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Convolutional codes and cyclicity

Most of the codes used in engineering support a vector space structure (linear block codes) or become a direct summand of a free module over a polynomial ring (convolutional codes).
In the linear case, the benefits are amplified if we also consider cyclicity, since the ambient space is also endowed with an algebra structure and cyclic codes come to be ideals. Over
convolutional codes, this notion requires something more sophisticated than a simple extension of the block one [1], and the underlying working algebra is no longer a polynomial ring but an
skew polynomial ring. In general, the role of cyclicity in convolutional codes is played by ideal codes as defined in [3]. Concretely, let A be a finite semisimple algebra over a finite field F.
Any F—basis B of A induces a natural isomorphism of F[z]-modules v : A[z; 0,0] — F[z]™. An ideal code is a left ideal I < Alz; 0, 6] such that v(I) is a direct summand of F[z]™.

Are ideal codes direct summands as left ideals?

A positive answer to this question is known for o-cyclic convolutional codes (o-CCC),
which are developed in [1]. They are ideal codes of A[z;0], where A = F[x]/(x™ — 1) with
(char(F),n) = 1, and o € Autp(A). Another positive answer appears in [3] whenever A is a
separable group algebra of a finite group over a finite field. It is unknown in general.

Separable extensions and ideal codes

A non commutative ring extension S C R is called separable if 3p = ) : a; ® b; € R®g R such that
> iaib; =1and Vr € R, rp = pr. This element is called a separability element. In a separable
extension, R—submodules which are S—direct summands are also R—direct summands, as

proved in [2].

For each o € Aut(R) with o(S) C S, let 0¥ : R®g R — R ®g R given by 0¥(a ® b) = o(a) ® o(b).

Theorem 1. Let S C R be a separable extension with separability elementp = ) ; a; ®s b; €
R ®g R and o € Aut(R) with o(S) C S. Ifo®(p) = p, then S[z; o5l € Rlz; 0l is separable and a
separability element of the extension is given by p = ) ; a; D$(z;05) D1 € Rlz; o] RS [z:014] Rlz; o].

A finite semisimple algebra A over a finite field I is isomorphic to a direct product of matrix
rings over finite field extensions of IF, so, by [2], F C A is separable. Hence

Corollary 2. Let 0 € Autp(A) with 0®(p) = p. ThenT[z] C Alz; 0] is a separable extension. In
particular each ideal code is a direct summand of Alz; o] and it is generated by an idempotent.

Examples

Example 3. This example comes from [1]. The same ideas can be applied to any o-CCC. Let
Fqs =Fy(x) and

A =IF4[X]/(X5— 1) = Fyalx]/(x + 1)/><£F4[x]/(x2+ xx + 1)J><LF4[X]/(XZ+ oA -+ 1).
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We use the automorphisms

1|):IF4[x]/(x2+ocx+1) <:>IF4[x]/(x2+oc2x+1) :1|)_1
x — P (x) = o?x + 1
1|)_](x) = XX + & 4 X

Let 0: A — A be the automorphism defined by
o(x) =0o(1,x,x) = (1,1|)_1 (x)4,1b(x)4) = x* + o?x + ox? + X,

Given dual bases {a;}; and {b;}; of a finite field extension, ) _; a; ® b; is a separability element.
e {1}is a self-dual normal basis of K.
o {x, x* and {ox, (0cx)*} are normal dual bases for K.

e Applying 1V, [o®x + 1, (o*x + 1) and {x + &, (x + «)*} are normal dual bases for K.

By using Chinese Remainder Theorem, it is straightforward to calculate all these elements in A
and compute a separability element p:

p=x'"+X+x*+x+1) X+ +xF+x+1)
+ (ox* 4+ o2x> 4+ oox? + o) @ (x* + X2 + o2x% + o) + (oo + aPxF + x4+ o) @ (P + X%+ x + o)
+ (o*x* + ot + ox + &) @ (x* +x% + o?x + o) + (ax* + 0% + oa*x + &) @ (0%t + % + x + of)

By construction, 0®(p) = p, so P is a separability element for the extension F4[z] C Alz; o].

