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Abstract Homotopy categorical groups of any pointed space are defined via the funda-
mental groupoid of iterated loop spaces. This notion allows, paralleling the group case, to
introduce the notion of K-categorical groupsKiRof any ringR. We also show the existence
of a fundamental categorical crossed module associated to any fibre homotopy sequence
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1 Introduction

For any ringR, if GLn(R) is the general linear group of invertible matricesn×n with entries
in R, there is a sequenceGL1(R) ⊂ GL2(R) ⊂ GL3(R) ⊂ ·· · . If GL(R) is the direc limit
and E(R) is the subgroup ofGL(R) generated by the elementary matrices, thenE(R) =
[GL(R),GL(R)], the derived subgroup, and the abelian quotient group,GL(R)/E(R), is the
so called Whitehead group ofRdenoted byK1R.

The Steinberg groupsStn(R) were introduced by Milnor as those groups given by gen-
erators and relations encapsulating the key rules of the elementary matrices and the canoni-
cal homomorphismΦn : Stn(R)→ En(R)⊂GLn(R) induces a homomorphism in the corre-
sponding direct limits

St(R) Φ−→GL(R) ,
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whose image is actuallyE(R), and whose kernel gives the definition of the 2-th group of
algebraicK-theory, that is,K2(R) = Ker(Φ).

HigherK-groups of a ringR, KiR, i ≥ 1, were defined by Quillen as the composition of
covariants functors

Ki : R 7→GLR 7→ BGLR 7→ BGLR+ 7→ πiBGLR+

whereBGL(R) is the classifying space of the groupGL(R) andBGL(R)+, its Quillen’s plus-

construction satisfies thatπ1BGL(R)+ ∼= π1BGL(R)
E(R) = GL(R)

E(R) = K1R. Moreover,π2BGL(R)+ ∼=
K2R. In this way, the Quillen K-groupsK1 andK2 are recognized, respectively, as the cok-

ernel and the kernel of the group homomorphismSt(R) Φ−→GL(R) which is a crossed mod-
ule of groups. Actually,Φ is an instance of crossed module arising from a general pro-
cess that associates such kind of structure to any map of pointed spaces. For any fibration

p : (X,x0)→ (B,b0) with fibreF = p−1(b0), the morphismπ1(F,x0)
i−→ π1(X,x0), induced

by the inclusion mapi : (F,x0) ↪→ (X,x0), is a crossed module of groups, called the ‘funda-
mental crossed module’ of the fibrationp. This structure also can be associated to any map
by using the standard procedure in homotopy theory of factoring any map of pointed spaces
f : (X,x0)→ (Y,y0) through a homotopy equivalence(X,x0)→ (X,∗) followed by a fibra-
tion f : (X,∗)→ (Y,y0). In this way we have a functorf 7→ f from maps to fibrations and
this functor allows then to define the fundamental categorical crossed module of any map
between pointed spacesf : (X,x0)→ (Y,y0). In fact, if K f is the homotopy kernel off , that

is, the fibre of the fibrationf , then π1(K f ,∗) π1(k f) // π1(X,x0) is called the fundamental

crossed module of the fibre homotopy sequenceK f
k f−→ X

f−→Y.
A basic structure for the Algebraic K-theory is the fibre homotopy sequence

F(R)→ BGL(R)→ BGL(R)+ ,

whose associated fundamental crossed moduleπ1F(R) −→ π1BGL(R) is equivalent to the

above quotedSt(R) Φ−→ GL(R) and, therefore, its cokernel and kernel are respectively the
K-groupsK1 andK2.

The main object of our work is to show that all these results are the trace in the group
setting of another 2-dimensional ones which live and can be formulated at the level of cate-
gorical groups. The key to carry out this process is supported by:

a) Suitable notions of homotopy categorical groups℘n(X,∗), n≥ 2, associated to any
pointed space and, also, the existence of 2-exact sequences associated both to any pair of
pointed spaces and to any fibration. This is achieved in§3.

b) A suitable notion of crossed module in the 2-category of categorical groups and the
existence of such a structure associated to any fibration of pointed spaces, that is, of a ´fun-
damental categorical crossed module of a fibration‘. To this end is devoted Section§4.

The point a) will allow us to define, in§4, notions ofK-theory categorical groups of a
ring R, KiR=℘i+1BGLR+, i ≥ 1, whereas point b) will allow us to identify, in this§4, the
K-categorical groupsKiR, i = 1,2, respectively as the homotopy cokernel and the homotopy
kernel of the fundamental categorical crossed module associated to the fibre homotopy se-
quenceF(R)→BGL(R)→BGL(R)+ . The homotopy groupsπi , i = 1,2,3, of the homotopy
3-type represented by this categorical crossed module are then shown to beKiR, i = 1,2,3,
respectively.

Previously, in§2, we give a minimum number of preliminary notions and results that
can be completed, for general background, in the bibliography.
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2 Preliminaries

Throughout the paper we freely use notions and terminology related to categorical groups
(see [3,10,15,16] and the references therein for general background).

