Mathematical Methods for Physics
I1l (Hilbert Spaces)

e |ecturer:

« José Santiago: Theory and exercises (jsantiago
@ugr.es)
- Office hours: My J (11:00-13:00 y 14:00-15:00) office A03.

 |nfo on the course:

- www.ugr.es/~jsantiago/Docencia/MMIllen/
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Mathematical Methods for Physics
I1l (Hilbert Spaces)

* Main Literature:
- G. Helmberg, Introduction to spectral theory in Hilbert space, Dover,
1997.

- P. Roman, Some modern mathematics for physicists and other
outsiders, vol. 2, Pergamon, 1975.

- P. Lax, Functional Analysis, Wiley 2002.
- L. Abellanas y A. Galindo, Espacios de Hilbert, Eudema, 1987.

- A. Vera Lopez y P. Alegria Ezquerra, Un curso de Analisis Funcional.
Teoria y problemas, AVL, 1997.

- A. Galindo y P. Pascual, Mecanica Cuantica, Eudema, 1989.
- E. Romera et al, Métodos Matematicos, Paraninfo, 2013.

e Lecture notes are very succinct: examples, proofs and relevant
comments on the blackboard (take your own notes)
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Motivation

« Postulates of Quantum Mechanics

15 Postulate: EVERY PHYSICAL SYSTEM IS ASSOCIATED TO A COMPLEX
SEPARABLE HILBERT SPACE AND EVERY PURE STATE IS
DESCRIBED BY A RAY‘§D>IN SUCH SPACE

2" Postulate: EVERY OBSERVABLE IN A SYSTEM IS ASSOCIATED TO A
SELF-ADJOINT LINEAR OPERATOR IN THE HILBERT SPACE
WHOSE EIGENVALUES ARE THE POSSIBLE OUTCOMES OF A
MEASURE OF THE OBSERVABLE

3'd postulate: THE PROBABILITY OF GETTING A VALUE (&) WHEN
MEASURING AN OBSERBABLE (A) IN A PURE STATE [¥) 1s
(U|Pao|¥) WHERE ZXFA.q IS THE PROJECTOR ON THE
EIGENVALUE PROPER SUBSPACE

* But not only QM, also differential and integral equations, ...
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Motivation

* But not only QM, also differential and integral
equations, ...

 More generally, Hilbert Spaces are the
mathematical structure needed to generalize R"
(or C™), Including its geometrical features and
operations with vectors to infinite dimensional
vector spaces
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Outline

e Linear and metric spaces

 Normed and Banach spaces

e Spaces with scalar product and Hilbert spaces
e Spaces of functions. Eigenvector expansions

* Functionals and dual space. Distribution theory
e Operators in Hilbert Spaces

» Spectral theory
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Why Hilbert Spaces?

 They generalize the properties of R" to spaces of infinite
dimension

e (Finite) linear combinations of

Linear vectors. Linear independence.

Space Linear basis.

* Infinite linear combinations
require limits: notion of
distance

 Translational invariant

distance: it is enough with Normed

distance to the origin (norm) Space V\\A

 Generalization of R" we need
geometry (ortogonality, angles).
Scalar product

Metric
Space
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Linear Space

« Definition: Liear (or vector) space over a field Ais a triad (L, +, .)
formed by a non-empty set L and two binary operations (addition and
scalar multiplication) that satisfy:

+:Lx L —L - AX L — L

(la) r+y=y+ux

(i) (x+y)+z=z+ (y+2)

(tc) 0 € L/x+0==x

(id) Ve € L,3(—x) € L/x+ (—x) =0

(7) (L,+) additive group

(W) A-(z+y)=A-z+ Ay

(i) A-(p-z) = (Ap) - Vay.ze L
(iv) A+p) - z=A-x+pu-x VipeA
(v)1-z==x
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Linear Space

e Trivial properties:

(i) a-0=0 W a-z=a-ya#x0=z=y
i) 0-x =0 (i) a-z=0-z,20#0=>a=0
(411) —x=(—1) x (vii) arx=0=>a=00x=0

(iv) e +y=a+2z=>y==z2

* Notation:
A+ B={x+y,Vzr € A,Vy € B}

M ={\-z,Vx € A}

Ax ={\-z,VA e A}
AM={\-z,VA e A Vz e A}
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Linear Space

« Definition: Linear subspace. Non-trivial subset of a linear space with the
structure of a linear space.

M C L (L linear space, M # () linear subspace if
ar + Py € M, Va,B € A, Ve,y e M
* Properties:
{Ma}aea subsp. = (), Mo, >.._; M; subsp.
S \iz; € M, Vn finite, Va1, ...2, € M
« Definition. Linear span: let S C L
[S] = {>_ xs, Vn finite, Vz; € S,Va,; € A} (it is linear subsp.)

* Properties:

S] is the smaller subsp. that contains S

1S] =, M, {M;} set of subsp. that contain S
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Linear Space

e Definition: Linear independence.
X C L is linearly independent (Li.) if
Z?Zlozixi:O, v, e X, eEN=a1=...=a, =0
« Definition: Hamel (or linear) basis. Maximal l.i. set (i.e. that it is not contained
In any other L.i. set).

* Properties:

Every l.i. set can be extended to a Hamel basis

Every Hamel basis of L has the same number of elements (linear dimension)

L=[B], V B Hamel basis of L

B Hamel basis of L = x = >, ayz;,; € A, z; € B is unique
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Linear Space

Definition: Subspace direct sum. Let {M;};; be subsps. of L

L=DM®D...&M, (L is direct sum of M;) if
Vee LA xy e My,...cpn €M, Jx=21+...+2,

Theorem: Let L=M,+M,
L = M &My < MM, = {0}

[ M5 is the linear complement of M in L]

More generally, if L=M +...+M_

L=DM®... &M, < MNY M;={0}
JFT
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Linear Space

e Summary:
e Linear (sub)space: (L,+,.)
« Linear span: [S]={FINITE linear combinations of elements of S}
* Linear independence: finite linear combination=0 = al coeffs=0

« Hamel basis: Maximal l.i. set. Unique cardinal (linear dimension). Unique linear
expansion of elements of L in terms of elements of B.

