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1. Introduction and summary

Let X be a bisimplicial set. WhenX is regarded as a simplicial object in the simplic
set category and one takes geometric realizations, then one obtains a simplicial topo
space whose Segal’s realization [23] is homeomorphic to|diagX|, the realization of the
simplicial set diagonal ofX. Hence the diagonal of a bisimplicial set is a “correct” simp
cial set model for its homotopy type. Indeed, in [19] it is shown a closed model stru
on the category of bisimplicial sets and it is proved that the diagonal functor induc
equivalence of homotopy categories.

However, there is another canonical way of associating a space to a bisimplic
through the bar constructionX �→ WX. This functorW , from bisimplicial sets to simplicia
sets, may be defined as the functor right adjoint to Illusie’stotal Decfunctor [14], and it
was first considered by Artin and Mazur in [1] (see Section 2 for details). We must re
that the restriction ofW to the categories of (nerves of) simplicial groups or simpli
monoids gives our “old”W of Eilenberg and Mac Lane [11], Moore [21] and Kan [1
Also, for (nerves of) simplicial groupoids with discrete simplicial set of objects it ag
with the classifying complex constructionW of Dwyer and Kan [10].

Since we have two different spaces associated to any bisimplicial setX (namely
|diagX| and |WX|), it seems natural to compare them. In a paper by Cordier [6]
asserted that both spaces are indeed homotopically equivalent. However, no proof o
given or even outlined in Cordier’s paper and the only reference there-in is to a “personal
communication” from Zisman. Furthermore, diag(−) is a left adjoint functor and good be
havior with the left adjoint functor| − | would be expected, butW is a right adjoint so it is
far from obvious that they have equivalent realizations. The main purpose of this art
to prove the theorem below.

Theorem 1.1. For any bisimplicial setX there is a natural weak homotopy equivalence

φ : diagX → WX.

After this introduction and summary, Section 2 of this article contains a minimal am
of needed notation and terminology to prove Theorem 1.1, whose proof is given in
tion 3. The remainder of the paper is devoted to examples and applications, an
organized as follows:

Section 4. In this section, we shall examine the effective power of Theorem 1.1 by s
ing a relevant theorem which now becomes simple instance of it; that is
Homotopy colimit theorem by Thomason [25], namely: LetF :D → Cat be any
diagram of small categories and letNF be the diagram of simplicial sets obtain
by composing with the nerve functorN . Then, there is a natural weak homoto
equivalence

hocolimNF → N

∫
D

F

from the homotopy colimit ofNF to the nerve of the Grothendieck construct
onF .
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Section 5.Here we show how another classic result is quickly deduced from Theorem
the generalized Eilenberg–Zilber theorem of Dold and Puppe [7], which state
for any bisimplicial Abelian groupA there is an inducing homology isomorphis
natural chain complex map

N diagA → TotNA

from the normalized (or Moore) chain complex of the diagonal ofA to the total
chain complex of the normalized bicomplex ofA.

Section 6.As an easy new application of Theorem 1.1, in this section our objective
provide a description of the homotopy type of a 2-category by showing a p
ing simplicial model for its classifying space. Our conclusion here can be
as a generalization of a result by Moerdijk and Svensson [20, Section 2, Re
and it may quite possibly be of interest not only to researchers in higher di
sional category theory, but also toK-theorists, since strict monoidal (“tensor
categories can be identified with 2-categories having a single object.

Section 7.This is a short section in which Theorem 1.1 is applied to prove that the ad
functors Dec� W : S2 � S induce an equivalence of categories

Ho
(
S2) � Ho(S)

between the homotopy category Ho(S2) of bisimplicial sets and the homotop
category Ho(S) of simplicial sets.

Section 8.Further to all the above quick consequences we dedicate this last sect
showing a more substantial new application of Theorem 1.1, by giving an
braic model for the homotopy theory of (not necessarily path-connected) s
whose homotopy groups vanish in degree 4 and higher.

There are several notable precedents for our result here. The first is the well-k
equivalence between the homotopy category of pointed (path) connected CW-com
(X,x) such thatπi(X,x) = 0 for i � 2 (i.e., connected homotopy 1-types) and the c
gory of groups. In [18], Mac Lane and Whitehead proved there is a similar equiva
between the homotopy category of pointed connected CW-complexes with trivial h
topy groups at dimensions� 3 (connected homotopy 2-types) and the homotopy cate
of crossed modules. These crossed modules were seen to be equivalent to 1-ca
(i.e., category objects within the category of groups) and based on this fact, Mac La
Whitehead’s theorem was extended by Loday [17, Theorem 1.7] to a more genera
which, in particular, shows that 2-cat-groups are algebraic models for connected
topy 3-types, that is, of pointed connected CW-complexes(X,x) such thatπi(X,x) = 0
for i � 4 (see [5] or [22] for other different proofs of Loday’s theorem). Examples s
as G-spaces and equivariant homotopy types supply topological contexts where t
sumption of path-connectedness is too restrictive. Indeed, one needs to find a suffi
functorial generalization of the above results without assuming connectedness and
of a base point. For the case of 1-types, it is well known that such a generalization
tained by replacing groups by groupoids. For the case of 2-types, Moerdijk and Sve
[20] prove that the Mac Lane–Whitehead equivalence has a satisfactory generaliza
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not necessarily connected spaces by replacing the notion of crossed modules by
a 2-groupoid.

Here we deal with non-connected 3-types, and for this case we have chosen to us
gebraic structure that we call 2-cat-groupoid. Such a 2-cat-groupoid consists of a group
endowed with four endomorphisms satisfying some nice conditions (see Definitio
and it can be thought of as a groupoid enriched with two independent categorical
tures. These 2-cat-groupoids relate to Loday’s 2-cat-groups as ordinary groupoids
to groups or as well as 2-groupoids relate to crossed modules: a 2-cat-group is a
groupoid with exactly one object. We will show that the Loday equivalence can no
generalized to an equivalence between on the one hand the homotopy category o
X such thatπi(X,x) = 0 for i � 4 and for any choice of base pointx ∈ X, and, on the othe
hand, the homotopy category of 2-cat-groupoids. We should remark that this equiv
is completely functorial, explicit and essentially elementary.

2. Some notations and preliminaries

We employ the standard symbolism and nomenclature which can be found in te
simplicial homotopy theory ([12], for example). For definiteness or emphasis we sta
following.

We denote by∆ the category of ordered sets[n] = {0,1, . . . , n}, n � 0, with order-
preserving maps between them. Recall that all maps in∆ are in fact generated by th
injectionsdi : [n − 1] → [n] (cofaces), 0� i � n, which miss out theith element and th
surjectionssi : [n + 1] → [n] (codegeneracies), 0� i � n, which repeat theith element.

It is often convenient to see a bisimplicial setX :∆op × ∆op → Set as a (horizontal
simplicial object in the category of (vertical) simplicial sets. Ifα : [p] → [p′] andβ : [q] →
[q ′] are any two maps in∆, then we will writeα∗h :Xp′,q → Xp,q and β∗v :Xp,q ′ →
Xp,q by the imagesX(α, id) andX(id, β) respectively. In particular, the horizontal a
vertical face and degeneracy maps aredh

i = (di)∗h , dv
i = (di)∗v , sh

i = (si)∗h and sv
i =

(si)∗v respectively.

2.1. The constructionsdiag, DecandW

By composing with the diagonal functorδ :∆ → ∆ × ∆, [n] �→ ([n], [n]), we get the
diagonal functor,X �→ diagX = δ∗(X), from bisimplicial sets to simplicial sets. We w
use several times the following fact (see [2, XII, lemma in 2.3 and 4.3] for exam
if f :X → X′ is a bisimplicial map such that the mapsfp,� :Xp,� → X′

p,� (respectively
f�,q :X�,q → X′

�,q ) are weak homotopy equivalences for allp (respectivelyq), then so is
the map diagf : diagX → diagX′.

Similarly, composition with the ordinal sum functor or :∆ × ∆ → ∆, ([p], [q]) �→
[p + q + 1], gives Illusie’s total Dec functor Y �→ DecY = or∗(Y ), from simplicial
to bisimplicial sets [14, VI, 1.5]. More specifically, for any simplicial setY , DecY is
the bisimplicial set with Decp,q Y = Yp+q+1, and whose simplicial operators aredh

i =
di :Yp+q+1 → Yp+q , and analogouslysh = si , whereasdv = dj+p+1 :Yp+q+1 → Yp+q ,
i j
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j = sj+p+1. Viewing DecY as a simplicial object in the category

simplicial sets, we have the canonical simplicial augmentation

d0 : DecY → Y

which induces a weak equivalence diagDecY → Y on the diagonals (regardingY as
a bisimplicial set which is constant in the horizontal direction), since, por anyq � 0, the
augmented simplicial set Dec�,q Y → Yq has a simplicial contraction given by the dege
eraciessi :Yq+i → Yq+i+1, i � 0.

The functor Dec has a right adjointW [8], whose description is as follows (cf. [1
Section III]). For any bisimplicial setX, the set ofp-simplices ofWX is

Wp(X) =
{

(x0, x1, . . . , xp) ∈
p∏

i=0

Xi,p−i | dv
0xi = dh

i+1xi+1, for all 0� i < p

}
,

and for 0� i � p the faces and degeneracies of an element ofWp(X) are given by

di(x0, . . . , xp) = (
dv
i x0, d

v
i−1x1, . . . , d

v
1xi−1, d

h
i xi+1, d

h
i xi+2, . . . , d

h
i xp

)
,

si(x0, . . . , xn) = (
sv
i x0, s

v
i−1x1, . . . , s

v
0xi, s

h
i xi, s

h
i xi+1, . . . , s

h
i xp

)
.

We have the natural comparison map of Theorem 1.1

φ : diagX → WX, (1)

which takes ap-simplexx ∈ diagX to

φ(x) = ((
dh

1

)p
x,

(
dh

2

)p−1
dv

0x, . . . ,
(
dh
i+1

)p−i(
dv

0

)i
x, . . . ,

(
dv

0

)p
x
)
.

