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Abstract

In this paper we will extend the results concerning the spacelike energy of unit
timelike vector fields obtained in [2] to the volume and to the energy functionals.
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1. Introduction

A smooth vector field V on a semi-Riemannian manifold (M, g) can be seen
as a map into its tangent bundle endowed with the Sasaki metric gS , defined
by g.

When g is positive definite the energy and the volume can be defined in
the space of smooth vector fields in a natural way. The energy of the map V

is given, up to constant factors, by
∫
M

‖∇V ‖2dv and the volume is defined as
the volume of the submanifold V (M) of (TM, gS).

Many authors have studied the condition for a vector field to be a critical
point of these functionals and the existence of minimizers among unit vector
fields. Some of these results can be seen in the references of [3] and [4].

If we consider a Lorentzian manifold, the situation is not similar even
if we restrict our attention to unit timelike vector fields. The energy is not
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bounded bellow, so the study of minimizers has no sense and the volume is not
always defined. As a consequence, a new functional called spacelike energy, is
introduced in [2] on the space of unit timelike vector fields. It is given by the
integral of the square norm of the projection of the covariant derivative of the
vector field onto its orthonormal complement.

The aim of this paper is to study to what extent the results obtained in
[2] are still valid for the volume and for the energy.

The paper is organized as follows. In section 2 we give the definitions,
the characterization of critical point and the expression of the second varia-
tion of the functionals. In section 3 we exhibit several examples of critical
points. Moreover, we analyze the critical character of distinguished observers
in spacetimes such as GRW and the classical Gödel universe.

2. Volume, energy and spacelike energy of vector

fields

Given a semi-Riemannian manifold (M, g), the Sasaki metric gS on the tangent
bundle TM is defined, using g and its Levi-Civita connection ∇, as follows :

gS(ζ1, ζ2) = g(π∗ ◦ ζ1, π∗ ◦ ζ2) + g(κ ◦ ζ1, κ ◦ ζ2),

where π : TM → M is the projection and κ is the connection map of ∇.

Definition 2.1 The energy of a vector field V , is given by

E(V ) =
n+ 1

2
+
1

2

∫

M

‖∇V ‖2dv.

The relevant part of the energy, B(V ) =
∫
M

b(V )dv where b(V ) = 1

2
‖∇V ‖2,

when considered as a functional on the manifold of unit vector fields, is some-
times called the total bending of the vector field. The first and second variation
of B have been widely studied by Wiegmink [6]. The covariant version of these
results, as it appears in [4], involves the 1−form ωV (X) = g(X,∇∗∇V ) where
∇∗∇V is the rough Laplacian.

It is easy to see that the similar results also holds for a reference frame
(unit timelike vector field) on a Lorentzian manifold. More precisely,

Proposition 2.2 Given a reference frame Z on a compact Lorentzian mani-
fold (M, g) then

1. Z is a critical point of the total bending if and only if ωZ(X) = 0 for all
vector field X orthogonal to Z, where ωZ(X) = g(X,

∑
i εi(∇Ei

(∇Z))(Ei)).
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2. If Z is a critical point and X is orthogonal to Z then

(HessB)Z(X) =

∫

M

(−‖X‖2ωZ(Z) + ‖∇X‖2)dv.

Definition 2.3 The volume of a unit vector field V on a Riemannian man-
ifold is defined as the volume of the submanifold V (M) of (T 1M, gS). Since
(V ∗gS)(X,Y ) = g(X, Y ) + g(∇XV,∇Y V )

F (V ) =

∫

M

f(V )dvg =

∫

M

√
detLV dvg,

where LV = Id + (∇V )t ◦ ∇V .

In contrast with the energy, the volume of a reference frame Z, is not
always defined on a Lorentzian manifold, since the 2−covariant field Z∗gS can
be degenerated. Due to this, we study the volume restricted to unit timelike
vector fields for which Z∗gS is a Lorentzian metric on M . We will denote this
set of vector fields by Γ

−

(T−1M) and it is an open subset of the set of smooth
references frames.

With the same method used in [5] and [6] we have obtained

Proposition 2.4 Let M be a compact Lorentzian manifold and let Z be a
reference frame such that Z ∈ Γ

−

(T−1M), then

a) Z is a critical point of the volume if and only if ω̂Z(X) = 0 for all
X ∈ Z⊥, where ω̂Z =

∑
i(∇Ei

K̂Z)
i and K̂Z = f(Z)L−1

Z ◦ (∇Z)t.

b) If Z is a critical point and X ∈ Z⊥

(HessF )Z(X) =

∫

M

(
− ‖X‖2ω̂Z(Z)− tr(L−1

Z ◦ (∇X)t ◦ ∇Z ◦ K̂Z ◦ ∇X)

+
1

f(Z)
(σ2(K̂Z ◦ ∇X)) + f(Z)tr(L−1

Z ◦ (∇X)t ◦ ∇X)
)
dv,

where σ2(C) = tr2(C)− tr(C2).

