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Diophantine inequalities.-
General type

Definition

A proportionally modular Diophantine inequality is an expression
of the form
axmodb < cx

where a (the factor), b (the modulus), and c (the proportion) are
positive integers.

(Let m,n be integers such that n# 0. Then mmodn is the remainder of the division of m by n.)

Set of nonnegative integer solutions

S(a,b,c) ={x €Z | axmodb < cx}
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A simplification

Lemma

Let a,b, c positive integers.
® S(a.b,c) =S(amodb,b,c).
® S(a,b,c)=Nifa<c.

(N is the set of nonnegative integers.)
Not restrictive condition

c<a<b
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Diophantine inequalities.-
Particular type

Definition

A modular Diophantine inequality is an expression of the form
axmodb < x,

where a,b are positive integers (such that a < b).

Set of nonnegative integer solutions

S(a,b) =S(a,b,1) ={x€Z | axmodb < x}
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A simple question

about Diophantine P ro bI e m

inequalities

Numerical semigroups

Let us have S(a,b,c). Does there exist positive integers a*,b* such
that S(a,b,c) = S(a*,b*)?

Example

© S(21,189,3) = S(7,63).
© S(41,369,5) = S(8,72).
© S(51,459,6) = S(a*,b*) for all a*,b* € N.

embedding di
equal to three

Multiplicity and ratio
fixed

Conjecture
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Tool: numerical semigroups

Definition
A numerical semigroup is a subset S of N that is closed under
addition, contains the zero element, and has finite complement in N.

Example

©® S=S(a,b,c)={x€Z| axmodb < cx} (PM-semigroup).
® S =5([e.f]).

® o,feQ suchthat 0 < <pB;J=[a,f]
® (Ny={lar+...+Anap | n€N\{0}, a1,...,an €J, 41,...,45 €N},

® (/NN = S([a,A]).

9 S:<a1a32,---,an>-
® A={ay,ap,...,an) CN\{0} such that gcd{as, az,...,an} = 1.
® (Ay={l1a1+...+an | A,...,4 eN} =(ay,a,...,an).
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© Let a,b,c positive integers such that c < a < b. Then

e b b

S(a,b,c) = S([—,— :

Diophantine a a-c6

inequalities and

numerical semigroups

e ——— @® Let ay,as,bq,bs be positive integers such that 1 < b1 < . Then

s([ﬂ % ) = S(ay1bz,b1b2,a1bs — asby).
a| as

Example

© 5(41,369,5) = S ([ 282, 38 ]) = 5|
© 5(51,459,6) = S(| 42, 42]) = 5(|
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Bézout sequences

8(21,189,3) =S(| 82, 18 |) = S(|2. &) = (9. 10,21)
S(41,369,5) = S([382,32|) = s(|$. 4 ]) = (9. 10.41)

5(51,459,6) = S([ €2, 42]) = 8([3. §']) = 0. 10,51)
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oS(a,b,c):S([g,%]) (1<c<a<b)
(2] S([g, %]) = S([%,g—z]) (gcdias, b1} = ged{ap, bp} = 1)

by bp bi b . b ;
(3] S([a1 > 3p =@ 3 s 2 (Bézout sequence)

b
Q % < 22—2 < e < ﬁ = (b1,b2,...,bp> (System of generators)

(5) <b1 ,bo, ..., bp) = (N,N2,...,Ng) (Minimal system of generators)

® (n1,ne,...,ne) = Is S(a, b, c) modular?

6.1 No = Other questions?

6.2 Yes = S(a*,b*)?

Conjecture
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O S(a,b,c) =(ny,n2) = S(a,b,c) = S(unz,n1n2)  (un—vny =1)

® S(a,b,c) = (ny1,nz,n3) = Whole answer

® S(a,b,c) =(ny,ny,...,Ne), € > 4 = Partial conjecture
o Example
S(208,368,47) = (2,9)

© 1x9-4x2=1= S(208,368,47) = S(9,18)

® 5x2-1x9=1= 5(208,368,47) = S(10,18)

And remember that S(5,9,1) = S(5,9) = (2,9).
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Lemma

A numerical semigroup S is a PM-semigroup if and only if there
exists a convex arrangement ny,no, ..., N of its set of minimal
generators that satisfies the following conditions

© gcd{n;,ni 1} =1 forallie{1,...,e—1},
® (ni-1+ni1)=0modn; forallie{2,...,e—1}.

A simple question

Definition
A sequence of integers x1,Xz,...,Xq iS arranged in a convex form if one of the following conditions
is satisfied,

@ xi<x<.<xg

O xi>x>..2x;

9 there exists h € {2,...,q—1} such that x; > ... 2 xp < ... < Xq.

Conjecture



Proportionally
modular
Diophantine
inequalities which
are modular

AM.
Robles-Pérez,
J.C. Rosales
(Universidad de
Granada)

Characterizatior
Two families of
M-semigroups by
generators
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characterization
Proposition

© Let A,d,d’ be integers greater than one such that
gcd{d,d’} =gcd{1,d+d'} = 1.
Then S =(Ad,d+ d’,Ad") is an M-semigroup with e(S) = 3.

® Let my,m> be positive integers such that gcd{my,mp} =1. Letq
be a divisor of gcd{my — 1, my 4+ mo} such that
2 < g <min{my, my}.

Then S = (my, m‘g’"z ,my) is an M-semigroup with e(S) = 3.