2.2. The simplicial categoryN(∆)

In this paper we use the nerve construction on small categories of [2, XI,2.1]; thu
nerveNC of a categoryC is the simplicial set whosep-simplices are the diagrams inC of
the form

c0 ← c1 ← ·· · ← cp.

The i-face (respectively degeneracy) of this simplex is obtained by deleting the objci

(respectively replacingci by ci
id← ci ) in the standard way.

The nerveN∆op of the category∆op is the simplicial set of objects of a simplici
category, denoted byN∆, that is defined as follows. For eachp � 0, Np∆ is the category
whose objects are all strings ofp composable maps in∆,

Σ = [n0] σ1−→ [n1] σ2−→ · · · σp−→ [np], (2)

and whose arrowsf :Σ → Σ ′ are thosep-tuplesf = (fk : [nk] → [n′
k])0�k�p of maps in

∆ satisfying the conditions (3) below.

fkσk = σ ′
kfk−1 for all 1� k � p,

f (n ) = n′ for all 0� k � p.
(3)
k k k
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The composition inNp(∆) is defined in the obvious way. The face and degeneracy fun

Np+1(∆)
si←− Np(∆)

di−→ Np−1(∆)

act in the standard way: forΣ as in (2),

diΣ =


[n1] σ2−→ [n2] → · · · σp−→ [np] i = 0,

[n0] σ1−→ · · · → [ni−1] σi+1σi−→ [ni+1] → · · · σp−→ [np] 0< i < p,

[n0] σ1−→ [n1] → · · · σp−1−→ [np−1] i = p,

siΣ = [n0] σ1−→ · · · σi−→ [ni] id−→ [ni] σi+1−→ [ni+1] → · · · σp−→ [np], (4)

and forf = (fk) :Σ → Σ ′ any arrow inNp∆,

dif = (f0, . . . , fi−1, fi+1, . . . , fp) :diΣ → diΣ
′,

sif = (f0, . . . , fi, fi, . . . , fp) : siΣ → siΣ
′. (5)

For anyp � 0, we will denote byd the object ofNp∆ (i.e., thep-simplex of N∆op)
bellow:

d = [0] d1−→[1] d2−→· · · dp−→[p]. (6)

Then, for anyΣ ∈ Np∆, say (2), we have a canonical morphism inN∆,

Σ̃ = (
Σ̃k

)
: d → Σ, (7)

which is given by the “last vertex” maps

Σ̃k : [k] → [nk] 0� k � p, (8)

defined by

Σ̃k(j) = σk · · ·σj+1(nj ) 0� j � k
(
soΣ̃k(k) = nk

)
.

The morphism (7) is natural inΣ , that is, for any given morphismf :Σ → Σ ′ in the
categoryNp∆, the triangle below is commutative:

d
Σ̃ Σ̃ ′

Σ
f

Σ ′
(9)

Since the identity functor ofNp∆ is connected by a natural transformation to the cons
functor d, it follows that this categoryNp∆ is weakly contractible (in the sense that
classifying space is contractible).

Finally, and in relation with the maps (8), let us point out that the diagrams belo
commutative for all 0� i � k < p (which is straightforward to verify). The commutativi
of these diagrams is needed many times along the paper to check simplicial ident
several constructions:

[k] dk+1

Σ̃k

[k + 1]
Σ̃k+1

[k] di

(d̃iΣ)k

[k + 1] si

(s̃iΣ)k+1

Σ̃k+1

[k]

Σ̃k

[nk] σk+1 [nk+1] [nk+1] [nk]
(10)
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3. Proof of Theorem 1.1

The plan is as follows. GivenX any bisimplicial set, we will build a diagram of simpl
cial maps

diagZ
θ π

diagY
φ′

ψ
WY

ω

diagX

φ

diagT

ψ ′
WX

(Diagram 1)

in which Y , Z andT are certain bisimplicial sets, and we will prove that the mapsψ , θ ,
π , ω andψ ′ are all weak homotopy equivalences, that the pentagon is commutative
ψ ′ωφ′ = φψ ) and also that the triangle on the top is commutative up to homotopy (fo
we will show a simplicial homotopyH :π → φ′θ ). Then, as a consequence, we will ha
that the comparison mapφ (1) is a weak equivalence as required.

The remainder of this section is devoted to carrying out the above objectives, and
divide it into nine subsections.

3.1. The simplicial sets in Diagram 1

3.1.1. The bisimplicial setY and the simplicial setWY

The bisimplicial setY is defined to be the simplicial replacement [2, XII, 5.1] ofX

(viewingX as a∆op-diagram of simplicial sets); thus, its set ofp,q-simplices is

Yp,q = {
(Σ,x) | Σ = [n0] σ1−→[n1] σ2−→· · · σp−→[np] ∈ Np∆op, x ∈ Xnp,q

}
. (11)

The vertical face and degeneracy maps are defined by those ofX, that is,

dv
j (Σ,x) = (

Σ,dv
j x

)
, sv

j (Σ,x) = (
Σ,sv

j x
)

and the horizontal face and degeneracy maps by those ofN∆op (see (4)), that is,

dh
i (Σ,x) = (diΣ,x), sh

i (Σ,x) = (siΣ,x)

exceptdh
p :Yp,q → Yp−1,q which is defined by

dh
p(Σ,x) = (

dpΣ,σ ∗h
p x

)
.

To work easily with the simplicial setWY , we will identify anyp-simplex ofWY with
a pair

(Σ,x) | Σ = [n0] σ1−→[n1] σ2−→· · · σp−→[np] ∈ Np∆op,

x = (x0, . . . , xp) ∈
p∏

Xnk,p−k, (12)

k=0
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such that the following equalities hold

dv
0xk = σ

∗h

k+1xk+1 0� k < p;
this corresponds to the genuinep-simplex ofWY given by the tuple(([n0], x0

)
,
([n0] σ1−→ [n1], x1

)
, . . . ,

([n0] σ1−→ · · · σp−→ [np], xp

)) ∈
p∏

k=0

Yk,p−k.

After this identification, the face and degeneracy maps ofWY are given by

di(Σ,x) =


(
d0Σ,(x1, . . . , xp)

)
i = 0,(

diΣ,
(
dv
i x0, . . . , d

v
1xi−1, xi+1, . . . , xp

))
0< i < p,(

dpΣ,
(
dv
px0, . . . , d

v
1xp−1

))
i = p,

(13)

si(Σ,x) = (
siΣ,

(
sv
i x0, . . . , s

v
0xi, xi, . . . , xp

))
.

3.1.2. The bisimplicial set Z
The bisimplicial setZ is that obtained by pulling back Illusie’s augmented total-De

the nerve of∆op (see Section 2.1),d0 : DecN∆op → N∆op , along the canonical simplicia
projectionWY → N∆op which applies a simplex(Σ,x) of WY (8) to Σ ∈ N∆op . More
precisely,Z is the bisimplicial set such that an element

(Γ,α,Σ,x) ∈ Zp,q (14)

consists of ap-simplex Γ = [m0] γ1−→ · · · γp−→ [mp] in N∆op , a q-simplex (Σ,x) =
([n0] σ1−→ · · · σq−→ [nq ], (x0, . . . , xq)) of WY and an arrowα : [mp] → [n0] in ∆, and such
that its horizontal and vertical face and degeneracies maps are given by

dh
i (Γ,α,Σ,x) =

{
(diΓ,α,Σ,x) 0� i < p,

(dpΓ,αγp,Σ,x) i = p,

sh
i (Γ,α,Σ,x) = (siΓ,α,Σ,x) 0� i � p,

dv
j (Γ,α,Σ,x) =

{(
Γ,σ1α,d0(Σ,x)

)
j = 0,(

Γ,α,dj (Σ,x)
)

0 < j � q,

sv
j (Γ,α,Σ,x) = (

Γ,α, sj (Σ,x)
)

0� j � q,

wherediΓ andsiΓ are as in (4) whiledj (Σ,x) andsj (Σ,x) are as in (13).

3.1.3. The bisimplicial set T
In order to defineT , let us first observe thatWY is the simplicial set of objects of

simplicial category, denotedWY , defined as follows. For eachp � 0, categoryWpY has
WpY as set of objects and its morphisms

f : (Σ,x) → (Σ ′,x′)
are those arrowsf :Σ → Σ ′ in the categoryNp∆ (see Section 2.2) such thatf ∗h(x′) = x
(i.e.,f ∗h

k (x′
k) = xk for all 0� k � p). The face and degeneracy functors ofWY are defined

by (13) on objects and by (5) on morphisms.
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This simplicial categoryWY defines, by taking nerve of each categoryWpY , the bisim-
plicial setT in Diagram 1. Thus,

T = NWY :
([p], [q]) �→ NqWpY.

More explicitly, an elementχ ∈ Tp,q can be described as a string

χ = (
Σ0,x0) f 1

←− (
Σ1,x1) ← ·· · ← (

Σq−1,xq−1) f q

←− (
Σq,xq

)
of q composable arrows inWpY . The vertical face and degeneracy operators are tho
the nerveNWpY , that is,dv

i acts by deleting(Σi,xi ) in the stringχ and using compo
sition, if needed, to form the new stringdv

i χ . In the same way,sv
i duplicates(Σi,xi ) at

placei + 1. The horizontal face and degeneracy operators are induced by those oWY ,
that is,

dh
j (χ) = dj

(
Σ0,x0) dj f 1

←− dj

(
Σ1,x1) ← ·· · dj f q

←− dj

(
Σq,xq

)
,

sh
j (χ) = sj

(
Σ0,x0) sj f 1

←− sj
(
Σ1,x1) ← ·· · sj f q

←− sj
(
Σq,xq

)
.