If H is a categorical group,π0H stands for the group (abelian ifH is braided) of iso-
morphism classes of objects andπ1H for the abelian group of automorphisms of the unit
object.

Given a diagram in the 2-categoryC G of categorical groups as the following,

H′
0 //

T ′ ÃÃ@
@@

@@
@@

H′′

H
T

>>}}}}}}}}
β⇑

recall (see [14]) that the triple(T ′,β ,T) is said to be 2-exact if the factorization ofT ′ through
the homotopy kernel ofT is a full and essentially surjective functor. If(T ′,β ,T) is 2-exact,

thenπi(H′
T ′−→H T−→H′′), i = 0,1, is an exact sequence of groups.

A categorical crossed module〈H,G,T,ν ,χ〉, consists of a morphism of categorical
groupsT = (T,µ) :H→G together with an action ofG onH, that is, a functorG×H−→H,
(X,A) 7→ XA and coherent natural isomorphisms

ψX,A,B : X(A⊗B)→ XA⊗ XB, ΦX,Y,A : (X⊗Y)A→ X(YA) ,

and two families of natural isomorphisms inG andH, respectively

ν =
(
νX,A : T(XA)⊗X −→ X⊗T(A)

)
(X,A)∈G×H

χ =
(
χA,B : TAB⊗A−→ A⊗B

)
(A,B)∈H

such that the coherence conditions of [8] hold.
In [8] it was observed that if〈H,G,T,ν ,χ〉 is a categorical crossed module, thenKerT,

the homotopy kernel ofT, is a braided categorical group and, also, that it is possible to
construct a new categorical group,CokerT, called the homotopy cokernel of the categor-
ical crossed module. Moreover (see [6, Lemma 2.5]),π0KerT ∼= π1CokerT, and then the
homotopy groups of the categorical crossed module〈H,G,T,ν ,χ〉 were defined by:

Πi〈H,G,T,ν ,χ〉=





π0CokerT f or i= 1
π0KerT ∼= π1CokerT f or i= 2
π1KerT f or i = 3 .

3 The 2-exact homotopy sequence of a fibration

Below we will denote by℘1(Y) the fundamental groupoid of any topological spaceY. If
(X,x0) is a pointed topological space with base pointx0∈X, then℘2(X,x0)=℘1(Ω(X,x0)),
the fundamental groupoid of the loop spaceΩ(X,x0), is enriched with a natural categorical
group structure and we shall refer to it as thefundamental categorical groupof (X,x0) (see
[9, Example 2.4] where it is explicitly described or [11] where alternative arguments, based
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on an internal notion of categorical group defined in a groupoid-enriched category, are used).
These afore-mentioned arguments also allow us to ensure that, if we define for alln≥ 2,

℘n(X,x0) =℘1(Ω n−1(X,x0))

then℘3(X,x0) is a braided categorical group and℘n(X,x0), n≥ 4, are symmetric categor-
ical groups. These constructions℘n, n≥ 2, actually define functors from the category of
pointed topological spaces to the category of (braided or symmetric) categorical groups,
with π0℘n(X,x0) ∼= πn−1(X,x0) andπ1℘n(X,x0) ∼= πn(X,x0). These homotopy categorical
groups℘n(X,x0) can be identified, through the pointed total singular complex of a pointed
space, with the homotopy groupoids defined in [5] for any pointed Kan complex. Remark
(see [11]) that there is a categorical group action of ofρ2(X,x0) onρn(X,x0) (for n = 2 it is
given by conjugation)

The homotopy kernel of a pointed mapf : (X,x0) → (Y,y0) is a pair(K f ,k f) where
K f is the subspace of the product spaceX×YI consisting of the pairs(x,ω : y0 → f (x))
(i.e.,ω is a path inY starting at the base pointy0 and ending inf (x)). K f is pointed by the
pair (x0,ωy0) (whereωy0 is the constant loop inY aty0) and the mapk f : (K f ,(x0,ωy0))→
(X,x0) is the projection. In particular, considering for any pointed topological pair(X,A,x0)
the inclusioni : (A,x0) ↪→ (X,x0), the homotopy kernel is given by the subspaceKi =
{(a,ω) ∈ A×XI /ω(0) = x0, ω(1) = a} (i.e. the set of paths ofX starting at the base point
x0 and ending inA) and the mapki : (Ki,(x0,ωx0))→ (A,x0) is given byki(a,ω) = a.

For any pointed topological pair(X,A,x0) we define:

℘2(X,A,x0) =℘1(Ki)

and, forn≥ 3,
℘n(X,A,x0) =℘1(Ωn−2(Ki,(x0,ωx0))) .

Thus,℘2(X,A,x0) is a groupoid,℘3(X,A,x0) is a categorical group,℘4(X,A,x0) is a braided
categorical group and℘n(X,A,x0), n≥ 5, is a symmetric categorical group. We refer to
these categorical groups as therelative homotopy categorical groupsof the pair(X,A,x0).
Note that, forn≥3, π0℘n(X,A,x0)∼= πn−2(Ki,(x0,ωx0))= πn−1(X,A,x0) andπ1℘n(X,A,x0)∼=
πn−1(Ki,(x0,ωx0)) = πn(X,A,x0).