Example

@ (9,10,21)=(3-3,3+7,3-7)
@ (9,10,41) = (9,22, 41)  (5=goo4t-1.9+41))
® (9,10,51) Not possible!
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Example
O (9,10,21) =(3-3,3+7,3-7)
9-(3-3)-8-(3+7)=1

(9,10,21) = S((9-3-8)-3,3-3-7) = S(57,63)

e @ (9,10,41) = (9,2, 41)
M-semigroups by 2:41-9.9=1=10:41-45.9=5

generators

(9.10,41) = S(*=1- 10,471 -9) = 5(80,72) = 5(8,72)
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By generators via closed intervals

Proposition

Let S = (| 2,52 ]) be a numerical semigroup such that e(S) = 3.

Let us have gcd{a,b} = d and gcd{a—1,b} =d’.
© Ifd+1andd # 1, then there exists an integer A greater than
one such that gcd{d,d’} = gcd{1,d+d’} =1 and
S =(ad,d+d,Ad").

® Ifd=1 and/or d’ =1, then there exist three positive integers
my, mo, q such that gcd{my,mp} =1, g is a divisor of
ged{mo —1,my + mo}, 2 < g < min{my, my}, and

mq+m:
S =(m, =52, my).

Remark

Observe that S = S ([g a%]) is always a modular numerical
semigroup.
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Theorem
S is an M-semigroup with e(S) = 3 if and only if

(T1) S=<(ad,d+d’,Ad"), where A,d,d’ are integers greater than one
such that gcd{d,d’} = gcd{1,d+d'} =1,

(T2) or S =(mjy, %, m»), where my, mo, q are positive integers
such that gcd{my,mo} =1, q is a divisor of gcd{ms — 1, my + mo},
and 2 < g < min{my, m}.

Remark

A1 semirougs vin If S is an M-semigroup of type (T1) then it is not (T2). Consequently,
CEENBIER if S is (T2) then it is not (T1).

Multiplicity and ratio
fixed
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Let ny,no, n3 be integers such that 3 < ny < ny < nz, gcd{ny, Nz} =1,
and nz ¢ (ny,n2). Then {ny,nz,n3) is a PM-semigroup if and only if n3
belongs to one of the following sets.

o C1 = {kﬂg—n1 | k EA(I’M)}.
® Co={tn1—nz|teA(n,np)}.
Moreover, C1 N Co = {n1no— Ny — no}.

Definition
Let ny,ny be integers such that3 < ny < nx and gcd{ny,n2} = 1.
e A(n)=1{2,...,n; - 1}.
S s {[E] )
iy s ® D(n) = {k €N such that k|n}.
(Ifq€Q, then[q]l =min{zeZ | q< z})

Conjecture
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M-semigroups with ny, no fixed

Theorem

Let nq,np, n3 be integers such that 3 < ny < n> < n3, gcd{ny, N2} =1,
and nz ¢ (ny,nz2). Then S = {ny,nz,n3) is an M-semigroup if and only
if n3 belongs to
O B; :{kng—m | kEA(m)ﬂ[D(fH —1)UD(I’11)UD(I’11 +1)]},
® or
Bz = {tny—np | t€ A(ny,n2) N[D(n2—1)UD(nz) UD(n2 +1)]}.
Moreover,
@ Sis(T1)ifand only if k e D(n1) or t € D(ny).
® Sis(T2)ifand only if ke D(n1—1)uUD(ny +1) or
te D(np—1)UD(n2+1).
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© PM-semigroups
e (9,10,10k —9) with k € {2,3,4,5,6,7,8}
e (9,10,9t-10) with t € {3,4,5,6,7,8,9}

® M-semigroups
e (9,10,10k —9) with k € {2,3,4,5,8}
e (9,10,9t-10) with t € {3,5,9}
(Observe that (9,10,10x8—-9) =(9,10,9x9-10) =(9,10,71).)

Example

equal to three

ottty © (9,10,21) =(9,10,3x10-9) is (T1)
® (9,10,41)=(9,10,5x10-9) is (T2)
Conjecture ® (9,10,51) =(9,10,6 x 10—-9) is not modular
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Example

O (T1):5(21,189,3) =(9,10,21) =(3-3,3+7,3-7)
9-(3-3)-8-(3+7) =1
S(21,189,3) = S((9-3-8)-3,3-3-7) = (57,63)
® (T2):5(41,369,5) =(9,10,41) = (9, - 41)

2.41-9.9=1=10-41-45.9=5

S(41,369,5) = (<110, 451 -9) = S(80,72) = 5(8.,72)

fixed
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Conjecture

Let S =(nq,ny,...,ne) be a PM-semigroup.
Let us suppose that nq,no,...,ne are arranged according the
characterization of PM-semigroups. Let us consider the notation

° N3 =kono—ny = agnz—f3Ny;
® N4 = kang —n2 = ka(agnz —Bant) — N2 = asnz —Bany;
N5 = KaNg — N3 = Ka(anz —Bany) — (a3n2 —Bany) = asng —Bsny;
e ..
® Ng = aeN2—Beh.
Then, S =(ny,no,...,Nng) is an M-semigroup if and only if

ae € D(n1—1)UD(n)UD(Bens +1).
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Let m,c, k positive integers such that gcd{m,c} = 1. Then,
S={(mm+c,...,m+ kc) is a PM-semigroup. Moreover, S is
modular if and only if mmodk € {0,1}.

A simple question

©® m+kc=k(m+c)—(k—1)m;

® keD(m-1) © mmodk = 1;

® ke D(m) & mmodk = 0;

O keD((k—1)m) & mmodk = 0.

® Moreover, k e D(m+1) © mmodk =k -1

Conjecture
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