Example 4. Let A = M)(Fg), where Fg = Fz[oc]/(oc3 +a+1). Let o : A — A be the inner
automorphism given by o(X) = uxu—', whereU = (01‘4 gc) The order of ois 3. Itis well-known
that Fg C A is a separable extension and q = ((1) Q) ® ( )+ (93) ® (§)) is a separability

element. Hence, since (char(Fg),|o]) =1, p = o]~ (q+ o (q) + (02) (q)) is also a separability
element of the extension such that ¢®(p) = p. Concretely

r=(00)2 (00) +(10) = (00) * (& ) (s )
Hewelet) (o) Ge)lat)e (@)

This last trick can be used for the group algebras discussed in [3].
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Can we compute a generator for an ideal code?

In general it is not known if ideal codes are even principal. However, as pointed out in Corol-
lary [2} if the ideal code is a direct summand as left ideal then it is generated by an idempotent.
This generator can be effectively computed under the separability conditions.

Computing a generating idempotent

Let 0 € Autp(A) with 0®(p) = p. Let I be the left ideal of Alz; 0] generated by the set G =
{goy---,9t—1}.- Observe that A[z; 0] is generated as F[z]-module by B = {vy,...,v,_1}, so a
generator matrix M(G) for v(I) has as rows the vectors {p(vig;) [0 <i<n—-1,0<j<t—T}
We recall that v(I) is a direct summand of F[z]™ if and only if the Smith form of M(G) is a basic

matrix, i.e. it has the form H = (I& 8)

/Algorithm 1. Computation of a generating idempotent: N

Input: G = {gp,...,9i_1} C Alz;0] non-zero. Assumption. FF C A is finite semisimple with
separability element p = ) ; a; ® b; in the conditions of Corollary 2|
Output: Anidempotent e € R such that Re = Rgy + - - - + Rg¢_1, or zero if it does not exist.
. Compute the matrix M(G)
. Compute the Smith form decomposition H = PM(G)Q
. if H is not basic then
. return O
. end if
-V — (Iok): where k = rank(H) and n = dimg(A)

My, — QV, Mg « VIQ™T, M « MM
8: Compute p; = b (0(b;) - M) for all i

9: T2 jaip;
. return e=1—°F

Examples

Example 5 (continuation of Example|3). Let I be the left ideal generated by the Ore polynomial

g = 22 (ox* + oo + oaox? + o?x) + z(xF + %% + x4+ x) + (x4 ax® 4+ ax? + x4+ 1).

One may compute M(g), which is called the o-circulant matrix of g in [1],

1 P+ z+ ot atzta xz? +z+ « ZZ—I—Z—i—oc \
o2zt + 2+ o 1 o2zt + o’z + o o+ oaz+ « ocz +
M(qg) = xz’ +z+a L2 4 oz + & 1 «?z% 4 o oz’ +oz+o |,
o0z’ +z+ az? + oz + oz + o 1 o’z + otz + o
\oczzz—l—z—l—oc—H oz’ + o oz + oz + o otz 4 oz + f 1 )

whose Smith form decomposition is H = PM(g)Q, where H = (0 8) Therefore, I'is a o-cycic

convolutional code of dimension 3 and length 5. The output of Algorithm [1]is
3( 2.4

e = 22 (oA xF + oA X3 +x —|—1)—I—zz(ocx4+x2—|—oczx)+z(ocx4—|—x3—|—ocx2—|—1)—I—(oc2x4—|—ocx3—|—ocx2—|—oc2x—|—1).

This is a (5,3, 2)4 convolutional code. The free distance of I, dfee(I) =5 and it is an MDS code.
Example 6 (continuation of Example |4). Let I be the left ideal of M, (FFg)[z; o] generated by the

polynomial g = 7? ( 05 06) +z(0&5 054) + (0168). Hence,

2+ x°z+1 224+ oz ozt + oz «®ZF 4+ az

M(g) = (szj o a36Z22+ o'z 2.2 (Xzzz ?25 N 3
x°z° + xz x°z-+ oz oz +oxz+1 o’z 4+ x°z

oz? o?z? +z Pzt + o &z + az

with Smith form decomposition H = PM(g)Q, where H = (O 8) Therefore, I is an ideal code
of dimension 2 and length 4. Following Algorithm (1| the generating idempotent q is given by

6 3 .
e:z3(§5 16)+zz(oC )+z( 4054)+(0168). In this case dfee(1) = 4.
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