For any pointed mapf : (X,x0)→ (Y,y0) it is well-known that the mapq : Ω(Y,y0)→
(Kk f,((x0,ωy0),ωx0)), given byq(ω) = ((x0,ω),ωx0) is a homotopy equivalence. Then the
sequence of iterated homotopy kernels

· · ·Kkk f −→ Kk f
kk f−→ K f

k f−→ X
f−→Y

is homotopy equivalent to the sequence

· · ·ΩK f −→ΩX −→ΩY −→ K f
k f−→ X

f−→Y

and therefore we have:

Proposition 1 [12, Corollary 4]For any pointed mapf : (X,x0) → (Y,y0), there exists a
long 2-exact sequence of categorical groups and pointed groupoids (in the last three terms)

...→℘n(K f ,(x0,ωy0))→℘n(X,x0)→℘n(Y,y0)→℘n−1(K f ,(x0,ωy0))→ ...

...→℘2(K f ,(x0,ωy0))→℘2(X,x0)→℘2(Y,y0)→℘1(K f )→℘1(X)→℘1(Y).
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Particularly, considering, for any pointed topological pair(X,A,x0), the inclusioni :
(A,x0) ↪→ (X,x0) we have:

Corollary 1 (The 2-exact sequence of a pair of spaces)For any pointed topological pair
(X,A,x0) there exist a long 2-exact sequence of categorical groups and pointed groupoids
(the last three terms)

...→℘n+1(X,A,x0)→℘n(A,x0)→℘n(X,x0)→℘n(X,A,x0)→ ...

...→℘3(X,A,x0)→℘2(A,x0)→℘2(X,x0)→℘2(X,A,x0)→℘1(A)→℘1(X).

that is called the2-exact homotopy sequenceof the pair(X,A,x0).

Note that, by takingπ0 in the above 2-exact sequences, we obtain, respectively. the well-
known exact sequences of groups (and pointed sets in the last three terms)

...→ πn(K f ,(x0,ωy0))→ πn(X,x0)→ πn(Y,y0)→ ...

...→ π1(K f ,(x0,ωy0))→ π1(X,x0)→ π1(Y,y0)→ π0(K f )→ π0(X)→ π0(Y).

and
πn+1(X,A,x0)→ πn(A,x0)→ πn(X,x0)→ πn(X,A,x0)→ ...

...→ π2(X,A,x0)→ π1(A,x0)→ π1(X,x0)→ π1(X,A,x0)→ π0(A)→ π0(X) .

Theorem 1 Let p : X → B a fibration and supposeb0 ∈ B′ ⊂ B. Let X′ = p−1(B′) and let
x0 ∈ p−1(b0). Then,p induces a functorp : ℘n(X,X′,x0) −→℘n(B,B′,b0) which is a full
and essentially surjective functor, forn = 2, and a monoidal equivalence for alln≥ 3.

Proof We begin withn = 2. Recall that℘2(X,X′,x0) = ℘1((KiX,(x0,ωx0)) where iX :
(X′,x0) ↪→ (X,x0) and KiX = {(x′,ω) ∈ X′ × XI |ω(o) = x0 , ω(1) = x′}. Analogously,
℘2(B,B′,b0) =℘1((KiB,(b0,ωb0)).

Givenω ∈ KiB we have a commutative diagram

0 //

²²

X

p

²²
0× I

ω // B

and then we can find a liftω ′ : I →X with ω ′(0) = x0 andpω ′ = ω . Sincepω ′(1) = ω(1)∈
B′, we see thatω ′(1) ∈ X′ and thereforeω ′ ∈ KiX andp :℘2(X,X′,x0)−→℘2(B,B′,b0) is
surjective on objects. Now let us see thatp is full, that is, for anyω ′

1,ω ′
2 ∈ KiX, the induced

mapHom℘1(KiX)(ω ′
1,ω ′

2)−→Hom℘1(KiB)(pω ′
1, pω ′

2) is surjective. A morphism frompω ′
1 to

pω ′
2 is a path class[H] whereH : I →KiB haspω ′

1 as origin andpω ′
2 as final or, equivalently,

H : I × I → B is a homotopy, rel 0, frompω ′
1 to pω ′

2, that is,H(s,0) = pω ′
1, H(s,1) = pω ′

2
andH(0, t) = pω ′

1(0) = b0 = pω ′
2(0). For any such a morphism[H] consider the diagram

0 //

²²

X

p

²²
0× I

pω ′1 //
pω ′2

//

ω ′1

<<zzzzzzzzzzz
ω ′2

<<zzzzzzzzzzz
B
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whereω ′
1(0) = x0 = ω ′

2(0) andp(x0) = b0 = H(0, t). Then, it is well known that there is a
lifting H ′ : 0× I × I −→ X of H, which is a homotopy rel 0 inX from ω ′

