exist functions Hi € C((a,c;Ry) and Hy € C([c,b);Ry)
satisfying

Hi(a+) =0, Hy(b—)=0 (2.25)

such that, for any closed interval [t1,t2] C (a,b) with ¢ € (t1,t2) and any function
u € AC" ([t1,t2];R), the inequalities (2.3) and (2.14) imply the estimates

u(t) < u(ti) + Hi(t) for t € [t1,¢], (2.26)
u(t) > u(tz) — Ha(t) for t € [c, t2]. (2.27)

First we show the existence of Hy € C((a, cJ; Ry ) satisfying (2.25) and (2.26). Put
Ao = A/(b— a) and define the operator o : Lioc((a,b); R) — Cioc((a, b); R) by

t
a(p)(t) def exp (/ p(s)ds) for t € (a,b), P € Lioc((a,b);R). (2.28)
Further, let ho be defined by (2.18) and let

W(t) = ha(t) sgn v’ (t) for a. e. t € (a,b). (2.29)



Note that both o(¢) and o(—1) belong to L([a, bJ; R+) and the following relations are
fulfilled:

Jiy o ()()ds [ o(—w)(s)ds
Focows S focpma Toshstse @30

o)) [ o) = exp ([ wierce) e ( /;wn)dn) € fora<t<s<c
(2.31)
From (2.31) it follows that

o)) [ o)©d <oh)s) [ o(-h)©d  orasi<sse (232)

Put
() (1, 1) < / 5)ds / ho(s / o(— ) (€)déds

+/f o(—)(s >ds[ ho(s)o w)(s)/ o(—)(©)déds  for a<t <t<ec

Note that from (2.1), (2.28), and (2.29) it follows that ®(¢) is correctly defined also
for t; = a. Moreover, on account of (2.30) and (2.32) we have

()(t1, 1) @ (¥)(a,t) @ (h2)(a,t) or a 1 c
I o(—0)(s)ds = [To(-)(s)ds = [Tolha)(syds O @=stse (239)

Note that hs does not depend on u, and thus we can define

wr Jlo(=ha)©)ds | B(ha)a,)
Bt = 2r0 e G ) @ds T [T o (ho)(s)ds

We can easily verified that Hy € C((a,c];R4) and it satisfies (2.25).
On the other hand, from (2.14) we have

for a <t <ec (2.34)

t 1/] S 1,
u(t) < ult)+u(e)—u(ty) f UE o5 o ‘W)(t D 0s reelnd. @)
Now, using (2.3), (2.28)—(2.30), (2.33), and (2.34) in (2.35), we get (2.26).

The existence of a function Ha € C([c,b); Ry ) satisfying (2.25) and (2.27) can be
proven analogously.

Lemma 2.4 Let ¢ € (a,b), A € [0,b —a), 1 > 0, hy € L([a,b];R+), and let
ho € Lioc((a,b);Ry) with the property (2.1). Then there exists a function p €
C((a, b);R+) n L([a7 b];R+) such that the estimate

[/ (&) < p(t)  for t € [tr, t]
holds whenever t1 € (a,c), ta € (c,b), and the function u € AC* ([t1,t2];R) satisfies
the inequalities (2.15) and

+hi(t)| W' ()] fora. e t€ (t1,ta).
(2.36)

! i A
[w'(t)|"sgn(t — c) < ho(t) + G=D(—a)



Define po and Ao by (2.19) and put

palt) = po (f:(’;)% l:rl (z:z)Ao +/tc (Z:QAO ho(s)ds] for ¢ € (a,d,
pr(t) = po (2_?)% [n (g_Z)AO +'/C't (i’_Z)AO ho(s)ds} for ¢ € [c,b),

_ ) pa(t) for te(a,d,
o) = {pb(t) for t € (c,b).

In view of the integrability of ho with the weight (b — ¢)(t — a) it is clear that p €
C((a,b);Ry) N L([a,b]; Ry ).

