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Abstract

The aim of this paper is to study the stability of the characteristic vector field of a
compact K-contact manifold with respect to the energy and volume functionals when
we consider on the manifold a two-parameter variation of the metric. First of all, we
multiply the metric in the direction of the characteristic vector field by a constant and
then we change the metric by homotheties. We will study to what extent the results
obtained in [3] for Sasakian manifolds are valid for a general K-contact manifold.
Finally, as an example, we will study the stability of Hopf vector fields on Berger
spheres when we consider homotheties of Berger metrics.
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1 Introduction

A smooth vector field V' on a Riemannian manifold (M, g) can be seen as a map into its
tangent bundle endowed with the Sasaki metric, ¢°, defined by g. The volume of V is the
volume of V(M) considered as a submanifold of (T'M, g°%) . Analogously, we can define
the energy of V' as the energy of the map V : (M, g) — (T M, g°).

On a compact manifold M, the critical points of both functionals should be parallel
with respect to the Levi-Civita connection defined by g, so it is usual to restrict these
functionals to the submanifold of unit vector fields. Obviously, if M admits unit parallel
vector fields, they are the absolute minimizers of both functionals, but for many natural
manifolds admitting smooth unit vector fields but not parallel ones, the value of the
infimum and the regularity of minimizers is now an open problem.

The geometrically simplest manifolds admitting unit vector fields but not parallel ones
are odd-dimensional spheres. Hopf vector fields defined as those tangent to the fibres of
the Hopf fibration 7 : §?™+1 — CP™ are very special unit vector fields.
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In [9], Gluck and Ziller showed that Hopf vector fields on the 3-dimensional round
spheres are the absolute minimizers of the volume and the analogous result for the energy
was shown by Brito in [5]. For higher dimension, they are unstable critical points of the
energy ([7], [14] and [15]).

All these results are independent of the radius of the sphere, but as concerns the
stability as critical points of the volume, Borrelli and Gil-Medrano have shown in [4] that
for m > 1 there exists a critical value of the radius, such that, Hopf vector fields are stable
critical points of the volume if and only if the radius is lower than or equal to this critical
radius. By stable we mean that the Hessian of the functional is positive semi-definite.

Moreover, Borrelli has proved in [3] that this phenomenon is not particular of the
sphere and it is occurs for the characteristic vector field of any Sasakian manifold when
we change the metric by homotheties.

Besides, in [6] and [11], Gil-Medrano and the author have studied the behaviour of Hopf
vector fields when we consider on the sphere another variation of the standard metric: the
canonical variation of the Riemannian submersion given by the Hopf fibration. These
metrics on the sphere are known as Berger metrics. So, a natural question arises: to study
the stability of Hopf vector fields when we consider on the sphere the double variation,
that is to say, homotheties of Berger metrics.

Motivated by this question and knowing the result of Borelli concerning Sasakian
manifolds, in this paper we study the stability with respect to the energy and the volume
of the characteristic vector field of a compact K-contact manifold (M,¢,g), when we
consider on M the following two-parameter variation of the metric: we re-scale the metric
g in the direction of the characteristic vector field by a constant factor p # 0, and then we
change these metrics g* by homotheties, obtaining the metrics gﬁf = AgH, with A > 0. If
we consider these metrics on the manifold, we obtain a two-parameter family (M, {f{ , gf{ )
of almost contact metric structures with Killing characteristic vector field &\ = 1/+/|u|A €.

The paper is organized as follows. In section 2 we recall the definitions and results that
we will need in the sequel and we show that the unit vector fields ff\‘ are critical points of
the energy and volume for all p # 0 and X > 0.

In section 3 we study the stability with respect to the energy of the characteristic vector
field of a compact K-contact manifold when we consider on the manifold the metrics g/
Since the energy is homogeneous in A, the stability of the vector fields ff\i with respect
to the energy is independent of A, but it could depend on p. In fact, we show that there
exist pi € [0,+00] and py € [—o00,0[ such that " is a stable critical point of the energy
if and only if 0 < pu < pf or p < p;. We call uf and p, the E-stability numbers of
the K-contact manifold.

As concerns the volume, it is not homogeneous in A. So, for each u # 0, in section 4 we
study how the stability of &) depends on A\. We show that there exist X5, < &, € [0, 400
such that & is stable minimal if and only if X € [N5;, A%,], and therefore the stability region
in A\, when it is not empty, is an interval. We call As,, As, : R\ {0} — [0, +00], where
As; (1) = A5, the stability functions of the K-contact manifold. This result generalizes the
corresponding one given in [3] for Sasakian manifolds.

In section 5, as an example, we compute the F-stability numbers and the stability
functions of the odd-dimensional spheres equipped with its canonical K-contact structure



(82m+1 ¢ g). Here ¢ is the Hopf vector field and g the usual metric. On the sphere, the
metrics g* defined before are precisely the Berger metrics, so the E-stability numbers are
computed in [6] and [11].