« Directa sum of subspaces: sum of subspaces with null intersection (to the sum of
the remaining subspaces).

e Other results and definitions (mappings, inverse mapping, isomorphisms, projectors, ...)
can be defined here but we will postpone it to Hilbert spaces
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Metric spaces

« Definition: Metric space is a pair (X,d) where X is an arbitrary but non-empty
setandd: X x X — R is a function (distance or metric) that satisfies:

(1) d(z,y) = 0
(12) d(z,y) =0 =y
(i) d(,y) = d(y.2) ez e R
(i) d(z,z) < d(z,y) + d(y, 2)
* Properties
(1) d(x1,xpn) < d(x1,x2) +d(x2,23) + ... +d(Tp_1, %)
(i2) |d(z, z) — d(y, )| < d(z,y)
(231) Y C X, d'(y1,y2) = d(y1,y2) = (Y, d") metric space with induced metric d’
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Metric spaces

« Definitions: Let (X,d) be a metric space.

Open ball of radius r centered at x: B(x,r) ={y € X / d(z,y) < r}

Closed ball of radius r centered at x: B(z,r) ={y € X / d(z,y) < r}

Let A C X, z € A is an interior point if Ir > 0/B(z,r) C A

Interior of A: int A = {x € X / x is an interior point of A}
Aisopenint A=A

Given A C X, x € X is an adherence point if Vr > 0, B(xz,r) N A # ()
Closure of A: A= {x € X / z is an adherence point in A}

Closed subspace: A C X isclosedsi A=A
Dense subspace: A C X isdensein X if A =X
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Metric spaces

Properties of open and closed subspaces:

Let (X, d) be a metric space and A C X

0, X are closed (and open)

A open & A€ closed

NierA; closed if A; closed

N1 A; open if A; open
U 1 A; closed if A; closed

U;erA; open if A; open

2013/2014 (2™ semester) Mathematical Methods for Physics III
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Metric spaces

« Definition: Convergent sequence
{z,}7° C X converges to x in X, z, — x, if Vr > 0,3dN/z,, € B(xz,r),Yn > N

(equivalent: the sequence of real numbers {d(x,,x)} converges to 0)

« Definition: Cauchy sequence
{z,}7° € X is Cauchy if Vr > 0,3IN/d(z, ) < r,Vn,m > N

« Property: Every convergent sequence is a Cauchy sequence
d(Tn, Tm) < d(xy, )+ d(xm,x) =0

« Definition: A metric space is complete if every Cauchy seguence is convergent.
A subspace S C X is complete if every Cauchy sequence in S converges in S

* Properties:Let Sc X, ze€ X _
reS<e Hr,}°CS/r, =

Let X be complete: S is complete < S closed
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Metric spaces

e Summary:
* Metric (sub)space: (X,d)
 Open and closed balls
« Interior point: open ball centered in x inside A
« int A= set of all interior points of A. Open subspace.

* Adherence point of A, every open ball centered in x has non-zero intersection with
A. Closure of A. Closed subspace. Dense subspace in X

« Convergent sequence
« Cauchy sequence

« Complete metric space: Cauchy = convergent

« Other properties (maps, continuity, boundedness, ...) can be defined here but
we will do it in Hilbert spaces.
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Normed spaces

« Definition: Normed space is a pair (X,||.]|) where X is a linear space and
|.]] : X — R is a function (norm) with the following properties:

() [lz[| =0

(i) [|z]| =0 = z =0
(230) [|az|| = |al |||
(

i) ||z +yl| < ||z|| + ||y|| (triangle inequality)

« Every linear subspace of a normed space X is a normed subspace with the norm of X.

« Relation between normed and metric spaces

 Every nomed space is a metric space with the distance d(x,y)=||x-y||
 The associated distance satisfiesd(x + z,y + z) = d(zx,y), d(az,ay) = |a|d(z,y)

« Every metric linear space with these properties is a normed space with ||x||=d(x,0)

« Definition: Banach space. Complete normed space.
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Normed spaces

 Properties: (X, ]].]|) normed space

i) |1zl = lyll| < lle = ll, va,y € X
it) B(xo,7) =29+ B(0,7), Vg € X, 7> 0

ii11) X Banach <= {a,}7{" € X, Z |an|| < oco = Zan converges in X

e N e

iv) Let X be Banach, a subspace Y is complete < Y is closed in X

 Completion theorem:

. Every normed linear space L = (L, ||.||)admits a completion L , Banach space,
unique up to norm isomorphisms, such that Lis densein L and ||z||; = ||z]

L

 [nifinite sums in normed spaces

00 k
vnEX,v:zjlvnSdeEX/ zjlvn—v kjo()
n=— n=
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Normed spaces

e HoOlder inequality (for sums):

00 00 1/p , oo 1/q
> lajbj] < <Z|%’|p> <Z\bj!q>
j=1 j=1 j=1

1 1 o0 o0
p,q > 1, 2—94-5:1 {a;}17° € I} {b;}7° €1}

* Minkowski inequality (for sums):

1/ 1/p

00 1/p 0 p o0
(Zlaﬁbﬂp) < (Dam) ' (Zw)
j=1 j=1 j=1
p>1 {a;}7°.{b;}1° € I}
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Normed spaces

e Summary:

Normed (sub)space: (X,||.||)

Relation norm z distance

Banach space (complete normed space)

Absolute convengence —> convergence in Banach spaces

A subspace of a Banach space is Banach <> Itis closed

Completion theorem: every normed space can be made complete in a unigue way

An infinite sum converges in (X,||.||) to v if the sequence of partial sums converges
tov

Holder and Minkowski inequalities
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Hilbert Space

« Definition: A pre-Hilbert space is a linear space with an associated scalar
product.