Suppose that the lemma is false. Then there exist t1 € (a,c), t2 € (¢,b), a function
u € AC" ([t1,t2]; R) satisfying (2.15) and (2.36), and a point to € [t1, t2] such that

[/ (t0)] > plto)- (2.37)

Clearly, to # c. First assume that tg < c. Define ha by (2.18). Then from (2.36)
we get
[/ (t)|" > —ho(t) — ha(t)|u/(t)] for a. e. t € (to,c),

and consequently,

W (t0)] < |u/(¢)] exp (/ ) + /to ho(s) exp (/tg h2(§)d§> ds.  (2.38)

According to (2.18) and (2.19) we have
) = (b=to)s —a) ni(b—to)(s—a) n or s c
/to h2(§)d€ = Aoln (b= 5)(to )-l-/o hi(€)dE < Mol (bfs)(tofa)—H Po f € [to, cl,

by virtue of which, using (2.15), we obtain |u/(to)| < p(to) from (2.38). However, the
latter inequality contradicts (2.37).
If to > ¢, the contradiction can be obtained analogously.

3 Auxiliary Propositions

The following two lemmas deal with the existence of a solution to Eq. (1.5) satisfying
the boundary conditions

u(a+) = ci, u(b—) = c2 (3.1)

in the case where h € Carioc ((a,b) x R*;R). The first one is a simple modification of
Scorza Dragoni theorem and its proof can be found in [9)].

Lemma 3.1 Let o1 and o2 be, respectively, lower and upper functions to Eq. (1.5)
such that
o1(t) < o2(t) for t € (a,b) (3.2)

and

[h(t, z,y)| < q(¢) fora. e te€(ab), o1(t) <z<o2t), yeER,



where g € L([a,b];Ry). Then, for every c1 € [o1(a+),02(a+)] and cz € [o1(b—), o2(b—)],
the problem (1.5), (3.1) has a solution u € AC},.((a,b);R) satisfying

o1(t) < u(t) < o2(t) for t € (a,b). (3.3)

Lemma 3.2 Let o1 and o3 be, respectively, lower and upper functions to Eq. (1.5)
satisfying (3.2). Further suppose that

h(t,x,y) sgn [y(t — c)] < ho(t) + + hi(t)] |y for a. e. t € (a,b),

A
(b-1t)(t—a)
o1(t) <z <oa(t), yeR, (3.4)

h(t,z,y) > —ho(t) — ha(t)|y| fora. e te(a,f), o1(t)<z<oat), yeR,
(3.5)
where a < a < ¢ < 3 < b, A € [0,b—a), hi,hs € L([a,b;Ry), and ho €
Lloc((a,b);R+) with the property (2.1). Then, for every c1 € [o1(a+),02(a+)] and
c2 € [o1(b—), 02(b—)], the problem (1.5), (3.1) has a solution u satisfying (3.3).

Put
ro = sup {|o1(t)| + |o2(t)| + 1 : t € (a,b)}, (3.6)
and define a number r* by (2.13). Moreover, let

7,_*

(8 =c)(c—a)

and let p € C((a,b);R4) N L([a,b]; Ry) be such that the conclusion of Lemma 2.4
holds. Consider the equation

ry= (3.7)

u = (b, Yh(t, u, o), (3.8)
where
1 for ¢ € (a,b), |y| < p1(t),
Xt =2 M for b€ @) pr(0) < bl < 2010, (3.9)
1
0 for t € (a,b), 2p1(t) < |y,
and
p1(t) = p(t) + |o1(t)]| + |oa ()] + 1 for t € (a,b). (3.10)
Let

tin € (a,a), ton € (ﬁ, b), Cjn € [Ol(tjn),Uz(tjn)] for n € N (j = 1,2)
be such that

lim ti, =a, lim t2n, =D, lim c¢jn = ¢j, (G=12). (3.11)

n——+oo n—+oo n——+oo

By Lemma 3.1, for any n € N the equation (3.8) has a solution u, defined on [t1n, ton]
such that

un(tln) = Cin, un(th) = C2on, (312)
Ul(t) < un(t) < Uz(t) for t € [tln,tgn]. (3.13)