As concerns the stability functions, for (53, g"), we show that if u < 1 then M, = 0
and X, = +00 and that if p > 1, then Xs; = X, = 0. That is to say, the stability of & as
a minimal vector field of (S3, gf\L) 1s independent of \ and it is achieved if and only if p < 1.
For higher dimensional spheres, we are able to compute the values of A5, and \s, for u <1
and p > pe = 1/2(1 + /(m + 1)/(m — 1)). For example, we can show that if m > 1 and
1/vV2m =2 < p <1, N, =0 and N, = (1+ (2 = 2m)p® + p+1)/((2m — 2)p* - 1)),
that is to say, &\ is a stable minimal vector field if and only if X < (14 ((2—2m)p® + p+
1)/((2m — 2)u? — 1)). As a particular case, if 4 = 1, we obtain the result shown in [4] on
the existance of a critical radius on round spheres. So the existence of this critical value
of A is not a property characteristic of round spheres but, surprisingly, as we will see, it is
neither a property of all Berger spheres.

When 1 < p < pe, we only have a partial answer and there exist values of A for which
the behaviour of Hopf vector fields £§ is unknown.

We finish the paper showing that for Lorentzian Berger spheres, u < 0, \§, = A, =0,
that is to say, Hopf vector fields £ are unstable for all X > 0.

2 Preliminaries

2.1 Energy and volume

Given a n-dimensional Riemannian manifold (M, g), the Sasaki metric ¢g° on the tangent
bundle T'M is defined, using g and its Levi-Civita connection V, as follows:

9°(C1,¢2) = gm0 G, 0 Ga) + gk 0 (1, k0 Ca),

where m : TM — M is the projection and & is the connection map of V. We will con-
sider also its restriction to the tangent sphere bundle, obtaining the Riemannian manifold
(T' M, g%).

Definition 2.1. The energy of a vector field V is the energy of the map V : (M,g) —
(TM,g°) and it is given by

1
B(V) = S vol(M,g) + 5 /M IVV[? dv.

The relevant part of the energy, B(V) = £ [,,[[VV||?dv, is known as the total bending
of V' and its restriction to unit vector fields has been widely studied by Wiegmink in [13],
(see also [14]).

Definition 2.2. The volume of a vector field V' is the n-dimensional volume of the sub-
manifold V(M) of (TM, g%). Since V*¢*(X,Y) = g(X,Y) + g(VxV, VyV)

FV) = [ fyav= [ VasTyar,
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where Ly =1d + (VV)! o VV.

If the manifold is compact, the critical points of both functionals should be parallel,
so it is usual to restrict these functionals to the submanifold of unit vector fields.

The condition for a unit vector field to be a critical point of the energy for variations
among unit vector fields and the second variation at a critical point have been computed
in [13] and [7].

Proposition 2.3. Given a unit vector field V on a Riemannian manifold (M, g) then
1. V is a critical point of the energy if and only if w(v’g)(VL) = {0}, where w(y,g) =
CIV(VV)L.
2. If V is a critical point and A is orthogonal to V' then

(HessE)v(A) = /M(HVAH2 + [ AlPwg) (V) dv.

Remark 2.4. For a (1,1)-tensor field K, if {E;} is a g-orthonormal local frame, we have
CIVE(X) =Y ¢(VgEK)X,E)).

i

For the volume, we have the following result

Proposition 2.5 ([7],[8]). Let V be a unit vector field on a Riemannian manifold (M, g).
Then

1. V is a critical point of the volume if and only if wy (V1) = {0}, where wy = CI1VKy

and Ky = /det Ly Ly,' o (VV)1.

2. If V is a critical point of the volume and A is orthogonal to V
2
(HessF)y (A) = / 1Al 2wy (V) dv + / — 2 oy (KyoVA)dv
M M Vdet Ly

- / tr <L‘;l 0o (VA oVVoKyo VA) dv
M

/ Vdet Ly tr( o (VA)! OVA) dv,

where ao = 1/2((tr(Ky o VA))? — tr(Ky o VA)?).
Moreover, in [8] it was proved that a unit vector field is a critical point of F' if and
only if it defines a minimal immersion in (7'M, g°).

Remark 2.6. The Hessian of the volume at a vector field V' defining a minimal immersion
can be simplified if V' is assumed to be a Killing vector field. Using Lemma 9 of [8] we
obtain

(HessF)y(A) = / |A|Pwy (V) dv + / ﬁleQTV oo(Ky o VA) dv
/ Vdet Ly, tr( o (VAo Lolo VA) dv. (1)



In a Lorentzian manifold, the energy is defined for all vector fields. Nevertheless, the
volume of a reference frame (unit timelike vector field) V' is not always defined, since the
2-covariant field V*¢° can be degenerated. Due to this, we study the volume restricted to
unit timelike vector fields for which V*¢° is a Lorentzian metric on M. We will denote this
set of vector fields by I'"(T~'M) and it is an open subset of the set of smooth reference
frames. If V belongs to '~ (T~'M), then det Ly > 0 and the volume is well defined.

The conditions for a reference frame to be a critical point of the energy and the volume
on a Lorentzian manifold are the same conditions that those given in Propositions 2.3 and
2.5 for Riemannian metrics. If we compute the second variation, we obtain the following

Proposition 2.7 ([10]). Let V be a unit timelike vector field on a compact Lorentzian
manifold (M, g).

