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Abstract Homotopy categorical groups of any pointed space are defined via the funda-
mental groupoid of iterated loop spaces. This notion allows, paralleling the group case, to
introduce the notion of K-categorical groufisR of any ringR. We also show the existence

of a fundamental categorical crossed module associated to any fibre homotopy sequence
and thenK;R andK3R are characterized, respectively, as the homotopy cokernel and ker-
nel of the fundamental categorical crossed module associated to te fibre homotopy sequence

d .
F(R) —> BGL(R) _®R BGL(R)". As consequence, the 3th level of the Postnikov
tower of theK-theory spectrum oR is classified by this categorical crossed module.
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1 Introduction

For any ringR, if GLn(R) is the general linear group of invertible matriges n with entries
in R, there is a sequenddL;(R) C GL>(R) € GL3(R) C ---. If GL(R) is the direc limit
andE(R) is the subgroup o5L(R) generated by the elementary matrices, tBgR) =
[GL(R),GL(R)], the derived subgroup, and the abelian quotient graigR)/E(R), is the
so called Whitehead group &denoted byKiR.

The Steinberg groupSk(R) were introduced by Milnor as those groups given by gen-
erators and relations encapsulating the key rules of the elementary matrices and the canoni-
cal homomorphisn®, : S{(R) — En(R) C GLy(R) induces a homomorphism in the corre-
sponding direct limits

St(R) -2 GL(R),
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whose image is actuall(R), and whose kernel gives the definition of the 2-th group of
algebraick -theory, that isKo(R) = Ker(®).

HigherK-groups of a rindR, KiR, i > 1, were defined by Quillen as the composition of
covariants functors

Ki : R— GLR+— BGLR— BGLR" — BGLR"

whereBGL(R) is the classifying space of the gro@t.(R) andBGL(R) ™", its Quillen’s plus-
construction satisfies thaiBGL(R)* = "ﬁ%m = GEL<—<RF§) =K4R Moreover,BBGL(R)" =

K2R. In this way, the Quillen K-groupKk; andK; are recognized, respectively, as the cok-
ernel and the kernel of the group homomorphBifiR) 2, GL(R) which is a crossed mod-

ule of groups. Actually® is an instance of crossed module arising from a general pro-
cess that associates such kind of structure to any map of pointed spaces. For any fibration
p: (X,x0) — (B,bo) with fibre F = p~1(hy), the morphisnms (F,xo) — (X, Xo), induced

by the inclusion map: (F,Xo) — (X,Xo), is @ crossed module of groups, called the ‘funda-
mental crossed module’ of the fibratigm This structure also can be associated to any map
by using the standard procedure in homotopy theory of factoring any map of pointed spaces
f: (X,%0) — (Y,Yo) through a homotopy equivalen€¥,xo) — (X, ) followed by a fibra-

tion f: (X, %) — (Y,¥o). In this way we have a functdr — f from maps to fibrations and

this functor allows then to define the fundamental categorical crossed module of any map
between pointed spacés (X,xg) — (Y, Yo). In fact, if Kf is the homotopy kernel of, that

_ kf
is, the fibre of the fibratiorf, then m (Kf,x) M (X, %o) is called the fundamental

crossed module of the fibre homotopy seque}ﬁ¢ek—f> Xy,
A basic structure for the Algebraic K-theory is the fibre homotopy sequence

F(R) — BGL(R) — BGL(R)",

whose associated fundamental crossed motifidR) — mBGL(R) is equivalent to the

above guotedt(R) 2, GL(R) and, therefore, its cokernel and kernel are respectively the
K-groupsK; andKos.

The main object of our work is to show that all these results are the trace in the group
setting of another 2-dimensional ones which live and can be formulated at the level of cate-
gorical groups. The key to carry out this process is supported by:

a) Suitable notions of homotopy categorical groapsX, x), n > 2, associated to any
pointed space and, also, the existence of 2-exact sequences associated both to any pair of
pointed spaces and to any fibration. This is achievegBin

b) A suitable notion of crossed module in the 2-category of categorical groups and the
existence of such a structure associated to any fibration of pointed spaces, that is, of a “fun-
damental categorical crossed module of a fibration‘. To this end is devoted Sgttion

The point a) will allow us to define, if4, notions ofK-theory categorical groups of a
ring R, KiR=[J;;1BGLR", i > 1, whereas point b) will allow us to identify, in thig}, the
K-categorical groupk;R, i = 1,2, respectively as the homotopy cokernel and the homotopy
kernel of the fundamental categorical crossed module associated to the fibore homotopy se-
quenceF (R) — BGL(R) — BGL(R) ™. The homotopy groups, i = 1,2, 3, of the homotopy
3-type represented by this categorical crossed module are then showK;®, be- 1,2, 3,
respectively.