10



In view of (3.5), (3.7), (3.8), and (3.13), for any n € N the function v = u, satisfies
inequalities (2.2) and (2.3) with t1 = «, t2 = 3. Therefore, according to Lemma 2.1,
with respect to (3.7), we have the estimate (2.15). Furthermore, (3.4), (3.8), and
(3.13) imply (2.36) with t1 = t1n, t2 = t2n, and consequently, according to Lemma 2.4
we have

lun ()] < p(t) for t € [tin, tan], n €N (3.14)

Thus every u, is a solution to Eq. (1.5) on the closed interval [t1n,t2,]. On the other
hand, with respect to (3.14), for every n € N we have

t

[un(t) — c1n] < / p(s)ds, |un (t) — conl S/t p(s)ds for t € [tin,t2n]. (3.15)

According to Arzeld—Ascoli lemma, in view of (1.5), (3.13), and (3.14) we can assume
without loss of generality that

lim u, =u uniformly on every compact interval
n—-+oo

and u is a solution to (1.5) on (a,b). Moreover, from (3.11)—(3.13) and (3.15) we get
(3.1) and (3.3).

Lemma 3.3 Let o1 and o2 be, respectively, lower and upper functions to Eq. (1.5)
satisfying (3.2) and
o1(a+) =c1, o2(b—) = ca. (3.16)

Further suppose that (3.5) holds and

h(t,z,y)sgn(t — c) < ho(t) + + hi(®)| |yl for a. e. t € (a,b),

A
B-t)(t—a)
oi1(t) <z <o2t), yeR, (3.17)

where a < a < ¢ < 3 < b, X € [0,b—a), hi,hs € L([a,b};[&.), and ho €
Lioc((a,b);Ry) with the property (2.1). Then the problem (1.5), (3.1) has a solution
u satisfying (3.3).

Define a numbers ro, r*, and r1 by (3.6), (2.13), and (3.7), respectively, and let
re and 7 be positive constants such that the conclusion of Lemma 2.2 holds. Choose
sequences {tj,}:25 and {s;,},2% (§ = 1,2) such that

a<tinyr <tin <a < <tay <tapt1 <b for n € N,

Sint1 € (tin+1,tin), Son+1 € (tan, tant1) for n € N,
511 € (t11, ), s10 € (o, ), s20 € (¢, B), s21 € (B, t21),
lim t1, = a, lim t¢o, = 0. (3.18)
n—-+oo n—-—+oo
Put
Ta

m for ¢ S [817” Sln_l),
n

*

pt) =4 ———
(G= )t~ a)

(t2n _ t) 14+Xo

for t € [s10, s20), neN,

for ¢ € (s2n—1, S2nl,
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where Ao = A/(b — a), and define p1 by (3.10). Obviously, p, p1 € LS. ((a,b);Ry).
Consider the equation (3.8) with x given by (3.9). By Lemma 3.1, for any n € N the
equation (3.8) has a solution u, defined on [tin, t2n] such that (3.13) holds and

un(tln) =01 (tln), un(th) = Jg(tzn), (319)

In view of (3.5), (3.6), (3.8), and (3.13), for any n € N the function v = u, satisfies
inequalities (2.2) and (2.3) with ¢1 = a, t2 = 3. Therefore, according to Lemma 2.1,
with respect to (3.7), we have the estimate (2.15). Furthermore, (3.6), (3.8), (3.13),
and (3.17) imply (2.3) and (2.14) with ¢1 = tin, t2 = tan, and consequently, according
to Lemmas 2.1 and 2.2 we have

lur, (£)] < p(t) for ¢ € [Sin, S2nl, n € N. (3.20)

Thus every u, is a solution to Eq. (1.5) on the closed interval [s1n, s2,]. On the other
hand, according to (3.19) and Lemma 2.3, for every n € N we have

un(t) < o1(tin) + Hi(¢) for t € [tin, ], (3.21)
un(t) > O'Q(th) — Hg(t) for t € [C, tgn} (322)
with suitable Hy € C((a,c];Ry) and Ha € C([c,b); Ry) satisfying (2.25). According

to Arzeld—Ascoli theorem, in view of (1.5), (3.13), and (3.20) we can assume without
loss of generality that

Im wu, =u uniformly on every compact interval
n——+oo

and u is a solution to (1.5) on (a,b). Moreover, from (2.25), (3.13), (3.16), (3.18),
(3.21), and (3.22) we get (3.1) and (3.3).