1. If V is a critical point of the energy, the Hessian of E at V acting on A € V* is
given by

(HessE(4) = - [ JAPwwy () av+ [ [ValPa.

2. For a unit timelike vector field V € T=(T~'M) defining a minimal immersion, the
Hessian of F at V acting on A € V1 is given by

(HessF)y(A) = — /HAHQwV(V)dv+/ Lag(KvoVA)dv
M M detLV

- / tr (L;l o (VA o VV o Ky o VA) dv
M

v / det Ly tr (L;lo(VA)towQ dv.
M

Remark 2.8. Let us point ut that if we compare the above expressions of the Hessian with
those obtained for Riemannian metrics, the only difference is the minus sign of the first
term of the expression of the Hessian.

2.2 K-contact manifolds

Let M be a manifold of dimension 2m + 1 and ¢, £ and 7 tensor fields of type (1,1), (1,0)
and (0, 1), respectively.

Definition 2.9. (¢, £, n) is called an almost contact structure on M if the followings are
satisfied :

1. n(§) = 1.
2. n(p(X)) =0, X e T(TM).
3. (X)) = —X +n(X)E, X e T(TM).

We call £ the characteristic vector field of the almost contact metric structure.



Definition 2.10. (¢,&,7n,9,¢) is called an almost contact metric structure on M, if
(p,&€,m) is an almost contact structure on M and g is a semi-Riemannian metric on
M such that

1. 9,8 =¢ e=1or—1
2. n(X)=eg(€, X), X eT(TM).
3. g(pX,pY) =g(X,Y) —en(X)n(Y) X, Y el(TM).

Moreover, if dn(X,Y) = g(pX,Y) for all X, Y € T'(TM) then (p,€,1n,9,¢€) is called a
contact metric structure.

Definition 2.11. A contact metric structure on M is said to be a K-contact structure if
the characteristic vector field is Killing.

Definition 2.12. A contact metric structure on M is said to be normal if
(Vxp)Y =en(Y)X —g(X,Y)§, X,V eT(TM).
In this case we call M a Sasakian manifold.

It is easy to see that the characteristic field of a Sasakian manifold is a Killing vector
field. So a Sasakian manifold can be seen as a particular case of a K-contact manifold.

Let (M, ¢,£,1n,9) be a Riemannian K-contact manifold. In M we can consider the
following 1-parameter family of metrics g, with p # 0

Je=nge e =g, MEE) =0

When g > 0 the metric ¢ is Riemannian and if ¢ < 0 the metric is Lorentzian and
¢H =1/ \/m ¢ is timelike. For regular K-contact manifolds the metrics so defined are
the metrics obtained by performing the canonical variation of the Riemannian submersion
given by the Boothby-Wang fibration (see [2]).

The Levi-Civita connection V# of g* is related to V by

VRY =VxY, VA& =puVxé, VEX =VeauX + (p—1)Vx" for XY €&
In general if X, Y are vector fields on M,
VY =VxY + (u— 1)g(X, ) Vy&+ (n—1)g(Y,§)VxE.

Moreover, for each p # 0, we can consider the metrics gf\‘ = A g*, with A > 0. Then,
we obtain a two-parameter family of semi-Riemannian metrics gﬁf in M.

If & = 1/3/X |pl€ and nf =€, g§ (EY), it is easy to see that (M, ¢, &5, ny, gk, e,) is an
almost contact metric structure on M with Killing characteristic vector field. In addition,



Proposition 2.13. Let (M, ¢,&,n, g) be a Riemannian K-contact manifold. Then (M, &Y, g%)
is a K-contact manifold if and only if |u| = A.

Proof. As can be seen in [2] and [12], if (M, g}, &Y) is a K-contact manifold with charac-
teristic vector field &\ then ¢ =¢,VH ¢\ But,

(€200 = (Ve ) W) = B2 = Mlx,
for all X € ¢4, Then, since (p4)% = —Id on &4, we have that |u| = A.
Conversely, if || = A, since & is Killing

i

A
So, by the characterization of the characteristic vector field of a K-contact manifold in
terms of the curvature shown in [2], (M, ¢}, &) is a K-contact manifold. O

Remark 2.14. As a particular case, (M,&H, g*) is a K-contact manifold if and only if
lul=1.

Remark 2.15. If M?™+1 is a Riemannian manifold admitting a unit Killing vector field
such that the sectional curvatures of the planes containing it are constant and equal each
other, then in the family of semi-Riemannian manifolds obtained by deforming the metric
in the direction of the Killing vector field as above, we only have a K-contact manifold.

It is known (see [13]) that if W is a unit Killing vector field, then it is a critical point of
the energy if and only if the Ricci tensor verifies that Ric(W, X) = 0, for all X orthogonal
to W. In a K-contact manifold the characteristic vector field satisfies this condition, so it
is a critical point of the energy.

In (M, &5, gY), a straightforward computation shows that

Rick(¢t, X) = \% Ric(¢", X) = e, '“A| Ric(¢, X) = 0,

so &4 is critical for the energy for all X and .

