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Abstract
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the simplicial se X, the bar construction oK. We stress the interest of this result by showing two
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Dold—Puppe for bisimplicial Abelian groups. Among other applications, we give an algebraic model
for the homotopy theory of (not necessarily path-connected) spaces whose homotopy groups vanish
in degree 4 and higher.
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1. Introduction and summary

Let X be a bisimplicial set. WheHX is regarded as a simplicial object in the simplicial
set category and one takes geometric realizations, then one obtains a simplicial topological
space whose Segal’s realization [23] is homeomorphidtagX|, the realization of the
simplicial set diagonal ok . Hence the diagonal of a bisimplicial set is a “correct” simpli-
cial set model for its homotopy type. Indeed, in [19] it is shown a closed model structure
on the category of bisimplicial sets and it is proved that the diagonal functor induces an
equivalence of homotopy categories.

However, there is another canonical way of associating a space to a bisimplicial set
through the bar construction — W X. This functorW, from bisimplicial sets to simplicial
sets, may be defined as the functor right adjoint to llludietal Decfunctor [14], and it
was first considered by Artin and Mazur in [1] (see Section 2 for details). We must remark
that the restriction o¥ to the categories of (nerves of) simplicial groups or simplicial
monoids gives our “old'W of Eilenberg and Mac Lane [11], Moore [21] and Kan [15].
Also, for (nerves of) simplicial groupoids with discrete simplicial set of objects it agrees
with the classifying complex constructid# of Dwyer and Kan [10].

Since we have two different spaces associated to any bisimpliciak s@tamely
|diagX| and |W X|), it seems natural to compare them. In a paper by Cordier [6] it is
asserted that both spaces are indeed homotopically equivalent. However, no proof of this is
given or even outlined in Cordier’s paper and the only reference there-in isgeradghal
communicatiohfrom Zisman. Furthermore, digg) is a left adjoint functor and good be-
havior with the left adjoint functof— | would be expected, b is a right adjoint so it is
far from obvious that they have equivalent realizations. The main purpose of this article is
to prove the theorem below.

Theorem 1.1. For any bisimplicial setX there is a natural weak homotopy equivalence
¢:diagX — WX.

After this introduction and summary, Section 2 of this article contains a minimal amount
of needed notation and terminology to prove Theorem 1.1, whose proof is given in Sec-
tion 3. The remainder of the paper is devoted to examples and applications, and it is
organized as follows:

Section 4. In this section, we shall examine the effective power of Theorem 1.1 by show-
ing a relevant theorem which now becomes simple instance of it; that is, the
Homotopy colimit theorem by Thomason [25], namely: [®etD — Cat be any
diagram of small categories and ¢t be the diagram of simplicial sets obtained
by composing with the nerve functaf. Then, there is a natural weak homotopy
equivalence

hocolmN F — N/ F
D

from the homotopy colimit ofV F to the nerve of the Grothendieck construction
onF.
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Section 5. Here we show how another classic result is quickly deduced from Theorem 1.1:
the generalized Eilenberg—Zilber theorem of Dold and Puppe [7], which states that
for any bisimplicial Abelian groupt there is an inducing homology isomorphism
natural chain complex map

NdiagA — TotNA

from the normalized (or Moore) chain complex of the diagona#idb the total
chain complex of the normalized bicomplex 4f

Section 6. As an easy new application of Theorem 1.1, in this section our objective is to
provide a description of the homotopy type of a 2-category by showing a pleas-
ing simplicial model for its classifying space. Our conclusion here can be seen
as a generalization of a result by Moerdijk and Svensson [20, Section 2, Remark]
and it may quite possibly be of interest not only to researchers in higher dimen-
sional category theory, but also #0-theorists, since strict monoidal (“tensor”)
categories can be identified with 2-categories having a single object.

Section 7. This is a short section in which Theorem 1.1 is applied to prove that the adjoint
functors Dect W : 2 5 Sinduce an equivalence of categories

Ho(S?) ~ Ho(S)

between the homotopy category ¢38) of bisimplicial sets and the homotopy
category H@S) of simplicial sets.

Section 8. Further to all the above quick consequences we dedicate this last section to
showing a more substantial new application of Theorem 1.1, by giving an alge-
braic model for the homotopy theory of (not necessarily path-connected) spaces
whose homotopy groups vanish in degree 4 and higher.

There are several notable precedents for our result here. The first is the well-known
equivalence between the homotopy category of pointed (path) connected CW-complexes
(X, x) such thatr; (X, x) =0 fori > 2 (i.e., connected homotopy 1-types) and the cate-
gory of groups. In [18], Mac Lane and Whitehead proved there is a similar equivalence
between the homotopy category of pointed connected CW-complexes with trivial homo-
topy groups at dimensions 3 (connected homotopy 2-types) and the homotopy category
of crossed modules. These crossed modules were seen to be equivalent to 1-cat-groups
(i.e., category objects within the category of groups) and based on this fact, Mac Lane and
Whitehead'’s theorem was extended by Loday [17, Theorem 1.7] to a more general result
which, in particular, shows that 2-cat-groups are algebraic models for connected homo-
topy 3-types, that is, of pointed connected CW-compleg@est) such thatr; (X, x) =0
fori > 4 (see [5] or [22] for other different proofs of Loday’s theorem). Examples such
as G-spaces and equivariant homotopy types supply topological contexts where the as-
sumption of path-connectedness is too restrictive. Indeed, one needs to find a sufficiently
functorial generalization of the above results without assuming connectedness and choice
of a base point. For the case of 1-types, it is well known that such a generalization is ob-
tained by replacing groups by groupoids. For the case of 2-types, Moerdijk and Svensson
[20] prove that the Mac Lane—Whitehead equivalence has a satisfactory generalization to
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not necessarily connected spaces by replacing the notion of crossed modules by that of
a 2-groupoid.

Here we deal with non-connected 3-types, and for this case we have chosen to use an al-
gebraic structure that we calléat-groupoid Such a 2-cat-groupoid consists of a groupoid
endowed with four endomorphisms satisfying some nice conditions (see Definition 8.2)
and it can be thought of as a groupoid enriched with two independent categorical struc-
tures. These 2-cat-groupoids relate to Loday’s 2-cat-groups as ordinary groupoids relate
to groups or as well as 2-groupoids relate to crossed modules: a 2-cat-group is a 2-cat-
groupoid with exactly one object. We will show that the Loday equivalence can now be
generalized to an equivalence between on the one hand the homotopy category of spaces
X such thatr; (X, x) =0 fori > 4 and for any choice of base point X, and, on the other
hand, the homotopy category of 2-cat-groupoids. We should remark that this equivalence
is completely functorial, explicit and essentially elementary.

2. Some notations and preliminaries

We employ the standard symbolism and nomenclature which can be found in texts on
simplicial homotopy theory ([12], for example). For definiteness or emphasis we state the
following.