1 to ω ′
2 whose class

is a morphism in℘1(KiX) from ω ′
1 to ω ′

2 such thatp([H ′]) = [H].
For n ≥ 3, since both℘n(X,X′,x0) and℘n(B,B′,b0) are categorical groups andp :

πq(X,X′,x0)→ πq(B,B′,b0) is a bijection for everyq≥ 1 (see [18]), we have that

π0℘n(X,X′,x0))∼= πn−1(X,X′,x0)∼= πn−1(B,B′,b0)∼= π0℘n(B,B′,b0))

and

π1℘n(X,X′,x0))∼= πn(X,X′,x0)∼= πn(B,B′,b0)∼= π1℘n(B,B′,b0))

and we can use [16, Proposition 9] to conclude thatp : ℘n(X,X′,x0) −→℘n(B,B′,b0) is a
monoidal equivalence forn≥ 3. ut

Corollary 2 Let p : (X,x0)→ (B,b0) be a fibration with fibreF = p−1(b0). Then, the in-
duced functorp : ℘n(X,F,x0)→℘n(B,b0), is a full and essentially surjective functor, for
n = 2, and a monoidal equivalence forn≥ 3.

Proof This follows from the above theorem on takingB′ = {b0} and using the canonical
identification℘n(B,{b0},b0) =℘n(B,b0). ut

Combining the 2-exact sequence of the pair(X,F,x0) with the equivalences of this corollary
we get:

Corollary 3 (The 2-exact homotopy sequence of a fibration)
Let p : (X,x0)→ (B,b0) be a fibration with fibreF = p−1(b0). Then, there exists a long

2-exact sequence

...→℘n+1(B,b0)
∂→℘n(F,x0)

i→℘n(X,x0)
p→℘n(B,b0)

∂→ ...

...→℘3(B,b0)
∂→℘2(F,x0)

i→℘2(X,x0)→℘2(X,F,x0)→℘1(F,x0)→℘1(X,x0)

that is called the2-exact homotopy sequenceof the fibrationp.

We remark thatπ0℘2(X,F,x0)) ∼= π1(X,F,x0) ∼= π1(B,b0) ∼= π0℘2(B,b0)) and then,
applyingπ0 to sequence (2), we obtain the well-known group exact sequence of the fibration
p:

...→ πn+1(B,b0)
∂→ πn(F,x0)

i→ πn(X,x0)
p→ πn(B,b0)

∂→ ...

...→ π2(B,b0)
∂→ π1(F,x0)

i→ π1(X,x0)→ π1(B,b0)→ π0(F,x0)→ π0(X,x0).

Corollary 4 If p : (X,x0)→ (B,b0) is a fibration with fibreF and X is contractible, then
the functor

∂ :℘n+1(B,b0)→℘n(F,x0)

is an equivalence forn≥ 2.
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4 The fundamental categorical crossed module of a fibration

Let us recall that, for any fibrationp : (X,x0)→ (B,b0) with fibreF = p−1(b0) and inclusion

mapi : (F,x0) ↪→ (X,x0), the induced mapπ1(F,x0)
i−→ π1(X,x0) is, as firstly Quillen had

observed, a crossed module called the ‘fundamental crossed module’ of the fibrationp (see
[4] for an explicit proof of this fact). Next, we are going to show, in a direct way, that
this result is a trace in the group setting of another one which lives at the higher level of
categorical groups.

Theorem 2 Let p : (X,x0) → (B,b0) be a fibration with fibreF = p−1(b0) and consider

the induced categorical group homomorphism℘2(F,x0)
i−→℘2(X,x0) given in the 2-exact

homotopy sequence of the fibrationp. Then the homotopy categorical group℘2(F,x0) is a
℘2(X,x0)-categorical group and, for anyω ∈℘2(X,x0) and α,α ′ ∈℘2(F,x0), there are
natural isomorphisms

ν = νω ,α : i(ωα)⊗ω → ω⊗α , χ = χα ,α ′ : i(α)α ′⊗α → α⊗α ′

such that〈℘2(F,x0),℘2(X,x0), i,ν ,χ〉 is a categorical crossed module that we will call the
“fundamental categorical crossed module” of the fibrationp.

Proof To define a categorical group action of℘2(X,x0) on℘2(F,x0)

℘2(X,x0)×℘2(F,x0)
ac−→℘2(F,x0)

we consider the continuous map

Ω(X,x0)×Ω(F,x0)−→Ω(F,x0) , (ω ,α) 7→ ω α (1)

whereω α is defined as follows. Letω ⊗α ⊗ω−1 ∈ Ω(X,x0) and consider the projection
p(ω ⊗α ⊗ω−1) ∈ Ω(B,b0) which is homotopic, sincep(α) = b0, to the constant loop
in B at b0 through a homotopy of loopsH : I × I → B. Then,H0(s) = H(s,0) = p(ω ⊗
α ⊗ω−1)(s) andH1(s) = H(s,1) = b0. Sincep is a fibration, using the homotopy lifting
property in the diagram