Previously, in§2, we give a minimum number of preliminary notions and results that
can be completed, for general background, in the bibliography.



2 Preliminaries

Throughout the paper we freely use notions and terminology related to categorical groups
(see [3,10,15,16] and the references therein for general background).

If H is a categorical grougpH stands for the group (abelianTf is braided) of iso-
morphism classes of objects angH for the abelian group of automorphisms of the unit
object.

Given a diagram in the 2-categd®yG of categorical groups as the following,

Hl 0 > H//

xm/
H

recall (see [14]) that the triplel’, 3, T) is said to be 2-exact if the factorizationBfthrough
the homotopy kernel of is a full and essentially surjective functor.(If’, 3, T) is 2-exact,

then g (H' LIS+ LN H"),i=0,1, is an exact sequence of groups.

A categorical crossed modul@, G, T,v, x), consists of a morphism of categorical
groupsT = (T, u) : H— G together with an action @& onH, that is, a functo x H — H,
(X,A) — *A and coherent natural isomorphisms

Uxap: (A®B) = "A2 "B, Dxya: XA X(YA),
and two families of natural isomorphismsG@andH, respectively

v=(wa:TCA@X — XQT(A)) x myec i

X= (XA,B : TAB@A%A@B)(A,B)EH

such that the coherence conditions of [8] hold.

In [8] it was observed that ifH, G, T, v, x) is a categorical crossed module, theerT,
the homotopy kernel oT, is a braided categorical group and, also, that it is possible to
construct a new categorical groupokerT, called the homotopy cokernel of the categor-
ical crossed module. Moreover (see [6, Lemma 2.8)KerT = mCokerT, and then the
homotopy groups of the categorical crossed modHIgG, T, v, x) were defined by:

mCokerT for i=1
M{H,G,T,v,x) =« mKerT =2 mCokerT for i=2
mKerT fori=3.

3 The 2-exact homotopy sequence of a fibration

Below we will denote by71(Y) the fundamental groupoid of any topological spacdf

(X, o) is a pointed topological space with base paint X, thenT,(X,%o) =1 (Q (X, X)),

the fundamental groupoid of the loop spaeéX, xp), is enriched with a natural categorical
group structure and we shall refer to it as fhedamental categorical groupf (X, xo) (see

[9, Example 2.4] where it is explicitly described or [11] where alternative arguments, based



on an internal notion of categorical group defined in a groupoid-enriched category, are used).
These afore-mentioned arguments also allow us to ensure that, if we definerfor 2l

On(X,%0) = 01(Q" (X, %0))

thenJ3(X,Xo) is a braided categorical group afi(X,xp), n > 4, are symmetric categor-
ical groups. These constructiofk,, n > 2, actually define functors from the category of
pointed topological spaces to the category of (braided or symmetric) categorical groups,
with 100 (X, X0) = Th-1(X,Xo) andmIn(X,X%0) = (X, Xo). These homotopy categorical
groupsin(X,%o) can be identified, through the pointed total singular complex of a pointed
space, with the homotopy groupoids defined in [5] for any pointed Kan complex. Remark
(see [11]) that there is a categorical group action g, xo) on pn(X,Xo) (for n=2itis
given by conjugation)

The homotopy kernel of a pointed mdp (X,Xo) — (Y,Yo) is a pair(Kf,kf) where
Kf is the subspace of the product space Y' consisting of the pairéx, w : yo — f(x))
(i.e., wis a path inY starting at the base poigg and ending inf (x)). K f is pointed by the
pair (Xo, wy,) (Whereawy, is the constant loop ii atyp) and the magkf : (KT, (xo, wy,)) —
(X, o) is the projection. In particular, considering for any pointed topological (pgiA, Xo)
the inclusioni : (A;Xg) — (X,Xo), the homotopy kernel is given by the subspte=
{(a,w) € Ax X' /w(0) = xo, w(1) = a} (i.e. the set of paths of starting at the base point
Xo and ending inA) and the mayki : (Ki, (Xo, ty,)) — (A, Xo) is given byki(a, w) = a.

