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Abstract
It is a known result that the 2k-dimensional Lovelock Lagrangian of order k is a total derivative in

the Levi-Civita (metric) and in the metric-compatible (Riemann-Cartan) cases. We are indeed interested
in figuring out the case with non-metricity, i.e. with a completely general connection. In this work, we
focus on the first and second order of the Lovelock expansion in the metric-affne formalism, proving
that the non-metricity prevents the theory from being a total derivative. We also provide a few general
conclusions for the critical Lovelock Lagrangian with arbitrary k.

Formalism, notation and basic objects

Three fundamental (independent) objects in metric-affine formalism:
•Coframe. Basis of the cotangent space in each point

ϑa = eµ
adxµ (dual to ea = eµa∂µ) . (1)

•Metric. Components of the metric in the arbitrary basis:

gab = eµae
ν
b gµν . (2)

Associated objects:
– Hodge duality between k-forms and (D − k)-forms ?

– Canonical volume form:

?1 :=
√
|g|dx1 ∧ ... ∧ dxD ≡ 1

D!
Ea1...aDϑ

a1...aD , |g| ≡ | det(gµν)| . (3)

•Connection 1-form

ωa
b = ωµa

bdxµ , where ωµa
b := eνaeλ

b Γµν
λ + eσ

b ∂µe
σ
a . (4)

Associated objects
– Exterior covariant derivative (of algebra-valued forms)

Dαa...
b... = dαa...

b... + ωc
b ∧αa...c... + ... − ωac ∧αc...b... − ... , (5)

– Curvature, torsion and non-metricity forms:

Ra
b := dωa

b + ωc
b ∧ ωac =

(1
2 Rµνρ

λ xµ ∧ dxν
)
eρaeλ

b , (6)
T a := Dϑa =

(1
2 Tµν

λ dxµ ∧ dxν
)
eλ
a , (7)

Qab := −Dgab = (Qµνρ dxµ)eνae
ρ
b . (8)

where

Rµνλ
ρ := ∂µΓνλ

ρ − ∂νΓµλ
ρ + Γµσ

ρ Γνλ
σ − Γνσ

ρ Γµλ
σ ,

Tµν
ρ := Γµν

ρ − Γνµ
ρ Qµνρ := −∇µgνρ . (9)

More notation:
* Levi-Civita: ω̊ab, R̊a

b.
* Contractions of the curvature:

R(1)
µν := Rµλν

λ , R := gµνR(1)
µν , R(2)

µ
ν := gλσRµλσ

ν . (10)

Metric-affine Lovelock gravity

•Def. D-dimensional (metric-affine) Lovelock term of order k:

L
(D)
k = Ra1a2 ∧ ... ∧Ra2k−1a2k ∧ ?(ϑa1 ∧ ... ∧ ϑa2k) (11)

=
(2k)!

2k
sgn(g) δ

[b1
a1 ...δ

b2k]
a2k Rb1b2

a1a2... Rb2k−1b2k
a2k−1a2k

√
|g| dDx , (12)

•General properties
– Levi-Civita is a solution of the Palatini formalism EoM.
– Projective symmetry (A = Aµdxµ arbitrary):

ωa
b→ ωa

b +A δba ⇔ Γµν
ρ→ Γµν

ρ + Aµ δ
ρ
ν . (13)

– In D = 2k (critical dim.), the Riemann-Cartan and the metric cases are topological.

Metric-affine Einstein Lagrangian

• Einstein Lagrangian (arbitrary dimension) (We drop the factor (2κ)−1)

L
(D)
1 = Ra

b ∧ ?(ϑa ∧ ϑb) = sgn(g) eνb e
µ
c g

ca Rµνa
b(ω)

√
|g| dDx , (14)

• In D > 2, the solution of the EoM of the connection is:

ωa
b = ω̊a

b +Aδba ⇔ Γµν
ρ = Γ̊µν

ρ + Aµδ
ρ
ν . (15)

Unphysical projective mode→ can be eliminated using a symmetry of the theory.

•Critical dimension D = 2.
– Lagrangian (we extract the Riemann-Cartan part which is exact)

L
(2)
1 = d(...)− 1

4 E
a
b Q̌a

c ∧ Q̌c
b where Q̌ab = Qab −

1

2
gabQc

c . (16)

– Equations of motion
0 = DEab = −Q̌caEbc . (17)

Therefore the general solution is one that verifies:

Q̌ab = 0 . (18)

– And this is not an identity 4 conditions over the 8 d.o.f. of the connection:

Tensor d.o.f. in D dim. d.o.f. in 2 dim. Condition imposed by EoM

Tµν
ρ 1

2D
2(D − 1) 2 (pure trace) [None]

Qµλ
λ D 2 [None]*

Q̌µνρ
1
2D(D + 2)(D − 1) 4 They are zero

Table 1: d.o.f. of Γ and their conditions for metric-affine Einstein gravity

* The trace of the non-metricity is undetermined in any D due to proj. symmetry.