3.2. The weak homotopy equivalenceψ in Diagram 1

There is a natural bisimplicial map

Ψ :Y → X (15)

sending ap,q-simplex (Σ,x) of Y as in (11) to the simplex̃Σ∗h
p (x) ∈ Xp,q ; here

Σ̃p : [p] → [np] is thepth map in (8). ThatΨ is actually a bisimplicial map is an im
mediate consequence of the commutativity of diagrams (10).

The simplicial mapψ is then the induced byΨ on the diagonals

ψ = diagΨ : diagY → diagX;
so thatψ acts on ap-simplex(Σ,x) ∈ Yp,p of diagY (see (11)) by

ψ(Σ,x) = Σ̃∗h
p (x) ∈ Xp,p. (16)

It is already known thatψ is a weak equivalence. Indeed,ψ is the map given by Bousfiel
and Kan in [2, XII, 3.4] establishing a weak equivalence between the homotopy colim
X (= diagY ) and the diagonal ofX. So we have the following:

Proposition 3.1. The mapψ : diagY → diagX is a weak homotopy equivalence.

3.3. The weak equivalenceω in Diagram 1

In this subsection we prove that the simplicial categoryWY , defined in 3.1.3, has th
same homotopy type as its simplicial set of objectsWY . Indeed, regardingWY as a bisim-
plicial set, constant in the vertical direction, we have a bisimplicial inclusion

Ω :WY → T = NWY, (17)



30 A.M. Cegarra, J. Remedios / Topology and its Applications 153 (2005) 21–51

-

s

sending ap,q-simplex(Σ,x) ∈ WpX (8) to thep,q-simplex(
sv
0

)q
(Σ,x) = (

(Σ,x)
id←− (Σ,x) ← (q· · ·← (Σ,x)

id←− (Σ,x)
) ∈ Tp,q = NqWpY,

which is in fact a weak equivalence, as the next proposition proves.

Proposition 3.2. The induced mapω = diagΩ :WY → diagT is a weak homotopy equiv
alence.

Proof. It suffices to prove that for allq � 0 the simplicial mapΩ�,q = (sv
0)q :WY →

NqWY is a weak equivalence. This is obvious forq = 0 and forq � 1 follows by an
iterative application of the following fact: each mapsv

0 :Nq−1WY → NqWY is a simplicial
homotopy equivalence, which is proved below.

Sincedv
0sv

0 = id, we only have to show the existence of a simplicial homotopyH : id →
sv
0dv

0 . To do that, we first construct a(p + 1)-simplex(
Σk(f ),xk(f )

) ∈ Wp+1Y

associated to any arrowf : (Σ,x) → (Σ ′,x′) in WpY and any 0� k � p. This simplex is
given by

Σk(f ) = [n0] σ1−→ · · · σk−→ [nk] fk−→ [n′
k]

σ ′
k+1−→ · · · σ ′

p−→ [n′
p],

xk(f ) = (
sv
k x0, . . . , s

v
0xk, x

′
k, . . . , x

′
p

)
.

Next, we consider the arrows inWp+1Y

hk(f ) : sk(Σ,x) → (
Σk(f ),xk(f )

)
defined byhk(f ) = (id, . . . , id, fk, . . . , fp), that is,

skΣ : [n0]
hk(f ) id

σ1 · · · σk [nk] id

id

[nk] σk+1

fk

· · · σp [np]
fp· · · · · ·

Σk(f ) : [n0] σ1 . . . σk [nk] fk [n′
k]

σ ′
k+1 · · · σ ′

p [n′
p]

And, finally, the announced homotopyH : id → sv
0dv

0 is given by the map
Hk :NqWpY → NqWp+1Y , 0� k � p, which send anyp-simplex

χ = (
Σ0,x0) f 1

←− (
Σ1,x1) f 2

←− · · · f q

←− (
Σq,xq

)
in NqWY to the(p + 1)-simplex

Hk(χ) = (
Σk

(
f 1),xk

(
f 1)) hk(f

1)←− sk
(
Σ1,x1) skf

2

←− · · · skf
q

←− sk
(
Σq,xq

)
.

We leave to the reader to check thatH is indeed a simplicial homotopy as required.�
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3.4. The weak equivalenceψ ′ in Diagram 1

The bisimplicial map (15),Ψ :Y → X, induces a corresponding simplicial m
WΨ :WY → WX that acts on ap-simplex(Σ,x) of WY as in (8) by

WΨ (Σ,x) = Σ̃∗h(x) ∈ WpX, (18)

where for short we are writing̃Σ∗h(x) by (Σ̃
∗h

0 (x0), Σ̃
∗h

1 (x1), . . . , Σ̃
∗h
p (xp)). Here the

mapsΣ̃k : [k] → [nk] are those defined in (8).
This simplicial mapWΨ defines an augmentation on the (vertical) simplicial objec

(horizontal) simplicial setsT = NWY ,

· · · N2WY

dv
0

dv
2

N1WY
dv

0

dv
1

WY

sv
0

WΨ
WX

since, for any morphismf : (Σ,x) → (Σ ′,x′) in WY (see 3.1.3), we have

WΨ (Σ ′,x′) (18)= Σ̃ ′∗h
(x′) (9)= Σ̃∗hf ∗h(x′) = Σ̃∗h(x) = WΨ (Σ,x).

Therefore, there is another induced simplicial map

ψ ′ : diagT → WX (19)

given by

ψ ′((Σ0,x0) f 1

←− · · · f p

←− (
Σp,xp

)) = WΨ
(
Σp,xp

) = Σ̃p∗h
(
xp

);
and this is the map so termedψ ′ in Diagram 1.

Proposition 3.3. The mapψ ′ : diagT → WX is a weak homotopy equivalence.

Proof. The proposition follows from the fact that, for anyp � 0, the augmented simplicia

setNWpY
WpΨ−→ WpX has a simplicial contraction

· · · N2WpY
dv

0

dv
2

N1WpY

s2

dv
0

dv
1

WpY

s1

sv
0

WpΨ
WpX

s0

given by the extra degeneracies mapss0 :WpX → WpY andsq+1 :NqWpY → Nq+1WpY ,
q � 0, defined respectively by

s0(x) = (d,x),

sq+1
((

Σ0,x0) f 1

←− · · · f q

←− (
Σq,xq

))
= ((

Σ0,x0) f 1

←− · · · f q

←− (
Σq,xq

) Σ̃q←− (
d, Σ̃q∗h

(
xq

)))
,

whered is as in (6),Σ̃q : d → Σq as in (7) andΣ̃q∗h(x) as in (18). �
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3.5. The mapφ′ and the commutativity of the pentagon in Diagram 1

The mapφ′ : diagY → WY is the corresponding comparison map (1) for the bisim
cial setY . Thus, by taking into account the identification made by (8) of the simp

of WY , φ′ can be described as the simplicial map that sends ap-simplex(Σ = [n0] σ1−→
· · · σp−→ [np], x) ∈ diagY (so thatx ∈ Xnp,p) to thep-simplex ofWY

φ′(Σ,x) = (
Σ,

(
(σp · · ·σ1)

∗hx, dv
0(σp · · ·σ2)

∗hx, . . . ,
(
dv

0

)p−1
σ ∗h

p x,
(
dv

0

)p
x
))

. (20)

Proposition 3.4. In Diagram1 the equalityψ ′ωφ′ = φψ holds.

Proof. Let (Σ,x) be anyp-simplex of diagY as above. Then, we have

ψ ′ωφ′(Σ,x)
(20)= ψ ′ω

(
Σ,

((
dv

0

)k
(σp · · ·σk+1)

∗hx
)
0�k�p

)
(17), (19), (18)= (

Σ̃
∗h

k

(
dv

0

)k
(σp · · ·σk+1)

∗hx
)
0�k�p

= ((
dv

0

)k(
σp · · ·σk+1Σ̃k)

∗hx
)
0�k�p

(10)= ((
dv

0

)k(
Σ̃pdp · · ·dk+1)∗hx

)
0�k�p

= ((
dv

0

)k
dh
k+1 · · ·dh

pΣ̃∗h
p x

)
0�k�p

= ((
dv

0

)k(
dh
k+1

)p−k
Σ̃∗h

p x
)
0�k�p

(1)= φ
(
Σ̃∗h

p x
) (16)= φψ(Σ,x),

as required. �
3.6. The weak equivalenceθ in Diagram 1

There is a natural bisimplicial map

Θ :Z → Y (21)

sending ap,q-simplex(Γ,α,Σ,x) of Z as in (14) to the simplex(Γ,α∗hx0) of Y ; recall
that(Σ,x) ∈ WqY , sox0 ∈ Xn0,q and thereforeα∗hx0 ∈ Xmp,q whence(Γ,α∗hx0) ∈ Yp,q .

The simplicial mapθ in Diagram 1 is then that induced byΘ on the diagonals, that is

θ = diagΘ : diagZ → diagY. (22)

Proposition 3.5. The mapθ is a weak homotopy equivalence.

Proof. It follows directly from next Lemma 3.6. �
Lemma 3.6. For any fixedp � 0, Θ :Zp,� → Yp,� is a simplicial homotopy equivalence



A.M. Cegarra, J. Remedios / Topology and its Applications 153 (2005) 21–51 33

ti-

tal

,

Proof. Let µ :Yp,� → Zp,� be the simplicial map defined on aq-simplex (Σ,x) =
([n0] σ1−→ · · · σp−→ [np], x) of Yp,� by

µ(Σ,x) = (
Σ, [np] id−→ [np], [np] id−→ q)· · · id−→ [np], (x, dv

0x, . . . ,
(
dv

0

)q
x)

) ∈ Zp,q .