For any pointed topological pafiX, A, %) we define:

D2(X7A7X0) :Dl(KI)
and, forn > 3,
Dn(X7AaX0) :Dl(gniz(Kh(XO/o‘)Xo))) .

Thus,[2(X, A, Xo) is a groupoid[J3(X, A, Xo) is a categorical groupj4(X, A, xo) is a braided
categorical group anfi(X,A,Xg), n > 5, is a symmetric categorical group. We refer to
these categorical groups as tietative homotopy categorical groups the pair(X, A, Xo).
Note that, fom > 3, meJn (X, A, Xo) = Th_2(Ki, (Xg, Wy, )) = Th-1(X, A, Xo) andmaJn (X, A, Xp) =
Mh-1(Ki, (X0, ) = Th(X, A, Xo).

For any pointed mag : (X,Xo) — (Y,Yo) it is well-known that the mag : Q(Y,yo) —

(Kkf, ((x0, wy), ), given byg(w) = ((Xo, w), Wy, ) is @ homotopy equivalence. Then the
sequence of iterated homotopy kernels

KKK — Kk ¥k Xx Ly

is homotopy equivalent to the sequence

L OKf— X — oY —Kf Lx Ly
and therefore we have:

Proposition 1 [12, Corollary 4]For any pointed mag : (X,xg) — (Y,¥o), there exists a
long 2-exact sequence of categorical groups and pointed groupoids (in the last three terms)

Dn(Kfa (XoJ;.MJ) - DH(X7X0) - DH(Y>y0) - Dn—l(Kfa (XO’C")S’O)) e

—>Dz(Kf,(x0,o%)) — (X, %) — O2(Y,¥o0) — O1(Kf) — O1(X) — O1(Y).



Particularly, considering, for any pointed topological pgi, A xo), the inclusioni :
(A, %0) — (X,Xo) we have:

Corollary 1 (The 2-exact sequence of a pair of spade®)any pointed topological pair
(X,A,xp) there exist a long 2-exact sequence of categorical groups and pointed groupoids
(the last three terms)

—>Dn+1(X7A7XO) - DH(A7X0) - Dn(xvxo) _’DH(X7A7XO) — ...
—>53(X,A,Xo) —>Dz(A,X0) —>DZ(X7XO) — Dz(X,A7Xo) — Dl(A) —>Dl(X).
that is called the2-exact homotopy sequenogthe pair(X,A;Xp).

Note that, by takinggp in the above 2-exact sequences, we obtain, respectively. the well-
known exact sequences of groups (and pointed sets in the last three terms)

.= Th(KT, (X0, wy,)) — Th(X,X0) — Th(Y,Yo0) — ...

.. — (KT, (X0, 0y,)) — T0(X,X%0) — Ta(Y,Y0) — To(Kf) — mH(X) — mH(Y).

and
Thi1(X, A X0) — Th(A,X0) — Th(X,X0) — Th(X,A,X0) — ...

.. = TB(X, A X0) — Ta(A,X0) — Ta(X,X0) — Ta(X,A,X0) — TH(A) — TH(X).

Theorem 1 Let p: X — B a fibration and supposby € B’ C B. LetX’ = p~1(B') and let
Xo € p~1(bg). Then,p induces a functop : (X, X', Xg) — [n(B, B, by) which is a full
and essentially surjective functor, for= 2, and a monoidal equivalence for all> 3.

Proof We begin withn = 2. Recall that>(X,X’,x0) = O1((Kix, (X0, t,)) Whereix :
(X', %0) — (X,%0) and Kix = {(¥,w) € X’ x X'|w(0) = X, w(1) = X'}. Analogously,
[2(B,B',bp) = 1((Ki, (bo, ().

