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Most of the codes used in engineering support a vector space structure (linear block codes) or become a direct summand of a free module over a polynomial ring (convolutional codes).
In the linear case, the benefits are amplified if we also consider cyclicity, since the ambient space is also endowed with an algebra structure and cyclic codes come to be ideals. Over
convolutional codes, this notion requires something more sophisticated than a simple extension of the block one [1], and the underlying working algebra is no longer a polynomial ring but an
skew polynomial ring. In general, the role of cyclicity in convolutional codes is played by ideal codes as defined in [3]. Concretely, let A be a finite semisimple algebra over a finite field F.
Any F–basis B of A induces a natural isomorphism of F[z]–modules v : A[z;σ, δ]→ F[z]n. An ideal code is a left ideal I ≤ A[z;σ, δ] such that v(I) is a direct summand of F[z]n.

Convolutional codes and cyclicity

A positive answer to this question is known for σ-cyclic convolutional codes (σ-CCC),
which are developed in [1]. They are ideal codes of A[z;σ], where A = F[x]/(xn − 1) with
(char(F), n) = 1, and σ ∈ AutF(A). Another positive answer appears in [3] whenever A is a
separable group algebra of a finite group over a finite field. It is unknown in general.

Are ideal codes direct summands as left ideals?

A non commutative ring extension S ⊆ R is called separable if ∃p =
∑
i ai⊗bi ∈ R⊗SR such that∑

i aibi = 1 and ∀r ∈ R, rp = pr. This element is called a separability element. In a separable
extension, R–submodules which are S–direct summands are also R–direct summands, as
proved in [2].
For each σ ∈ Aut(R) with σ(S) ⊆ S, let σ⊗ : R⊗S R→ R⊗S R given by σ⊗(a⊗ b) = σ(a)⊗ σ(b).

Theorem 1. Let S ⊆ R be a separable extension with separability element p =
∑
i ai ⊗S bi ∈

R ⊗S R and σ ∈ Aut(R) with σ(S) ⊆ S. If σ⊗(p) = p, then S[z;σ|S] ⊆ R[z;σ] is separable and a
separability element of the extension is given by p =

∑
i ai ⊗S[z;σ|S] bi ∈ R[z;σ]⊗S[z;σ|S] R[z;σ].

A finite semisimple algebra A over a finite field F is isomorphic to a direct product of matrix
rings over finite field extensions of F, so, by [2], F ⊆ A is separable. Hence

Corollary 2. Let σ ∈ AutF(A) with σ⊗(p) = p. Then F[z] ⊆ A[z;σ] is a separable extension. In
particular each ideal code is a direct summand of A[z;σ] and it is generated by an idempotent.

Separable extensions and ideal codes

Example 3. This example comes from [1]. The same ideas can be applied to any σ-CCC. Let
F4 = F2(α) and

A = F4[x]/(x5 − 1) ∼= F4[x]/(x+ 1)︸ ︷︷ ︸
K0

×F4[x]/(x2 + αx+ 1)︸ ︷︷ ︸
K1

×F4[x]/(x2 + α2x+ 1)︸ ︷︷ ︸
K2

.

We use the automorphisms

ψ : F4[x]/(x2 + αx+ 1)� F4[x]/(x2 + α2x+ 1) : ψ−1

x 7→ ψ(x) = α2x+ 1

ψ−1(x) = αx+ α←[ x

Let σ : A→ A be the automorphism defined by

σ(x) ≡ σ(1, x, x) = (1,ψ−1(x)4, ψ(x)4) ≡ x4 + α2x3 + αx2 + x,

Given dual bases {ai}i and {bi}i of a finite field extension,
∑
i ai ⊗ bi is a separability element.

• {1} is a self-dual normal basis of K0.
• {x, x4} and {αx, (αx)4} are normal dual bases for K1.
• Applying ψ, {α2x+ 1, (α2x+ 1)4} and {x+ α, (x+ α)4} are normal dual bases for K2.
By using Chinese Remainder Theorem, it is straightforward to calculate all these elements in A
and compute a separability element p:

p = (x4 + x3 + x2 + x+ 1)⊗ (x4 + x3 + x2 + x+ 1)

+ (α2x4 + α2x3 + αx2 + α)⊗ (x4 + x3 + α2x2 + α2) + (αx3 + α2x2 + α2x+ α)⊗ (α2x3 + x2 + x+ α2)

+ (α2x4 + α2x2 + αx+ α)⊗ (x4 + x2 + α2x+ α2) + (αx4 + α2x3 + α2x+ α)⊗ (α2x4 + x3 + x+ α2)

By construction, σ⊗(p) = p, so p is a separability element for the extension F4[z] ⊆ A[z;σ].
Example 4. Let A = M2(F8), where F8 = F2[α]/(α3 + α + 1). Let σ : A → A be the inner
automorphism given by σ(X) = UXU−1, where U =