Lemma 3.4 Let f,g € Carjoc ((a, b) x (0,1);R), and let o1 and o2 be, respectively,
lower and upper functions to Eq. (1.1) satisfying (1.6) and

oi(a+) =0, 0 <oz(at) < 1. (3.23)

Further suppose that, for every n € (0,1/2), the relations (1.8) hold, where ¢ € (a,b),

An € 10,b—a), ¢ € L([a,b];R+), pn € Lloc((a, b);R+) with the property (1.9), and

o1y and o2, are given by (1.10). Then, for every by € (c,b), Eq. (1.1) has a solution
u (defined on (a,bo)) satisfying

o1(t) < u(t) < oa(t) for t € (a,bo), (3.24)

u(a+) =0, u(bo—) = o2(bo), (3.25)

and possessing a finite limit u’(bo—).

Let by € (c,b) be arbitrary but fixed, and let 1o € (0,1/2) and ti0 € (a,c) be such
that
no < sup {o1(t) : t € (a,bo]}, no < min {2,105}, (3.26)
where
o2. = inf {o2(t) : t € (a,bo]}, o5 =sup {oa(t) : t € (a,bol},
and
o1 (t) < o1 (tm) for t € (a,tlo), O‘l(tlo) = 1o. (3.27)

12



Let w € AC),.((a,t10]; R) be a solution to

W (t) = —pyy (£) — m tan®| W) fora e te(ato), (3.28)
w(a+) = no, w(tio—) = 1. (3.29)

Such a solution exists according to [9, Theorem 1.1]. Obviously, there exists a1 €
(a,t10) such that

w(t) < o2(t), w'(t)>0 for t € (a,a1), wla)=oz2(ar). (3.30)
Moreover, in view of (3.26), we have

o <w(t) <1—mno for ¢ € (a,a1], w'(a1) > ah(ai+). (3.31)
Therefore, from (1.8), (3.27), and (3.28)—(3.31) it follows that

w”’(t) < ft,w®) +gt,wk)w'(t)  for a.e. t € (a,ar). (3.32)

Moreover, from (3.28) and (3.30) it follows that w” (¢) < 0 for almost every ¢ € (a, a1).
Thus (3.32) yields

w’(t) < —[f(t,w(t) + g(t,wt))w'(t)] for a. e. t € (a,a1).
Let tin € (a,a1], n € N, be such that
ting1 < tin, for n € N, nEIfoo tin = a, (3.33)
o1(t) < o1(tin) for t € (a,tin), n €N,
and, for every n € N, put

Nn for x < np,
Nn =min {o1(t) : t € [tin, bo]}, xn(z) =< x for mp <2 <1 —np,
1—n, for 1—mn, <z,

F (t T y) — {_[f(tvxn(x)) +g(t’xn(m))y]7 fora.e. t € (a,tln), T,y € ]R,
T ftxn (@) + gt xn(2))y for a. e. t € (tin, bo), z,y € R,
Eln(t) _ {O'I(tln) for t € (a,tln)7 521(t) _ {w(t) for t € (a,al)’

o1(t) for t € [tin,bo), o2(t)  for t € [a1,bo).

Then, obviously, 71, for n € N are lower functions to the equation
' = Fo(t,u,u) (3.34)
and 021 is an upper function to the equation

' = Fi(t,u,u). (3.35)
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Put

a1 +c ¢+ bo Any (bo — a)

a:T, B: D) y A= b—a , (336)

B sup{|g(t,1:)| co1(t) <z < ag(t)} for a. e. t € (a, B),
ha(t) = {0 for a. e. t € (a,a) U (B, bo), (3:37)
ho(t) = pn, (1), hi(t) = gn, (t) for a. e. t € (a,bop), (3.38)

h(t,z,y) = Fi(t,z,y) for a. e. t € (a,bo), z,y€R.