Givenw € Kig we have a commutative diagram

0——X

L)

oxl —2>B

and then we can find a lift : | — X with /(0) = xp andpw’ = w. Sincepw/' (1) = w(1) €
B’, we see thatv' (1) € X’ and therefored’ € Kix andp: O2(X, X', x0) — O2(B,B,bp) is
surjective on objects. Now let us see tipas full, that is, for anycw;, w) € Kix, the induced
mapH oMy, (kiy) (@}, wh) — HOMy, (kig) (P, pa) is surjective. A morphism frompa; to
pwy, is a path clasfH] whereH : | — Kig haspw] as origin andaw, as final or, equivalently,
H: 1 x1 — Bis a homotopy, rel 0, fronpw] to pwy, that is,H(s,0) = pay, H(s,1) = pu,
andH (0,t) = pw} (0) = by = pa(0). For any such a morphisfil] consider the diagram




wherew; (0) = xo = w(0) and p(xo) = bp = H(0,t). Then, it is well known that there is a
lifting H' : 0x | x | — X of H, which is a homotopy rel 0 iX from w] to ) whose class
is a morphism irJ; (Kix) from wj to w} such thatp([H']) = [H].

For n > 3, since both7,(X,X’, %) andJn(B,B’,bg) are categorical groups arul:
(X, X", o) — 14(B,B', bp) is a bijection for every > 1 (see [18]), we have that

To0n(X, X", %0)) = Th-1(X, X', %0) = m_1(B,B’,bg) = mpIn(B, B', bp))

and
nan(X7X/7XO)) = nh(xyxl’XO) = nl-'](Bv B/7b0) = nan(87 B/7b0))

and we can use [16, Proposition 9] to conclude haf/,(X,X’,x0) — [n(B,B,bp) is a
monoidal equivalence far> 3. O

Corollary 2 Letp: (X,%) — (B,bp) be a fibration with fibreF = p~X(bg). Then, the in-
duced functomp : [y (X, F,x0) — n(B,bo), is a full and essentially surjective functor, for
n= 2, and a monoidal equivalence far> 3.

Proof This follows from the above theorem on takiBy= {bp} and using the canonical
identificationJn(B, {bo},bo) = 0n(B,bp). O

Combining the 2-exact sequence of the §&irF, xo) with the equivalences of this corollary
we get:

Corollary 3 (The 2-exact homotopy sequence of a fibration)
Letp: (X,%) — (B,bp) be a fibration with fioreF = p~(bg). Then, there exists a long
2-exact sequence

= Ony1(B,bo) 2 Tn(F,%0) > On(X,%0) & On(B,bg) 2 ...

. — O3(B,bo) % Oa(F, %) - T2(X,%0) — J2(X, F,X0) — T1(F,X0) — T1(X, )

that is called the2-exact homotopy sequenoéthe fibrationp.

We remark thatplJ2(X,F, X)) = m(X,F,Xo) = m(B,bg) = ml2(B,bg)) and then,
applyingm to sequence (2), we obtain the well-known group exact sequence of the fibration
p:

. = Tha1(B,bo) 5 Th(F,%0) - Th(X,%0) B (B, bo) 2 ...

.. — TB(B,bo) % 1.(F,X0) - (X, X0) — (B, bo) — T (F, %) — TH(X,Xo).

Corollary 4 If p: (X,x9) — (B,bp) is a fibration with fibreF and X is contractible, then
the functor

0 : Uny1(B,bo) — On(F,%o)

is an equivalence fan > 2.



4 The fundamental categorical crossed module of a fibration

Let us recall that, for any fibratiop: (X, Xo) — (B,bg) with fiore F = p~*(bg) and inclusion

mapi : (F,%0) — (X,%o), the induced mapn (F,xo) — 1(X,Xo) is, as firstly Quillen had
observed, a crossed module called the ‘fundamental crossed module’ of the filprédima

[4] for an explicit proof of this fact). Next, we are going to show, in a direct way, that
this result is a trace in the group setting of another one which lives at the higher level of
categorical groups.

Theorem 2 Let p: (X,Xo) — (B,bo) be a fibration with fibreF = p~(bp) and consider

the induced categorical group homomorphiSh(F, Xo) SLIN O2(X,%o) given in the 2-exact
homotopy sequence of the fibratipnThen the homotopy categorical groip(F,xo) is a
[2(X, Xp)-categorical group and, for anw € [J2(X,Xg) and a,a’ € [(F,Xp), there are
natural isomorphisms

V=Vea i(P0)00—0@a , X=Xea: Yad®a—-aza

such that([1»(F,x0),002(X,%o),1,V, X) is a categorical crossed module that we will call the
“fundamental categorical crossed module” of the fibratipn