For the volume, L¢n = (1 + [p|/MId on &4, f(&) = (1 + |u|/A)™ and Ken = (1+
|| JA) ™ (VEEL)E. Then, & is also a critical point of the volume.

Summarizing,

Proposition 2.16. Let (M, p,£,n,9) be a Riemannian K-contact manifold. The unit
Killing vector fields £\ are critical points of the energy and of the volume for all X and p.

3 E-stability numbers

Let (M™,g) be a semi-Riemannian manifold and V' a unit vector field on (M",g). If we
consider on M™ the metric A\g with A > 0 and the unit vector field V), = 1/ VAV, then
the total bending verifies that By (V) = A2 1 B(V).



Therefore, the energy is homogeneous in A and the harmonicity and stability of the
vector fields V), are independent on A.

Due to this, the stability of §f< as a critical point of the energy does not depend on A,
but it could depend on p. In fact, we have

Proposition 3.1. Let (M, p,&,n,9) be a compact Riemannian K-contact manifold of
dimension 2m + 1 and {(M,&", g")} the family of manifolds obtained by multiplying the
metric g by p # 0 in the direction of the characteristic vector field £&. There exist ut €
[0, +00] and pg € [—o0,0[ such that & is a stable critical point of the energy if and only
if0<p<pt or u<pu;. Moreover, if m > 1 then uf < +oo.

Proof. By Propositions 2.3 and 2.7 , if A € &+

(HessE)g:(A) = /M(HV”AH2 + eull Al Pw(en gy (1)) dv*. (2)
But
2m
Wiengn (64) =Y g (Vi (VHEM)N)EH, Ey) Zg (Vi &, Vi &) = =2mul,  (3)
=1 =1
and
1
IVEA|? = [[VA[]? = VAP + (n— DAl + *HVsA + (1 — 1)V AL

1
= HVAHQJr(;—1)||ng4||2 (2 —3+ )HAH2 QTQ(VA57V£A)()

from where
(HessE)en(A) = /|| Ha(p
with

an) = | (IPAR + (a2 = 2m) = A + (= 1) IVed = Ve )

The norms involved in the righthand side of equation (4) and in the definition of H4 are
computed with the metric g.
To study the stability of £&# we have to control the sign of H4(u). If we derive respect

s

dHA - 2 1 2
T = [ (e-2ml AR - 1A - Vagl) av

and, for each A, H4(u) is strictly decreasing.

If {u > 0; & stable for the energy } = 0, we set ul := 0, otherwise we put uf :=
max{p > 0: " stable for the energy } (If £ is always stable, uf = +oo and this maxi-
mum is a supremum). By definition, if 4 > pf, €# is unstable.



If there exists y; < pi such that &% is unstable, then there exists A € ¢+ such that
H4(p1) < 0 which leads to a contradiction because Ha(u1) < Ha(pl) and Hy is decreas-
ing.

Moreover, if m > 1, lim, o Hg = —oo0, for all A ¢t and pf < +oo.

For the negative values of u, if {u < 0; &* stable for the energy } = (), we set
py = —o0, otherwise we define pug := mazx{p < 0:&" stable for the energy }.

Analogously, we can prove that & is stable for the energy if and only if p < p .
Moreover,

1
lim H4y = lim (IVA[2 = 2[|AI> + (= = D||Va€ — VAP dv = —c0
p—0~ v—0" Jr H

and pg <0. O

Definition 3.2. Let (M, y,&,1n,9) be a compact Riemannian K-contact manifold, we call
ud the ET-stability number and we call p; the E~-stability number of the K-contact
manifold.

4 Stability functions

For each p # 0, we are going to study how the stability of £’ as a minimal unit vector
field of (M, g4) depends on A. As in [3], it will be useful the following Lemma.

Lemma 4.1. Let (M, ¢,&,1n,9) be a compact Riemannian K-contact manifold of dimen-
sion 2m+1 and let {(M, &, g\ )} be the family of almost contact metric manifolds obtained
by multiplying the metric g by A\ > 0. Then

(HessF)en(A) = A3 (1 + ";’)mz ((HessE)gu(A) + %C“(A)), (5)

where

cr(A) = /M((l = 2m)p|pl | A1 + pl[VE AlP + |1l B(A)) dvk,
and B(A) = i~ (1 + [u])> 20 (Ken 0 V4 A).
Proof. Using (1) and Remark 2.8,
(HessPlg() = e, [ 1Al () o)
+ FENt (L o (VFA) o L} o (VFA)) dvh
M 5)\ E)\

1
— o09(K HA K
+ /Sm Flem o2 By o VEA) dvy



If {¢, By, E;} is a (i, g)-basis, then {¢{, E;,, B, } with E;, = 1/VX E; and Ej,,
1/V/\ @E;, is an adapted gh-orthonormal local frame. Therefore,

Let(Ey) = (L+ [ul/NEiy,  Les(Biy) = (1+ [ul/N) Ewy  and  Les(€l) = €4,
SO
FE) = A+ ul/A)™ and  Kep = —(L+|ul/N)™ eu/Iul /A ¢
By direct computation we obtain that,
wgp(e) = —2ml (14 Y™
Moreover,

(gl o (VAA) o L5l o (7)) = (14 D) P (romage + £ywn, g+ L0 ape)

since

g“(L é_; o (VFA)! oLg,;loV%iA,Ei) = (1+|’;|) g*(L g)ov“.A,V’éiA)
= (1+ 5 o avi a) + g4, B,
g'(Lgl o (VHA) o Ll o Vi A By = <1+‘§‘) 9" (Lg! o Vi AV A)
(1+|T) (g"(VH AVE A)+ “k” (A, E;)?),
g (Ll o (VHA) o Ll o Vi A,6) = (1+";‘) BV, A VE,A).