 Scalar product: (.,.) : X x X — A with the following properties
(7) (v,v) >0, (v, ) =0 0v=0

(71) (v,v1 +v2) = (v,v1) + (v, vVa)
(717) (v, AMw) = Av, w)

(iv) (v,w) = (w,v)

Yu,v1,v9,w € L, YA € A

« In particular we have
<)\1’Ul -+ )\2’02, ’U> = 5\1 <Ul,’U> + 5\2(’02, U>
(vyw)y=0Vwe L=v=0
(v1,w) = (va,w) Yw € L = v1 = v
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Hilbert Space

* Property: A pre-Hilbert space is a normed space with the norm associated to
the scalar product ||v|| = ++1/ (v, v)

« Definition: A Hilbert space is a pre-Hilbert space that is complete with the norm
associated to the scalar product (rather the distance associated to the norm).

» Properties: Let(X, (., .)) be a pre-Hilbert space and ||-|| the associated norm:

|z +ylI* + llz = ylI* = 2(]|=[|* +||y|]*) (Parallelogram identity)

i 1 1
Re|(z,y)| = 7lllz+yll° = [lo = yI]’] L
- - Polarization identity

|| + iy||2 — ||z — inQ] (if X is complex)

i T 1

« Relation between scalar product and norm: a normed space (X, [|-|) that
satisfies the parallelogram identity is a pre-Hilbert space with a scalar product
that satisfies ||z|| = ++v/(x, x)
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Hilbert Space

» Properties: Let(X, (.,.)) be a pre-Hilbert space and ||-|| the associated norm:

« Schwarz-Cauchy-Buniakowski inequality

(v, w)| < |]v||||w]|, Vv,we X, ("=" < v,w lin. dep.)
« Triangle inequality

|z +yll <zl +llyll, Vo,y e X "=" ©y=00z=cy,c>0)
e Continuity of the scalar product

Tn = T, Yo = Y = (Tn,Yn) = (T,Y)

{z,}7°, {yn}7° are Cauchy in X = {{(z,,y,)}7° is Cauchy in A
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- Properties: Let (X,

Hilbert Space

(,.)) be a pre-Hilbert space and |I-|| the associated norm:

« v,w € X are orthogonal if (v,w) =0

« 5= {Uoz}aeA C
° S = {UQ}QEA C

X is an orthogonal set if (v,,v3) =0 Va #

X is an orthonormal set if (vy,v3) = d0ag

« Every orthogonal set of non-vanishing vectors is l.i. (the inverse is not true)

* (Generalized) Pythagora's Theorem: Let {v;}T be orthonormal in X

n

Jl> = o o)+ lo = Y (v, 0)uyl?, Yo e X
j=1

 Pythagora's theorem

n
2 v
J=1
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j=1

2

=) I, si (v, 05) =0 (i # )
j=1
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Hilbert Space

* Properties:

« Finite Bessel inequality: let {v;}7 be an orthonormal set

n
0] > [(vy, )2, Yo € X
=1
« Let {vo}aca be a}1 arbitrary orthonormal set

AW = Lo € A/ (vy,v) # 0} is finite or numerable infinite

« Infinite Bessel inequality: let {va taca be an arbitrary orthonormal set

ol > 3 [(va, ), Yo € X

a€EA
« Completion Theorem:

For any pre-Hilbert space (X (. >), there is a Hilbert space H

(unique up to isomorphisms) and an isomorphism A : X — W with W dense en H
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Hilbert Space

« Definition: orthogonal complement Let H Hilbert and M C H, M # ()

M+ ={ve HvLM} (also M+ = Ho M)

* Properties of the orthogonal complement

(i) M- is a closed linear subspace VM C H, H Hilbert

(4) M n M+ c {0}

(3i1) M++ = (MH*

(iv) M+ = (M)*+ =

O M

(v) {0} =H, H* = {0}

2013/2014 (2™ semester)
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Hilbert Space

 Theorem of orthogonal projection

Let M be a closed linear subspace of a Hilbert space H, then

Vv e H :Jlvy € M,y € M'L/U = v1 + v (v1: orthogonal projection of v over M)

Equivalent:

Let M be a closed linear subspace of a Hilbert space H, then
Voe H:3v e M/ |lv—uv|| =inf{|lv—1y|l,y e M}, v—v, € M+

2013/2014 (2™ semester) Mathematical Methods for Physics III
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Hilbert Space

* Properties:

« Definition: Orthogonal direct sum
Let M, N be closed linear subspaces of H Hilbert

H=M&Nsi H=M&N y MLN
« H=M®®& M,V closed linear subspace M C H
« Orthogonal projector over M: Py; : H — M

Pyv=v1, v =v1 + vy con v; € M, 1}26]\4L

Py + Py =1y, PyPyi=PyiPy =0, Py =Py, Py =Py

« S =[S]VS C H, S#0 (S closed subspace = S++=8)

. S linear subspace of H is dense in H < S+ = {0}
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Hilbert Space

« Theorem: Let {z,}{° be an orthonormal set in H (Hilbert) y {\,}° C A, then:

0 o
Z An Ty COnverges < Z A |? < o0
1 1

* Theorem: Let S = {Z4}aca be an orthonormal set in H (Hilbert). Let M = [S]

(1) xp = Z(aza,x>xa cM
acA
(i7) xps is the only vector that satisfies x — xp; LM

(iti) € M = x=x)M

(iv) d(z, M) = inf ||z —yl| = d(z, zp)

The best approximation of a vector x by elements

of M = [{x4}aca] orthonormal is given by Py«
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Hilbert Space

Orthonormalization theorem: Gram-Schmidt method

Let {v;};es C H ali. set, with J finite or numerable infinite (N)

3{u,; } jes orthonormal such that:

(1) wi € {vitjes], vi € {witjes]  (id) [{uj}ies] = [{vj}ie]

Solution: m—
W
umzﬁ, CON Wy = Uy — Z Uk, Uyn YU

Definition: Orthonormal basis

Maximal orthonormal set S = {vg}aca C H

Theorem: Existence of orthonormal basis

Every Hilbert space # {0} has an orthonormal basis
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Hilbert Space

e Theorem: Characterization of orthonormal basis:

Let S = {vq}aca C H # {0} an orthonormal set. The following statements are equivalent:

(7) S is an orthonormal basis of H

(ir) [S]=H
(#ii) vlv,, Va € A=>v=0 S+ =1{0}

(tv) Vv e H = v = Z(va, v)v, (Fourier expansion)

(87

(v) Vo,w € H = (v,w) = Z@, Vo) (Va, w) (Parseval identity)

«

(vi) Vv € H = ||v][> = [{va,v)|? (Parseval identity)
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Hilbert Space

« Definition: Separable topologial (and metric) space:
« Atopological space X is separable if it contains a numerable subset dense in X.

« A metric space M is separable if and only if it has a numerable basis of open
subsets.

« Separability criterion in Hilbert spaces

A Hilbert space H # {0} it admits a numerable orthonormal basis
is separable < (finite or numerable infinite)

* Proposition:

« All orthonormal basis of a Hilbert space H have the same cardinal (Hilbert
dimension of H).
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Hilbert Space

« Theorem of Hilbert Space classification
Definition: Two Hilbert spaces, H1, Hy over A are isomorphic if
U : Hy — Hs, U linear isomorphism /(Ux,Uy)y, = (x,y)p,, Yo,y € Hy
Theorem:
Every Hilbert space H # {0} is isomorphic to 1% (A)
where the cardinal of A = the Hilbert dimension of H
Corolaries:

« A Hilbert space of finite Hilbert dimension, n, is isomorphic to C"
« A separable Hilbert space of infinite Hilbert dimension is isomorphic to % (IN)
« Let H be a separable Hilbert space of Hilbert dimension A and linear dimension [

- h < oo = 1= h and any orthonormal basis is a linear basis

_h=00= 1> h and no orthonormal basis is a linear basis
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Hilbert Space

e Summary:

(Pre-)Hilbert space: Complete linear space with scalar product

Hilbert 4472 Normed

Parallelogram and polarization identities

Schwarz and triangle inequality, continuity of scalar product

Orthonormality. Pythagora's theorem and Bessel inequality

Completion theorem

Orthogonal complement and orthogonal projector. Best approximation to a vector.
Gram-Schmidt orthonormalization method

Orthonormal basis. Separable space

Theorem of Hilbert Space classification
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Space of functions

« Some of the most important Hilbert spaces are spaces of functions.

« Examples:
(Cala,b],|]-||) complete, not pre-Hilbert

(CA a,b),||./lp), p > 1 not complete (p = 2 pre-Hilbert)
( R),]|.||sc) complete, not pre-Hilbert

R),||./lp); p > 1 not complete (p = 2 pre-Hilbert)

« Example of not completeness of (Cala,b]. ||.]|2)

0 r<i-1
fo(z)=¢ nz—2+1, 1—-L<x<3Z isCauchy but does not converge in (Cr[0,1],|].]|2)
L, 3 <7,

 We can enlarge the space with the limits of all Cauchy sequences to complete it.
We need a new concept of integral for that.
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Space of functions

 Riemann integral:

« Partition of the “x axis” and common convergence of upper and lower integrals

/abf(a;)dx =1

|
[
|
|
[
|
[
|
[
|
|

n

n
sil= lim » RPMf=lim » R}’ <oc
1

b || —0

» Lebesgue integral:

« Partition of the “y axis” and measure of subsets of the “x axis”

| /f(ac)d:cz lim 3. (f)
B = e R || —0

Yr(f) = Z?/j—lu{f_l([yj—h Y]}
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Space of functions

 We need a new concept of “measure”

 Borelset: Element of B, minimal family of subsets of R

that contains all the open intervals (a,b) and satisfies:

() {Bj}°cB=|JB;cB (i) BCB=>R-BCB

j=1
- Borel-Lebesgue measure (of a borel set B): #(B) = inf I(I)
I= U (aj,b;) (union of disjoint open intervals) I(I) = Z b; — aj|
j=1 '
- Properties:

B e B= u(B)=inf{u(A), A open D B} = sup{,u( ), C' compact C B}

B, € B, n > 1, disjoint in pairs = u (U{°B,,) Z,u
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Space of functions

 We need a new concept of “measure”
 Borel measurable function: f : R — R is Borel measurable if f_l(B) eB, VBeB

« fcomplexis Borel if both its real and imaginary parts are
o Let f g, bereal: f+g,Af(A€R), fg,|f| are borel

 Characterization of Borel measurable functions:
a) f: R — R is Borel & f_l{(a,b)} € B, Va,b
b) fn(x) — f(x), Va, f, Borel = f Borel
c) f:R—Ris Borel & {z/f(x) <b} e B, Vb

 Lebesgue integral let f > 0, bounded and Borel measurable. Its Lebesgue integral is

lim Y. (f)

|| —0

T:0=yo <11 <...<y, =supf partition of the range of f
/fdxz
R

n
Y(f) = Z yi—1p{f " ([yj_1,y;])} Easy toextend to more
| general functions
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Space of functions

 Lebesgue integrable functions

fEL]%Q(R)if/R\f|daz<+oo, /Rfd

feLsR 1f/\f\dx<+oo /fd:z:—/Re d:z:—l—l/

* Properties almost everywhere (a.e.).
A property P(x), x € R is satisfied almost everywhere (a.e.)
if the set {x/P(x) false} has vanishing measure
For instance fi = fo a.e. & [, |fi — faldz =0

!f\

« L1Spaces.
L*(R) is the set of equivalence classes of functions in £'(R)

with the equivalence relation: f; = f5 a.e.
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Space of functions

Lr spaces:
fer(B)it||fll, =

1/p
< +oo, 1<p<+4+0

[ 1

Definition: LP(B) set of equivalence classes of functions f € LP(B)

with equivalence relation f = g a.e.