Then the assumptions of Lemma 3.2 are fulfilled, and thus there exists a solution wu
to Eq. (3.35) on the interval (a, bo) such that

511(25) <u (t) < Ezl(t) for t € (CL, bo),
ul(a—|—) = Ul(tll), ul(bo—) = O’Q(bo).

Now, assuming the existence of a solution uy for some k € N to Eq. (3.34) with n =k
on the interval (a,bo) with the properties

51k(t) < uk(t) < 8%(15) for t € (a, bo)7
uk(at) = o1(tik),  ur(bo—) = o2(bo),
we define an upper function dax4+1 to Eq. (3.34) with n =k + 1 by
52k+1(t) = uk(t) for t € (CL, bo).
Then we obtain, in view of Lemma 3.2 again with A = A, (bo — a)/(b — a),
ho(t) = pn,, (t), hi(t) = qn,. (t) for a. e. t € (a,bo), (3.39)
h(t,xz,y) = Fu(t,x,y) for a.e. t € (a,b0), z,y €R,

and a, B, and ho defined by (3.36) and (3.37), respectively, that there exists a solution
uk+1 to Eq. (3.34) with n = k + 1 on the interval (a, bp) such that

Fir+1(t) S ups1(t) < o21(t)  for ¢ € (a,bo),
ugs1(a+) = o1(ties1), up41(bo—) = o2(bo).

oo

Thus we have a sequence {u, }>5 of solutions to Eq. (3.34) with

01(t) < tnt1(t) < un(t) < oa(t) for t € (a,b0), m €N, (3.40)
un(a—i—) = Ul(tln), un(bo—) = O’z(bo), n € N. (341)

According to (3.34), (3.40), and Lemmas 2.1 and 2.4 with b = bg, the sequences
{un} 2 and {u,}> are uniformly bounded and equicontinuous on every compact
interval of (a, bo). Therefore, there exists uo € ACL,.((a,bo); R) such that

uo = lim wu, uniformly on every compact interval,
n—-+4oo

up is a solution to Eq. (1.1),

01 (t) S uo(t) S O’2(t) fOI" te (CLJ)()), ’U,o(bo—) = (J’Q(bo)7 (3.42)
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and, in view of (3.40) and (3.41), we have

0< litmirifuo(t) < limsup uo(t) < o1(t1n) for n € N.
—a t—a+
Now (3.23) and (3.33) yields ug(a+) = 0.
Because ug is a solution to Eq. (1.1) also on (¢, bp) and the functions f and g are
from the Carathéodory class, with respect to (3.42) and the continuity of ug on (c, bo),
the existence of a finite limit ug(bo—) is obvious.

Lemma 3.5 Let f,g € Carjoc ((a, b) x (0,1);R), and let o1 and o2 be, respectively,
lower and upper functions to Eq. (1.1) satisfying (1.6) and (3.23). Further suppose
that, for every n € (0,1/2), the relations (1.14) hold, where ¢ € (a,b), A\, € [0,b — a),
qn € L([a, b];R+), Dy € Lloc((a, b);R+) with the property (1.9), and o1, and o2, are
given by (1.10). Then, for every by € (c,b), Eq. (1.1) has a solution u (defined on
(a,bo)) satisfying (3.24) and (3.25), and possessing a finite limit u'(bo—).

The proof of the lemma is almost identical to the proof of the previous one. The
only difference is the definition of the function ho in (3.38), resp. (3.39), when it is
given by

ho(t) = pni (8) +po(t),  resp.  ho(t) = py,(t) +po(t)  fora.e. te(a,bo),

where

_ [sw{lf (o)l s ont) Sz <oa(t)} forae. t € (c,bo),
po(t) = {0 for a. e. t € (a,c),

and that Lemmas 3.3 and 2.2 are used instead of Lemmas 3.2 and 2.4.
Analogously to the proofs of Lemmas 3.4 and 3.5, one can prove the following two
assertions.