We denote byA the category of ordered sefg] = {0, 1, ..., n}, n > 0, with order-
preserving maps between them. Recall that all map4 iare in fact generated by the
injectionsd’ : [n — 1] — [n] (cofaces), < i < n, which miss out théth element and the
surjectionss’ : [n + 1] — [n] (codegeneracies),Qi < n, which repeat théth element.

It is often convenient to see a bisimplicial €t A? x A% — Set as a (horizontal)
simplicial object in the category of (vertical) simplicial setsxtf[ p] — [p'] andB : [¢] —

[¢'] are any two maps im, then we will writea™ : X, , — X, , and g™ : X, ., —
X4 by the imagesX («, id) and X (id, B) respectively. In particular, the horizontal and
vertical face and degeneracy maps dfe= (d')*, d = (d')*, s" = (s")* ands} =
(s")* respectively.

2.1. The constructiondiag Decand W

By composing with the diagonal functér A — A x A, [n] — ([n], [n]), we get the
diagonal functorX — diagX = §*(X), from bisimplicial sets to simplicial sets. We will
use several times the following fact (see [2, XIl, lemma in 2.3 and 4.3] for example):
if f:X — X' is a bisimplicial map such that the mags.: X, . — X/, , (respectively
Sfrqg  Xug — X;’q) are weak homotopy equivalences for al(respectivelyy), then so is
the map diag' : diagX — diagX’.

Similarly, composition with the ordinal sum functor at:x A — A, ([p], [¢]) —
[p + g + 1], gives lllusie’stotal Dec functor Y — DecY = or*(Y), from simplicial
to bisimplicial sets [14, VI, 1.5]. More specifically, for any simplicial sét DecY is
the bisimplicial set with Deg, ¥ = Y1411, and whose simplicial operators a#é =
di 1 Ypiq+1 — Ypiq, and analogously” = s;, whereas!} =djypi1:Yprg+1 = Ypig,
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and analogously; =s;1p+1. Viewing DecY as a simplicial object in the category of
simplicial sets, we have the canonical simplicial augmentation

do:DecY - Y

which induces a weak equivalence diagDee> Y on the diagonals (regarding as
a bisimplicial set which is constant in the horizontal direction), since, porgany0, the
augmented simplicial set DggY — Y, has a simplicial contraction given by the degen-
eraciess; : Yy = Yy4iq1,i > 0.

The functor Dec has a right adjoif¥ [8], whose description is as follows (cf. [1,
Section I11]). For any bisimplicial seX, the set ofp-simplices of W X is

p
W, (X) = | (x0,x1,...,Xp) € l_[Xi*l’_i | dyxi = ih+1xi+1’ forall0<i < p},
i=0

and for 0< i < p the faces and degeneracies of an elemen¥ gt X) are given by
d;i(x0, ..., xp) = (dPx0, d’_q1x1, ..., dxi—1, d'xi1,d!'xis2, ..., dl'xp),
si(x0, ..., xp) = (sl-”xo, S{4X1, .., SOXis sihx,-, sl-}'xi+1, ...,sihxp).
We have the natural comparison map of Theorem 1.1
¢:diagX — WX, (1)

which takes g-simplexx € diagX to
B0 = ((df)"x, (@) g, ... (dlya) ™ () x, .. (48) ).
2.2. The simplicial category (A)

In this paper we use the nerve construction on small categories of [2, XI,2.1]; thus, the
nerveNC of a categon( is the simplicial set whosg-simplices are the diagrams ¢hof
the form

Co<—61<—~~-<—cp.

Thei-face (respectively dege_neracy) of this simplex is obtained by deleting the epject

(respectively replacing; by c¢; a ¢;) in the standard way.

The nerveN A°P of the categoryA?? is the simplicial set of objects of a simplicial
category, denoted b) A, that is defined as follows. For eagh> 0, N, A is the category
whose objects are all strings pfcomposable maps ia,

3 =[nol 2 (1] -2 -+ 5 [n,], )

and whose arrowg : ¥ — X’ are thosep-tuples f = (fx : [nx] = [} ])o<k<, Of maps in
A satisfying the conditions (3) below.
frox =0y fie1 forall 1<k < p,
fe(ng) =nj, forall 0< k < p.

®3)
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The composition itN,(A) is defined in the obvious way. The face and degeneracy functors

i d;
Np+1(4) <= N,(4) =5 Np_1(A)
act in the standard way: fa¥ as in (2),

[n1] -2 [n2] = -+~ [n,] i =0,
&2 =1 ol 2 - = 1] "X [nipa] —> - 5 [n,] O0<i <p,
o1 Op—-1 .
[no] — [n1] — -+ —> [np_1] i =p,
515 = o] -2 - T ] - 0] 253 [iga] = -~ ], (4)

andforf = (f;): X — X" any arrow inN, A,
dif =fo,. s fim1, fig1s-os fp)i1di 2 — di X,
sif =fosoon fis fireoos fp)isi X = 5 X2 (5)

For any p > 0, we will denote byd the object ofN, A (i.e., the p-simplex of N A°P)
bellow:

=105 S, (6)
Then, for anyX e N, A, say (2), we have a canonical morphisniNga,
F=(5):d-> x, ©)
which is given by the “last vertex” maps
Seikl— ] 0<k<p, (8)
defined by

() =o-0j41n)) 0<j <k (s0Zx(k) =ny).

The morphism (7) is natural i, that is, for any given morphisnf: ¥ — X’ in the
categoryN, A, the triangle below is commutative:

d ~
y \E\’\ (9)
;

y———3
Since the identity functor di , A is connected by a natural transformation to the constant
functor d, it follows that this category\N, A is weakly contractible (in the sense that its
classifying space is contractible).
Finally, and in relation with the maps (8), let us point out that the diagrams below are
commutative for all 6< i < k < p (which is straightforward to verify). The commutativity
of these diagrams is needed many times along the paper to check simplicial identities in
several constructions:
dk +1

k] ———[k +1] — = [k+1]—

A o AN e

(k] — 5 (g1l [i41] (]
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3. Proof of Theorem 1.1

The plan is as follows. GiveX any bisimplicial set, we will build a diagram of simpli-
cial maps

diagZ
[% b4
diag@wy
v N\ (Dia
gram 1)
diagX diagT

I
WX

in which Y, Z andT are certain bisimplicial sets, and we will prove that the mép$,
7, w andy’ are all weak homotopy equivalences, that the pentagon is commutative (i.e.,
¥'wd’ = ¢1) and also that the triangle on the top is commutative up to homotopy (for this
we will show a simplicial homotop¥f : = — ¢’6). Then, as a consequence, we will have
that the comparison mafp (1) is a weak equivalence as required.

The remainder of this section is devoted to carrying out the above objectives, and so we
divide it into nine subsections.

3.1. The simplicial sets in Diagram 1

3.1.1. The bisimplicial sef and the simplicial se Y
The bisimplicial setY is defined to be the simplicial replacement [2, XII, 5.1] Xf
(viewing X as aA?-diagram of simplicial sets); thus, its set@fq-simplices is

Ypg={(Z, 015 =012 Lo, e NyA”, x € X, 0} (12)
The vertical face and degeneracy maps are defined by thoggtbét is,
d}-’(E,x):(Z,d}’x), sf(E,x):(E,s;x)
and the horizontal face and degeneracy maps by thodesP (see (4)), that is,
a2, x)=(di%Z,x),  sHZ,x)=(5%,x)
exceptdﬁ :Ypq = Yp_1,4 Which is defined by
dl(2.x)=(d,Z.0}"x).