Proof To define a categorical group action[o$(X, xg) onJ2(F,Xo)
DZ(vao) X DZ(vao) i’ DZ(vaO)

we consider the continuous map

Q(X,%0) x Q(F, %) — Q(F,%) , (w,a)+— “a Q)
where®a is defined as follows. Letv® a ® w! € Q(X,%y) and consider the projection
p(w®a®w 1) € Q(B,by) which is homotopic, sincg(a) = by, to the constant loop
in B at by through a homotopy of loopHl : | x I — B. Then,Hp(s) = H(s,0) = p(w®
a ® w 1) (s) andHy(s) = H(s,1) = bo. Sincep is a fibration, using the homotopy lifting

property in the diagram

wRaw
_—

X
lp
Ao B

| —

io

X <— —

we get a homotopy of lood84 = H : 1 x| — X such thaHy(s) =H(s,0) = w®a @ w™?*
and pH = H. Then, pHi(s) = pH(s,1) = H(s,1) = by and therefordmH; C F, that is,
H; € Q(F,bp). We definé’a = Hj that is represented in the figure below

S

weasw™ H (1




Since the fundamental groupoid functdf preserves products, map (1) induces the

h,[h]
functoracthat is given, on objects, Bc(w, a) = “a and, on arrows(w, a) M (w,a’),

by Mh] = [Ph] : ®a — “a’ where, if J(s;t,u) = Hj, j, (st) with hy(s) = h(s,u) and
hy(s) = h(s,u), then("h)(s,u) = (Hy, 1 )1(S) = Hp, 1, (s 1), that is, the front face in the
cubel(st,u) represented below '

/ wWeARW w'ea'ew™

t

For anyw, o' € 2(X, %) anda € [J(F,Xp), next we define a natural isomorphism

/

O= Vg Yo — ©(Ya).
For this, let us consider the m&p: | x | — X given byG(s,t) = Hy wew (St), which is a
homotopy of loops fronfw ® w')a @ (w® w')~* to **“a, and also the map: | x | — X
given as follows:
YHy o (s2t) 0
L(st) =14 = *9>
(s1) { Hup o822 -1) 3

where®H denotes the action @f>(X,xp) on itself by conjugation. Note th&tH, ., is a
homotopy of loops fromw® o ®a @ W 1o w o w® Ya®w ! whereaH,,,  isa
homotopy of loops fromw® “a ® w™! to ‘*’(“J'a). It is clear thatpG is homotopic topL

through a homotop¥ : | x| x| — B, with T(s,1,u) = by, and alsoG(s,0) is homotopic
to L(s,0) trough the canonical homotopy of loops frqw ® w)a ® (W W)™t to w®

W ®a®wt®wt Then, by [17, Theorem10, Chap.2], there is a liftihg x | x | — X

which is a homotopy fron® to L and is an extension of the homotoldy. G(s,0) ~ L(s,0),

thatisJ(s,t,0) = G(s,t), J(s,t,1) = L(s,t) andJ(s,0,u) = K(s,u).

Let ¢(s,u) = J(s,1,u), that is, the front face of the culdés,t,u) represented below

s
G(s,t)
K\*T L(s,t)

(wew‘){y w(w'a)

@(s,u)




Then,¢ = @y o - | X1 — F isahomotopy of loops fror (s,0) = J(s,1,0) = G(s,1) =
“2g o ¢(s,1) = J(s,1,1) =L(s,1) = “(“a) and we define the required morphisbg, .y
as the morphism it/ (F, xo) given by the class of the homotogy that is®, .y 4 = [¢].

For anyw € Q(X,*) anda,a’ € Q(F, x) the natural isomorphism

Y=Wao:  Yaxa)— “ax

is defined as follows. Consider the m@p: | x | — X given by G(s,t) = Hyga' w(St),
which is a homotopy of loops from® a @ a’ @ w* to “(a ® a’), and consider also the
mapL : | x| — X, given by

- Haw(2st 0
L(SJ) = (Ha}w@ Ha’ﬁw)(s’t) = {HZ;L:)((Zs—) 1 t) %

which is a homotopy fronfw® a ® w™ ) ® (w® a’ ® w™t) to Ya ® “a’. Then, it is clear
that pGis homotopic topL through a homotop¥ : | x | x| — B, with T(s,1,u) = bg, and
also,G(s,0) is homotopic td (s, 0) trough the canonical homotopy of loops frao® a ®
adewlttwraw-10wa ®w L Then, by [17, Theorem10, Chap.2], there is a
lifting J: 1 x| x1 — X which is a homotopy fron® to L and is an extension of the homotopy
K:G(s,0) ~ L(s,0), that isJ(s,t,0) = G(s,t), J(s,t,1) = L(s,t) andJI(s,0,u) = K(s,u).