Now, we only need to compute oo (K, gn o VH#A), but

1 (1+ Ky
K oVﬂA:—#K o VHA,
& (1 + [yt
and then,
(1+%)2m—2

O'Q(Kgg @) VMA) = O'Q(Kgu o V“A)

1
A (L [u])2m=2

. 1
Since dv = A"z dv*, we have

(HessF)gp(A) = N3 (1 + ’A’> /M (— 2mu<1 + U) 1A]1? + IV A2

Vom0 agp g g ave
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where, if Bg =g(VE, A, Ej)

ulB(A) = (1+ |u)* > o2 (Ken 0 VHA)

= 1l((XoBF -BL) - Y (BLB), — BB - BB, + BI'B})).
i=1 ij=1

Therefore by equations (2) and (3),

(HessF)eu(A) = A (1 + ’/;\’>m—2 ((HessE)fu(A) + %C“(A)),

with
CH(A) = /M((l —2m)plp|[|A|1* + pl| VEAI? + 1] B(A)) dvh.

O]

Theorem 4.2. Let (M, ¢,&,1,9) be a compact Riemannian K-contact manifold of dimen-
sion 2m—~+1 and let {(M, &5, g\)} be the family of almost contact metric manifolds obtained
by multiplying the metric g* by X > 0. For all p # 0, there exist N5, < N5, € [0, +o<]
such that & is stable minimal if and only if X € (N5, Ns,]. Moreover, if " is stable for
the energy then \s, = +o00, that is to say, §f< is stable minimal if and only if X > Ak, .

Proof. We are going to prove that if there exist A\; < Ay €]0,4o00[ such that 551 and fi
are stable minimal then for all A € [A1, Ao}, & is also stable minimal.

If we assume that there exist A\; < A < Ay such that £} is unstable, then there exists
A € ¢ such that, (HessF)gg (A) < 0. For this A,

(HessE)en(A) + %C“(A) <0, (6)
(HessE)en(A) + ;zc“(A) >0, (7)
(HessE)en(A) + Allcu(A) > 0. (8)

Equations (6) and (7), imply that C#(A) < 0 which leads to a contradiction if we compare
(6) and (8).

In conclusion, the stability region in A is an interval. If {\: & stable minimal } = 0,
we set N5, = Ak, = 0, otherwise we define

M= inf{\: & stable minimal },

M i=sup{\: & stable minimal }.

11



Accordingly with the definition A5, and M, can take the values 0 or +oo.

Moreover, if £# is stable for the energy and we suppose that \s, < +oco, there exist
A > )\52 and A € §J- such that

(HessE)en(A) + %C“(A) < 0.

Since & is stable for the energy, (HessE)en(A) > 0, so CH(A) < 0. But,

1

(HessE)en(A) + %C“(A) > (HessE)eu(A) + N

C*(A) =0,

which leads to a contradiction. Then, Ak, = +oc. O

Therefore, when we study the stability of the vector fields §§f with respect to the
volume, for each p # 0, the stability region in A, when it is not empty, is a connect subset.

Remark 4.3. In the sequel, if £ is unstable for all A, we will set X5, = X5, = 0. In other
words, we take Ak, € [0, +o0].

Definition 4.4. Let (M, p,&,m,9) be a compact Riemannian manifold, we call Ag,, s, :
R\ {0} — [0, +00], where \s, (1) = N5, the stability functions of the K-contact manifold.

Remark 4.5. The Theorem 4.2 is more general that the result obtained in [3] since we only
assume that (M,¢,g) is a K-contact manifold, not necessarily Sasakian. Moreover, for
w# 1, (M,&*, g") is only an almost contact metric structure with Killing characteristic
vector field, and this is the weakest hypothesis needed to conclude the result.

To obtain the above Theorem is essential the expression of the Hessian given by (5).
If we have information about the sign of C#(A), we can show

Corollary 4.6. Let (M,p,&,m,9) be a compact Riemannian K-contact manifold and
(M, §f\L, gf) the family of almost contact metric manifolds obtained by multiplying the met-
ric g* by X > 0. If C*(A) > 0 for all A € £ then we have the following

a) If €* is stable for the energy then N5, = 0 and N, = +o0, in other words, 55 18
stable minimal for all A > 0.

b) If & is unstable for the energy then Ns, = 0 and N5, < +oo, that is to say, & is
stable minimal if and only if X < \,.