Metric-affine Gauss-Bonnet Lagrangian

•Gauss-Bonnet Lagrangian (arbitrary dimension)

L
(D)
2 = Ra

b ∧Rc
d ∧ ?(ϑa ∧ ϑb ∧ ϑc ∧ ϑd) (19)

= sgn(g)
[
R2 −R(1)

µνR
(1)νµ + 2R(1)

µνR
(2)νµ

−R(2)
µνR

(2)νµ + RµνρλR
ρλµν] √|g|dDx , (20)

• In arbitrary D, the general solution is not known (up to the unphysical projective mode).
•Critical dimension D = 4.

– Lagrangian (we extract the Riemann-Cartan part which is exact)

L
(4)
2 = d(...) − 1

4Eabcd
[
2R̄ab ∧ Q̌e

c ∧ Q̌de − 1
4Q̌e

a ∧ Q̌be ∧ Q̌f
c ∧ Q̌df

]
. (21)

– Particular solution. The Ansatz

Γµν
ρ = Γ̊µν

ρ + Aµδ
ρ
ν + Bνδ

ρ
µ − Cρgµν . (22)

is a solution for the critical case D = 4 as long as Bµ = Cµ.

The transformation that connects it to Levi-Civita,

Φ : Γµν
ρ 7−→ Γµν

ρ + Bνδ
ρ
µ −Bρgµν , ⇔ Φ :

{
Tµν

ρ 7−→ Tµν
ρ − 2B[µδ

ρ
ν]

Qµνρ 7−→ Qµνρ
(23)

is not a symmetry of the theory (due to the non-vanishing Qµνσ):

δΦL
(4)
2 = −4BµBνgρλ

[
2∇(µQρ)νλ + Tµρ

σQσνλ

]
− 2Qµνρ

[
Bµ(R(1)

νρ + R(2)
νρ) + Bλ(Rλνµρ + Rλνρµ) + ...

]
− 2Qµσσ

[
Bν(R(1)

νµ −R(2)
νµ − gνµR)− 2BµBνB

ν + ...
]

+ 2Qσ
σµ
[
Bν(R(1)

νµ + R(2)
νµ) + 2Bµ∇νBν + 2Bν∇νBµ + 2BµB

νTνλ
λ
]
, (24)

– In addition, configurations that do not verify the equations of motion can be given. For
these reasons, the theory cannot be a total derivative.

General metric-affine Lovelock Lagrangian inD = 2k (critical)

• Lovelock theory in critical dimension:

L
(D)
D/2

= Ea1a2...
aD−1

aDRa1
a2 ∧ ... ∧RaD−1

aD . (25)

• Equation of motion for the connection:

0 =
[
Q̌
c
a1 Eca2...aD−2ab + ... + Q̌

c
aD−3 Ea1...aD−4caD−2ab

+Q̌
c
a Ea1...aD−2cb

]
∧Ra1a2 ∧ ... ∧RaD−3aD−2

(26)

• Families of solutions:
– for all k: connection with Qµνρ = Vµgνρ (i.e. Q̌ab = 0).
– for k > 1: teleparallel (i.e. Rc

d = 0), any connection such that Q̌ab ∧Rc
d = 0.

– for k > 2: any connection such thatRab = αab ∧ k for certain 1-forms αab and k.

Conclusions and forthcoming research

•Conclusions
– Metric-affine Einstein gravity in critical dimension is not topological (the Lagrangian

form is not exact), since the dynamics is not identically satisfied.
– In metric-affine Gauss-Bonnet gravity, we have non-trivial solutions that are not con-

nected with Levi-Civita through a symmetry. Indeed, it is possible to find configurations
of the fields that violate the equations of motion. Therefore, the theory is not topological
either.

– (Conjecture) In arbitrary critical dimension the presence of non-metricity spoils the
topological character of the Lovelock action.

• Future work
– Analysis of the equation of the metric/coframe.
– Is there an easy (systematic) way to solve the EoM of the connection for any k?
– Which is the role of the non-metricity in breaking the triviality in critical dimension?
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