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Forced dissipative sine-Gordon

equation

utt −∆xu + cut + a sinu = f (t, x) (1)

Dimensions: n = 1, 2 or 3

Parameters: 0 < a < c2

4 , c > 0

Function: f almost periodic

Question: u almost periodic ?



Almost periodicity (Bochner definition
(∗)

)

f ∈ C(R× Tn)

α = (α0, α̃) ∈ R× Tn

⇒


(Tαf )(t, x) =

f (t + α0, x + α̃)

• f ∈ AP (R× Tn) if,

“∀ {αm}m∈N ⊂ R×Tn ∃{αk}k∈N ⊆ {αm}m∈N /

{Tαkf}k∈N has a uniform limit”

• (AP (R× Tn), ‖ · ‖L∞) is a Banach space

immersed in L∞(R× Tn) ∩ C(R× Tn)

(∗) R× Tn is a locally compact topological group



Forced dissipative pendulum

equation

ü + cu̇ + a sinu = h(t) (2)

Theorem (Mawhin ‘98)

c ≥ 0

h ∈ AP (R)

‖h‖L∞ < a


⇒



∃1 u ∈ AP 1(R)
(∗)

such that

• u satisfies (2)

• ‖u− π‖L∞ < π
2

Key: Compactness ⇒ Amerio’s ideas

(∗)
AP 1(R) = {u ∈ AP (R) / u ∈ C1(R), u̇ ∈ AP (R)}



Telegraph equation

utt −∆xu + cut + λu = f (t, x) (3)

c > 0, 0 < λ ≤ c2

4 , f ∈ L∞(R× Tn)

• Periodic conditions in x

• Lu = utt −∆xu + cut

• L∗u = utt −∆xu− cut

• u ∈ L∞(R× Tn) is solution if∫
R×Tn

(L∗φ+ λφ)u =

∫
R×Tn

fφ, ∀φ ∈ D(R× Tn)



utt −∆xu + cut + λu = f (t, x) (3)

c > 0, 0 < λ ≤ c2

4 , f ∈ L∞(R× Tn)

• f ∈ L∞(R× T1)⇒ u ∈ W 1,∞(R× T1)

• f ∈ L∞(R× T2)⇒ u ∈ C(R× T2)

• f ∈ L∞(R× T3)⇒ u ∈ L∞(R× T3)

(∃f ∈ L∞(R× T3) such that u 6∈ C(R× T3))

Compactness: only for n = 1, 2

• n = 3 ?

Completeness: YES

“Banach Contraction Principle”



ü+ cu̇+a sinu = h(t) (2)

Theorem (Mawhin ‘98)

c ≥ 0

h ∈ AP (R)

‖h‖L∞ < a


⇒



∃1 u ∈ AP 1(R) such that

• u satisfies (2)

• ‖u− π‖L∞ < π
2



ü + cu̇− λu = h(t) (4)

c ≥ 0, λ > 0

h ∈ C(R)

‖h‖L∞ bounded

⇒



∃1 u ∈ C1(R) such that

• u satisfies (4)

• ‖u‖L∞ ≤ 1
λ ‖h‖L∞

• ‖u̇‖L∞ ≤ 1√
λ+c2

4

‖h‖L∞

Moreover, h ≥ 0 ⇒ u ≤ 0

Ortega and Tarallo ‘03

• u(t) = (G ∗H)(t) =
∫ +∞

−∞
G(t, s)h(s) ds

• G(t, s) = − 1
2ν e

c(s−t)/2e−ν|t−s|, ν =
√
λ + c2

4



ü + cu̇− λu = h(t) (4)

c ≥ 0, λ > 0

h ∈ AP (R) ⇒ u ∈ AP 1(R)

• ‖Tαu− Tβu‖L∞ ≤ 1
λ ‖Tαh− Tβh‖L∞

• ‖Tαu̇− Tβu̇‖L∞ ≤ 1
ν ‖Tαh− Tβh‖L∞ (ν =

√
λ + c2

4 )