Proof. Part a) is a direct consequence of (5) and the fact that, under the assumption,
(HessE)en(A) >0 for all A € ¢4

To show b), if £# is unstable for the energy, there exists A € ¢ such that (HessE)gn(A) <

0 and 1
)\lirf ((HessE)en(A) + XCN(A)) <0.
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So, A%, < +oo. If we suppose that A, > 0, then there exists A\ < A, and Ay € £+ such
that

1
(HessE)gu(AA) + XC‘“(A)\) < 0. (9)
Then,
1
(HessE)en(Ay) + EC“(A,\) <0, (10)
which is in contradiction with the definition of \f,. O

Remark 4.7. We will see in the last section, that for odd-dimensional spheres with 0 <
u < 1, the above hypothesis on C* is fulfilled.

Corollary 4.8. Let (M,p,&,m,9) be a compact Riemannian K-contact manifold and
(M, fﬁf,gf) the almost contact metric manifolds obtained by multiplying the metric g*
by A > 0. If " is unstable for the energy and there exists A, € &L such that CH(A,) <0
then, either & is unstable minimal for all X\ > 0, or N5, > 0 and N5, < +00.

Proof. Since & is unstable for the energy, there exists A € £+ such that (HessE)gu(A) < 0
and

)\Erfoo (HessE)en(A) + %C“(A)) <0.

Moreover, by hypothesis there exists A, € &4 such that C* (A,) < 0 and consequently

. 1
i ((HessE)u(4,) + 10"(4,)) = —o0,

Therefore, either £ is unstable for all A > 0 (X, = X§, = 0) or A5, > 0 and X5, < +oo.
]

5 Odd-dimensional spheres

The Hopf fibration 7 : $?™*t! — CP™ determines a foliation of S?™*! by great circles
and a unit vector field can be chosen as a generator of this distribution. It is given by
V = JN where N represents the unit normal to the sphere and J the usual complex
structure on R?"+2. V is the standard Hopf vector field.

It is well known that the sphere equipped with the usual metric carries on a contact
structure such that (S?™*1,V, g) is a Sasakian manifold, and then K-contact.

In S?™*! we can consider the canonical variation g, with u # 0, of the usual metric g

v =glye, ¢'lv=unglv, ¢ (V,V*) =o.

For m =1 and p > 0 these metrics on the sphere are known as Berger metrics (see [1] pg.
252). For all y1 # 0 the map 7 : (S?™*! gt) — CP™ is a semi-Riemannian submersion
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with totally geodesic fibers. The distribution determined by the fibers admits as a unit

generator V¥ = ﬁ,] N that we will call also Hopf vector field.
m

In [6] and [10] the authors have studied the stability of the Hopf vector fields V# with
respect to the energy and the volume on Berger spheres. The results related with the
energy can be reformulated in terms of the E-stability numbers as follows

Proposition 5.1. The E-stability numbers of (S3,V,g) are ut =1 and p; = —o0o0. On
(S?mHL V. g) with m > 1, pf = 1/v/2m — 2 and p; = —cc.

Now, we are going to study the stability of Hopf vector fields with respect to the
volume when we consider on the sphere the metrics g§ = A g# with A > 0. This problem
is equivalent to that of studying the behavior of Hopf vector fields on Berger spheres of
any radius.

The second variation of the energy and the volume at Hopf vector fields on Berger
spheres has been computed in [6] obtaining the following

Proposition 5.2. Let V* be the Hopf unit vector field on (S*™+1, g"). For each vector
field A orthogonal to V¥ we have

a) (HessE)yu(A) :/

(= 2mull Al + |v*A]?) av*.

5’2m+1

b) (HessF)yu(A) = (1+ |u])™? /S I (AR R\ BV
(—2m = 2m|p] + 2e,+ 22, (m — )| AJ]?) dv*.

Using these expressions and equation (5), we have that on the sphere
cr(A) = /52  pl@m +2)(A - PIAIP + pll Viu A + e/ Iul JAI?) dvt. (1)

5.1 Riemannian Berger spheres

In the sequel, we will assume that the parameter p is positive. The study of Lorentzian
Berger metrics will be performed in last subsection.

It has been shown in [6] that on (S3, g#), the Hopf vector fields are the only absolute
minimizers of the volume when p < 1, otherwise they are unstable. For the metrics gf\L
the situation is the following

Proposition 5.3. On (S3,V,g) with p > 0, we have

1. If u < 1, Ak, =0 and Nk, = 400, that is to say, V)fL is a stable minimal vector field
for all .

2. If p>1, X, = X, =0, that is to say, V' is unstable minimal for all A.

14



Proof. By equations (5) and (11),

(HessF)yp(A) = A3(1+ u/3) ! ((HessE)W(A) + %C“(A)),

with
€)= [ (@1 = AP + Vi A+ VRTAI) @

When g < 1, V¥ is a stable critical point of the energy and C*(A) > 0. Then, V}' is
minimal stable for all A > 0.