I
ω⊗α⊗ω−1

//

i0
²²

X

p

²²
I × I

H // B

we get a homotopy of loopsHα,ω = H : I× I →X such thatH0(s) = H(s,0) = ω⊗α⊗ω−1

and pH = H. Then, pH1(s) = pH(s,1) = H(s,1) = b0 and thereforeImH1 ⊆ F , that is,
H1 ∈Ω(F,b0). We defineω α = H1 that is represented in the figure below
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Since the fundamental groupoid functor℘1 preserves products, map (1) induces the

functoracthat is given, on objects, byac(ω ,α)= ω α and, on arrows(ω ,α)
([h],[h̄]) // (ω ′,α ′) ,

by [h][h̄] = [hh̄] : ω α → ω ′α ′ where, if J(s, t,u) = H h̄u,hu
(s, t) with h̄u(s) = h̄(s,u) and

hu(s) = h(s,u), then(hh̄)(s,u) = (H h̄u,hu
)1(s) = H h̄u,hu

(s,1), that is, the front face in the
cubeJ(s, t,u) represented below

For anyω ,ω ′ ∈℘2(X,x0) andα ∈℘2(F,x0), next we define a natural isomorphism

Φ = Φω ,ω ′,α : ω⊗ω ′α −→ ω(ω ′α) .

For this, let us consider the mapG : I × I → X given byG(s, t) = Hα ,ω⊗ω ′(s, t), which is a

homotopy of loops from(ω⊗ω ′)α⊗ (ω⊗ω ′)−1 to ω⊗ω ′α, and also the mapL : I × I → X
given as follows:

L(s, t) =
{ ωHα ,ω ′(s,2t) 0≤ t ≤ 1

2
Hω ′α ,ω(s,2t−1) 1

2 ≤ t ≤ 1 ,

whereωH denotes the action of℘2(X,x0) on itself by conjugation. Note thatωHα ,ω ′ is a

homotopy of loops fromω ⊗ω ′⊗α ⊗ω ′−1⊗ω−1 to ω ⊗ ω ′α ⊗ω−1 whereasHω′α ,ω is a

homotopy of loops fromω ⊗ ω ′α ⊗ω−1 to ω(ω ′α). It is clear thatpG is homotopic topL
through a homotopyT : I × I × I → B, with T(s,1,u) = b0, and also,G(s,0) is homotopic
to L(s,0) trough the canonical homotopy of loops from(ω ⊗ω ′)α ⊗ (ω ⊗ω ′)−1 to ω ⊗
ω ′⊗α⊗ω ′−1⊗ω−1. Then, by [17, Theorem10, Chap.2], there is a liftingJ : I × I × I → X
which is a homotopy fromG to L and is an extension of the homotopyK : G(s,0)' L(s,0),
that isJ(s, t,0) = G(s, t), J(s, t,1) = L(s, t) andJ(s,0,u) = K(s,u).

Let ϕ(s,u) = J(s,1,u), that is, the front face of the cubeJ(s, t,u) represented below
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Then,ϕ = ϕω ,ω ′,α : I×I →F is a homotopy of loops fromϕ(s,0)= J(s,1,0)= G(s,1)=
ω⊗ω ′α to ϕ(s,1)= J(s,1,1)= L(s,1)= ω(ω ′α) and we define the required morphismΦω,ω ′,α
as the morphism in℘2(F,x0) given by the class of the homotopyϕ, that isΦω,ω ′,α = [ϕ].

For anyω ∈Ω(X,∗) andα ,α ′ ∈Ω(F,∗) the natural isomorphism

Ψ = Ψω,α,α ′ : ω(α⊗α ′)−→ ωα⊗ ωα ′

is defined as follows. Consider the mapG : I × I → X given by G(s, t) = Hα⊗α ′,ω(s, t),
which is a homotopy of loops fromω ⊗α ⊗α ′⊗ω−1 to ω(α ⊗α ′), and consider also the
mapL : I × I → X, given by

L(s, t) = (Hα,ω ⊗Hα ′,ω)(s, t) =
{

Hα,ω(2s, t) 0≤ s≤ 1
2

Hα ′,ω(2s−1, t) 1
2 ≤ s≤ 1 ,

which is a homotopy from(ω⊗α⊗ω−1)⊗ (ω⊗α ′⊗ω−1) to ωα⊗ ωα ′. Then, it is clear
that pG is homotopic topL through a homotopyT : I × I × I → B, with T(s,1,u) = b0, and
also,G(s,0) is homotopic toL(s,0) trough the canonical homotopy of loops fromω⊗α⊗
α ′⊗ω−1 to ω⊗α⊗ω ‘−1⊗ω⊗α ′⊗ω−1. Then, by [17, Theorem10, Chap.2], there is a
lifting J : I× I× I →X which is a homotopy fromG to L and is an extension of the homotopy
K : G(s,0)' L(s,0), that isJ(s, t,0) = G(s, t), J(s, t,1) = L(s, t) andJ(s,0,u) = K(s,u).