Remark. Let us point out that if we compare these results with those ob-
tained in [5] and [4] for Riemannian metrics, the only difference is the minus
sign of the first term of the expression of the Hessian.

The spacelike energy density of Z is defined as

b̃(Z) =
1

2
‖AZ ◦ PZ‖2 =

1

2

n∑

i=1

g(∇Ei
Z,∇Ei

Z),

where AZ = −∇Z, PZ(X) = X + g(X, Z)Z and {Ei, Z}n
i=1

is an adapted
orthonormal local frame.
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Definition 2.5 The spacelike energy is given by

B̃(Z) =

∫

M

b̃(Z)dv.

The condition for a reference frame to be spatially harmonic (critical point
of the spacelike energy) and the second variation at critical points have been
computed in [2]. We summarize here these results.

Proposition 2.6 Let Z be a reference frame on a compact Lorentzian mani-
fold.

a) Z is spatially harmonic if and only if the 1−form ω̃Z annihilates Z⊥,
where ω̃Z = −∑

i(∇Ei
K̃Z)

i + g(K̃Z(∇ZZ)) and K̃Z = (∇Z ◦ PZ)
t.

b) If Z is spatially harmonic and X ∈ Z⊥, we have

(HessB̃)Z(X) =

∫

M

(‖∇X‖2 + 2g(∇XX,∇ZZ) + ‖∇XZ +∇ZX‖2)dv

+

∫

M

‖X‖2(‖∇ZZ‖2 + ω̃Z(Z))dv.

As for the energy and the volume, the condition of critical point obtained
is tensorial, so we can define critical points even if the manifold is not compact
and the functional is not defined.

3. Examples

The easiest examples of spatially harmonic reference frames are those of null
spacelike energy. If we write the spacelike energy in terms of the kinematical
quantities of the reference frame, then

B̃(Z) =
1

2

∫

M

(‖Ω‖2 + ‖σ‖2 +
1

n
Θ2)dv,

where Ω, σ and Θ are the rotation, the shear and the expansion respectively.
So, the spacelike energy vanishes when the reference frame is rigid and

irrotational. As a consequence, we have the following proposition.

Proposition 3.1 ([2]) In a static spacetime, the infimum of the spacelike
energy is zero and it is attained by the static observer.

In what concerns energy and volume, computing the Euler-Lagrange equa-
tions for this type of vector fields we have shown that
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Proposition 3.2 Let Z be a rigid and irrotational reference frame.

a) Z is a critical point of the energy if and only if, ∇Z∇ZZ = ‖∇ZZ‖2Z.

b) Z ∈ Γ−(T−1M) is minimal if and only if

Z(
1

f(Z)
)g(X,∇ZZ) +

1

f(Z)
g(X,∇Z∇ZZ) = 0 for all X ∈ Z⊥.

One of the most important cosmological models are the Robertson-Walker
spacetimes and the so-called generalized Robertson-Walker spacetimes (see [1]
for more details). In [2], using the results obtained for Lorentzian manifolds
admitting a closed and conformal timelike vector field, it has been shown that

Proposition 3.3 The comoving observer ∂t is spatially harmonic. Further-
more, if M is assumed to be compact and satisfying the null convergence con-
dition, ∂t is an absolute minimizer of the spacelike energy.

Following similar arguments, we have shown the following proposition.

Proposition 3.4 In a GRW spacetime the comoving observer is a minimal
immersion.

Another example concerns the classical Gödel universe that is R
4 endowed

with the metric ds2 = dx2

1
+ dx2

2
− 1

2
e2αx1dy2 − 2eαx1dydt − dt2, where α is a

positive constant. In this coordinate system we have two distinguished timelike
vector fields ∂t and ∂y.

Proposition 3.5 ([2]) In the Gödel universe we have

1. The reference frame ∂t is a critical point of the energy and it is also
spatially harmonic.

2. The reference frame Z =
√
2e−αx1∂y is not spatially harmonic.

In contrast with part 2 of the above proposition, we have shown that

Proposition 3.6 The reference frame Z =
√
2e−αx1∂y is a critical point of

the energy.

In what concerns the volume functional, it is easy to see that ∂t belongs
to Γ

−

(T−1M) and if Z =
√
2e−αx1∂y, then detLZ = (1 − α2

2
)(1 + α2

2
), so

Z ∈ Γ
−

(T−1M) if and only if α2 < 2.

Proposition 3.7 In the Gödel Universe
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a) ∂t ∈ Γ
−

(T−1M) and it is a minimal immersion.

b) Z =
√
2e−αx1∂y ∈ Γ

−

(T−1M) if and only if α2 < 2 and it is not a
critical point of the volume.

To finish the paper, we would like to remark that another interesting ex-
amples are the Hopf vector fields in Lorentzian Berger spheres, that are a
particular case of generalized Taub-NUT spacetimes. The study of the space-
like energy in these spaces can be seen in [2], while the study of the energy
and the volume has been widely developed in [3].
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