To work easily with the simplicial se Y, we will identify any p-simplex of WY with
a pair

(2.0 2 =] - (n1] -2 - L [ny] € Ny AP,

p
X=(x0,...,Xp) € HX,,k,p_k, (12)
k=0
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such that the following equalities hold
doxi = U:j‘rlel 0<k < p;

this corresponds to the genuipesimplex of WY given by the tuple
((tnol. x0), (In0) -2 [nal.xa), ... ([no] -2 -+ > [n,). x,)) I'[Yk p—k-

After this identification, the face and degeneracy map# &f are given by

(doE, (xl,...,xp)) i =0,

di(X,X) = (diZ', (d}’xo, o dixioa, Xiga, .. .,xp)) O0<i<p, (13)
(deJ (d”xo,...,di’xpfl)) i=p,

5i (X, X) = ( (s xo,...,sé’xi,xi,...,xp)).

3.1.2. The bisimplicial set Z

The bisimplicial setZ is that obtained by pulling back Illusie’s augmented total-Dec of
the nerve ofA°? (see Section 2.1)p: DecN A%? — N A°P, along the canonical simplicial
projectionWy — N A° which applies a simplexX, x) of WY (8) to ¥ € N A°’. More
precisely,Z is the bisimplicial set such that an element

(T, 2,X)€Zpy (14)

consists of ap-simplex I' = [mg] RENULLN [m,] in NA°P, a g-simplex (X, X) =

([no] NN [n4], (xo, ..., x4)) Of WY and an arrove [m,] — [no] in A, and such
that its horizontal and vertical face and degeneracies maps are given by

dil o, X, %) 0<i<p,
dpl',ay,, X,X) i=p,

sSH(Mo, 2.0 = (M, £.%) 0<i < p,
(F5 O—la’dO(EaX)) JZO,
sV, 2,%) = (I a,5;(2,x)) 0<j<q,
whered; I ands; I" are as in (4) whilel; (X, x) ands; (X, x) are as in (13).

ANl a, ¥,%) =

d})(F,oz, X, X) =

3.1.3. The bisimplicial set T

In order to defineT, let us first observe tha¥’Y is the simplicial set of objects of a
simplicial category, denoted/Y, defined as follows. For eagh> 0, categorw_VpY has
W,,Y as set of objects and its morphisms

fi(2,X) = (X,X)

are those arrowg : ¥ — X’ in the categorN, A (see Section 2.2) such th#t’ (x') = x

(i.e., fk*" (x;) = xi forall 0 < k < p). The face and degeneracy functorahd¥ are defined
by (13) on objects and by (5) on morphisms.
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This simplicial categoryVY defines, by taking nerve of each categW);Y, the bisim-
plicial setT in Diagram 1. Thus,

T =NWY:([pl.[q]) = NyW,Y.
More explicitly, an elemeny € T, , can be described as a string

1 q
2= (5050 L (51 xt) o (m0mt w7ty Lz xa)

of ¢ composable arrows W »Y. The vertical face and degeneracy operators are those of

the nerveNV_\/pY, that is,d acts by deleting X, x') in the stringx and using compo-

sition, if needed, to form the new strinff x. In the same way; duplicates(X, x') at

placei + 1. The horizontal face and degeneracy operators are induced by th@é# of

that is,

h 0 o, 4 1,1 dj f1 q va
dh(x) =d;(2°.X°) <= d;(z1. x) < - L= d; (29, x9),
ijl sjfe

S?(X) =5;(20,x0) L 5; (B xY) < - L5 (29, x9).
3.2. The weak homotopy equivalengén Diagram 1

There is a natural bisimplicial map
Y > X (15)

sending ap, g-simplex (X, x) of ¥ as in (11) to the simplexEN;"(x) € X, 4; here
X, :[p]l — [np] is the pth map in (8). That is actually a bisimplicial map is an im-
mediate consequence of the commutativity of diagrams (10).

The simplicial mapy is then the induced by on the diagonals

Y = diag¥ :diagY — diagX;
so thatyr acts on ap-simplex(X, x) € Y, , of diagY (see (11)) by
Y(Z,x) =I5 (x) € Xpp. (16)

It is already known that/ is a weak equivalence. Indeefd,is the map given by Bousfield
and Kan in [2, XII, 3.4] establishing a weak equivalence between the homotopy colimit of
X (=diagY) and the diagonal oX. So we have the following:

Proposition 3.1. The mapy : diagY — diagX is a weak homotopy equivalence.
3.3. The weak equivalenagin Diagram 1
In this subsection we prove that the simplicial categdty, defined in 3.1.3, has the

same homotopy type as its simplicial set of objégtk. Indeed, regarding/ Y as a bisim-
plicial set, constant in the vertical direction, we have a bisimplicial inclusion

Q:WY > T=NWY, (17)
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sending ap, g-simplex(X, x) € v_V,,X (8) to thep, g-simplex
(2)1(2.% = ((£.%) <2 (2,0 <L (£,%) <L (£.%) € Ty g = N,W, Y,
which is in fact a weak equivalence, as the next proposition proves.

Proposition 3.2. The induced map = diags2 : WY — diagT is a weak homotopy equiv-
alence.

Proof. It suffices to prove that for aly > 0 the simplicial maps2, , = (s§)?: WY —
NqV_VY is a weak equivalence. This is obvious fpre= 0 and forg > 1 follows by an
iterative application of the following fact: each mefa Nq_lv_VY — NqV_VY is a simplicial
homotopy equivalence, which is proved below.

Sinced;s; = id, we only have to show the existence of a simplicial homot&pyd —
sodg- To do that, we first construct(@ + 1)-simplex

(Z5N X)) € WpiaY

associated to any arroy: (X, x) — (X/,x') in v_V,,Y and any 0< k& < p. This simplex is
given by

) =lnol B> - s ] L @ 25 ),

xK(f) = (s};xo, cee SOXK, X, ...,x;,).
Next, we consider the arrows V_V,,+1Y
hi(f) 1sk(Z,%) = (SR XK ()
defined byhi (f) = (id, ..., id, fx,..., fp), thatis,

id

k21 [no) — =+ % [my] [ng] 2 T[]
hi(f)|id lid Ji J/fp
SR ol T T g ] L ] )

And, finally, the announced homotopys :id — sjdj is given by the maps
Hi:N,W,Y — N,W 1Y, 0< k < p, which send any-simplex

1 2
x=(20x0) L (s1xt) L Lz xa)

in N,WY to the(p + 1)-simplex
He() = (Z4(Y). % (1) "L (21 xt) 25 8 g (m0 ),

We leave to the reader to check ttfatis indeed a simplicial homotopy as requireda
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3.4. The weak equivalengg in Diagram 1

__The bisimplicial map (15)%:Y — X, induces a corresponding simplicial map
Wv WY — WX that acts on g-simplex(X, x) of WY as in (8) by

W (Z,x) =S (x) e W,X, (18)
where for short we are writing* (x) by (£3" (x0), 7" (x1),..., ;" (xp)). Here the
mapsEk [k] — [nx] are those defined in (8).