Let Y(s,u) = J(s,1,u), that is, the front face of the culd¢s,t,u) represented below

Then, Y = Yy a0 : 1 x| — F is a homotopy of loops fromy(s,0) = J(s,1,0) =
G(s)=%Yaxd)toy(sl) =J3(s1,1) =L(s1) = “a® “a’ and we define the required
morphismy¥, , o+ as the morphism if/>(F, Xp) given by the class of the homotoygy, that
is Ww,a,u’ = [QU}

The required coherence conditions forand¥ (see [10]) follow by applying suitably
[17, Theorem10, Chap.2]. For instance, the coherence conditio® feays that, for any
loopsw, ', w” € Q(X,%) anda € Q(F,xo), the following equality

[“br oral[Pew,wew ol a] = (b0, ) [Pwzar, 0 al
or, equivalently, the equality

1 1 .
[“bowra Powewra SO Gl a9 arg) = o))

. a -1 -1
must hold. Now, the morphisM = “¢y oy ¢ - Pw.wew’.a - “”‘J‘“’”a'¢w®w.w',a'¢w,w,wa

isM = Fo(s,1,u), that is, the front face of a cubig that is obtained by gluing the five cubes
defining, in their front faces, each one of the morphisms that are composed in the definition
of M. The back face dfy, Fy(s,0, ), represents the composition of analogue morphisms but
for the action by conjugation dfi2(X,Xo) on itself. Then, this face is homotopic, through
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a cubeG, to the face constant at the loope W @ W’ @ a @ W' 1@ w1to w™?. Let us
consider now the cubE; that is constant at the left (or right) face E§. The front face
of F1, F(s,1,u), is constant at the loof§(%(“"a)) and its back face, which is constant at
the loopw W @ W’ @ a @ W' 1 ® w/1® w1, is homotopic througl® to the back face
of Fy. It is clear thatpFy is homotopic topF; so that there exists a homotopy: |* — B
from pFy to pF. MoreoverH(s,1,u,v) is constant aby andH(s,0,u,v) = pG(s,0,u,V)
and therefore, using [17, Theorem10, Chap.2], there is a lifting* — X of H which is a
homotopy fromFp to F; and is an extension @. Then, sincel(s,1,t,0) = Fy(s,1,t) =M
andJ(s,1,t,1) = Fi(s,1L,t) = idw<a,/<a//a)), J(s,1,t,v) is a cube giving the required homotopy
betweerM andidw(a/(d/a)) .

Next, for anyw € [2(X,x0) anda € [,(F,Xp), we define the natural isomorphism in
[2(X; %)
V=Vya Y000 — 0x0d.

To do that, let us consider the m&a | x | — X given by
G(st) = (e w)st) = { o 0<s<;
1) =MHaw T lw(2s-1) F<s<1

which is a homotopy of loops from® a ® W' ® w to Ya ® w, and the map. : 1 x | — X
given by

1
L(st) = (w@a)(st) = { (:((:), 1) %0;:;12

which is the constant homotopy at® a. As above, [17, Theorem10, Chap.2] assures the
existence of a homotop¥: | x | x I — X such that)(s,t,0) = G(s,t), J(s,t,1) = L(s,t)
andJ(s,0,u) is the canonical homotopy from® a0 ® w1 ® w to Yo ® w. Let v(s,u) =
J(s,1,u) : | x I — X the front face of the cube

Then,v is a homotopy of loops from(s,0) = J(s,1,0) = G(s,1) = “a ® w to v(s,1) =
J(s,1,1) =L(s,1) = w® a and we define = v, o = [V].
Finally, for a,a’ € O2(F, Xp), the definition of the natural isomorphism

X=Xaa ‘0 @0 —axad
in O>(F,Xo) is the same done far wheneverw € Q(F,Xp), that is,Xq o = Vy.o'-

All the required coherence conditions theand x must satisfy (see [8]) follow again as
straightforward instances of [17, Theorem10, Chap.2].
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Note that, as we already commented, the projection of this resuatf,bg (L2 (F, %) -,

[02(X,%0)), gives the fundamental crossed modméF, ) — (X, *) of the fibrationp.