Then, we have thatΘµ = id and it only remains to show a simplicial homotopyH : id →
µΘ . Indeed, such a simplicial homotopy is given by the maps

Hk :Zp,q → Zp,q+1, 0� k � q

defined on ap,q-simplex ofZ as in (14), say

(Γ,α,Σ,x) = ([m0] γ1−→ · · · γp−→ [mp], [mp] α−→ [n0],
[n0] σ1−→ · · · σq−→ [nq ], (x0, . . . , xq)

)
,

by

Hk(Γ,α,Σ,x)

=


(
Γ, [mp] id−→ [mp], [mp] α−→ [n0] σ1−→ · · · σq−→ [nq ],x0

)
k = 0,(

Γ, [mp] id−→ [mp],
[mp] id−→ k)· · · id−→ [mp] σk ···σ1α−→ [nk] σk+1−→ · · · σq−→ [nq ],xk

)
0< k � q,

where

x0 = (
sv
0α∗hx0, x0, . . . , xq

)
and for 0< k � q,

xk = (
sv
k α∗hx0, s

v
k−1(σ1α)∗hx1, . . . , s

v
0(σk · · ·σ1α)∗hxk, xk, . . . , xq

)
= (

sv
k α∗hx0, s

v
k−1d

v
0α∗hx0, . . . , s

v
0

(
dv

0

)k
α∗hx0, xk, . . . , xq

)
.

It is straightforward to check thatH , so defined, verifies the appropriate simplicial iden
ties, and we will therefore leave them to the reader.�
3.7. The weak equivalenceπ in Diagram 1

Regarding the simplicial setWY as a bisimplicial set that is constant in the horizon
direction (so that(WY)p,q = WqY ), there is a natural bisimplicial map

Π :Z → WY

sending ap,q-simplex(Γ,α,Σ,x) of Z as in (14) to the simplex(Σ,x) ∈ WqY .
The simplicial mapπ in Diagram 1 is then that induced byΠ on the diagonals, that is

π = diagΠ : diagZ → WY. (23)

Proposition 3.7. The mapπ is a weak homotopy equivalence.
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Proof. The proposition follows from the fact that, for anyq � 0, the augmented simplicia

setZ�,q
Π−→ WqY has a simplicial contraction

· · ·Z2,q Z1,q

s2

dh
0

dh
1

Z0,q

s1

sh
0

Π
WqY

s0

given by the extra degeneracies mapss0 :WqY → Z0,q andsp+1 :Zp,q → Zp+1,q , p � 0,
defined respectively by

s0(Σ,x) = ([n0], [n0] id−→ [n0],Σ,x
)
,

sp+1(Γ,α,Σ,x) = ([m0] γ1−→ · · · γp−→ [mp] α−→ [n0], [n0] id−→ [n0],Σ,x
)
,

where we are assuming thatΓ = [m0] γ1−→ · · · γp−→ [mp] andΣ = [n0] σ1−→ · · · σq−→ [nq ],
as in (14). �
3.8. The homotopy commutativity of the triangle in Diagram 1

Proposition 3.8. There is a simplicial homotopyH :π → φ′θ .

Proof. The simplicial homotopyH is given by the maps

Hk :Zp,p → Wp+1Y, 0� k � p

defined on ap-simplex(Γ,α,Σ,x) of diagZ (see (14)), say

(Γ,α,Σ,x) = ([m0] γ1−→ · · · γp−→ [mp], [mp] α−→ [n0],
[n0] σ1−→ · · · σp−→ [np], (x0, . . . , xp)

)
,

by

Hk(Γ,α,Σ,x) = ([m0] γ1−→ · · · γk−→ [mk] σk ···σ1αγp ···γk+1 [nk] σk+1−→ · · · σp−→ [np],(
xk

0, . . . , xk
p+1

))
,

where, for each 0� k � p and 0� j � p + 1,

xk
j =

{
sv
k−j (σj · · ·σ1αγp · · ·γj+1)

∗hxj 0� j � k,

xj−1 k < j � p + 1

=
{

sv
k−j

(
dv

0

)j
(αγp · · ·γj+1)

∗hx0 0� j � k,

xj−1 k < j � p + 1.

The verification thatH is actually a simplicial homotopy fromπ to φ′θ is quite straight-
forward and we leave it to the reader.�
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3.9. The end of the proof of Theorem 1.1

We now are definitely ready to complete the proof of the result in this paper. Loo
at Diagram 1, by Propositions 3.5 and 3.7 we have that bothθ andπ are weak equiva
lences and then, by Proposition 3.8, we deduce thatφ′ also is a weak equivalence. Sin
ψ ′ωφ′ = φψ , by Proposition 3.4, and the three mapsψ ′, ω andψ are all weak equiva
lences by Propositions 3.3, 3.2 and 3.1, we conclude thatφ : diagX → WX is also a weak
equivalence as stated in Theorem 1.1.

4. Homotopy colimits of small categories

In this section we see how the Homotopy colimit theorem by Thomason [25, T
rem 1.2] for diagrams of small categories follows from Theorem 1.1 as an instance.

Let F :D → Cat be any given diagram of categories. The Grothendieck constru
[13] assembles the diagramF into a category, denoted

∫
D

F . The objects of this categor
are pairs(a,u) wherea is an object ofD andu is an object ofF(a). An arrow(a,u) →
(b, v) in

∫
D

F is a pair(f,σ ) with f :a → b a morphism inD andσ : f u → v a morphism
in F(b), where we are writingf u by F(f )(u). Arrows in

∫
D

F compose according to th
diagram

(c,w) (b, v)
(g,τ)

(a,u)
(f,σ )

(gf,τgσ )

where we are writinggσ by F(g)(σ ). The nerveN
∫
D

F of the Grothendieck constructio
onF is then a simplicial set canonically associated to theD-diagram of categoriesF .

On the other hand, the simplicial replacement construction [2, XII, 5.1] assemble
D-diagram of simplicial setsNF , obtained by composingF with the nerve functor, into
a bisimplicial set, denoted

∐
∗ NF . Thep,q-simplices of this bisimplicial set are pairs

diagrams

(A,U) = (
a0

f1←− · · · fp←− ap,u0
σ1←− · · · σq←− uq

)
in D andF(ap) respectively. The vertical face and degeneracy maps are defined on ap,q-
simplex(A,U) as above, by those ofNF(ap), that is,dv

i (A,U) = (A,diU), sv
i (A,U) =

(A, siU); and similarly the horizontal ones are defined by those ofND, that is,dh
j (A,U) =

(djA,U), sh
j (A,U) = (sjA,U), except the last horizontal face map which is defined

dh
p(A,U) = (dpA, fpU).

The homotopy colimit theorem of Thomason states that both the bisimplicial set
∐

∗ NF

and the simplicial setN
∫
D

F have the same homotopy type. More precisely, by defini
hocolimNF = diag

∐
∗ NF and Thomason proved thatthere is a weak homotopy equiv

lence

η : hocolimNF → N

∫
F

D
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given by

η
(
a0

f1←− a1 · · · fp←− ap,u0
σ1←− u1 · · · σp←− up

)
= (

a0,
f1···fpu0

) (
a1,

f2···fpu1
)(f1,

f1···fp σ1) · · ·(f2,
f2···fp σ2)

(
ap−1,

fpup−1
)

(ap,up).
(fp,fp σp)

Now, the simplicial setN
∫
D

F can be actually identified with the simplicial setW
∐

∗ NF

(cf. [26, Theorem 3.2.12]) by means of the simplicial isomorphism

j : N

∫
D

F ∼= W
∐

∗NF

that carries ap-simplex

(a0, u0) · · ·(f1,σ1) (ap,up)
(fp,σp)

of the nerve of the Grothendieck construction onF to the p-simplex (x0, . . . , xp) ∈
W

∐
∗ NF , where, for each 0� k � p,

xk = (
a0 · · ·f1 ak

fk
, uk fk+1uk+1

σk+1
fk+1σk+2 · · · fk+1···fpup

fk+1···fp−1σp )
.

Therefore Thomason’s result follows, since the mapφ : diag
∐

∗ NF → W
∐

∗ NF (1) is a
weak equivalence, by Theorem 1.1, and since the equalityjη = φ holds.

5. Bisimplicial Abelian groups

Our purpose in this section is to deduce from Theorem 1.1 a well-known and u
result by Dold and Puppe [7, Theorem 2.9] for bisimplicial Abelian groups.

Recall that the normalized complex NA of a simplicial Abelian groupA has the group

NmA =
m−1⋂
i=0

Ker(di :Am → Am−1) (= A0 if m = 0)

as m-chains, and has boundary∂ : NmA → Nm−1A the induced homomorphism b
dm :Am → Am−1 (0, if m = 0). It is a fact thatπm(A,0) = HmNA for all m � 0.

Hereafter suppose thatA is a bisimplicial Abelian group.
The normalized complex N diagA of its diagonal simplicial Abelian group is the

a chain complex canonically associated toA. On the other hand, the normalized bicomp
NA, of the bisimplicial Abelian groupA, is the bicomplex havingp,q-chains

Np,qA =
(

p−1⋂
Ker

(
dh
i :Ap,q → Ap−1,q

)) ∩
(

q−1⋂
Ker

(
dv
j :Ap,q → Ap,q−1

))
,

i=0 j=0
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horizontal boundary∂h : Np,q(A) → Np−1,q given by∂h(x) = dh
p(x) and vertical bound

ary ∂v : Np,q(A) → Np,q−1 given by∂v(x) = (−1)pdv
q (x). Then, the total chain comple

of this bicomplex, Tot NA, is also a chain complex naturally defined by the bisimplic
Abelian groupA.