This simplicial mapW ¢ defines an augmentation on the (vertical) simplicial object of
(horizontal) simplicial set§ = NWY,

/ZR\/;\ )

- NaWY = NWY === Wy —*> WX
2 1

since, for any morphisnf : (2, x) — (£, x') in WY (see 3.1.3), we have

W (s, x) 57 xy D S pon 'y = 5% (x) = W (5, ).
Therefore, there is another induced simplicial map
V' diagT — WX (19)
given by

W((200) Lo Lz xe)) = Ww (57, xP) = EP(xP);
and this is the map so termed in Diagram 1.

Proposition 3.3. The mapy’:diagT — W X is a weak homotopy equivalence.

Proof. The proposition follows from the fact that, for apy> 0, the augmented simplicial
\ A 7 W )(p s . . . .
setNW,Y - W, X has a simplicial contraction

SZ Xl
5o

%yﬂ Vo

W,
- NoW YEEle Y4>W Y —">W,X

given by the extra degeneracies mapsW ,X — W ,Y ands,4+1: N,W, Y — N, 1W, Y,
q > 0, defined respectively by
so(X) = (d, x),
spa(5006) L= L ()
= ((20) Lo L (m0r) E (0. 507 0),

whered is as in (6),£7:d — X9 as in (7) andZ9*: (x) as in (18). O
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3.5. The map’ and the commutativity of the pentagon in Diagram 1

The mapg’ :diagY — WY is the corresponding comparison map (1) for the bisimpli-

cial setY. Thus, by taking into account the identification made by (8) of the simplices

of WY, ¢’ can be described as the simplicial map that sengssanplex (X = [ng] BN

LN [n,].x) € diagY (so thatx € X,,, ) to the p-simplex of WY
¢ (X, x)= (2, ((Up o) x,dy (o) 02) L (d(’)’)p_la;hx, (dé’)px)). (20)
Proposition 3.4. In Diagram 1 the equalityy’w¢’ = ¢y holds.

Proof. Let (X, x) be anyp-simplex of diagr as above. Then, we have

Vo= 2 yo(z (d) e, o1+1" %) ocr< )
Q.19 (Nljh dg)k(ap " '0k+1)*hx)0<k<p
= ((d8)" (o "O'k+1§k)*hx)o<k<p
2 (@) (Epd - d ) ),
= ((dg)kdfﬂ'"dzg;hx)ogkgp
= ((dg)k(dl?+1)p_k§;hx)ogk<p
2 o(Erx) P eun,
as required. O
3.6. The weak equivalenéen Diagram 1
There is a natural bisimplicial map
®:Z—>Y (21)

sending ap, g-simplex(I", &, X', X) of Z as in (14) to the simplek/”, «* xo) of Y; recall
that(X, x) e W, Y, soxg € X,,,4 and therefore:* xg e Xmp.q whence(I", a*'xg) € Y, 4.
The simplicial map in Diagram 1 is then that induced l&y on the diagonals, that is,

6 = diag® :diagZ — diagY. (22)
Proposition 3.5. The map is a weak homotopy equivalence.
Proof. It follows directly from next Lemma 3.6. O

Lemma 3.6. For any fixedp >0, ®:Z, . — Y, . is a simplicial homotopy equivalence.
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Proof. Let u:Y,, — Z,. be the simplicial map defined on @simplex (X, x) =
(Tnol 2> - 7 [n,1,x) of ¥,,., by

W x) = (2. np] 2% 1), (1]~ D% ), (xuddx. . (dR) 7)) € Zp g

Then, we have tha® . = id and it only remains to show a simplicial homotogy. id —
1. Indeed, such a simplicial homotopy is given by the maps

H*:Z,4g— Zpgr1. 0<k<gq

defined on g, ¢-simplex of Z as in (14), say

(I, £,%) = (Imo] 2> -« 2 [my1, [m ] > [nol,

0,
[no] = -+ =5 [ng], (X0 - ... x¢)).
by
HY(I o, 2, %)
y i
(I [mp) = [mpl. [mp] = [no] > -+ — [ng1.x%) k=0,
— id
=\ (T, [mp] = [mp),
]~ 0 2% [ S 1 2 2 1 XF) 0<k <4
where
x0 = (sga*”xo, X0s-ens xq)

and for O< k < g,

xk = (s,':oz*hxo, Sp_q(o10)*x1, ..., sq(ox -+ - 010) " xp, X, ...,xq)

= (s,'jot*”xa, sp_qdgoxo, ..., 58 (d(',’)ka*"xo, Xy onos xq).
It is straightforward to check thadt, so defined, verifies the appropriate simplicial identi-
ties, and we will therefore leave them to the reader.
3.7. The weak equivaleneein Diagram 1
Regarding theiimplicial ié?Y as a bisimplicial set that is constant in the horizontal

direction (so thatWy), , = W,Y), there is a natural bisimplicial map

n:Z—wy

sending ap, g-simplex(I", «, X, X) of Z as in (14) to the simplekX, x) € WqY.
The simplicial mapr in Diagram 1 is then that induced Wiy on the diagonals, that is,

7 =diaglT :diagZ — WY. (23)

Proposition 3.7. The mapr is a weak homotopy equivalence.
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Proof. The proposition follows from the fact that, for agy> 0, the augmented simplicial
n — . .. .
setZ, , — W,Y has a simplicial contraction

52 Sl

/\ m |
clyy—=21y—=< v Zoqi>WY
1

5o

given by the extra degeneracies ma@sW,,Y — Zog andsp41:Zp g — Zpi14, p 20,
defined respectively by
id
s0(X,X) = ([nol, [no] — [nol, X,X),

sp+1(F, @, 2, X) = ([mo] RN [m ] = [nol. [no] =, [nol, Z,x),

where we are assuming thBt= [mg] o, [mp,] and X = [no] NN [n4],
asin(14). o

3.8. The homotopy commutativity of the triangle in Diagram 1
Proposition 3.8. There is a simplicial homotopsl : 7 — ¢'6.

Proof. The simplicial homotopyH is given by the maps
H":Z,,—> WpyY, 0<k<p
defined on g-simplex(I", «, X, X) of diagZ (see (14)), say
(ML, 2.%) = ([mo] 2 - % [mp), [my] = [nol,
(o] 2 ... 2 [n,]. (X0, ..., xp)),
by

Ok+010Yp Vk+1 Ok+1
_— >

HA (o, 2,%) = (Imo] 2> -+ 25 [my] il 25 2 ),

(315 12).

where, foreach & k < pand 0< j < p+1,

k {Sk jlojowayp - yip)™x; 0<j <k,
j

Y= Xj-1 k<j<p+1

= Sllc)fj(dtl)})](ayp"'Vj-i—l)*hxo 0<j <k,
*j-1 k<j<p+1

The verification that is actually a simplicial homotopy from to ¢’6 is quite straight-
forward and we leave it to the reader
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3.9. The end of the proof of Theorem 1.1

We now are definitely ready to complete the proof of the result in this paper. Looking
at Diagram 1, by Propositions 3.5 and 3.7 we have that Badhd 7 are weak equiva-
lences and then, by Proposition 3.8, we deduce ¢halso is a weak equivalence. Since
Y'we’ = ¢, by Proposition 3.4, and the three maps » and are all weak equiva-
lences by Propositions 3.3, 3.2 and 3.1, we concludegthdiagX — W X is also a weak
equivalence as stated in Theorem 1.1.