The standard procedure in homotopy theory of factoring any map of pointed spaces
(X,%0) — (Y, Yo) through a homotopy equivalen¢X, xo) — (X,Xp) followed by a fibration
T (X,%0) — (Y,Yo), (whereX = {(x,w) € X xY' | w(1) = f(x)}), gives a functorf s
from maps to fibrations. This functor allows then to define the fundamental crossed module
of any map between pointed spades(X,xg) — (Y, Yo). In fact, if (Kf, (X0, w,)),kf) is
the homotopy kernel of, that is, the fibre of the fibratior, then there is a long exact
sequence

kf
= TB(YYo) S (K E, (X0, ) Y (X, %0) — T (Y. Y0) — -

kf
and 1a(Kf, (X0, wy,)) L> m(X,X%o) is called the fundamental crossed module of the

kf f
fibre homotopy sequencéK f, (xo, ) (X, %) (Y.¥o) -
In the same way, according to Corollary 3, there is also the 2-exact sequence

I D3(Y7y0) $D2(Kf7(xo7o‘&/0)) MDZ(vao) HDZ(yaKf>()(07(}%/|:)))

o

D:l.(Kf ) (XO/ a%/o)) — D]_(X,XO)
(2)

and we make the following:

Definition 1 The fundamental categorical crossed module of a fibre homotopy sequence

(KT, (X0, twyy)) al (X,X%o0) f (Y,yo) is defined as the categorical crossed module

Da(kf)

O2(K T, (%0, @y)) —— O2(X, Xo0)

obtained from the fibratiofi : (X,%5) — (Y, Yo) according to Theorem 2.

Remark 11n the particular case in which we consider a pair of pointed topological spaces
(X, A, Xo), associated to the inclusion (A, xg) — (X,Xo) there is the fibratiod — X where

A is the space of paths iX ending at some point oA and the maps send each path to
its starting point. The fibre of this fibration is given by the subspéte- {(a, w) € A x

X' /w(0) = xo, w(1) = a} (i.e. the set of paths of starting at the base poixg and ending

in A) whose homotopy categorical groups are, by definition, those of théXai xo), i.e.,
On(X,A%0) = 01(Q"2(Ki, (X0, W) ,n > 3. In this way, just we obtain the homotopy
categorical crossed module

0. D3(X7A7X0) - DZ(A7XO)
introduced in [6], so that, as in the group case, the fundamental categorical crossed module

of a pair of spaces can be deduced from the fundamental categorical crossed module of a
fibration.



12

5 K-theory categorical groups

In what follows [1,2] are appropriate references for background. Let us recall that, for any
ring R, if GLy(R) is the general linear group of invertible matrices n with entries inR,
there is a sequence

GL1(R) ¢ GL2(R) c GL3(R) C -

whose direct limit is denote@L(R). The subgroujE (R) of GL(R) generated by the elemen-
tary matrices is just the derived subgrd@l(R), GL(R)] and the quotient group, which is
an abelian group, is the so called Whitehead grouR dénoted byK;R. In this way,K; is

a covariant functor from the category of rings to the category of abelian groups.

The Steinberg group8t,(R) were introduced by Milnor as those groups given by gener-
atorsx{‘j and relations encapsulating the key rules of the elementary maﬁicé*ﬁe canon-
ical homomorphisn®y : St(R) — En(R) C GLn(R), X} — €}, induce a homomorphism in
the corresponding direct limits

StR) -2 GL(R)

whose image is actuallf(R), and whose kernel gives the definition of the 2-th group of

algebraik-theory, that iskz(R) = Ker(®). Again, this construction is evidently functorial.
By consideringBGL(R), the classifying space of the gro@@L(R) then, by Quillen

plus-construction, there exists a sp&®BL(R)* satisfying thata BGL(R)* = %RL)(R) =

%&R)) = K;R. Moreover,/6BGL(R)* 2~ K;R.
HigherK-groups of a ringR, KiR, i > 1, were defined by Quillen as the composition of

covariants functors (see [2])
Ki; : R— GLR— BGLR— BGLR" — 1BGLR".
Now, it suggests the following:

Definition 2 For any ringR we defineK-categorical groupKiR, i > 1, as the composition
of covariants functors

K; : R— GLR— BGLR— BGLR" — [J;,1BGLR" .

