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ABSTRACT: Two sets of rigorous upper bounds on the atomic ionization potential
are derived from some known inequalities of the classical analysis. The first set of bounds
are expressed in terms of radial expectation values of the electron density; they improve
previously found bounds of the same kind and converge to the exact ionization potential.
The other bounds depend on various atomic density functionals which describe global
physical quantities such as the Thomas]Fermi and exchange energies and the
Boltzmann]Shannon information entropy. The accuracy of some of the bounds is
numerically analyzed within a Hartree]Fock framework. Q 1999 John Wiley & Sons, Inc.
Int J Quant Chem 71: 185]189, 1999

Introduction

he first ionization potential in atoms e , anT experimentally measurable quantity, plays a
very important role in the description of many
physical and chemical properties of the atomic

w xsystems 1 . In this sense, it is worthy to remark
that the long-range behavior of the one-particle

Ž .density r r is strongly related to the value of e
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w xas 2, 3

'2Žgy1. y2 2 e rŽ . Ž .r r ; r e , 1

'where g s Z y N q 1r 2e , N is the number of
electrons, and Z is the nuclear charge. This is one
of the reasons why much effort has been devoted
to obtaining rigorous bounds to the ionization po-
tential in terms of physically meaningful quanti-
ties. Among these quantities, especially relevant
are the radial expectation values

`
a a aq2² : Ž . Ž . Ž .r ' r r r dr s 4p r r r dr 2H H

0

as well as some local values such as the density
and its first derivatives at the nucleus.

w xIn 4 , several upper bounds to the atomic ion-
ization potential e , within the infinite nuclear mass
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approximation, were given in terms of radial ex-
pectation values. Their obtainment is based on the

w xdifferential in equation 5

2
Ž . w Ž . Ž .xr0 r q r9 r q 2Zr r

r
2w Ž .x1 r9 r

Ž . Ž .y 4er r y G 0, 3Ž .2 r r

which is valid for the exact spinless electron den-
sity. In the first step, the bounds are expressed in
the form

1
ay3 ay2Ž .² : ² :e F a a y 1 r q 4Z r

ay1 ½² :4 r

2w Ž .x` r9 r
aq1 Ž .y2p r dr 4H 5Ž .r r0

for any a ) 0. Let us write here the particular case
corresponding to a s 1:

2w Ž .x`1 p r9 r
y1 2² : Ž .e F Z r y r dr , 5H½ 5Ž .N 2 r r0

that is, an upper bound to e which involves
the electron]nucleus attraction energy E 'e N

² y1:yZ r , and the number of electrons of the atom
² 0:N s r . The integral term is related to the

w xWeizsacker functional T 1 as well as to the¨ W
w xso-called Fisher information entropy 6 .

w xIn 4 , the contribution of the integral term in
Ž .Eq. 4 is bounded in terms of two radial expecta-

tion values, giving rise to upper bounds on e
² n:which only depend on quantities of the type r .

In this derivation, the generalized Holder’s in-¨
equality is used assuming that the charge density
Ž .r r is a monotonically decreasing function.

In the present work, two different techniques
are used in order to extend and to improve the
accuracy of the bounds on the integral term in Eqs.
Ž . Ž . w x4 and 5 . First, the Redheffer’s inequality 7, 8 is
used to improve the accuracy of the bounds to the
integral term, involving the same radial expecta-
tion values and avoiding the assumption of mono-

Ž .tonically decreasing r r . Second, new bounds in
terms of density-functionals, such as the frequency
moments

n Ž . Ž .v ' r r dr 6Hn

w xand the Boltzmann]Shannon entropy 9

Ž . Ž . Ž .S ' y r r ln r r dr 7Hr

are obtained by means of a Sobolev-type inequal-
w xity 10, 11 .

A numerical analysis of the accuracy of the
bounds is carried out in a Hartree]Fock frame-
work. Finally, some concluding remarks are given.

Bounds in Terms of Radial
Expectation Values

w xThe Redheffer’s inequality 7, 8 ,

`
mq ny1 2 Ž .r u r drH

0

1r2
` `2 22 n 2 m 2w Ž .x Ž .F r u9 r dr r u r dr ,H H½ 5m q n 0 0

Ž .8

is valid for any absolutely continuous function
Ž .u r and where ym - n F m q 1. Let us replace

� 4 � 4the parameters m, n by d ' 1 y 2n, b ' m y n
Ž . k 1r2Ž . Ž .and choose u r ' r r r with k s a q d r2.