4. Homotopy colimits of small categories

In this section we see how the Homotopy colimit theorem by Thomason [25, Theo-
rem 1.2] for diagrams of small categories follows from Theorem 1.1 as an instance.

Let F: D — Cat be any given diagram of categories. The Grothendieck construction
[13] assembles the diagraminto a category, denotef}, F. The objects of this category
are pairs(a, u) wherea is an object ofD andu is an object ofF (a). An arrow (a, u) —
(b,v)in [, F is apair(f,o) with f :a — b a morphism inD ando : /u — v a morphism
in F(b), where we are writind u by F(f)(u). Arrows in fD F compose according to the
diagram

(c, w) (8.7) (b, v) (.2) (a,u)
(gf.t80)

where we are writingo by F(g)(o). The nerveN fD F of the Grothendieck construction
on F is then a simplicial set canonically associated tofhdiagram of categories.

On the other hand, the simplicial replacement construction [2, XIl, 5.1] assembles the
D-diagram of simplicial set® F, obtained by composing with the nerve functor, into
a bisimplicial set, denotefl[, N F. The p, g-simplices of this bisimplicial set are pairs of
diagrams

fi Ip o1 Oq
(A,U):(ao<—~~ “—dap,ug<—--- <—uq)

in D andF (a,) respectively. The vertical face and degeneracy maps are defined,an a
simplex(A, U) as above, by those @f F(a,), thatis,d’ (A, U) = (A,d;U), s/ (A, U) =
(A, s;U); and similarly the horizontal ones are defined by thos¥ bf, that is,d;’ (A, U) =
(d;A,U), s7(A, U) = (s;A, U), except the last horizontal face map which is defined by
di (A, U)=(dpA, v U).

The homotopy colimit theorem of Thomason states that both the bisimplicilg] s&tF
and the simplicial seV [, F have the same homotopy type. More precisely, by definition
hocolimN F = diag] [, N F and Thomason proved thtitere is a weak homotopy equiva-
lence

n:hocolimNF—>N/F
D
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given by

f1 Ir o1 Op
n(a0<—a1-~- <—ap,up <—ug--- <—up)

L A, s
= (ao. 1+ rug) L= (0, S oug) L= L2

(fp-TPop)
(ap-1, Trup_1) F—"(ap, up).

Now, the simplicial selV [}, F can be actually identified with the simplicial S [ NF
(cf. [26, Theorem 3.2.12]) by means of the simplicial isomorphism

j: N/F’:“W]_LNF
D

that carries g-simplex

(f1,01) . (f])v"p)

(ao, uo) (ap,up)

of the nerve of the Grothendieck construction Bnto the p-simplex (xo, ..., x,) €
W], NF,where, for each & k < p,

2 Sr+1 fk+l"'fpflo-
Xp = (ao<f—l---<iak, U <F ferayy g <—2F2 P fesrfoy ).

Therefore Thomason'’s result follows, since the magliag] [ NF — W[, NF (1)isa
weak equivalence, by Theorem 1.1, and since the equaljity ¢ holds.

5. Bisimplicial Abelian groups

Our purpose in this section is to deduce from Theorem 1.1 a well-known and useful
result by Dold and Puppe [7, Theorem 2.9] for bisimplicial Abelian groups.
Recall that the normalized complexANof a simplicial Abelian groupA has the group

m—1
NnA = () Ker(d;: Ay — Ap_1) (= Ao if m=0)
i=0
as m-chains, and has bounda®:N,;,A — N,,_1A the induced homomorphism by
dpAp — Ap—1 (0, if m =0). Itis a fact thatr,, (A, 0) = H,,NA for all m > 0.
Hereafter suppose thdtis a bisimplicial Abelian group.
The normalized complex Ndiag of its diagonal simplicial Abelian group is then
a chain complex canonically associateditdOn the other hand, the normalized bicomplex
NA, of the bisimplicial Abelian groupt, is the bicomplex having, ¢g-chains

p—1 q-1
Ny, A= <ﬂ Ker(d!:Ap, — Ap_l,q)) n (ﬂ Ker(d): A, , — Am_l)>,

i=0 j=0
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horizontal boundary” :N, ,(A) — N,_1,, given byd"(x) = d”(x) and vertical bound-
ary d”:Nj 4(A) = N, 41 given byd® (x) = (=DPdj(x). Then, the total chain complex
of this bicomplex, TotMi, is also a chain complex naturally defined by the bisimplicial
Abelian groupA.

The generalized Eilenberg—Zilber theorem by Dold and Puppe statethéhnatexists
a quasi-isomorphism of complexge., a chain complex homomorphism inducing isomor-
phisms on the homology groyps

NdiagA — TotNA. (24)

Now, the normalized chain complexiNA, of the simplicial Abelian group obtained as
the bar construction od, can be identified with the chain complex TaiNby means of
the chain complex isomorphism

£: NWA = TotN(A) (25)
defined as follows. Observe thaichains of NV A are thosep-tuples

(X0, ..., Xp) €EApp DAL D---DApo

satisfying
dyxi = dl-h+lxi+1 0<i<p,
d'xj=0 0<i<j<p,
d’xj=0 0<j<p, O<i<p—}j,

and whose boundary is

d(xo, ..., xp) = (d;xo, ... ,d;_kxk, ... ,dfxpfl),
whereas g-chain of Tot M is also ap-tuple

(30, ---»Yp) EAQp DAL, D - D Apo
but in this case satisfying

diyj=0 0<j<p, 0<i<p—j],

diyj=0 0<i<j<p,

and whose boundary is

a()’O, ---,Yp)
= (dpyo+diyi, ... DMy +di gyt o (0P yp o1 4 dp ).
Then, the chain complex isomorphism (25) is given by

z(-XO’ ""xp) = (yO, ""yp)a
where, for each & k < p,

p—k—1

k—
e = (=P <Xk - Z (—l)is}’d,?+lxk+1>.
i=0
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Therefore, since Theorem 1.1 gives the weak homotopy equivajerdiagA — W A, we

get Dold—Puppe’s chain complex quasi-isomorphism (24) by composing the induced quasi-
isomorphism N¢) : NdiagA — NW A with the chain complex isomorphisth NW A =
TotNA.