We then have thd ;R is a braided categorical group and, for 3, K;Ris a symmetric
categorical group.
Let us observe that, for any> 1,

KR = /i, 1BGLR" = BGLR" = KR

and
HlKiR: 7T15i+lBGLR" = 7'{+lBGLR‘_ = Ki+1R.

Thus, according to the classification of braided categorical groups given in [13, Theorem
3.3], K-categorical group&iR, i > 2, are completely determined, up to isomorphism, by
the K-groupsK;R andK; 1R and the quadratic magR — Kj1R assigning to each object
[A] € KiRits signature.

Above we observed that the Quiller’s-groupsKiR andK>R can be recognized, re-

spectively, as the cokernel and the kernel of the group homomorpBigRh 2, GL(R).
This morphism is a crossed module and it is, actually, an instance of crossed module arising
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from the general process that associates, via the fundamental crossed module of any fibre
homotopy sequence, such kind of structures to any map of pointed spaces. In fact, a basic
structure for the algebral€-theory is the homotopy fibration
d
F(R) — > BGL(R) —=~ BGL(R)". ©)
and the main point to emphasize here is that its associated crossed module

74 (dR)

mF(R) —— mBGL(R)
is equivalent, sincesF (R) = St(R), to
St(R) -2 GL(R)

and therefore its cokernel and kernel are, respectit@iR,andK;R.
According to Definition 2, associated to the homotopy fibration (3) there is also the
categorical crossed module

d
0,F (R) —2% . 7,BGL(R)

and, paralleling the group case, we have:

Theorem 3 For any ringR, theK-categorical group¥K;R andKsR are, respectively, up to
monoidal equivalence, the homotopy cokernel and kernel of the categorical crossed module
OodgR, that is:

Ki1R~Coker,dr , KoR~ Ker[d,dr.

Proof Consider the 2-exact sequence (2) associated to the homotopy fibration (3)

.. — O3(BGL(R)1) — O2(F(R)) DLCI'?Dg(BGL(R)) — [02(BGL(R),F(R)) — ---

and the induced functor (see CorollaryiR): [02(BGL(R),F(R)) — 02(BGL(R) ™). Then,
deduced from the universal property of the homotopy cokernel, there exists a morphism
CokefJ,dr — [02BGL(R)* that induces isomorphisms in the homotopy groops= 0, 1.
In fact, sinceJ,BGL(R) is the categorical group associated to the grilyR), then (see
[8, Example 3.2 ii)])CokefJ,dR is the strict categorical group associated to the crossed
module St(R) 2, GL(R) . Thus mCokelT2dr = K1R = K1 (R) and mCokerdg 22
K2R = mK»(R) and therefore, according to [16, Proposition ©pker7,dr — KiR is a
monoidal equivalence.

On the other hand, deduced from the universal property of the kernel and the above 2-
exact sequence, there is a canonical homomorphisBGL(R)* — KerJ,dg which is also
a monoidal equivalence. In fact, from the group exact sequence

0 —— mKerlJdr —— mF(R) —— m[,BGL(R)

and sincenJ,BGL(R) = ieBGL(R) = 0, we deduce that Ker[J,dr = a[12F (R) = eF (R).
Also, from the group exact sequence deduced from the homotopy fibration (3) we have

.- BBGL(R) — 18BGL(R)* — = 7&F (R) — = BBGL(R)

and sincersBGL(R) = TeBGL(R) = 0 we obtainmmKer,dg = 8BGL(R) ™ = mKz(R).
Then, by [16, Proposition 9], we conclude tfi&iR — KerJ,dr is a monoidal equivalence.
O
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Categorical crossed modules are algebraic models for homotopy 3-types (see [6,7]) and
the homotopy groups of the classifying space of any categorical crossed BT, v, x)
are given bymCokerT, mKerT = rgCokerTandrgKerT, that is, they are the so-called ho-
motopy groups of the categorical crossed module. The following corollary reveals that the
3-type associated td,dR is controlled by th&k-groupsKiR, i = 1,2,3, or, in other words,
that the 3th level of the Postnikov tower of tKetheory spectrum oR is classified by the
categorical crossed modul&dg.

Corollary 5 For any ringR, the categorical crossed modul&dg induces isomorphisms,
nm,dr =2 KR, i=1,23.
Proof

mCoker,dr =2 KiR, mCokerdadr =2 KoR (22 mKerlJodr) and mKerJ2dg =2 K3R.O
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