Ž . Ž .Then, u r is absolutely continuous and Eq. 8
becomes

2w Ž .x` r9 r
aq12p r drH Ž .r r0

2 2aqby2Ž . ² :b y d q 1 r
G

aq2 by1² :2 r

a2 y d 2
ay3² : Ž .q r , 9

2

with a ) 0, b ) d y 1, and b G y1. Now, we
optimize the above lower bound on the parameter
d , giving rise to

2w Ž .x` r9 r
aq12p r drH Ž .r r0

ay3² :r 22 Ž .G a q b q 1
2

2aqby2² :r
Ž .= , 102aq2 by1 ay3 aqby2² :² : ² :r r y r

with a ) 0 and b G y1. Joining this expression
Ž .with Eq. 4 , we obtain the upper bound to the

VOL. 71, NO. 2186



IMPROVED UPPER BOUNDS FOR ATOMIC IONIZATION POTENTIAL

ionization potential e in terms of radial expecta-
tion values:

² ay2: ² ay3:Z r r
R Ž .e F y B ' e , 11a b a bay1 ay1² : ² :r 8 r

where the factor B is given bya b

2 2aqby2Ž . ² :b q 1 r
Ž .B 'a 2ya q .a b 2ay3 aq2 by1 aqby2² :² : ² :r r y r

Ž .12

It is interesting to write the particular case corre-
sponding to the choice a s 3 and b s y1, namely:

1 N 1
² : Ž .e F Z r q 3 y , 132 2ž /² : Ž .8r D ln r

which involves the logarithmic uncertainty

1
22 2²Ž . : ² :N ln r y ln r

Ž . Ž .D ln r ' , 142N

a quantity which has been shown to be very useful
in the study of the internal disorder of atomic

w xsystems 12]14 .
w xIn 4 , similar upper bounds on e were obtained

Žby using Holder’s inequality instead of Redheffer’s¨
.inequality to bound the contribution of the inte-

gral term. It was assumed there that the charge
Ž .density r r is monotonically decreasing. How-

ever, the same result is valid even for nonmono-
tonic densities, as can be shown by using Redhef-
fer’s inequality for two moments. Such a bound is
given by

² ay2: ² ay3:Z r r
H Ž .e F y A ' e , 15a b a bay1 ay1² : ² :r 8 r

where the factor A isa, b

2 2aqby2Ž . ² :a q b q 1 r
Ž .A ' 2 a 1 y a q ,a b ay3 aq2 by1² :² :r r

Ž .16

with a ) 0, b G y1.
Ž . Ž .First, we observe that both bounds 11 and 15

ware expressed in terms of the same quantities ex-
² ay3:cept for a s 1, for which the factor r cancels

Ž .xout in Eq. 15 . Second, B G A for any a ) 0,a b a b

b G y1. This means that the upper bounds given
Ž .by Eq. 11 are more accurate than are those given

Ž . Ž .by Eq. 15 . Moreover, in both cases, the bounds i
converge to the exact value of the ionization po-
tential e when a, b ª `, due to the asymptotic

w xbehavior 15

a '² :r 8e
;

aq1² : ar

Ž . Žfor a ª `, and ii the bounds are saturated i.e.,
.they reach the exact value of e for b s 0 and any

a ) 0 in hydrogenic atoms.
Let us write explicitly the expressions for some

particular cases:

a s 1, b s 0:

² y1:2 ² y1:216 r 4 r
H Re s , e s 4 qa b a by2 2y2 y1² :N r ² : ² :N r y r

a s 1, b s 2:

36N 2 16N 2
H Re s , e s 4 qa b a by2 2 y2 2 2² :² : ² :² :r r r r y N

a s 2, b s 0:

36N 2 4N 2
H Re s y 16, e sa b a by1 y1 2² :² : ² :² :r r r r y N

a s 3, b s 0:

² :2 ² :264 r 4 r
H Re s y 48, e s y 12.a b a b2 22² :N r ² : ² :N r y r

To have an idea of the accuracy of the bounds
e H and e R , we computed their values in aa b a b

Hartree]Fock framework using the atomic wave
w xfunctions of Clementi]Roetti 16 and McLean]

w x. ŽMcLean 17 for all neutral atoms i.e., with N s
.Z within the range 1 F N F 92. Such calculation

reveals that the values of the bounds strongly
depend on the parameter a, while for fixed a,
those values are almost independent of b. For this
reason, and for simplicity, we will restrict the
discussion on the accuracy to the case b s 0, for
which we consider the notation

² ay2: ² ay3:Z r r
H He s e s ya a0 ay1 ay1² : ² :r 8 r

2 2ay2Ž . ² :a q 1 r
Ž . Ž .= 2 a 1 y a q 17

ay3 ay1² :² :r r
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² ay2: ² ay3:Z r r
R Re ' e s ya a0 ay1 ay1² : ² :r 8 r

=

2ay2² :r
Ž . Ž .a 2 y a q . 182ay3 ay1 ay2² :² : ² :r r y r

In Table I, a quantitative analysis of the above-
mentioned two sets of bounds is carried out for
a s 1, 2, 5, 6 in some atoms, and the experimental
values of the atomic ionization potential are also