Let ψ(s,u) = J(s,1,u), that is, the front face of the cubeJ(s, t,u) represented below

Then, ψ = ψω ,α,α ′ : I × I → F is a homotopy of loops fromψ(s,0) = J(s,1,0) =
G(s,1) = ω(α⊗α ′) to ψ(s,1) = J(s,1,1) = L(s,1) = ωα⊗ ωα ′ and we define the required
morphismΨω,α,α ′ as the morphism in℘2(F,x0) given by the class of the homotopyψ , that
isΨω,α,α ′ = [ψ].

The required coherence conditions forΦ andΨ (see [10]) follow by applying suitably
[17, Theorem10, Chap.2]. For instance, the coherence condition forΦ says that, for any
loopsω ,ω ′,ω ′′ ∈Ω(X,x0) andα ∈Ω(F,x0), the following equality

[ωϕω ′,ω ′′,α ][ϕω ,ω ′⊗ω ′′,α ][aω,ω ′ ,ω ′′α ] = [ϕω,ω ′,ω ′′α ][ϕω⊗ω ′,ω ′′,α ]

or, equivalently, the equality

[ωϕω ′,ω ′′,α ·ϕω,ω ′⊗ω ′′,α · aω,ω′ ,ω ′′α ·ϕ−1
ω⊗ω ′,ω ′′,α ·ϕ−1

ω ,ω ′,ω′′α
] = [idω(ω ′(ω′′α))]

must hold. Now, the morphismM = ωϕω ′,ω ′′,α ·ϕω ,ω ′⊗ω ′′,α · aω,ω ′ ,ω ′′α ·ϕ−1
ω⊗ω ′,ω ′′,α ·ϕ−1

ω,ω ′,ω′′α
is M = F0(s,1,u), that is, the front face of a cubeF0 that is obtained by gluing the five cubes
defining, in their front faces, each one of the morphisms that are composed in the definition
of M. The back face ofF0, F0(s,0,u), represents the composition of analogue morphisms but
for the action by conjugation of℘2(X,x0) on itself. Then, this face is homotopic, through
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a cubeG, to the face constant at the loopω ⊗ω ′⊗ω ′′⊗α ⊗ω ′′−1⊗ω ′−1⊗ω−1. Let us
consider now the cubeF1 that is constant at the left (or right) face ofF0. The front face
of F1, F(s,1,u), is constant at the loopω(ω ′(ω ′′α)) and its back face, which is constant at
the loopω ⊗ω ′⊗ω ′′⊗α ⊗ω ′′−1⊗ω ′−1⊗ω−1, is homotopic throughG to the back face
of F0. It is clear thatpF0 is homotopic topF1 so that there exists a homotopyH : I4 → B
from pF0 to pF1. MoreoverH(s,1,u,v) is constant atb0 and H(s,0,u,v) = pG(s,0,u,v)
and therefore, using [17, Theorem10, Chap.2], there is a liftingJ : I4 → X of H which is a
homotopy fromF0 to F1 and is an extension ofG. Then, sinceJ(s,1, t,0) = F0(s,1, t) = M
andJ(s,1, t,1) = F1(s,1, t) = idω(ω ′(ω ′′α)), J(s,1, t,v) is a cube giving the required homotopy
betweenM andidω(ω ′(ω′′α)) .

Next, for anyω ∈℘2(X,x0) andα ∈℘2(F,x0), we define the natural isomorphism in
℘2(X,x0)

ν = νω,α : ωα⊗ω −→ ω⊗α .

To do that, let us consider the mapG : I × I → X given by

G(s, t) = (Hα,ω ⊗ω)(s, t) =
{

Hα,ω(2s, t) 0≤ s≤ 1
2

ω(2s−1) 1
2 ≤ s≤ 1 ,

which is a homotopy of loops fromω⊗α⊗ω−1⊗ω to ωα⊗ω, and the mapL : I × I → X
given by

L(s, t) = (ω⊗α)(s, t) =
{

ω(2s) 0≤ s≤ 1
2

α(2s−1) 1
2 ≤ s≤ 1 ,

which is the constant homotopy atω ⊗α . As above, [17, Theorem10, Chap.2] assures the
existence of a homotopyJ : I × I × I −→ X such thatJ(s, t,0) = G(s, t), J(s, t,1) = L(s, t)
andJ(s,0,u) is the canonical homotopy fromω ⊗α ⊗ω−1⊗ω to ωα ⊗ω. Let v(s,u) =
J(s,1,u) : I × I → X the front face of the cube

Then,v is a homotopy of loops fromv(s,0) = J(s,1,0) = G(s,1) = ωα ⊗ω to v(s,1) =
J(s,1,1) = L(s,1) = ω⊗α and we defineν = νω ,α = [v].