The generalized Eilenberg–Zilber theorem by Dold and Puppe states thatthere exists
a quasi-isomorphism of complexes(i.e., a chain complex homomorphism inducing isom
phisms on the homology groups)

N diagA → TotNA. (24)

Now, the normalized chain complex NWA, of the simplicial Abelian group obtained a
the bar construction onA, can be identified with the chain complex Tot NA by means of
the chain complex isomorphism

�: NWA ∼= TotN(A) (25)

defined as follows. Observe thatp-chains of NWA are thosep-tuples

(x0, . . . , xp) ∈ A0,p ⊕ A1,p ⊕ · · · ⊕ Ap,0

satisfying

dv
0xi = dh

i+1xi+1 0� i < p,

dh
i xj = 0 0� i < j � p,

dv
i xj = 0 0� j < p, 0< i < p − j,

and whose boundary is

∂(x0, . . . , xp) = (
dv
px0, . . . , d

v
p−kxk, . . . , d

v
1xp−1

)
,

whereas ap-chain of Tot NA is also ap-tuple

(y0, . . . , yp) ∈ A0,p ⊕ A1,p ⊕ · · · ⊕ Ap,0

but in this case satisfying

dv
i yj = 0 0� j < p, 0� i < p − j,

dh
i yj = 0 0� i < j � p,

and whose boundary is

∂(y0, . . . , yp)

= (
dv
py0 + dh

1y1, . . . , (−1)kdv
p−kyk + dh

k+1yk+1, . . . , (−1)p−1dv
1yp−1 + dh

pyp

)
.

Then, the chain complex isomorphism (25) is given by

�(x0, . . . , xp) = (y0, . . . , yp),

where, for each 0� k � p,

yk = (−1)(p+1)k

(
xk −

p−k−1∑
(−1)isv

i dh
k+1xk+1

)
.

i=0
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Therefore, since Theorem 1.1 gives the weak homotopy equivalenceφ : diagA → WA, we
get Dold–Puppe’s chain complex quasi-isomorphism (24) by composing the induced
isomorphism N(φ) : N diagA → NWA with the chain complex isomorphism�: NWA ∼=
TotNA.

6. Classifying spaces of 2-categories

As a new application of Theorem 1.1, in this section we shall derive the corollary b
in which a simplicial model for the classifying space of a 2-category is shown (c
where a different model, the Duskin–Street’sgeometric nerve[9], is proved).

Recall that a 2-categoryC is a category enriched in the category of small catego
Thus,C is a category in which the hom-set between any two objectsx, y ∈ C is the set
of objects of a categoryC(x, y), whose arrows are called deformations (2-cells) and
denotedf :u ⇒ v. Moreover, the composition is a bifunctorC(x, y) × C(y, z) → C(x, z)

which is associative and has identities Idx ∈ C(x, x). This bifunctor produces composition
of arrows and deformations respectively, both denoted here by juxtaposition. On the
hand, composition in each categoryC(x, y) is denoted by “◦”.

Corollary 6.1. The classifying space of a2-categoryC is naturally homotopy equivalen
to the geometric realization of the simplicial setWC, whosen-simplices are diagram
(x, f,α) in C of the form

x0 x1
f 0

1

⇓α1
2 x2

f 0
2

f 1
2

x3f 1
3

f 0
3

⇓α1
3

f 2
3

⇓α2
3

· · · xn−1 xn,

f 1
n

...

f 0
n

⇓α1
n

f n−1
n

⇓αn−1
n

consisting of objects(0-cells) xk , 0 � k � n, arrows (1-cells) f k
m :xm → xm−1, 0 � k <

m � n, and deformations(2-cells) αk
m :f k

m ⇒ f k−1
m , 0 < k < m � n. The simplicial op-

erators act much as for the usual nerve of an ordinary category: the face operators
di :WnC → Wn−1C, 0� i � n, are given bydi(x, f,α) = (y, g,β), where

yk = xdi(k) 0� k � n − 1,

gk
m =

{
f

di(k)

di (m)
m �= i,

f k
i f k

i+1 m = i, 0� k < m � n − 1,

βk
m =


α

di(k)

di (m)
m �= i �= k,

αk
i α

k
i+1 m = i,

αi ◦ αi+1 k = i 0< k < m � n − 1;
m+1 m+1
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and the degeneracy operatorssi :WnC → Wn+1C, 0 � i � n, are given bysi(x, f,α) =
(y, g,β), where

yk = xsi(k) 0� k � n + 1,

gk
m =

{
f

si(k)

si (m)
m �= i + 1,

Idxi
m = i + 1, 0� k < m � n + 1,

βk
m =


α

si(k)

si (m)
m �= i + 1 �= k,

IdIdxi
m = i + 1,

Idf i
i+1

k = i + 1, 0< k < m � n + 1.

Proof. The classifying space of a small category is the geometric realization of its
[16]. Then, by replacing the hom-categoriesC(x, y) by their classifying spaces BC(x, y) =
|NC(x, y)|, any given 2-categoryC gives rise to a topological categoryBC (with discrete
space of objects) whose nerve,NBC, is then a simplicial topological space. The Seg
realization of this simplicial space is just defined to be theclassifying spaceBC of the
2-categoryC, that is, BC = |NBC|.

By the compatibility of the classifying space construction with products of small c
gories, for eachp � 0, we haveNpBC = BNpC = |NNpC|, where

NpC =
∐

x0,...,xp∈Ob(C)

C(x1, x0) × C(x2, x1) × · · · × C(xp, xp−1)

(N0C = Ob(C), as a discrete category). Therefore, there is a natural homeomorphismC ∼=
|diagNNC|, whereNNC : ([p], [q]) �→ NqNpC is the bisimplicial setdouble nerveof the
2-category.

Now, let us writeWC by WNNC. ThenWC is precisely the simplicial set whose sim
plices have the pleasing description made in Corollary 6.1. Since Theorem 1.1 implie
the spaces BC = |diagNNC| and|WC| = |WNNC| are naturally homotopy equivalent,
follows thatWC is a simplicial set model for the classifying space of the 2-categoryC. �
Remark 6.2. As it is proved in [3, Theorem 1.1], the classifying space BC of a 2-category
C can also be realized by another simplicial set∆C, the so-called geometric nerve of th
2-category [24,9]. This simplicial set∆C is different fromWC −but naturally weak homo
topy equivalent to it—except in the case whereC is a 2-groupoid (i.e., when all arrows an
deformations ofC are invertible). Indeed,∆C ∼= WC for any 2-groupoidC, and our Corol-
lary 6.1 can be seen as a generalization of a result by Moerdijk and Svensson [20, Se
Remark] stating that the classifying space of a 2-groupoidC is homotopy equivalent to th
geometric realization of the simplicial set∆C (= NC in the notation of [20]).

Remark 6.3. Corollary 6.1 may quite possible be of interest not only to researche
higher dimensional category theory but also toK-theorists, since strict monoidal (“ten
sor”) categories can be identified with 2-categories having a single object. In effect, a
monoidal category(C,⊗, I ) can be viewed as a 2-category with only one object, saI ,
the objectsx of C as arrowsx : I → I and the arrows ofC as deformations. The horizont
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composition of arrows and deformations is given by the strict tensor functor⊗ :C×C → C
and the vertical composition of deformations is given by the composition of arrowsC.
Then, the classifying space B(C,⊗, I ) of the monoidal category [23] is just the classifyi
space of the 2-category it defines. Hence, by Corollary 6.1, the simplicial setW(C,⊗, I )

realizes the classifying space of the strict monoidal category(C,⊗, I ) (for readers inter
ested in the non-strict case, we refer to [4]).

On the other hand, a strict monoidal category(C,⊗, I ) is also a monoid object inCat
and therefore, since the nerve functor preserves products, its nerveNC is a simplicial
monoid. Observe now that the simplicial setW(C,⊗, I ) is reduced, thatWn(C,⊗, I ) =
N0C × N1C × · · · × Nn−1C, for eachn � 1, and then finally conclude thatW(C,⊗, I ) =
WNC, whereWNC is the classicalW -construction on the simplicial monoidNC.

7. Dec, W and weak equivalences

Thanks to Theorem 1.1, it is easy to specify the behavior of the Dec andW constructions
on weak equivalences. Indeed, we can show how these adjoint functors induce an
lence between the homotopy categories of simplicial and bisimplicial sets as follows

Recall that a bisimplicial mapf :X → X′ is a weak equivalence if the induced cellu
map between the corresponding Segal’s geometric realizations is a homotopy equi
of spaces. From the fact that the geometric realization of a bisimplicial set is home
phic to the geometric realization of its diagonal, it follows thatf :X → X′ is a weak
equivalence if and only if diag(f ) : diagX → diagX′ is a weak equivalence of simplici
sets. Since the comparison map (1) is natural, any bisimplicial mapf as above gives ris
to a commutative square

diagX
diag(f )

φX

diagX′

φX′

WX
W(f )

WX′

where bothφX andφX′ are weak equivalences (by Theorem 1.1) and, therefore, we
clude thata bisimplicial mapf :X → X′ is a weak equivalence if and only if the induc
simplicial mapW(f ) :WX → WX′ is a weak equivalence.

Write S for the category of simplicial sets andS2 for the category of bisimplicial sets
and recall from Section 2.1 that the functorW : S2 → S is right adjoint to Illusie’s functor
Dec :S → S2. The unit and the counit of the adjunction

u :Y → W DecY (Y ∈ S),

v : DecWX → X (X ∈ S2)

are respectively defined by

u(y) = (s0y, . . . , sny) (y ∈ Yn),

v(x0, . . . , xp+q+1) = dv
0xp+1

(
(x0, . . . , xp+q+1) ∈ Decp,q WX

)
.
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Proposition 7.1. For any simplicial setY , the unit mapu :Y → W DecY is a weak equiv-
alence.

Proof. Consider the canonical simplicial augmentationd0 : DecY → Y , which, regarding
Y as a bisimplicial set constant in the horizontal direction, is a weak equivalence of s
cial sets (see Section 2.1). Then, the induced simplicial mapW(d0) :W DecY → WY ∼= Y ,
(y0, . . . , yn) �→ d0y0, is a weak equivalence. SinceW(d0)u = idY , the proposition fol-
lows. �

Proposition 7.1 implies thata simplicial set mapf :Y → Y ′ is a weak equivalence
and only if the induced bisimplicial mapDec(f ) : DecY → DecY ′ is a weak equivalenc
(from the natural equalityW Dec(f ) uY = uY ′ f ). Furthermore, a simplicial mapf :Y →
WX is a weak equivalence if and only if its adjoint bisimplicial mapf̃ : DecY → X is
a weak equivalence (from the adjoint equalityW(f̃ ) uY = f ). In particular,the counit
v : DecWX → X is a weak equivalenceof bisimplicial sets.