6. Classifying spaces of 2-categories

As a new application of Theorem 1.1, in this section we shall derive the corollary below
in which a simplicial model for the classifying space of a 2-category is shown (cf. [3]
where a different model, the Duskin—Stregf&ometric nerv9], is proved).

Recall that a ZategoryC is a category enriched in the category of small categories.
Thus,C is a category in which the hom-set between any two objecise C is the set
of objects of a categorg(x, y), whose arrows are called deformations (2-cells) and are
denotedf :u = v. Moreover, the composition is a bifunct6tx, y) x C(y, z) = C(x, 2)
which is associative and has identitieg kEIC(x, x). This bifunctor produces compositions
of arrows and deformations respectively, both denoted here by juxtaposition. On the other
hand, composition in each categatyy, y) is denoted by &”.

Corollary 6.1. The classifying space of zcategoryC is naturally homotopy equivalent
to the geometric realization of the simplicial s8tC, whosen-simplices are diagrams
(x, f,a) in C of the form

n—1
n
f32 uan—l
n
f2 lLag /\
.X0<f70x1 llzx% X2 %f:,’li)% Xn—1 : Xn,
1 1
9 ila% fa
J2
13 Ye
5

consisting of object§0-cells) x;, 0 < k < n, arrows (1-celly f*:x, — xu_1, 0<k <
m < n, and deformationg2-celly o : fk = k=10 < k < m < n. The simplicial op-
erators act much as for the usual nerve of an ordinary categtirg face operators
di:W,C— W,_1C,0<i < n, are given by; (x, f, o) = (v, g, B), where

Yk = Xgi k) 0<k<n—-1,

d' (k) .
gk — fdi(m) m?élv
" fikfik+1 m=i, 0<k<m<n—1,
d'(k .
adigm)) m#i#k,
k .
,3m= af‘al{ﬁrl m=i,

. 1 )
ot;n+1ooc;:_1k=z O<k<m<n—1;
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and the degeneracy operatars. W,C — W,11C, 0<i < n, are given bys; (x, f,a) =
(v, 8, B), where

yk:xSi(]() 0§k<n+1,

st (k) .
gk =1 Sy mFITL
Id,, m=i+1 0<k<m<n+1,
P iy 12k,
Brn=1ldg, m=i+1,
k=i+1 O<k<m<n+1

Proof. The classifying space of a small category is the geometric realization of its nerve
[16]. Then, by replacing the hom-categori&s, y) by their classifying spacesBx, y) =
INC(x, y)|, any given 2-categorg gives rise to a topological catego®C (with discrete
space of objects) whose nen/g®BC, is then a simplicial topological space. The Segal’s
realization of this simplicial space is just defined to be ¢hassifying spacd3C of the
2-categonC, that is, B = |[NBC|.

By the compatibility of the classifying space construction with products of small cate-
gories, for eaclp > 0, we haveN ,B8C = BN,C = |[NN,C|, where

N,C = L[ C(x1,x0) X C(x2,x1) X --- x C(xp, Xp_1)
x0,-..,Xxp€0B(C)

(NoC = Ob(C), as a discrete category). Therefore, there is a natural homeomorp8ism B
|diagN NC|, whereNNC: ([p], [q]) = N4 N,C is the bisimplicial setlouble nervef the
2-category.

Now, let us writeWC by WNNC. ThenW( is precisely the simplicial set whose sim-
plices have the pleasing description made in Corollary 6.1. Since Theorem 1.1 implies that
the spaces 8= |diagN NC| and|WC| = |WN NC| are naturally homotopy equivalent, it
follows thatW( is a simplicial set model for the classifying space of the 2-cateGoryn

Remark 6.2. As it is proved in [3, Theorem 1.1], the classifying spaceds a 2-category

C can also be realized by another simplicial 2&t, the so-called geometric nerve of the
2-category [24,9]. This simplicial setC is different fromWC —but naturally weak homo-

topy equivalent to it—except in the case whéris a 2-groupoid (i.e., when all arrows and
deformations of’ are invertible). IndeedAC = WC for any 2-groupoid’, and our Corol-

lary 6.1 can be seen as a generalization of a result by Moerdijk and Svensson [20, Section 2,
Remark] stating that the classifying space of a 2-grougdslhomotopy equivalent to the
geometric realization of the simplicial saC (= NC in the notation of [20]).

Remark 6.3. Corollary 6.1 may quite possible be of interest not only to researchers in
higher dimensional category theory but alsoKetheorists, since strict monoidal (“ten-
sor”) categories can be identified with 2-categories having a single object. In effect, a strict
monoidal categoryC, ®, I) can be viewed as a 2-category with only one object, kay

the objectsc of C as arrowst : I — I and the arrows of as deformations. The horizontal
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composition of arrows and deformations is given by the strict tensor fuget6rx C — C
and the vertical composition of deformations is given by the composition of arro@s in
Then, the classifying spacg® ®, 1) of the monoidal category [23] is just the classifying
space of the 2-category it defines. Hence, by Corollary 6.1, the simplicia¥ &t®, 1)
realizes the classifying space of the strict monoidal categorw, ) (for readers inter-
ested in the non-strict case, we refer to [4]).

On the other hand, a strict monoidal categ@@y®, I) is also a monoid object i€at
and therefore, since the nerve functor preserves products, its Mgvis a simplicial
monoid. Observe now that the simplicial 3&€(C, ®, I) is reduced, thaW ,(C, ®, I) =
NoC x N1C x --- x N,_1C, for eachn > 1, and then finally conclude tha¥ (C, ®, I) =
WNC, whereW NC is the classicalV -construction on the simplicial monoiC.

7. Dec, W and weak equivalences

Thanks to Theorem 1.1, it is easy to specify the behavior of the DeWaswhstructions
on weak equivalences. Indeed, we can show how these adjoint functors induce an equiva-
lence between the homotopy categories of simplicial and bisimplicial sets as follows.
Recall that a bisimplicial mag : X — X’ is a weak equivalence if the induced cellular
map between the corresponding Segal’'s geometric realizations is a homotopy equivalence
of spaces. From the fact that the geometric realization of a bisimplicial set is homeomor-
phic to the geometric realization of its diagonal, it follows thatX — X’ is a weak
equivalence if and only if diag’) : diagX — diagX’ is a weak equivalence of simplicial
sets. Since the comparison map (1) is natural, any bisimplicial fnap above gives rise
to a commutative square

diagX _dagp) diagX’
¢Xi i‘ﬁx’
— W
WX WX

where bothpx and¢y: are weak equivalences (by Theorem 1.1) and, therefore, we con-
clude thata bisimplicial mapyf : X — X’ is a weak equivalence if and only if the induced
simplicial mapW (f): WX — WX’ is a weak equivalence
Write S for the category of simplicial sets ar84 for the category of bisimplicial sets,
and recall from Section 2.1 that the funcidr: S — Sis right adjoint to Illusie’s functor
Dec:S— S2. The unit and the counit of the adjunction
uY > wbDecY (Y e€9),

v:DecWX > X (Xe$SP)

are respectively defined by

u(y) = (s0y,---.5ny) (y€Yn),
V(X0 -y Xprgt1) =dixpr1  ((x0, ..., Xpig+1) € DEC, 4 WX).
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Proposition 7.1. For any simplicial set’, the unit map::Y — W DecY is a weak equiv-
alence.