Finally, for α,α ′ ∈℘2(F,x0), the definition of the natural isomorphism

χ = χα ,α ′ : αα ′⊗α −→ α⊗α ′

in ℘2(F,x0) is the same done forν wheneverω ∈Ω(F,x0), that is,χα ,α ′ = να ,α ′ .
All the required coherence conditions thatν andχ must satisfy (see [8]) follow again as

straightforward instances of [17, Theorem10, Chap.2].ut
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Note that, as we already commented, the projection of this result byπ0, π0(℘2(F,x0)
i−→

℘2(X,x0)), gives the fundamental crossed moduleπ1(F,∗) i−→ π1(X,∗) of the fibrationp.
The standard procedure in homotopy theory of factoring any map of pointed spacesf :

(X,x0)→ (Y,y0) through a homotopy equivalence(X,x0)→ (X,x0) followed by a fibration
f : (X,x0)→ (Y,y0), (whereX = {(x,ω) ∈ X×YI | ω(1) = f (x)}), gives a functorf 7→ f
from maps to fibrations. This functor allows then to define the fundamental crossed module
of any map between pointed spacesf : (X,x0)→ (Y,y0). In fact, if ((K f ,(x0,ωy0)),k f) is
the homotopy kernel off , that is, the fibre of the fibrationf , then there is a long exact
sequence

· · · → π2(Y,y0)
∂→ π1(K f ,(x0,ωy0))

π1(k f)−→ π1(X,x0)→ π1(Y,y0)→ ···

and π1(K f ,(x0,ωy0))
π1(k f) // π1(X,x0) is called the fundamental crossed module of the

fibre homotopy sequence(K f ,(x0,ωy0))
k f // (X,x0)

f // (Y,y0) .

In the same way, according to Corollary 3, there is also the 2-exact sequence

· · · // ℘3(Y,y0)
∂ // ℘2(K f ,(x0,ωy0))

℘2(k f) // ℘2(X,x0) // ℘2(X,K f ,(x0,ωy0))

ssggggggggggggggggggggg

℘1(K f ,(x0,ωy0)) // ℘1(X,x0)
(2)

and we make the following:

Definition 1 The fundamental categorical crossed module of a fibre homotopy sequence

(K f ,(x0,ωy0))
k f // (X,x0)

f // (Y,y0) is defined as the categorical crossed module

℘2(K f ,(x0,ωy0))
℘2(k f) // ℘2(X,x0)

obtained from the fibrationf : (X,x0)→ (Y,y0) according to Theorem 2.

Remark 1In the particular case in which we consider a pair of pointed topological spaces
(X,A,x0), associated to the inclusioni : (A,x0) ↪→ (X,x0) there is the fibrationA→X where
A is the space of paths inX ending at some point ofA and the maps send each path to
its starting point. The fibre of this fibration is given by the subspaceKi = {(a,ω) ∈ A×
XI /ω(0) = x0, ω(1) = a} (i.e. the set of paths ofX starting at the base pointx0 and ending
in A) whose homotopy categorical groups are, by definition, those of the pair(X,A,x0), i.e.,
℘n(X,A,x0) = ℘1(Ω n−2(Ki,(x0,ωx0)) ,n ≥ 3. In this way, just we obtain the homotopy
categorical crossed module

∂ :℘3(X,A,x0)−→℘2(A,x0)

introduced in [6], so that, as in the group case, the fundamental categorical crossed module
of a pair of spaces can be deduced from the fundamental categorical crossed module of a
fibration.
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5 K-theory categorical groups

In what follows [1,2] are appropriate references for background. Let us recall that, for any
ring R, if GLn(R) is the general linear group of invertible matricesn×n with entries inR,
there is a sequence

GL1(R)⊂GL2(R)⊂GL3(R)⊂ ·· ·
whose direct limit is denotedGL(R). The subgroupE(R) of GL(R) generated by the elemen-
tary matrices is just the derived subgroup[GL(R),GL(R)] and the quotient group, which is
an abelian group, is the so called Whitehead group ofR denoted byK1R. In this way,K1 is
a covariant functor from the category of rings to the category of abelian groups.

The Steinberg groupsStn(R) were introduced by Milnor as those groups given by gener-
atorsxλ

i j and relations encapsulating the key rules of the elementary matriceseλ
i j . The canon-

ical homomorphismΦn : Stn(R)→ En(R)⊂GLn(R), xλ
i j 7→ eλ

i j , induce a homomorphism in
the corresponding direct limits

St(R) Φ−→GL(R) ,

whose image is actuallyE(R), and whose kernel gives the definition of the 2-th group of
algebraicK-theory, that is,K2(R) = Ker(Φ). Again, this construction is evidently functorial.

By consideringBGL(R), the classifying space of the groupGL(R) then, by Quillen

plus-construction, there exists a spaceBGL(R)+ satisfying thatπ1BGL(R)+ ∼= π1BGL(R)
E(R) =

GL(R)
E(R) = K1R. Moreover,π2BGL(R)+ ∼= K2R.

HigherK-groups of a ringR, KiR, i ≥ 1, were defined by Quillen as the composition of
covariants functors (see [2])

Ki : R 7→GLR 7→ BGLR 7→ BGLR+ 7→ πiBGLR+ .