Corollary 7.2. The adjoint functorsDec� W : S2 � S induce an equivalence of categori

Ho
(
S2) � Ho(S)

between the homotopy categoryHo(S2) of bisimplicial sets and the homotopy catego
Ho(S) of simplicial sets.

8. Algebraic models for (not necessarily connected) homotopy 3-types

To help motivate the reader with the data of our algebraic models for homotopy 3-
(see Definition 8.2 below), we shall begin this section with a commentary on 2-group
Let C be a small 2-category. Identifying any 1-cell with the corresponding identity 2-
we can describe the 2-category as a systemC = (C,A, s, t,◦) whereC is a small category
(whose objects are the 0-cells and whose arrows are the 2-cells),A ⊆ C is a subcategory
with the same objects (whose arrows are the 1-cells), ands, t :C → A are functors (those
assigning the corresponding source and target 1-cells to any 2-cell) such that their
tion to A are the identity and◦ is a partial composition functorC ×A C

◦−→ C, which is
associative and satisfiesα ◦ s(α) = α = t (α) ◦ α, s(α ◦ β) = s(β) andt (α ◦ β) = t (α).

Note that the condition of◦ being a functor implies that the usual interchange law ho
namely that

(αα′) ◦ (ββ ′) = (α ◦ β)(α′ ◦ β ′)

whenever both sides are defined.

Lemma 8.1. Let C = (C,A, s, t,◦) be a2-category such that the categoriesC andA are
groupoids. ThenC is a 2-groupoid and the composition◦ :C ×A C → C is determined by
the equalities

α(sα)−1β = α ◦ β = β(tβ)−1α. (26)
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Proof. By the interchange law we have

α(sα)−1β = (α ◦ sα)
(
sα−1 ◦ sα−1)(sα ◦ β) = α ◦ β,

β(tβ)−1α = (tβ ◦ β)
(
tβ−1 ◦ tβ−1)(α ◦ tβ) = α ◦ β.

Furthermore, the inverseα∗ of a deformationα always exists and it is given by the formu
α∗ = (sα)α−1(tα). �

According to the above Lemma 8.1, we see that a 2-groupoid is given by the
(C,A, s, t), whereC is a groupoid,A ⊆ C, is a wide subgroupoid (i.e., with the sam
objects) ands, t :C → A are functors satisfyings|A = idA = t |A, and such that the ma
◦ :C ×A C → A given by the formula (26) is a functor. Now, it is not difficult to see t
this last condition is equivalent to the commutativity condition

αβ = βα

for any automorphismsα,β ∈ C(x) = C(x, x), x ∈ ObC, such thatsα = 1x = tβ. This
leads to our notion of 1-cat-groupoid(C,A, s, t) and, as suggested by the Loday’s wo
[17], we extend this definition to the higher dimension as follows.

Definition 8.2. A 2-cat-groupoidC is a system

C = (C,Ch,Cv, sh, th, sv, tv), (27)

whereC is a small groupoid,Ch,Cv ⊆ C are wide subgroupoids, andsh, th :C → Ch and
sv, tv :C → Cv are functors, such that

(1) sha = a = tha for all a ∈ Ch andsvb = b = tvb for all b ∈ Cv ,
(2) αβ = βα, for any two automorphismsα,β ∈ C(x), x ∈ ObC, such thatshα = 1x =

thβ or svα = 1x = tvβ,
(3) shsv = svsh, thtv = tvth, shtv = tvsh andsvth = thsv .

A morphismf :C → C′ between 2-cat-groupoids is a functorf :C → C′ such that
f (Ch) ⊆ C′

h, f (Cv) ⊆ C′
v and the following equalities hold:f sh = s′

hf , f th = t ′hf ,
f sv = s′

vf andf tv = t ′vf . The category of 2-cat-groupoids is denoted by 2-Cat-Gd.

Let C be a 2-cat-groupoid as above. There is associated to each objectx ∈ ObC a (not
necessarily Abelian) chain complex

C̃(x) = · · · → 0→ ·· · → 0→ C̃2(x)
∂̃2−→ C̃1(x)

∂̃1−→ C̃0(x) → 0, (28)

in which

• C̃0(x) = Ch(x) ∩ Cv(x),
• C̃1(x) = {(α,β) ∈ Ch(x) × Cv(x) | svα = thβ, shβ = 1x},
• C̃2(x) = {α ∈ C(x) | shα = 1x = svα},

and the boundary maps are defined by
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• ∂̃1(α,β) = tvα,
• ∂̃2α = ((thα)−1thtvα, tvα).

Then, associated toC, we take the invariant made up of:

• π0C = π0C, the set of isomorphism classes of the objects inC,

and for each objectx ∈ ObC andi = 1,2, . . . ,

• πi(C, x) = Hi−1C̃(x).

Clearly, each morphismf :C → C′ of 2-cat-groupoids induces a mapπ0f :π0C → π0C′
and group homomorphismsπif :πi(C, x) → πi(C′, f x) for i > 0, x ∈ ObC. Call a mor-
phismf :C → C′ of 2-cat-groupoids aweak equivalenceif it induces bijectionsπif for
i � 0. The localization of 2-Cat-Gd with respect to the family of weak equivalences
be denoted as Ho(2-Cat-Gd).

We now state our result on homotopy 3-types, whose proof the rest of the sec
mainly dedicated to.

Theorem 8.3. There are adjoint functorsB : 2-Cat-Gd → S, the right adjoint, andP : S →
2-Cat-Gd, the left adjoint, that induce an equivalence of categories

Ho(2-Cat-Gd) � Ho
(
X ∈ S | πi(X,x) = 0, i � 4, x ∈ X0

)
.

The pair of adjoint functorsP � B in the above Theorem 8.3 is obtained by composit
of three adjoint pairs of functors

2-Cat-Gd
N sGd2
℘

W
sGd

Dec

W
S,

G

that is,B andP are respectively given by

B = WWN , P = ℘ DecG,

where

• sGd denotes the category of simplicial groupoids (with a discrete simplicial s
objects) andG � W : sGd � S is the pair of adjoint functors defined by Dwyer a
Kan in [10].

• sGd2 denotes the category of bisimplicial groupoids (with discrete bisimplicial s
objects) and Dec� W : sGd2 � sGd is the pair of adjoint functors canonically induc
by the pair of adjoint functors Dec� W : S2 � S.

• the functorN : 2-Cat-Gd → sGd2 is defined by a double nerve construction as
lows. LetC be a 2-cat-groupoid as in (27). Then, the bisimplicial groupoidNC has the
same objects as the groupoidC. An arrowα ∈Np,qC, for p,q � 1, is a(q ×p)-matrix

ᾱ = (αij )1�i�q,1�j�p

of arrows αij ∈ C such thatshαij = thαij+1 and svαij = tvαi+1j . Furthermore,
N0,qC = N1,qC ∩ C

q , Np,0C = Np,1C ∩ C
p
v andN0,0C = Ch ∩ Cv .
h
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For q � 2, the vertical face functorsdv
k :Np,qC → Np,q−1C are given bydv

k ᾱ = β̄,
where

βij =


αij i < k,

αkj (svαkj )
−1αk+1j i = k,

αi+1j i > k,

and forq = 1 they are defined by

dv
0(α1, . . . , αp) = (svα1, . . . , svαp), dv

1(α1, . . . , αp) = (tvα1, . . . , tvαp).

The horizontal face functorsdh
k : Np,qC → Np−1,qC are similarly defined. Thus, forp � 2,

dh
k ᾱ = β̄, where

βij =


αij j < k,

αik(shαik)
−1αik+1 j = k,

αij+1 j > k,

and forp = 1 they are given by

dh
0

α1
...

αq

 =
 shα1

...

shαq

 , dh
1

α1
...

αq

 =
 thα1

...

thαq

 .

The degeneracy functorssv
0 :Np,0C → Np,1C and sh

0 :N0,qC → N1,qC are inclusions
and forp,q � 1 and an arrow̄α ∈Np,qC, thensv

k ᾱ = β̄ andsh
k ᾱ = γ̄ , where

βij =


αij i � k,

svαkj i = k + 1,

αi−1j i > k + 1,

γij =


αij j � k,

shαik j = k + 1,

αij−1 j > k + 1,

for k > 0, and

βij =
{

tvα1j i = 1,

αi−1j i > 1,
γij =

{
thαi1 j = 1,

αij−1 j > 1,

for k = 0.

• the functor℘ : sGd2 → 2-Cat-Gd is given by a double Poincaré groupoid construct
as follows. LetG be a bisimplicial groupoid. For any objectsx, y ∈ ObG, two arrows
α,β ∈ G1,1(x, y) arebihomotopic, written asα ≈ β, if there exists a pair of arrow
(a, b) ∈ G1,2 × G2,1 such that the following equalities hold:

dh
0a = sh

0dh
0α, dv

0b = sv
0dv

0β, dh
1a = α, dv

1b = β, dh
2a = dv

2b.

Such a pair(a, b) is abihomotopyfrom α to β and is denoted by(a, b): α ≈ β. A straight-
forward verification proves that the four assertions below hold.

• If (a, b): α ≈ β and(a′, b′): α′ ≈ β ′, then(aa′, bb′): αα′ ≈ ββ ′ (whenever the com
positions are meaningful).