ü+ cu̇+a sinu = h(t) (2)

c ≥ 0, h ∈ AP (R), ‖h‖L∞ < a

• A, U such that

‖h‖L∞ ≤ A < a, 0 < U <
π

2
, a sinU > A

• Ω = {u ∈ AP (R) / ‖u− π‖L∞ ≤ U}
(Complete metric space)

• Fu = v / v̈ + cv̇ − av = −au− a sinu + h(t)

◦ F(Ω) ⊂ AP (R)

◦ F(u) = u⇔ ü+ cu̇+ a sinu = h(t), u ∈ Ω

◦ F(Ω) ⊂ Ω

◦ F is a contraction

• ü+ cu̇− au = g(t) / g(t) = −au− a sinu+ h(t)

◦ g ∈ AP (R)⇒ u ∈ AP 1(R)



ü+ cu̇+a sinu = h(t) (2)

c ≥ 0, h ∈ AP (R), ‖h‖L∞ < a

Fu = v / v̈ + cv̇ − av = −au− a sinu + h(t)

◦ F(Ω) ⊂ Ω ?

B u ∈ Ω ⇒ −U ≤ u− π ≤ U

B ϕ(ξ) = −aξ − a sin ξ is decreasing

B w ≡ π + U is solution of

ẅ + cẇ − aw = −a(π + U)

B z = v − w is solution of

z̈ + cż − az > 0

B maximum principle ⇒ z ≤ 0



ü+ cu̇+a sinu = h(t) (2)

c ≥ 0, h ∈ AP (R), ‖h‖L∞ < a

Fu = v / v̈ + cv̇ − av = −au− a sinu + h(t)

◦ F contraction ?

B v1 = F(u1), v2 = F(u2)

B d = v1 − v2 is solution of

d̈ + cḋ− ad = ϕ(u1)− ϕ(u2)

(ϕ(ξ) = −aξ − a sin ξ)

B ‖d‖L∞ ≤ k ‖u1 − u2‖L∞, k < 1

(‖d‖L∞ ≤ 1
a ‖ϕ(u1)− ϕ(u2)‖L∞)

(‖ϕ(u1)− ϕ(u2)‖L∞ ≤ a(1− cosU)‖u1 − u2‖L∞)



ü+ cu̇+a sinu = h(t) (2)

Theorem

c > 0, a ≤ c2

4

h ∈ AP (R)

‖h‖L∞ < a


⇒



∃1 u ∈ AP 1(R) such that

• u satisfies (2)

• ‖u‖L∞ < π
2

Lemma

c > 0, 0 < λ ≤ c2

4

h ∈ C(R)

‖h‖L∞ bounded


⇒



∃1 u ∈ C1(R) such that

• ü + cu̇ + λu = h(t)

• ‖u‖L∞ ≤ 1
λ ‖h‖L∞

• ‖u̇‖L∞ ≤ 1
ν(c,λ) ‖h‖L∞

Moreover, h ≥ 0 ⇒ u ≥ 0



utt−∆xu+ cut + a sinu = f (t, x) (1)

Theorem

c > 0, a ≤ c2

4

f ∈ AP (R× Tn)

‖f‖L∞ < a


⇒



∃1 u ∈ AP (R× Tn) s.t.

• u satisfies (1)

• ‖u‖L∞ < π
2



utt −∆xu + cut + λu = f (t, x) (3)

Theorem (n = 1, 2, 3)

c > 0, 0 < λ ≤ c2

4

f ∈ L∞(R× Tn)

⇒

∃1 u ∈ L∞(R× Tn)

such that u satisfies (3)

Moreover,

• ‖u‖L∞ ≤ 1
λ ‖f‖L∞

• n = 1 ⇒ u ∈ W 1,∞(R× T)

• n = 2 ⇒ u ∈ C(R× T2)

• f ∈ C(R× Tn) ⇒ u ∈ C(R× Tn)

• f ≥ 0 a.e. R×Tn ⇒ u(t, x) ≥ 0 a.e. R×Tn



utt −∆xu + cut + λu = f (t, x) (3)

• ∃f ∈ L∞(R× T3) such that u 6∈ C(R× T3)

• There is not maximum principle for n = 4

(at least for λ = c2

4 )
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