Now, it suggests the following:

Definition 2 For any ringR we defineK-categorical groupsKiR, i ≥ 1, as the composition
of covariants functors

Ki : R 7→GLR 7→ BGLR 7→ BGLR+ 7→℘i+1BGLR+ .

We then have thatK2R is a braided categorical group and, fori ≥ 3,KiR is a symmetric
categorical group.

Let us observe that, for anyi ≥ 1,

π0KiR= π0℘i+1BGLR+ = πiBGLR+ = KiR

and
π1KiR= π1℘i+1BGLR+ = πi+1BGLR+ = Ki+1R.

Thus, according to the classification of braided categorical groups given in [13, Theorem
3.3], K-categorical groupsKiR, i ≥ 2, are completely determined, up to isomorphism, by
theK-groupsKiR andKi+1R and the quadratic mapKiR→ Ki+1R assigning to each object
[A] ∈ KiR its signature.

Above we observed that the Quillen’sK-groupsK1R andK2R can be recognized, re-

spectively, as the cokernel and the kernel of the group homomorphismSt(R) Φ−→ GL(R).
This morphism is a crossed module and it is, actually, an instance of crossed module arising
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from the general process that associates, via the fundamental crossed module of any fibre
homotopy sequence, such kind of structures to any map of pointed spaces. In fact, a basic
structure for the algebraicK-theory is the homotopy fibration

F(R)
dR // BGL(R)

qR // BGL(R)+ . (3)

and the main point to emphasize here is that its associated crossed module

π1F(R)
π1(dR) // π1BGL(R)

is equivalent, sinceπ1F(R)∼= St(R), to

St(R) Φ−→GL(R)

and therefore its cokernel and kernel are, respectively,K1R andK2R.
According to Definition 2, associated to the homotopy fibration (3) there is also the

categorical crossed module

℘2F(R)
℘2dR // ℘2BGL(R)

and, paralleling the group case, we have:

Theorem 3 For any ringR, theK-categorical groupsK1RandK2Rare, respectively, up to
monoidal equivalence, the homotopy cokernel and kernel of the categorical crossed module
℘2dR, that is:

K1R'Coker℘2dR , K2R' Ker℘2dR.

Proof Consider the 2-exact sequence (2) associated to the homotopy fibration (3)

...→℘3(BGL(R)+)→℘2(F(R))
℘2dR−→℘2(BGL(R))→℘2(BGL(R),F(R))→ ·· ·

and the induced functor (see Corollary 2)qR :℘2(BGL(R),F(R))−→℘2(BGL(R)+). Then,
deduced from the universal property of the homotopy cokernel, there exists a morphism
Coker℘2dR→℘2BGL(R)+ that induces isomorphisms in the homotopy groupsπi , i = 0,1.
In fact, since℘2BGL(R) is the categorical group associated to the groupGL(R), then (see
[8, Example 3.2 ii)])Coker℘2dR is the strict categorical group associated to the crossed

moduleSt(R) Φ−→ GL(R) . Thusπ0Coker℘2dR
∼= K1R∼= π0K1(R) and π1Coker℘2dR

∼=
K2R∼= π1K2(R) and therefore, according to [16, Proposition 9],Coker℘2dR → K1R is a
monoidal equivalence.

On the other hand, deduced from the universal property of the kernel and the above 2-
exact sequence, there is a canonical homomorphism℘3BGL(R)+ → Ker℘2dR which is also
a monoidal equivalence. In fact, from the group exact sequence

0 // π1Ker℘2dR // π1℘2F(R) // π1℘2BGL(R)

and sinceπ1℘2BGL(R)= π2BGL(R)= 0, we deduce thatπ1Ker℘2dR
∼= π1℘2F(R)= π2F(R).

Also, from the group exact sequence deduced from the homotopy fibration (3) we have

· · ·π3BGL(R) // π3BGL(R)+ // π2F(R) // π2BGL(R)

and sinceπ3BGL(R) = π2BGL(R) = 0 we obtainπ1Ker℘2dR
∼= π3BGL(R)+ = π1K2(R).

Then, by [16, Proposition 9], we conclude thatK2R→ Ker℘2dR is a monoidal equivalence.
ut
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Categorical crossed modules are algebraic models for homotopy 3-types (see [6,7]) and
the homotopy groups of the classifying space of any categorical crossed module〈H,G,T,ν ,χ〉
are given byπ0CokerT, π0KerT∼= π1CokerTandπ1KerT, that is, they are the so-called ho-
motopy groups of the categorical crossed module. The following corollary reveals that the
3-type associated to℘2dR is controlled by theK-groupsKiR, i = 1,2,3, or, in other words,
that the 3th level of the Postnikov tower of theK-theory spectrum ofR is classified by the
categorical crossed module℘2dR.

Corollary 5 For any ringR, the categorical crossed module℘2dR induces isomorphisms,

πi℘2dR
∼= KiR, i = 1,2,3.

Proof

π0Coker℘2dR
∼= K1R , π1Coker℘2dR

∼= K2R(∼= π0Ker℘2dR) and π1Ker℘2dR
∼= K3R.ut
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