• (shα, svα): α ≈ α.
1 1
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• If (a, b): α ≈ β and(c, d): β ≈ γ , then(a(sh
1β)−1c, b(sv

1β)−1d): α ≈ γ .
• If (a, b): α ≈ β, then (a′, b′): β ≈ α, wherea′ = (sh

1dh
2a)a−1sh

1 (α(dh
2a)−1β) and

b′ = sv
1(α(dv

2b)−1β)b−1(sv
1dv

2b).

Hence, bihomotopy is a congruence on the groupoidG1,1 and we shall denote by

CG = G1,1/≈
the corresponding quotient groupoid. Thus, CG has the same objects as the bisimp
cial groupoidG and its arrows[α] ∈ CG(x, y) are bihomotopy classes of arrowsα ∈
G1,1(x, y), x, y ∈ ObG. Multiplication is given by[α][β] = [αβ].

The 2-cat-groupoid℘G, which we shall call thefundamental2-cat-groupoidof the
bisimplicial groupoidG, is then given by

℘G = (CG,ChG,CvG, sh, th, sv, tv),

where ChG,CvG ⊆ CG are the wide subgroupoids with arrows

ChG(x, y) = {[
sh
0α

]
, α ∈ G0,1(x, y)

}
,

CvG(x, y) = {[
sv
0α

]
, α ∈ G1,0(x, y)

}
, x, y ∈ ObG,

and the functorssh, th : CG → ChG andsv, tv : CG → CvG are respectively defined by

sh[α] = [
sh
0dh

0α
]
, th[α] = [

sh
0dh

1α
]
,

sv[α] = [
sv
0dv

0α
]

and tv[α] = [
sv
0dv

1α
]
,

for anyα ∈ G1,1. Note that if(a, b): α ≈ β, then(sh
1sh

0dh
i α, sh

0dh
i b): sh

0dh
i α ≈ sh

0dh
i β, for

i = 0,1, and thereforesh andth are well-defined. And similarly we see that bothsv andtv
are well defined.

The only difficulty in proving that the so-defined℘G is actually a 2-cat-groupoid con
sists in verifying condition (2) in Definition 8.2. For letα,β ∈ G1,1(x) be automorphism
such thatsh[α] = [1x] = th[β] (the discussion in the case in whichsv[α] = [1x] = tv[β]
is parallel). Then,sh[α−1] = [1x] = th[β−1] also, and thereforesh

0dh
0α−1 ≈ 1 ≈ sh

0dh
1β−1.

Taking α′ = α sh
0dh

0α−1 andβ ′ = β sh
0dh

1β−1, we deduce thatα′
≈ α andβ ′

≈ β. Since
there is the bihomotopy((

sh
0β ′)(sh

1α′)(sh
0β ′)−1(

sh
1β ′), sv

1(α′β ′)
)
: β ′α′ ≈ α′β ′,

we conclude that[α][β] = [α′][β ′] = [α′β ′] = [β ′α′] = [β ′][α′] = [β][α], as required.
The construction of℘G is clearly functorial, with℘(f ) :℘G → ℘G

′, for f :G → G
′

being a bisimplicial groupoid morphism, the induced functor on the corresponding
motopy quotient groupoids by the functorf1,1 :G1,1 → G

′
1,1, that is,℘(f )[α] = [f1,1α],

[α] ∈ CG = G1,1/≈.
It is easy to see that, for any 2-cat-groupoidC as in (27), the bihomotopy relation o

N1,1C = C is trivial and then that℘NC = C, that is,

℘N = id2-Cat-Gd.

Moreover, there is a natural transformation

u : id 2 →N℘ (29)
sGd
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that takes a bisimplicial groupoidG to the bisimplicial groupoid morphismuG :G →
N℘G, which is the identity map on objects and on an arrowα ∈ Gp,q is defined by

uG(α) =



([(
dh

2

)p−j (
dh

0

)j−1(
dv

2

)q−i(
dv

0

)i−1
α
])

1�i�q, 1�j�p
p,q � 1,([(

dh
2

)p−j (
dh

0

)j−1
sv
0α

])
1�j�p

p � 1, q = 0,([(
dv

2

)q−i(
dv

0

)i−1
sh
0α

])
1�i�q

p = 0, q � 1,([
sh
0sv

0α
])

p = 0, q = 0.

Since℘(uG) = id℘G, for any bisimplicial groupoidG, anduNC = idNC , for any 2-cat-
groupoidC, it follows thatN is a right adjoint to℘, with u and the identity being the un
and the counit of the adjunction respectively. In fact, the functorN : 2-Cat-Gd → sGd2

embeds the category of 2-cat-groupoids into the category of bisimplicial groupoid
reflexive subcategory whose reflector functor is℘.

Theorem 8.3 will be proved as a consequence of Propositions 8.4 and 8.5 below.

Proposition 8.4. LetC = (C,Ch,Cv, sh, th, sv, tv) be a2-cat-groupoid. Then,

π0C = π0BC

and, for anyx ∈ ObC = B0C,

πi(C, x) = πi(BC, x), i � 1.

In particular, πi(BC, x) = 0 for all i � 4 and allx ∈ B0C.

Proof. Recall that the normalized (o Moore) complex NG of a simplicial groupG has the
group

NmG =
m−1⋂
i=0

Ker(di :Gm → Gm−1) (= G0 if m = 0)

asm-chains, and has as a boundary∂ : NmG → Nm−1G the induced homomorphism b
dm :Gm → Gm−1 (0, if m = 0). If G is a simplicial groupoid, then

• π0WG = the set of path components ofG = the set of path components ofGp,q for
anyp,q � 0,

• πi+1(WG, x) = HiNG(x), for all i � 0 andx ∈ ObG = W0G.

Therefore, for a 2-cat-groupoidC as in the proposition, we have

π0BC = π0WWNC
= the set of components of the simplicial groupoidWNC
= the set of components of the bisimplicial groupoidNC
= the set of components of the groupoidN1,1C (= C)

= π0C.
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Furthermore, for any objectx ∈ ObC andi � 0,

πi+1(BC, x) = πi+1
(
WWNC, x

) = Hi

(
NWNC(x)

) = Hi

(
C̃(x)

) = πi+1(C, x),

since NWNC(x) ∼= C̃(x). �
Proposition 8.5. Suppose thatX is a simplicial set. Then the unit of the adjunctionu′ :X →
BPX induces a bijection

π0X ∼= π0BPX

and, for any vertexx ∈ X0, isomorphisms

πi(X,x) ∼= πi(BPX,x), i = 1,2,3.

Proof. By [10, Theorem 3.3] and Proposition 7.1, both natural mapsX → WGX and
GX → W DecGX are weak homotopy equivalences. Hence it suffices to prove tha
unit bisimplicial groupoid mapu : DecGX →N℘ DecGX induces bijections

π0WW DecGX ∼= π0WWN℘ DecGX, (30)

πi(WW DecGX,x) ∼= πi(WWN℘ DecGX,x), i = 1,2,3, x ∈ X0. (31)

The bijection (30) is easy to prove. Note that the setπ0WW DecGX coincides with the
set of components of the groupoid Dec1,1 GX = G3X while π0WWN℘ DecGX coin-
cides with the set of components of the groupoidN1,1℘ DecGX = G3X/≈. Since the
projection functor to the quotient groupoidu1,1 :G3X → G3X/≈ induces a bijection on
the corresponding sets of path components, the bijection (30) follows.

The proof of the isomorphisms (31) is rather hard and some preliminary work is ne
To begin with, hereafter we will writeG to denote the simplicial groupoidGX andC to
denote the 2-cat-groupoid℘ DecG. Thus,C = (C,Ch,Cv, sh, th, sv, tv), whereC = G3/≈
is the groupoid with the same objects asG whose arrows[α] ∈ C(x, y) are bihomotopy
classes of arrowsα ∈ G(x, y). So that, forα,β ∈ G3, we have[α] = [β] whenever there
is a pair(a, b) ∈ G4 × G4 such that(a, b) :α ≈ β, which means that the equalities belo
hold.

d0a = s0d0α, d2b = s2d2β, d1a = α, d3b = β, d2a = d4b.

Furthermore, the wide subgroupoidsCh,Cv ⊆ C have arrows

Ch(x, y) = {[s0σ ], σ ∈ G2(x, y)
}
,

Cv(x, y) = {[s2σ ], σ ∈ G2(x, y)
}
,

and the functorssh, th :C → Ch andsv, tv :C → Cv are respectively given by

sh[α] = [s0d0α], th[α] = [s0d1α], sv[α] = [s2d2α], tv[α] = [s2d3α].
Next we shall show a handy description of the group chain complexesC̃(x) =

NWNC(x) (see (28)),x ∈ X0, and, to do that, we first observe the existence of the
lowing identity on object groupoid isomorphisms:
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asily
(a) Ch ∩ Cv
∼= G1, by the functorφ : [α] �→ d1d0α.

(b) Ch
∼= G1 ×d1 G1, by the functorφh : [α] �→ (d1d0α,d2d0α). Here, we are writing

G1 ×d1 G1 for the pullback groupoid ofG1
d1−→ G0

d1←− G1.
(c) Cv

∼= G1 ×d0 G1, by the functorφv : [α] �→ (d0d2α,d1d2α).
(d) C ∼= G2 ×d2 G2/∼, by the functorΦ : [α] �→ [d2α,d3α]. Here,G2 ×d2 G2/∼ denotes

the quotient of the pullback groupoidG2 ×d2 G2 by the congruence∼ defined on it
by (σ, τ ) ∼ (σ ′, τ ′) if and only if there exists a pair of arrows(α,β) ∈ G3 ×d3 G3
satisfyingd0α = s0d0σ, d0β = s0d0τ, d1α = σ, d1β = τ, d2α = σ ′ andd2β = τ ′. In
such a case we write(α,β): (σ, τ ) ∼ (σ ′, τ ′) and also[σ, τ ] = [σ ′, τ ′].