Lemma 3.6 Let f,g € Carjoc ((a, b) x (0,1);R), and let o1 and o2 be, respectively,
lower and upper functions to Eq. (1.1) satisfying (1.6) and

ob=) =1, 0<oi(b—)< 1. (3.43)

Further suppose that, for every n € (0,1/2), the inequalities (1.8) are fulfilled, where
c € (a,b), Ay € [0,b—a), gy € L([a,b];Ry), py € Lioc((a,b);Ry) with the property
(1.9), and o1, and o2y, are given by (1.10). Then, for every ao € (a,c), Eq. (1.1) has
a solution u (defined on (ao,b)) satisfying

o1(t) < u(t) < oa(t) for t € (ao,b), (3.44)
u(ao+) = o1(ao), u(b—) =1, (3.45)

and possessing a finite limit u’(ao+).

Lemma 3.7 Let f,g € Carjoc ((a, b) x (0,1);R), and let o1 and o2 be, respectively,
lower and upper functions to Eq. (1.1) satisfying (1.6) and (3.43). Further suppose
that, for every n € (0,1/2), the inequalities (1.14) are fulfilled, where ¢ € (a,b),
Ay € [0,b—a), gy € L([a,b;Ry), py € Lioc((a,b); Ry) with the property (1.9), and
o1y and o2y are given by (1.10). Then, for every ao € (a,c), Eq. (1.1) has a solution u
(defined on (ao,b)) satisfying (3.44) and (3.45), and possessing a finite limit v’ (ao+).
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4 Proofs

[Proof of Theorem 1.1] If o2 (a+) > 0 and/or o1 (b—) < 1 then, according to Lemmas 3.4
and 3.6, there exist solutions v and w to Eq. (1.1) defined on (a,bo) and (ao,b),
respectively, with

a+c b — c+b
2 0T T
v(a+) =0, v(bo—) = o2(bo), w(ao+) = o1(ao), w(b—) =1,

v'(bo—) > a5 (bo+), w'(ao+) > o1 (ao—).

apg =

Therefore, without loss of generality we can assume that
o2(a+) =0, o1(b—) =1. (4.1)
Let
h(t,z,y) = f(t,2) + g(t,o)y  fora.e. t€(a,b), z,yckR,
and let t1, € (a,c¢) and t2n € (¢,b), n € N, be such that

tint1 < tin, ton < ton+1 for n € N, lim ti1, = a, lim t¢9, = 0.

n—-+oo n—-+4oo
It is clear that there exists a sequence {1, },/°>% of numbers from (0,1/2) such that
N < o1(t) <oa(t) <1—mn, for t € [tin,ton], m €N

Therefore, for every n € N, the inequalities (1.8) imply the validity of the appropriate
inequalities (3.4) and (3.5) on the interval [¢1n,t2,]. Then, according to Lemma 3.2,
for every n € N there exists a solution u, to the equation (1.1), defined on (t1n,t2n),
such that

un(tin+) = o1(t1n), un(tan—) = oa(tan),
Ul(t) < un(t) < O'Q(t) for t € (tln,tgn). (4.2)

According to (1.8) and Lemmas 2.1 and 2.4, for every compact interval [s1, s2] C (a,b)

with ¢ € (s1, s2), there exists no € N such that the sequences {un };/25,, and {u;, };125,,

are uniformly bounded and equicontinuous on [s1,s2]. Therefore, without loss of
generality we can assume that there exists u € AClloc((a, b); R) such that

u= lim wuy, uniformly on every compact interval,
n—-+4oo

and u is a solution to (1.1). Moreover, from (1.7), (4.1), and (4.2) it follows that w
satisfies (1.2) and (1.11).

Theorem 1.2 can be proven analogously. The only difference is that Lemmas 2.2,
3.3, 3.5, and 3.7 are used instead of Lemmas 2.4, 3.2, 3.4, and 3.6, respectively.