Properties:
(2) (LP(R), [[.]lp), (LP(B),]|.llp), are Banach

(i3) Cla,b] is dense in (LP(|a,b]),||.]|»)
(#43) (LP([a,b]),]|.||p) is the completion of Cla,b] (same [a,b] — R)

(sv) L*(R) is Hilbert with the scalar product

(f,g) = /Rf(a:)g(x) dz, (same for [a,b])
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Space of functions

e (Integral) HOlder and Minkowski inequalities
1

1
Let f,h e LP(X), g€ LYX), 1 <p < o0, 5+§:1

Holder inequality

[isaae<{ [ \frpda:}l/p-{ / rgerx}l/q

Minkowski inequality

1/p 1/p 1/p
h|P dx P dx h|P dx
U renrash s ([ rask s [ el
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Space of functions

e Some relevant orthonormal bases in L2;

 Legendre's basis

P,(z) = ——(2* — 1)" (Legendre’s Polynomials)

{ n + 1/2Pn} is an orthonormal basis of L*[—1,1]
0

(1—2*)P' —2zP, +n(n+1)P, =0, n=0,1,... (Legendre’s eq.)

e Hermite's basis

dn
H,(x) = (—1)”6$2 d—e_w2 (Hermite’s polynomials)
xn
{(ﬁZ”n!)_1/2e_$2/2Hn} is an orthonormal basis of L?(R)
0

H' —2zH) +2nH, =0, n=0,1,... (Hermite’s eq.)
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Space of functions

e Some relevant orthonormal bases in L2;

« Laguerre's basis

1 . d"
L,(x) = Hea’dx—n(e_xxn) (Laguerre’s polynomial)

{e‘x/an}O is an orthonormal basis of L?[0,c0)

oL+ (1 —a)L, +nL, =0, n=0,1,... (Laguerre’s eq.)

« Orthonormal bases of polynomial associated to a weight function

Let 0 # p € L*(R), non-negative / Ja > 0, for which [ el*ltp(t) dt < oo

If {p,(¢)}3° are orthonormal polynomial with respect to the scalar product

(f.9)p = [ fgp, obteined from {¢"}§° through the Gram-Schmidt method, then

{pn(t)p'2(t)}&° is an orthonormal basis of L?(sop p)
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Space of functions

e Some relevant orthonormal bases in L2;

 Fourier's basis

{el?™@/L )\/[}+%° is an orthonormal basis in L2[a,a + L]

1 2 2 2 2
{ﬁ’ \/ 7 cos ( 7717/13:) A/ zsin( W[im) ,} (n =1,2,...) is an orthonormal basis in L?[a,a + L]

- I = 2 2
f(z) = Z N :ao—|—z [2ancos( 7'(2156) —|—2bnsin< 727,:1:)]

n—=——oo n=1
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Space of functions

e Some relevant orthonormal bases in L2;

. Fourier's basis ~ Convergencia en L? (c.d.)
flx) = i e el T = ag + i 2a.,, COS 2mne + 2b,, sin 2mne
— 4 n — U0 — n T, n I

« Jordan convergence criterion

Let f € Li[a,b] with bounded variation in (a,b), then the Fourier series

converges at every point x€ (a,b) to lim._, f(”e)";f(x_e)

« Bases with only sines or cosines

f € L% la, b] can be expanded in Fourier series using only sines or only cosines

by expanding antisymmetric or symmetric extension of the function
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Space of functions

 Expansion in eigenvectors

« Consider the following differential operator

d2

 dx?

every function f € L? la,a + L] can be expanded in eigen-functions of O

f(:l?) — Z Cnfn(x)
with )
i2mne 2Tn 2
fn(aj)ze Lo, Ofn:_<T> fn
Eigenvalues
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Space of functions

e Summary:

Borel sets. Borel-Lebesgue measure. Borel measurable functions.

Lebesgue integral.

Lebesgue integrable functions. £ Spaces
Properties almost everywhere. L” Spaces
L*(B) is a Hilbert space (completion of C(B))
Holder and Minkowski integral inequalities
Orthonormal polynomials in L?(B)

Fourier basis. Fourier expansion.

Expansion in eigenvectors.
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Linear forms

* Definitions: Let L be a linear space over the field A

e A linear form (or functional) is a linear mapping F : L — A
F(x+vy)=F(x)+ F(y), F(ax)=«aF(x), Yo,y € L, Va € A
e A linear form in a normed space is continuous if
V{z,} > = {F(z,)} = F(x), Vx € L
Ve>030>0/||lx—y||<d=|F(x)— F(y)| <e

e A linear form in a normed space is bounded if
IM > 0/|F(z)| < M||z||, Vx € L
Fl| = sup EO _ Gop |F(@)) = int {0 > 0/|F (@) < M
||| = sup = sup [F(z)| =inf{M > 0/|F(z)| < M||z|[}
w20 ||| l|z||=1
« Theorem: Let F be a linear form in a normed space
F' is bounded < F' is continuous
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Linear forms

« Definition: Dual space of a Hilbert space (H,<,>) is the set of all continuous
functional forms in H.