To show 2), if i, j, k represent the imaginary unit quaternions and we take V = iN,
Ey =jN and Ey = kN, then {V# Ej, Es} is a gt-orthonormal frame. If we compute the
Hessian on the direction E; we have,

2
(4N [ o2+ 25) 9B

ol

(HessF)yp(E1) = A 3 3

LIV B+ VE|?) v,

where
IVFEy |2 = g"(V},.E1, Vi Er) + g"(Vl, B1, Vi, Er)
1
= LIVvE+ (u- 1) B[ + ¢g*(V, V)
—9)2
o w=2n
1
w 2 1 o 4 2
VB + ViEs||” = ;vaEl + (2u—1)Es|” = ﬁ(ﬂ —-1)°
Therefore,
1 1
(HessF)yp(A) =4 i X/2(1+ %)*%01(53)(—% S L
for all A > 0 and V)fL is unstable. O

By the above Proposition the stability of the Hopf vector fields on (S3, g#) is invariant
by homotheties. For spheres of upper dimension, it has been shown in [4] that for u = 1,
Hopf vector fields are stable minimal vector fields if and only if A < 1/(2m — 3), so the
situation for m > 1 will be quite different, except for some values of u.

Proposition 5.4. On (S gh) with m > 1 and 0 < p < 1//2m —2, A5, = 0 and
N, = +o00. That is to say, the Hopf vector field V' is stable as a critical point of the
volume for all A > 0.

Proof. By Proposition 5.1, V* is stable for the energy. Since C*(A) > 0 for all A € V1,
Corollary 4.6 give us the result. O
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The instability results for the round spheres have been obtained by showing that the
Hessian is negative when acting on the vector fields A, = a — foN — f,V with a € R2m+2,
fo = {a,N) and f, = (a, V).

If we compute the value of the Hessian acting on these particular vector fields we
obtain

Lemma 5.5. Let (S2m+1 gh) be a Berger sphere with y > 0 and m > 1. If A, =
a— fuN — £,V with a € R**2 then

_ ymtd Hym—2 VI g 2m+1
(HessFlyp(Aa) = N304 82 (om0 VI foProl(527),
where
(n=12 1
flm,p,A) = (1 =2m)p+2 + — 7 5 (@m = 2)p(l = p) +1).
Proof. Tt is an immediate consequence of Lemma 5.2 of [6] and equation (5). O

Now, as a consequence, we have the following
Proposition 5.6. On (S?™F! gi) with m > 1, we have

a) If1/V/2m—2 < p <1 then N5, =0 and Ny, < (1+ ((2—2m)p® +p+1)/((2m —
2)u® —1)).

b) If1<p<pe=1/2(1++/(m+1)/(m—1)) then
Mo < (14 (2= 2m) + o+ 1)/ ((2m — 2 — 1)).

¢) If p > pe, then V{' is unstable for the volume for all X > 0, that is to say, s, =
M — 0,

Proof. It 1/y/2m —2 < p < 1, then (HessE)yu(Ay) < 0 and C*(A4,) > 0. Therefore, if

CH(Aa) 14 (2—2m)p® +p+1

A
Z “(HessE)yn(Ay) @m—2)2—1

then (HessE)yu(Aq) + 1/X C*(A,) < 0 and V' is unstable. Moreover, it is easy to see
that C*(A) > 0 for all A € V+ and by Corollary 4.6 we get a).
To show b) and ¢) it is enough to write the condition

(HessF)VAu (Aq) < 0.
U

Now, we are going to show that, in some cases, the bound of A%, in a), b) above is
attained. In order to do so, it is useful to consider the following expressions of the Hessian
of the energy.
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Proposition 5.7 ([6]). Let V# be the Hopf unit vector field on (S*™+L, g), for each vector
field A orthogonal to V¥ we have:

a) (HessE)yu(A) = / ((Qm +2 — p(m? 4 4m — 1)) ||A|?
5277L+1
1
+ IV A+ my AP + 5 o DCAHQVL) dvh,
) (HessByu(A) = [ ((=2m =2~ u(m® - 1) 47
52m+1

1 _
+ VA= myRIAJ? + 5 ||DCAH%/L) dvh,

Where, if V denotes the Levi-Civita connection on R?™+2, D€ and D are the differential
operators Dg’;W =VixW — JVxW and Dg’;W =V xW + JVxW, and 7 : T(C™H1\
{0}) — V* is the natural projections {x} x C™1 — V..

Proposition 5.8. On (S?™*1 g#) withm > 1 and pf < p <1, N5, = (1+((2—2m)p +
p+1)/((2m —2)u? — 1)), that is to say, V{' is a stable minimal vector field if and only if
A< (4 (2= 2+ 1+ 1)/((2m — 2) — 1)),

Proof. By Proposition 5.6 part a), we only need to show that under the hypothesis on p,
if A< (14 ((2—2m)p+ p+1)/((2m — 2)u% — 1)) the Hessian is non negative, when
acting on any vector field A orthogonal to V#.