To prove Corollary 1.1 we need the following lemmas:

Lemma 4.1 Let there exist positive constants r, n, po such that

p(t) > po for a. e. t € (a,b), (4.3)
(|h(t)| +q(t) + |<p(t)\) [(b —t)(t — a)]n <r for a. e. t € (a,b).

Then there ezists a lower function o1 to Eq. (1.4) satisfying

or(a+) =0, orb-)=0, 0<oi(t)< % for t€(ab).  (45)
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Let § = %, k=14 %. According to (4.4) there exists ro > 0 such that
((5kl’|h(t)| +2%q(t) + le®)]) [(b—t)(t — a)]" <o for a. e. t € (a,b). (4.6)
Choose ¢ € (0,1) such that

(14+M)n

ed* < % 2eké*t < 1, et (5" +g'cké *x  (b—a) +r0) <po, (4.7)
where g* = max {|g(s)| : s € [0,1]}, and put 1 (t) = e[(b—1)(t—a)] *. Then, obviously,

0<oi(t) < % for t € (a,b), o1 (t)] < ekd™ '(b—a) for t € (ab), (4.8)
and, with respect to (4.7),

ol (t) > -1 for t € (a,b). (4.9)

On the other hand, from (4.7) we obtain

n o * -1 To
PP [(b—t)(t—a)] (w(l +g ckdo® (b — a)) + w) <po
for ¢t € (a,b),

whence, in view of (4.6) and (4.8), we get

/ v q(t)
or(t) (1 + g(o1(t))or(t) + h(t)o? (t) + ) + (p(t)) < po for a. e. t € (a,b).

(1 —ou(

Consequently, the latter inequality together with (4.3) and (4.9) implies that o1 is a
lower function to Eq. (1.4) satisfying (4.5).
Analogously one can prove

Lemma 4.2 Let there exist positive constants r, n, qo such that
q(t) > qo for a. e. t € (a,b),
(Ih@®)] +p@) + @) [(b—t)(t —a)]" <7 for a. e. t € (a,b).
Then there exists an upper function o2 to Eq. (1.4) satisfying

1

oa2(a+) =1, oa2(b—) =1, 3 <oa(t) <1 for t € (a,b).

[Proof of Corollary 1.1] According to Lemmas 4.1 and 4.2, there exist lower and
upper functions v1 and vz, respectively, to Eq. (1.4) such that

v1(a+) =0, v1(b—) =0, va(at) =1, va(b—) =1,

<w(t) <1 for t € (a,b).

N =

0<v(t) <

On the other hand, according to
the problems

9, Theorem 1.1] there exist solutions w1 and wa to
/7

w’ =g w +2q(t) + [h()] + (1)],
wiet) =0,  w(b—) = %
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and

w(a’+) = 57

respectively, where g* = max {|g(s)| : s € [0,1]} and ¢ € (a,b) is arbitrary but fixed.
Obviously, there exist by € (¢,b) and ao € (a,c) such that

w1 (bo) = w1 (bo), % Swi(t) > vi(t) >0 for t € (bo,b),
wi(t) >0 for t € (bo,b), wi(bo+) > vi(bo—),
wa(ao) = v2(ao), % <wa(t) <wva(t) <1 for ¢ € (a, ao),
wy(t) >0 for t € (a, ao), wy(ao—) > va(ao+).
Moreover,
1 ! v p(t) Q(t)
Wi (0 glun (0)uk(6) + o)t () = 200+ M0 o) forae. 1€ o)
" / p p(t) q(t)
wa (1) < g(w2(¥))ws(t) + h(t)ws (t) — Y0 + A= w@))” + (1) for a. e. t € (a,aop).

Therefore, if we put

_Jwu(t) for t € (a,bo), _ Jwa(t) for t € (a,a0),
i(t) = {wl(t) for t € bo,b), 20T {vz(t) for ¢ € [ao,b),

all the assumptions of Theorem 1.1 are fulfilled.
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