H = {F : H— A/F linear and continuous} = A(H, A)

It is a Hilbert space (as we will see)

* Proposition: Let (H,<,>) be a Hilbert space of finite dimension:
e All functionals in H are continuous

. dim H = dim H

* Riesz-Fréchet representation theorem: Let (H,<,>) be a Hilbert space (separable or
not)

VEF : H — A linear and continuous
JfeH/F(g)=(f,9), Vg€ H
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Linear forms

* Properties:
e Let F#0 =dim(M;)=1  (My={h e H/F(h) =0})

o Let {e;}7 be an orthonormal basis of A", V¢ : H — A™ linear and continuous
n

3wy, .. 0 € HIG(y) = ) (25, 9)e;

o [|Fel|ac,ny = ||zl !
o I linear form in a Hilbert space is continuous < its kernel M, is closed in H
. H is a Hilbert space with the scalar product associated to H
(L):HxH—A
Fy, Fg — (Fy, Fg) = (g, f)
. The mapping f € H — Fy € H with Fy(g) = (f, 9),

is an anti-linear isometric bijection
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Linear forms

« Bilinear forms: let (H,{.,.)) be a Hilbert space over A

o Bilinear form (rather sesquilinear): mapping ¢ : H x H — A such that

(i) ¢(az, By) = aBo(x,y), Vo, B €A, Vz,y € H
(”) ¢(331 + X2, y) — qb(xla y) + ¢(CL’2, y)
(4i1) ¢(x,y1 +y2) = o(z,y1) + &(T, ¥2)

o A bilinear form is bounded if 3k > 0/|p(x,y)| < k||z|| ||y||, Vx,y € H

w02y || %] 1Y)

« Theorem: let ¢ : H x H — A, be a bilinear form bounded in H (Hilbert).
1A € A(H) (bounded linear mapping A : H — H) such that
oz, y) = (x, Ay), Vo,y € H

| Az]]
and [|¢|| = |[A]| = sup <
ozecH |||
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Linear forms

Strong convergence (in norm) <n = n s ||z, — x| =0
Weak convergence  Zn — n < F(x,) = F(z), VF € H

Theorems:

S w
Ty > T =Ty — T

w

S
S x>
||:L‘n||—>||af||} "
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Distributions

e Test function spaces:

» Test functions of compact support
D(R) ={f € C*(R)/supp(f) bounded of R}, (supp(f) = {z/f(z) # 0})

it is a linear space and algebra of functions.

- Convergence i) supp(fn) C K bounded and independent of n

D .
o= I { i) 1 = FP e — 0, ¥p >0

» Test functions of rapid decrease
S(R) ={f €C*®R)/ sup |lz"f"™]|oo < o0}
it is a semi-normed space (||f||zm = [|2* f(™) || is semi-norm)
- Convergence
fo 5 f st [Ja® £ (@) — 2" f (@)oo — 0, Vk,m € N

* Properties . S '
fn—=f=fn—f, Disdensein S
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Distributions

« Definitions and properties:

o Distribution: T : D(R) — A linear and continuous (in the sense of D)
T(a1¢1 + az2) = anT (1) + T (p2), Yo 2 € A, V12 €D

D

On — ¢ = T(¢dn) = T()
» Space of distributions: D(R) = {T'/T distribution}
o Sufficient condition for T to be continuous

M > 0 indep. of ¢/|T(¢p)| < M||¢||c0, V¢ € D(R) = T continuous in the sense of D

« Tempered distribution: 7" : S(R) — A linear and continuous (in the sense of S)
* Space of tempered distributions: g(\R/)

« The sufficient condition for continuity applies the same.

* Property:

S(R) c D(R)
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Distributions

e QOperations with distributions

« Multiplication by a function:

pT": ¢ — T(p¢) is an element of D(R ) Vpe C™
is an element of S ( ), Vp € C* of slow growth

 Derivative of a distribution: Ym, IN, /||p™ /(1 + |z|H) V|| e < o0
T ¢ = T((-1)™e'™)
o Shift:

To: ¢ = T(¢-a) with ¢o(z) = ¢(x — a)

 These operations are continuous with respect to the following definition of
convercend of distributions

T, —T < T,(p) = T(p), Vo € D(S)

With this notion of convergence D and Sare complete and S is dense en D
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Distributions

« Examples of distributions:
« Dirac'sdelta 0., : ® — ¢(zg) (tempered distribution)
Normally introduced as a ”function”: d,,(¢) = /5(x — x0)p(x) dx

L OO’ €Tr = 'CCO
5(33 xO)_{ 07 337&5'30
and as the limit of a sequence of functions
A _ N
do = lim \/jem? _ hm(me)—l/Qelx?/e _ yy SRAT
T

A—00 €l 0 A—o0 T

d

d(x —x) = Eﬁ(az —x9), 0O(z)= {

Let f(x) be a function with a finite number of simple zeroes, then

5(1@) = 30 G ) =0

1
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Distributions

« Examples of distributions:
(¢) = lim dx 0

€l0 |z|>e €T

S B

* Principal value of %(tempered distribution) PV

1 d
We have PV— = — In ||
r dx -
Taking derivatives of lifél In(e +iz) =In |x| — 15 + imf(z), we find
1 1 1
— = lim — = VP— +ind(x)
rF10  €lo x Fie x
« Characteristic distribution (distribution) Sea X C R
w6 xx(6) = [ oo
X
Usually presented as a ”function” xx(x) = { (1)’ i i f(’
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Distributions

* Regularity theorem

VT € Zm, f continuous in R, dn € N/T = T}m

where T (¢) = /Rf(a:)gb(x) dx

 Fourier transform

f(k) = % /IRe_ikwf(J;) dx, (direct transform)

flx) = \/% /IReikxf(y) dy, (inverse transform)

 Fourier transform of distributions

—_—

T(¢) =T(¢), VT € D(R)
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Linear forms and distributions

e Summary:

Linear forms 7" : H — A , bounded and continuous

Dual space: bounded linear forms

Riesz-Fréchet theorem: representation of linear forms in Hilbert spaces
Bilinear forms and their representation in Hilbert spaces

Spaces of test functions (bounded support and rapid decrease)
(Tempered) distribution: linear form in spaces of test functions
Operations with distributions: multiplication by a function, derivative, shift
Examples of distributions: delta, step, PV(1/x), characteristic distribution
Regularity theorem