Ž .shown. We see that i the accuracy of the bounds
greatly increases when increasing the value of the
parameter a, that is, when involving radial expec-

Žtation values of higher order as could be expected
from the property of convergence of the bounds to

.the exact value of the ionization potential ; this
fact is especially apparent for medium and heavy

Ž .atoms; ii Redheffer’s inequality does not produce
a significant improvement in accuracy relative to
that of the generalized Holder’s inequality except¨
for very low values of a, in which case both

Ž .bounds are inaccurate; and iii both upper bounds
to e are reasonably accurate only for very light
atoms. These comments suggest that the improve-
ment of the bounds should be based on obtaining

Ž .a more accurate differential inequation on r r
Ž .than Eq. 3 , rather than on the evaluation of the

Ž .integral term appearing in Eq. 4 . In fact, the
dominant contribution to the upper bounds on e
is due to the term which depends on the nuclear
charge Z. Then, more effort should be done in
decreasing such a contribution.

Bounds in Terms of
Density Functionals

In this section, upper bounds to the atomic
ionization potential e in terms of some density
functionals, namely, frequency moments and
Boltzmann]Shannon entropy, are shown. These
bounds are not very accurate, but they are the only
ones known depending on such measures of infor-
mation of the system.

The bounds in terms of frequency moments v ,n
defined by

nw Ž .x Ž .v ' r r dr, 19Hn

are given by

1
Ž .3 cyby1 3yb4r3² :Z r 3 p vc Ž .e F y 203ycž / ž /N 2 N 2 v b

for any 3 F b - c or 0 - b - c F 3. Some of these
frequency moments are related to physically rele-
vant quantities, such as the Thomas]Fermi kinetic

Ž .energy n s 5r3 and the Dirac]Slater exchange
Ž .energy n s 4r3 , T and K , respectively, within0 0

w xa density functional theory context 1 . The partic-
Ž .ular case b s 4r3, c s 5r3 gives

1r321 1 45p T0 Ž .e F yE y , 21e N 2ž /N 8 2 K0

TABLE I
Comparison between the upper bounds e H and e R to the ionization potential e for several atoms.a a

H R H R H R H R Ž .N e e e e e e e e e exp.1 1 2 2 5 5 6 6

2 1.95 1.95 1.76 1.75 1.40 1.40 .133 1.33 0.904
6 11.7 10.8 5.27 4.90 2.20 2.20 1.95 1.95 0.414

10 26.3 24.3 12.8 12.3 5.74 5.73 4.94 4.93 0.793
14 43.1 39.7 14.2 13.4 3.64 3.64 3.15 3.15 0.300
18 62.2 57.3 20.9 19.9 7.17 7.17 6.23 6.23 0.579
27 112. 103. 34.3 33.0 6.44 6.43 5.27 5.27 0.289
36 170. 157. 50.8 49.1 13.1 13.1 11.3 11.3 0.515
45 233. 216. 63.9 61.9 11.2 11.2 8.60 8.59 0.274
54 301. 279. 76.6 74.3 17.7 17.7 15.0 15.0 0.446
63 373. 347. 89.6 87.1 10.5 10.5 8.70 8.70 0.208
72 452. 421. 115. 112. 14.6 14.6 11.9 11.9 0.202
81 534. 498. 135. 132. 19.0 19.0 15.1 15.1 0.225

Atomic units are used throughout.
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which is an upper bound to the ionization poten-
tial in terms of three energies: exchange, kinetic,
and electron]nucleus attraction.

The bounds in terms of the Boltzmann]Shannon
w x Ž . Ž . Žentropy 9 S ' yHr r ln r r dr which measuresr

the degree of delocalization of the charge distribu-
.tion are given by

² y1:Z r p
Ž . Ž .e F q S q N ln N 22rN 2 N

y1 4r3² :Z r 3 p 2y1r2 y S rNr3 Ž .e F y N e . 23ž /N 2 2

Ž . Ž .Equations 20 ] 23 follow straightforwardly
Ž .from consideration of Eq. 5 together with the

w xlower bounds given in 18 for the Weizsacker¨
functional T of any many-particle system in termsW
of the above-mentioned density functionals. Such
lower bounds were obtained by use of the three-

w xdimensional Sobolev inequality 10, 11 .

Conclusions

It has been shown that a strong relationship
exists between the first ionization potential and
various fundamental quantities in atoms, such as
radial expectation values, frequency moments, and
Boltzmann]Shannon entropy. The bounds which
involve radial expectation values improve the pre-
viously known bounds in terms of the same quan-
tities and are convergent to the exact value of the
ionization potential in a limiting case. Some bounds
have been expressed in terms of density function-

Žals e.g., the Thomas]Fermi kinetic and exchange
.energies .
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