Proof. Consider the canonical simplicial augmentatilpn DecY — Y, which, regarding

Y as a bisimplicial set constant in the horizontal direction, is a weak equivalence of simpli-
cial sets (see Section 2.1). Then, the induced simplicial Wigfp) : W DecY — WY =Y,

(o, ..., yn) — doyo, IS @ weak equivalence. Sind& (do)u = idy, the proposition fol-
lows. O

Proposition 7.1 implies that simplicial set mapf : Y — Y’ is a weak equivalence if
and only if the induced bisimplicial maped f) : DecY — DecY’ is a weak equivalence
(from the natural equalityy Ded( ) uy = uy f). Furthermore, a simplicial map: Y —
WX is a weak equivalence if and only if its adjoint bisimplicial mgpDecY — X is
a weak equivalence (from the adjoint equali§( /) uy = f). In particular,the counit
v:DecW X — X is a weak equivalencef bisimplicial sets.

Corollary 7.2. The adjoint functor®ec— W : S < Sinduce an equivalence of categories
Ho(S?) ~ Ho(S)

between the homotopy categdtp(S?) of bisimplicial sets and the homotopy category
Ho(S) of simplicial sets.

8. Algebraic modelsfor (not necessarily connected) homotopy 3-types

To help motivate the reader with the data of our algebraic models for homotopy 3-types
(see Definition 8.2 below), we shall begin this section with a commentary on 2-groupoids.
Let C be a small 2-category. Identifying any 1-cell with the corresponding identity 2-cell,
we can describe the 2-category as a system(C, A, s, t, o) whereC is a small category
(whose objects are the 0-cells and whose arrows are the 2-cels); is a subcategory
with the same objects (whose arrows are the 1-cells),sandC — A are functors (those
assigning the corresponding source and target 1-cells to any 2-cell) such that their restric-
tion to A are the identity and is a partial composition functaf x4 C — C, which is
associative and satisfieso s(a) =a =t(a) o, s(a o 8) = s(B) andz(ax o B) =t ().

Note that the condition of being a functor implies that the usual interchange law holds,
namely that

(") o (BB) = (o B)(a 0 B)
whenever both sides are defined.
Lemma8.1. LetC = (C, A, 5,1, o) be a2-category such that the categori€sand A are

groupoids. Thert is a 2-groupoid and the compositios: C x 4 C — C is determined by
the equalities

asa) B=aoB=B1B) L. (26)
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Proof. By the interchange law we have
a(sa)fl,B =(xo soz)(sofl o sofl)(sa of)=waop,
BB ta=(pop)(tB~ o1f)(@otB) =aop.

Furthermore, the inverse* of a deformatiorx always exists and it is given by the formula
o = (sa)a (). O

According to the above Lemma 8.1, we see that a 2-groupoid is given by the data
(C,A,s,t), whereC is a groupoid,A C C, is awide subgroupoid (i.e., with the same
objects) and, 7 : C — A are functors satisfying|4 = id4 = t|4, and such that the map
0:C x4 C — A given by the formula (26) is a functor. Now, it is not difficult to see that
this last condition is equivalent to the commutativity condition

of = Ba
for any automorphisma, 8 € C(x) = C(x, x), x € ObC, such thatsa = 1, = ¢. This

leads to our notion of tat-groupoid(C, A, s, t) and, as suggested by the Loday’s work
[17], we extend this definition to the higher dimension as follows.

Definition 8.2. A 2-cat-groupoidC is a system
C:(C»Chacvash»thasvvtv)v (27)

whereC is a small groupoid¢;, C,, C C are wide subgroupoids, ang, 7, : C — C; and

sy, by 1 C — C, are functors, such that

(1) spa=a=raforallaeC,ands,b=b=r,bforallbeC,,

(2) o = Ba, for any two automorphisme, 8 € C(x), x € ObC, such thats,a = 1, =
B orsya =1, =14,

(3) ShSy = SuSh, thty = tylp, Spty =1,y andsvth =18y

A morphism f:C — C’ between 2-cat-groupoids is a functgr: C — C’ such that
f(Cy) € C}, f(Cy) S C,, and the following equalities holdfs, = s, f, ftn =1, f,
fsy=s,f andfr, =t, f. The category of 2-cat-groupoids is denoted bga-Gd.

Let C be a 2-cat-groupoid as above. There is associated to each oleg@bC a (not
necessarily Abelian) chain complex

5(x):...—>o—>...—>o—>52(x)icl(x)iﬁo(x)ao, (28)
in which
o Co(x) = Cp(x) N Cy(x),
o C1(x) ={(a, B) € Ch(x) x Cy(x) | sva =1pB, spf = 1i},
e Co(x) ={ox e C(x) | spa =1, =spa},

and the boundary maps are defined by
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o Ji(e, B) =10,
o Joa = ((thoz)_lthtua, ).

Then, associated ©, we take the invariant made up of:

e 10C = moC, the set of isomorphism classes of the object§ jn
and for each object e ObC andi =1, 2, ...,

o 7;(C,x)= Hiflg(x).

Clearly, each morphisnf :C — C’ of 2-cat-groupoids induces a map f : 7oC — moC’
and group homomorphismis f : 7; (C, x) — 7; (C’, fx) fori > 0, x € ObC. Call a mor-
phism f:C — C’ of 2-cat-groupoids aveak equivalenc# it induces bijectionsr; f for
i > 0. The localization of 2-Cat-Gd with respect to the family of weak equivalences will
be denoted as Ho(2at-Gd).

We now state our result on homotopy 3-types, whose proof the rest of the section is
mainly dedicated to.

Theorem 8.3. There are adjoint functors : 2-Cat-Gd — S, the right adjoint, andP : S —
2-Cat-Gd, the left adjoint, that induce an equivalence of categories

Ho(2-Cat-Gd) ~ Ho(X € S| 7;(X,x) =0, i >4, x € Xo).

The pair of adjoint functor® - B in the above Theorem 8.3 is obtained by composition
of three adjoint pairs of functors

1 Dec G
2-Cat-Gd — sGd? sGd S,

that is,B and P are respectively given by
B=WWN, P = p DecG,
where

e sGd denotes the category of simplicial groupoids (with a discrete simplicial set of
objects) andG - W :sGd < Sis the pair of adjoint functors defined by Dwyer and
Kan in [10].

e sGd? denotes the category of bisimplicial groupoids (with discrete bisimplicial set of
objects) and Deel W : sGd? = sGd is the pair of adjoint functors canonically induced
by the pair of adjoint functors De¢ W : S? < S.

e the functor\ : 2-Cat-Gd — sGd? is defined by a double nerve construction as fol-
lows. LetC be a 2-cat-groupoid as in (27). Then, the bisimplicial groupdi@ has the
same objects as the group@id An arrowa € N, ,C, for p, g > 1,is a(g x p)-matrix

o = (@ij)1<i<q.1<j<p

of arrows «;; € C such thats,o;; = tpa;;41 and sye;; = tyaqq;. Furthermore,
NogC=N14,CNC], Ny oC=N,1CNCY andNo o€ = C, N C,y.
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For g > 2, the vertical face functorg; : N, ,C — N, ,_1C are given byd/a = B,
where

ojj i <k,

1 .
Bij = § oj (o) "aky1j =k,
®it+1j > k,

and forq = 1 they are defined by
dy(ag, ... 0p) = (spa1, ..., Spdp), di(ag,...,op) = (tyay, ..., Lap).