Fourier transform (of distributions).
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Operators in Hilbert spaces

 Definition:

(Anti)linear operator. (anti)linear univalued mapping between Hilbert spaces
T . D(T) C H — R(T) C Hs

Tlow + By) = { g?gg i gggzgj Eggfiﬁiilear)
* Properties:
« D(T), R(T), Ker(T) are linear subspaces
« M linear subspace of Hy = TM = {Tx/x € M} is a linear subspace Hs
. L(Hy,Hs)={T:D(T)C Hy — H3/T linear} is a linear space with
(T +To)x =Tz +Tox, (aT)xr=a(Tx)

Ve,y € D(T), VYo, B € A

. L(H)=L(H,H)
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Operators in Hilbert spaces

Definition: Bounded operador. Let T' € L(H;, H2), D(T) = H;
T is bounded if AM > 0/||Tx||g, < M||x||g,, Vx € Hy

o« A(H1,H;) ={T : Hi — H5/T bounded linear} is a normed space

T
with the norm ||T|| = sup | T|]
z20 |||

Definicion: Continuous operador.
T € L(H;, H) is continuous in x € Hy if

V{an} =@ = Tz} = T, ||lon = 2l = 0= ||Te, — Tal| - 0

T € L(H, Hs) is continuous if it is Ve € H; T ( lim xn) = lim Tz,

n—o0 n—oo

Theorem: T € L(H,, Hs), Hy o Hilbert spaces
T € A(Hy, Hy) < T continuous < T continuous at any point of H;

Dual space: H = A(H,A)
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Operators in Hilbert spaces

Property: T € A(Hy,Hs) = Ker(T) is closed
Definition: T : D(T) # Hy; — H> is bounded in its domain if
T
3M > 0/|[Tal| < Mlall, ¥o € D), |T|= sup o]
0#£x€D(T) |||
Theorem (extension of operators bounded in a dense domain):
Let T' € L(H;, H2) bounded in its domain, dense in H; (D(T') = H;)
3T € A(H,, Hs) that extends T to all H, and ||T|| = ||T|
Tz, x e D(T),
lim Tx,, x,¢€ D(T), lim x,=x¢ D(T)

n—oo n—oo

soluction Tz = {

Properties:

» A(H) is a Banach space and algebra of functions with ST (z) = S(T'(x))
ST < |ISI[T]

« Commutator of operators: [S,T| = ST — TS # 0 in general
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Operators in Hilbert spaces

« Definition: Let T' € L(H1, Hs), we define the inverse operator (when it exists)
T 'Te =x, Vo € D(T) = R(T™ )

T~ ':R(T) C Hy, — D(T) C H; such that ) .
TT y=y, Vye R(T)=D(1T")

« Criterion of existence of the inverse operator Let T' € L(H;, Hs)
3T ' e L(Hy,H,) & T is injective @ Tr=0=2=0
Note: Let T € A(Hy, Hs), R(T) = H,, T injective AT~ € A(H,, Hy)

 Theorem (criterion of inversion with boundedness):
Let T € A(Hl,HQ), R(T) = HQ, HLQ ?é {O} then

T € A(Ho, Hy) & 3k >0 / ||T0||>k||v]|, Yo € H,

. C0r0|ary: Let T € A(H) bijective, with H # {O} Then
T e A(H) < 3k >0/ ||Tv|]| > k|]v||, Vv e H
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Operators in Hilbert spaces

« Topologies en A(H): let {A,, € A(H)}{°
« Uniform (or norm) topology

A, 5 As||A, — Al — 0
n—o0
e Strong topology
A, A Ay — Av, Yve H

n—oo

 Weak topology
A, = A (w,Aw) — (w, Av), Yo,w € H

n—oo

 In finite dimension (dim of H is finite) they are all equivalent
* In infinite dimension

Uniform top. ; Strong top. ; Weak top.
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Operators in Hilbert spaces

e Some interesting operators
« Operators in finite dimension
T € L(H) = matrix in A"
A(H,) = L(H,) [all linear operators are bounded)]

« Destruction, creation and number operators (in li)

a :(Oé0,0él,...,Oén,...)_)(Oél,\/50(2,...,\/n—|—104n_|_1,...)
at i (q, a1, 0, .. ) = (0,00, V21, ...,/ NOm_1,...)
N :(ag,a1,...,Qpn,...) = (0,a1,2a9,...,n0y,...)

* Rotation operador (in L#(R”))- Let R be a rotation in R3 around the origin
U(R) : f(z) = f(R™ )

« Shift operator (in L2(R")). Let a be a vector € R" fijo
Uy : f(z) = f(z —a)
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Operators in Hilbert spaces

« Some interesting operators
«  Position operador (en L*(B)).

Q: flx) = zf(z)

« Derivative operador. Let S(R) = {f of rapid decrease}, dense in L*(R)

P f(z) € S(R) — —ij—xf(x)

 Properties: let us define the position and momentum operators in S(R"™)
Qj: f(x) = z;f(x)
0

Pe: f(z) € S(R) = ~iz—f(v)
Lk

(5,k=1,2,...,n)

we have
RQ;, Px are not bounded and satisfy [Q;, Px] = id,x1s
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Operators in Hilbert spaces

« Adjoint operador
Given A € A(H) with H a Hilbert space, the adjoint operator is defined as
the only operator AT (€ A(H)) that satisfies

(w, Av) = (ATw, v) Vv, w e H

* Properties:
i) The mapping A — AT is an anti-linear isometric bijection of A(H)

ii) (AB)T = BTAT |AT|| = ||A]|, («A+ BB)" =aA' +bB7
i) (ANT = A

iv) A,ATt € A(H) = (AT) L= (A~

v) [[ATA|| = || A2

vi) AT = (AT)* in finite dimension
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Operators in Hilbert spaces

e Equality of operators
A=Bif D(A)=D(B)=D, Ax = Bx, Yz € D
(equiv. if D(A) = D(B) =D, (y,Ax) = (y,Bx) Vx € D, Yy € H)