Proof of isomorphism(a). It is easy to see thatφ is a well defined functor. Thatφ is
injective, follows from the fact that for any[α] ∈ Ch ∩ Cv , the equality[α] = [s0s1d1d0α]
holds. In effect, if[α] ∈ Ch ∩ Cv , then we can write[α] = [s0σ ] = [s2τ ] for certainσ, τ ∈
G2. By choosing(a, b): s0σ ≈ s2τ , any bihomotopy, we obtain(s1s0σ, s0d0b): s0σ ≈
s0d0s2τ and therefore[α] = [s0s1d0τ ] = [s0s1d1d0α]. Since, for anyw ∈ G1, we have
φ[s0s1w] = w, the functorφ is surjective.

Proof of isomorphism(b). That φh is well defined is easily seen. To prove thatφh is
injective, let us suppose thatφh[s0σ ] = φh[s0τ ], for certainσ, τ ∈ G2. Then,d1σ = d1τ

andd2σ = d2τ and a straightforward verification shows that we have the bihomotopy(
s1s0σ, s0

(
(s2σ)(s1σ)−1(s1τ)(s0τ)−1(s0σ)

))
: s0σ ≈ s0τ.

Therefore,[s0σ ] = [s0τ ] andφh is injective. The functorφh is surjective, since for an
(v,w) ∈ G1 ×d1 G1 we haveφh[s0((s1w)(s0w)−1(s0v))] = (v,w).

Proof of isomorphism(c). This is parallel to the given proof of the isomorphism (b).

Proof of isomorphism(d). The functor Φ is well defined, since, if(a, b): α ≈ β,
then (d3a, d4a): (d2α,d3α) ∼ (d2β,d3β). ThatΦ is injective follows from the fact tha
if (γ, δ): (d2α,d3α) ∼ (d2β,d3β), for certainα,β ∈ G3, then there is a bihomotop
(a, b): α ≈ β, defined by

a = (s1α)(s1s1d2α)−1(s1s1d3α)(s1s2d3α)−1(s3δ)(s2δ)
−1(s2γ ),

b = (s3α)(s1s2d2α)−1(s1α)(s2α)−1(s2β)(s1β)−1(s1s2d3β)(s3δ)
−1

(s3γ )(s2γ )−1(s2δ)(s1δ)
−1(s1γ ).

Finally, we see thatΦ is surjective, since for any[σ, τ ] ∈ G2 ×d2 G2/∼ we have
Φ[(s2τ)(s1τ)−1(s1σ)] = [σ, τ ].

We now return to the proof of isomorphisms (31). Letx ∈ X0 be any fixed vertex of th
simplicial setX. Then, by taking into account the above isomorphisms (a)–(d), one e
checks that the group chain complex̃C(x) = NWNC(x) is described as

C̃(x) = · · · → 0→ ·· · → 0→ C̃2(x)
∂̃2−→ C̃1(x)

∂̃1−→ C̃0(x) → 0,

where
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• C̃0(x) = G1(x),
• C̃1(x) = {(v,w) ∈ G1(x) ×d1 G1(x) | d0v = 1x},
• C̃2(x) = {[σ, τ ] ∈ G2(x) ×d2 G2(x)/∼ | d0σ = 1x = d1σ = d0τ },
• ∂̃1(v,w) = w, ∂̃2[σ, τ ] = (d1τ,1x).

Thus,πi(WWN℘ DecG, x) = Hi−1C̃(x), for i � 1.
On the other hand, if we write N(x) = NW DecG(x), then

N(x) = · · · → N3(x)
∂3→ N2(x)

∂2−→ N1(x)
∂1−→ N0(x) → 0,

where

• N0(x) = G1(x),
• N1(x) = {(σ, τ ) ∈ G2(x) ×d1 G2(x) | d0τ = 1x},
• N2(x) = {(α,β, γ ) ∈ G3(x) ×d1 G3(x) ×d2 G3(x) | d0β = 1x = d0γ = d2α = d1γ },
• N3(x) = {(a, b, c, d) ∈ G4(x) ×d1 G4(x) ×d2 G4(x) ×d3 G4(x) | d0b = 1x = d0c =

d0d = d2a = d1c = d1d = d3a = d3b = d2d},
• ∂1(σ, τ ) = d2σ , ∂2(α,β, γ ) = (d3α,d3β), ∂3(a, b, c, d) = (d4a, d4b, d4c).

Thus,πi(WW DecG, x) = Hi−1N(x), for i � 1.
Since the unit bisimplicial groupoid mapu : DecG → N℘ DecG induces the chain

complex map

N(x) · · ·
u

N3(x)
∂3 N2(x)

∂2

u2

N1(x)
∂1

u1

N0(x)

u0

0

C̃(x) · · · 0 C̃2(x)
∂̃2 C̃1(x)

∂̃1 C̃0(x) 0

given by

u0(w) = w, u1(σ, τ ) = (d1σ,d2σ), u2(α,β, γ ) = [d2β,d3β],
we are now ready to complete the proof of the proposition, that is, to prove that the h
ogy mapsu∗ :HiN(x) → Hi C̃(x) are isomorphisms for 0� i � 2. The proof is naturally
divided into five parts.

(1) u∗ :H0N(x) → H0C̃(x) is an isomorphism.In effect, note that the homomorphis
u1 : N1(x) → C̃1(x) is surjective, since, given any(v,w) ∈ C̃1(x), we have((s1w)(s0w)−1

(s0v), s1v) ∈ N1(x) andu1((s1w)(s0w)−1(s0v), s1v) = (v,w). Therefore, the result fol
lows sinceu0 = idG1(x).

(2) u∗ :H1N(x) → H1C̃(x) is surjective.Any element in Ker̃∂1 is of the form(v,1x),
for somev ∈ G1(x) such thatd0v = 1x = d1v. For any such(v,1x), we see that the eleme
(s0v, s1v) belongs to Ker∂1 and it satisfies thatu1(s0v, s1v) = (v,1x). Thus, the restricted
homomorphismu1 : Ker∂1 → Ker ∂̃1 is surjective, whence the induced homomorphism
homology is also surjective.

(3) u∗ :H1N(x) → H1C̃(x) is injective.If we suppose that(σ, τ ) ∈ Ker∂1 is an ele-
ment such thatu1(σ, τ ) = ∂̃2[σ ′, τ ′], for some[σ ′, τ ′] ∈ C̃2(x), then we have(σ, τ ) =
∂2(α,β, γ ), where(α,β, γ ) ∈ N2(x) is defined by
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α = (s2σ)(s1σ)−1(s0σ)(s0τ
′)−1(s0σ

′),
β = (s2τ)(s1τ

′)−1(s1σ
′),

γ = (s2τ)(s2τ
′)−1(s2σ

′).

(4) u∗ :H2N(x) → H2C̃(x) is surjective.Let [σ, τ ] ∈ Ker ∂̃2 = H2C̃(x) be any element
The triple((s0σ)(s0τ)−1, (s1σ)(s1τ)−1, (s2σ)(s2τ)−1) represents an element of the gro
Ker∂2 and it is mapped byu2 to the element[στ−1,1x] of H2C̃(x). Then, the result follows
since[στ−1,1x] = [σ, τ ]. Indeed, we have((s1σ)(s1τ)−1(s2τ), s2τ): (στ−1,1x) ∼ (σ, τ ).

(5) u∗ :H2N(x) → H2C̃(x) is injective. Let [α,β, γ ] denote the homology class
H2N(x) of an element(α,β, γ ) ∈ Ker∂2, and suppose that[α,β, γ ] ∈ Keru∗. Then, ob-
serve that(α,β, γ ) = ∂3(a, b, c, d)(s0d1α, s1d1α, s2d1α), where

a = (s3α)(s3s0d1α)−1(s2s0d1α)(s2α)−1(s1α)(s0α)−1,

b = (s3β)(s3s1d1α)−1(s2s1d1α)(s2β)−1,

c = (s3γ )(s3s2d1α)−1(s2s1d1α)(s2β)−1,

d = (s3γ )(s3s2d1α)−1(s3s1d1α)(s3β)−1,

and thus that the equality[α,β, γ ] = [s0d1α, s1d1α, s2d1α] holds. Now, this element be
longs to the kernel ofu∗ :H2N(x) → H2C̃(x), that is,[d1α,1x] = [1x,1x], which means
that there is(α′, β ′) ∈ G3 ×d3 G3 such that(α′, β ′): (1x,1x) ∼ (d1α,1x). But then, the
equality

(s0d1α, s1d1α, s2d1α) = ∂3(a
′, b′, c′, d ′),

where

a′ = (s0s2d1α)(s0α
′)−1(s0β

′), b′ = (s1s2d1α)(s1α
′)−1(s1β

′),
c′ = (s2s2d1α)(s2α

′)−1(s2β
′), d ′ = (s3s2d1α)(s3α

′)−1(s3β
′),

shows that[α,β, γ ] is the zero homology class.

Hence the proof of Proposition 8.5 is complete.�
We are now ready to prove the main result in this section:

Proof of Theorem 8.3. From Proposition 8.4, it follows that a 2-cat-groupoid morph
f :C → C′ is a weak equivalence if and only if the induced simplicial mapB(f ) :BC →
BC′ is a weak equivalence. IfX is any simplicial set such thatπi(X,x) = 0 for all i � 4
and all base pointx ∈ X0, then Proposition 8.5 implies that the unit of the adjunct
u′

X :X → BPX is a weak equivalence. Furthermore, for any 2-cat-groupoidC, the counit
v′
C :PBC → C is a weak equivalence of 2-cat-groupoids, from the adjunction equ

B(v′
C) u′

BC = idBC . Finally, suppose thatf :X → Y is any simplicial map between sim
plicial setsX,Y such thatπi(X,x) = 0 = πi(Y, y) for all i � 4 and base pointsx ∈ X0,
y ∈ Y0. Then, from the natural commutativityBP(f )u′

X = u′
Y f , it follows that f is a

weak equivalence if and only if the inducedP(f ) :PX → PY is a weak equivalence o
2-cat-groupoids. �
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