(
α4 1
1 α

)
. The order of σ is 3. It is well-known

that F8 ⊂ A is a separable extension and q =
(
1 0
0 0

)
⊗
(
1 0
0 0

)
+
(
0 0
1 0

)
⊗
(
0 1
0 0

)
is a separability

element. Hence, since (char(F8), |σ|) = 1, p = |σ|−1(q + σ⊗(q) + (σ2)⊗(q)) is also a separability
element of the extension such that σ⊗(p) = p. Concretely

p =

(
1 0

0 0

)
⊗
(
1 0

0 0

)
+

(
0 0

1 0

)
⊗
(
0 1

0 0

)
+

(
α 1

α4 α3

)
⊗
(
α 1

α4 α3

)
+

(
α4 α3

α5 α4

)
⊗
(
1 α4

α3 1

)
+

(
α α4

1 α3

)
⊗
(
α α4

1 α3

)
+

(
1 α3

α4 1

)
⊗
(
α4 α5

α3 α4

)
.

This last trick can be used for the group algebras discussed in [3].

Examples
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In general it is not known if ideal codes are even principal. However, as pointed out in Corol-
lary 2, if the ideal code is a direct summand as left ideal then it is generated by an idempotent.
This generator can be effectively computed under the separability conditions.

Can we compute a generator for an ideal code?

Let σ ∈ AutF(A) with σ⊗(p) = p. Let I be the left ideal of A[z;σ] generated by the set G =
{g0, . . . , gt−1}. Observe that A[z;σ] is generated as F[z]–module by B = {v0, . . . , vn−1}, so a
generator matrixM(G) for v(I) has as rows the vectors {v(vigj) | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ t − 1}.
We recall that v(I) is a direct summand of F[z]n if and only if the Smith form ofM(G) is a basic
matrix, i.e. it has the form H =

(
Ik 0
0 0

)
.

Algorithm 1.Computation of a generating idempotent:
Input: G = {g0, . . . , gt−1} ⊆ A[z;σ] non-zero. Assumption. F ⊆ A is finite semisimple with
separability element p =

∑
i ai ⊗ bi in the conditions of Corollary 2.

Output: An idempotent e ∈ R such that Re = Rg0 + · · ·+ Rgt−1, or zero if it does not exist.
1: Compute the matrixM(G)
2: Compute the Smith form decomposition H = PM(G)Q
3: if H is not basic then
4: return 0
5: end if
6: V ← (

0
In−k

)
, where k = rank(H) and n = dimF(A)

7: Mh← QV,Ms← VTQ−1,M←MhMs

8: Compute pi = v−1(v(bi) ·M) for all i
9: f←∑i aipi
10: return e = 1− f

Computing a generating idempotent

Example 5 (continuation of Example 3). Let I be the left ideal generated by the Ore polynomial

g = z2(α2x4 + αx3 + αx2 + α2x) + z(x4 + x3 + x2 + x) + (α2x4 + αx3 + αx2 + α2x+ 1).

One may computeM(g), which is called the σ-circulant matrix of g in [1],

M(g) =


1 α2z2 + z+ α2 αz2 + z+ α αz2 + z+ α α2z2 + z+ α2

α2z2 + z+ α2 1 α2z2 + α2z+ α2 αz2 + αz+ α αz2 + α
αz2 + z+ α α2z2 + α2z+ α2 1 α2z2 + α2 αz2 + αz+ α
αz2 + z+ α αz2 + αz+ α α2z2 + α2 1 α2z2 + α2z+ α2

α2z2 + z+ α+ 1 αz2 + α αz2 + αz+ α α2z2 + α2z+ α2 1

 ,

whose Smith form decomposition is H = PM(g)Q, where H =
(
I3 0
0 0

)
. Therefore, I is a σ-cycic

convolutional code of dimension 3 and length 5. The output of Algorithm 1 is

e = z3(α2x4+α2x3+x2+1)+z2(αx4+x2+α2x)+z(αx4+x3+αx2+1)+(α2x4+αx3+αx2+α2x+1).

This is a (5, 3, 2)4 convolutional code. The free distance of I, dfree(I) = 5 and it is an MDS code.
Example 6 (continuation of Example 4). Let I be the left ideal ofM2(F8)[z;σ] generated by the
polynomial g = z2

(
α5 α6
0 0

)
+ z

(
α5 α4
α 0

)
+
(
1 0
α6 0

)
. Hence,

M(g) =


α6z2 + α5z+ 1 z2 + α5z α5z2 + αz α6z2 + αz
α2z2 + α6 α3z2 + α4z αz2 α2z2 + z
α5z2 + αz α6z2 + αz α2z2 + α2z+ 1 α3z2 + α2z
αz2 α2z2 + z α5z2 + α6 α6z2 + αz


with Smith form decomposition H = PM(g)Q, where H =

(
I2 0
0 0

)
. Therefore, I is an ideal code

of dimension 2 and length 4. Following Algorithm 1, the generating idempotent q is given by
e = z3

(
α6 1
α5 α6

)
+ z2

(
α3 α2

α2 α6

)
+ z

(
α4 α4
1 0

)
+
(
1 0
α6 0

)
. In this case dfree(I) = 4.
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