Let A: 8?2+ — (JN)L Cc C*!, we set

1

Ai(p) = oy

2m ) )
/ A(e¥p)e=dg e (JN);
0

so that the Fourier series of A is

Alp) = Ailp).

leZ

Since A;(e?p) = €% 4;(p), we have

VinA =V NA= Z il A,
leZ

and, if C(p) denotes the fiber of the Hopf fibration passing through p,

/ < A, Aq >=0,
C(p)

if I # q. As in [4] we can show that

(HessF)yu(A) =) (HessF)yp(A). (12)
leZ

17



By Proposition 5.7 part a),

(HessE)yu(A;) > e1(m, u, l)/ | A]|? dv*,
SQm+l
with
1
ei(m,p,1) = p(l—m®—4m)+2m+2+ L= u(m 1))?
1
= w2—-2m)+2m+1)+ ;(l —1)2

Then, if u <1, ey(m, pu,1) > 0 for all [ > 1. Moreover, C*(A) > 0 when p < 1.
Under the hypothesis on g and A for [ = 0, we have

(HessF)yp(Ao) = X5+ 5072 pmw ) [ 4ol v,
S2m+1

where L1
flm,p, A) = p(2 = 2m) + o L2 =2m) + (2m = 2)p+1) > 0.

Therefore, (HessF)VAu (A;) > 0 for all I > 0. Now, if we use Proposition 5.7 part b),

(HessE)yu(A;) > ea(m, u, l)/ | A7 dv*,
S2m+1
with
1
ea(m,p,l) = p(l—m?) —2m—2+ ;(l — 1+ p(1 —m))
1
= p(2-2m)+20(1—m)—4+—(1—-1)>2

n

For p <1,

ea(m, 1) >2—=2m+21(1—m) —4+(1—-1)2=2m(-1—-1)—2-2+1*+1>0,

for all { < 0 and C#(A) > 0, so (HessF)VAu(Al) > 0.
Equation (12) give us that V' is volume stable.

Remark 5.9. For p = 1, the above Proposition is the result shown in [4] on the existence
of a critical radius of round spheres. So, Proposition 5.8 shows that the existence of a
critical value of A is not a property characteristic of round spheres but, surprisingly, it is
neither a property of all Berger spheres.

From Propositions 5.4, 5.6 and 5.8 we know the values of M5, and \i, except for
1 < p < pe. In this case, we can construct a vector field Cy (see description in next
subsection) such that VY,.Cy = (1 — 2)/,/uJC> and consequently,
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¢rCa) = [, (@m Dt = )+ 4= 1) CofP v

— @1 - p)((m— D +2) /

g2m

|Cal|? dv¥ < 0.
+1

By Corollary 4.8, we know then that for 1 < u < ., N5, = M5, = 0 or A5, > 0 and
A, < 4o0.

Since ]

; Zom - _
/\Erél+ ((HBSSE)V#(CQ) +3 C (CQ)) 00,

we can obtain a lower bound of A%, (it can also be zero if V{' is always unstable) that,
even jointly with the upper bound for A5, showed in Proposition 5.6, give us only a partial
information. Therefore, for some values of 1 < pi < pi., the stability of V" is still an open
problem.

5.2 Lorentzian Berger spheres

In [11] it has been shown that Hopf vector fields V# on Lorentzian Berger spheres are
unstable critical points of the energy and of the volume for all ;< 0. So,

Proposition 5.10. On (S?™*! g), u; = —oo.

The key to prove the above result is to consider vector fields Cys = grad” fos +
VH(fas) f2s, Where fas is a polynomial of degree 2s in R?™*2 such that its restriction
to the sphere is a simultaneous eigenfunction of the Laplacian and of the vertical Lapla-
cian of the sphere. These vector fields verify that V"ﬁvu Cas = (1 — 2s)//—p JCas and we
have shown

Lemma 5.11 ([11]). Let V# be the Hopf vector field on (S*™*1 gi) with i < 0. Then for
each s > 0 there exists a vector field Caos = grad” fos + VF(fos)VH such that

a) (HessE)yu(Cos) = =(u%(1 —m) + u(2s — 1)(m + 1) + 25?) /S2m+1 | Cas]|? dvt.

b) (HessF)yu(Cas) =

TINNT |

(=2 () [ G e,
where
f(s,m,p) = p2(m —1) + p%(4s — 2m) + p((2s — 1)(m + 1) — 25%) + 252
Using the same arguments as in [11], we can show

Proposition 5.12. On (S?™*1 g*) with u < 0, \i, = M\, = 0. That is to say, the Hopf
vector fields V' are unstable for all X > 0.
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Proof. From equation (5),

(HessF)yp(A) = N5 (1 — p/A)"2 ((HessE)w(A) + %cu(m),

with
C)= [ l(u(zm +2) = o+ D)AP + [T A~ VTRIAL)

Using Lemma 5.11, for each s € N, there exists a vector field Ca5 = grad” fo, + V#(fos)VH,
such that

(HessE)yu(Cas) = i(,u2(1 —m) 4 p(4s — 1)(m + 1) + 85%) / [|Cas]|? dvH.

52m+1

Therefore,

(HessF)yp (Ca) =" b= 2™ 2 mop Aeo) [ [P,
52m+1

where

flm,pu, A\ s) = Ii(uQ(l—m)+u(4s—1)(m—|—1)+882+}\(ug(m—1)+,u2(8s—1—m)—882,u)).

Since limg—, 4 o0 f(m, iy A, 8) = —00, for each p < 0 and A > 0, we only have to choose s
big enough to obtain that (HessF)VAu(Cgs) < 0 and then V{* unstable. O
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