« Some special types of operators: Let T': D(T') dense in H — H

e Symmetric or hermitian operator

T cCT! [D(T) ; D(TY), (x,Ty) = (Tx,y), Y,y € D(T)]

« Self-adjoint operator

T=T" [D(T) = D(T"), (x,Ty) = (Tz,y), Y,y € D(T)]

 Bounded self-adjoint operator

Ac AH) ) A= AT [AZAT<=><:E,A:E>ER,V£CEH]
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Operators in Hilbert spaces

« Properties of bounded self-adjoint operators
Let A, Bc A(H), A=A", B=DBT

1) [|Al| = sup
x7#0

|{z, Az))

]|

i1) A + BB is a bounded self-adjoint operator Va, 5 € R

ii1) AB is a bounded self-adjoint operator < [A, B] =0
w) [|A™] = [|Al["

 Isometric operator

T:D(T)C H— H/||Txz|| = ||z||, Y& € D(T)

property

T 1sometric

2013/2014 (2™ semester)
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Operators in Hilbert spaces

« Unitary operator

UcAH) /U =U!

Note:
U € A(H) isometric < UTU =1 [UUT — 1< R(U) = H]

U e A(H) unitary < U'U =UUT =1
« Characterization of a unitary operator. Let U € A(H). They are equivalent
i) U unitary
it) R(U) = H,{Ux,Uy) = (x,y), Ye,y € H
iit) R(U) = H,||Uz|| = ||x||, Ve € H
iv) {eq}aca orthonormal basis of H = {Ue,}qoca orthonormal basis of H

v) UT is unitary
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Operators in Hilbert spaces

« Orthogonal projector

P € A is an orthogonal projector if P? = P = P!

 Theorem: Let P be an orthogonal projector, then

4 M closed linear subspace in H such that P is the orthogonal projector over M

 Normal operator
A:D(A) dense in H — H /| D(AAT) = D(ATA), [A,AT] =0

Note: A€ A(H)= A" € A(H) = D(AA") = D(ATA) = H
A € A(H) normal & ||Av|| = ||ATv||, Vv € H

 Properties: A self-adjoint = A normal (AAT = ATA = A?)
A hermitian # A normal (D(AAT) # D(ATA))
A unitary = A normal (AAT = ATA =1)
A isometric % A normal (D(AAT) # D(ATA))
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Operators in Hilbert spaces

e Summary

Operator L(H;, H>), bounded A(H:, H>) and bounded in its domain
Continuos operador < bounded

Theorem of extension of bounded operators with a dense domain
Inverse operator. Existence of inverse operator (with boundedness)
Uniform, strong and weak topologies in A(H)

Examples of operators (finite dim., creation, destruction, number, position,
derivative)

Adjoint operator
Hermitian, self-adjoin, isometric, unitary, normal operator

Orthogonal projector
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Spectral theory

« Definition: Spectrum and resolvent of linear operators
Let A € L(H), with dense domain in H, separable Hilbert space over C

« C can be split in the following subsets, depending on the behavior of the operator

(A— X))~
C=pUo=pUo,Uo,Uo,, disjoint in pairs
AeC (A—=XI)~! R(A— X) (A=A~
op(A) does not exist - -
o, (A) exists not dense in H -
og.(A) exists dense en H not bounded in its domain
p(A) exists dense en H bounded in its domain
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Spectral theory

* Properties:

« Eigenvectors and eigenvalues )\ € 5,(A) & Juy # in D(A)/Avy = lvy,
« Linear independence of eigenvectors with different eigenvalues
{N} Cop(A), Avi = N, Ni # A (1 # 7) = {v} L
» Topological properties of the spectrum and resolvent
VA € L(H) = p(A) open, o(A) closed in R?
« Spectrum of the adjoint operator: let A € A(H)

i) A€ p(A) & X e p(AD)

i) A€ 0,(A) = X € o, (AN U o, (A)
iii) X € 0,.(A) = X € a,(AT)

i) X € 0.(A) & X € a.(AT)
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Spectral theory

* Properties:

Spectrum of normal operators: let A € A(H) normal
a)Av = v < ATy =l
b)AUz = )\7;?)7;, A # )\j = ’UiJ_Uj

c)or(A) =10
Spectrum of unitary operators (are normal):
U unitary = o(U) = 0,(U) Uo.(U) C{\/|\| =1}

Spectrum of isometric operators (not normal in general):

A isometric = 0,(A) C {\/|\| = 1}, [in general o(A) ¢ {|\| =1}, o, # @}
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Spectral theory

* Properties:

« Spectrum of orthogonal projectors:
o(0) = {0}, o(1)= {1}, all other orthogonal projectors satisfy
PcAH),PP=P=P',04£P#1,= od(P)=0,(P)=1{0,1}
« Spectrum of self-adjoint operators: sea A € A(H) autoadjunto
1)o(A) CR, 0,.(A) =10

2) o(A) C [ inf (v, Av), sup <U,AU>]

[[v][=1 l|v]|=1

3) M)(A) ={v € H/Av = \v} closed linear subspace

4) VA € A(H), A= A" = 3{v;} orthonormal, maximal /Av; = \;v;

(not necessarily complete in H)
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Spectral theory

e Definition: A € L(H1, H3) is compact (A € C(Hl,Hg))

if A(X) is compact in Hy, VX C Hy, X bounded ( sup ||z|| < o0)
zeX
. Ifdim(H) <oo— L(H)=A(H)=C(H)

e Theorem; VA € C(H)

1) ) dimM,(A) < +oo, Vk >0
AEo,/|A|>kK

2) 0,(A) is at most numerable, with 0 as the only possible limit point
3) € — {0} € 0, (A) U p(A)

4) 0 € o(A)

5) or(A) Uoc(A) C {0}
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