The horizontal face functoef : N, ,C — N,,_1,,C are similarly defined. Thus, for > 2,
dia = B, where

aij J <k

_1 .
Bij = { %ik(sneik) iky1  J =k,
Qij+1 Jj>k,

and forp = 1 they are given by
a1 Spoq (0%} thag
h . . h . .
do : - : ) dl . = .
Qg Shotg g Thag
The degeneracy functos§ : NV}, o€ — N, 1C and sg :No,qC — N1,4C are inclusions
and forp, g > 1 and an arrowt € NV, ,C, thens/a = B ands,i’& =y, where

aij i<k, aij  j<k,
Bij = { Sv%; i=k+1, Yij = Shik j=k+1,
Qi-1j i>k+1, ojj-1 j>k+1,
for k > 0, and

Bii= oy =1, i j=1,
v oi—1;j i>1, Yij = Qjj—1 j>ls

for k =0.

e the functorp : sGd? — 2-Cat-Gd is given by a double Poincaré groupoid construction
as follows. LetG be a bisimplicial groupoid. For any objectsy € ObG, two arrows
a, B € G1,1(x, y) arebihomotopi¢ written asa ~ 8, if there exists a pair of arrows
(a, b) € G1,2 x G2,1 such that the following equalities hold:

da=shdba,  dib=syd}B,  dla=a,  dib=p,  dia=dib.

Such a paika, b) is abihomotopyfrom « to g and is denoted by, b): o =~ 8. A straight-
forward verification proves that the four assertions below hold.

o If (a,b): a~ B and(a’,b): o’ ~ B, then(ad’, bb'): aa’ =~ BB’ (Whenever the com-
positions are meaningful).
. (s]l"a,s‘lja): xR .
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o If (a,b): e~ Band(c,d): p~y,then(a(siB) e, b(sip)~1d): a~y.
o If (a,b): a~ B, then(da’,b): B~ «a, wherea' = (sldga)afl "a(dha)~1p) and
b = s¥(a(dyb)"1B)b~(sVdyb).

Hence, bihomotopy is a congruence on the groufibid and we shall denote by
CG=G11/~

the corresponding quotient groupoid. Thug; @as the same objects as the bisimpli-
cial groupoidG and its arrowdo] € CG(x, y) are bihomotopy classes of arrowse
G1.1(x,y), x, y € ObG. Multiplication is given byla][8] = [«A].

The 2-cat-groupoidoG, which we shall call thdundamental2-cat-groupoidof the
bisimplicial groupoidG, is then given by

G = (CGv Cth CUG’ Sh, th, Sv: tv)v
where GG, C,G C CG are the wide subgroupoids with arrows

ChG(x,y) = {[ste], @ € Goalx, )},
C,G(x,y) = {[sooz], a € Gy o(x, y)}, x,y € ObG,
and the functorsy, t;, : CG — C,G ands,, t, : CG — C,G are respectively defined by

spla] = [sé’dgoc], thla]l = [sgd{'oc],
syla] = [sgd(‘,’a] and t,[a]= [sgdfoz],

for anya € Gy,1. Note that if(a, b): a ~ B, then(s?std!a, shdlb): shdla ~ shdl, for
i =0, 1, and therefore, andz;, are well-defined. And S|m|IarIy we see that bethandz,
are well defined.

The only difficulty in proving that the so-defingdG is actually a 2-cat-groupoid con-
sists in verifying condition (2) in Definition 8.2. For let 8 € G1.1(x) be automorphisms
such thats,[«] = [1,] = #,[B8] (the discussion in the case in whighia] = [1,] = tv[,B]
is parallel). Thens;,[e~1] = [1,] = [~ 1] also, and thereforgldhoa 1 ~ 1~ shalip~1
Takinga' = a sidhat andp’ = B skd p~1, we deduce that’ ~ o and g’ = B. Slnce
there is the bihomotopy

((s38)(s1e) (s68) " (s1B). s1(@'B)): Ba/ ~ B,

we conclude thalw][8] = [«'][f'] = [’ B'] = [B'e’] = [B'lle’] = [Bller], as required.

The construction oG is clearly functorial, withe () : oG — G/, for f:G — G’
being a bisimplicial groupoid morphism, the induced functor on the corresponding biho-
motopy quotient groupoids by the functgr 1:G11 — Gl 1 thatis,p (f)la]l = [f11a],
[¢] € CG =G1.1/~.

It is easy to see that, for any 2-cat-group@ids in (27), the bihomotopy relation on
N1.1C = C is trivial and then thap N'C = C, that is,

pN = ida-cat-Gd-
Moreover, there is a natural transformation
uid,gge = Np (29)
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that takes a bisimplicial groupoi@ to the bisimplicial groupoid morphismg:G —
NG, which is the identity map on objects and on an artoe G, 4 is defined by

o
([(@2)" 7 ()" " (d5)" "(dg) @D 1cicy 1j<p Pa21

ug (o) = ([42)" 7 (dg)"“sge])ac < p>1 q=0,
—i( pyi—l

([(@5)""(d8) "so))1ciy p=0,g>1,

(s3] 00

Sincep (ug) = idy,g, for any bisimplicial groupoids, andu ¢ = idase, for any 2-cat-
groupoidC, it follows that\V is a right adjoint tap, with u and the identity being the unit
and the counit of the adjunction respectively. In fact, the fundta2-Cat-Gd — sGd?
embeds the category of 2-cat-groupoids into the category of bisimplicial groupoids as a
reflexive subcategory whose reflector functopis

Theorem 8.3 will be proved as a consequence of Propositions 8.4 and 8.5 below.

Proposition 8.4. LetC = (C, Cy, Cy, si, th, sy, t,) be a2-cat-groupoid. Then,
moC = moBC

and, for anyx € ObC = BqC,
m;(C,x)=m;(BC,x), i>1

In particular, 7; (BC,x) =0forall i >4 and allx € BoC.

Proof. Recall that the normalized (o Moore) complexNf a simplicial groupG has the
group
m—1
NuG = () Ker(d;: G — Gu-1) (=Go if m=0)
i=0
asm-chains, and has as a boundarnyN,,G — N,,_1G the induced homomorphism by
dp Gy — Gp—1 (0, if m =0). If G is a simplicial groupoid, then

e 1oWG = the set of path components Gf= the set of path components Gf, 4 for

anyp,q >0, -
o 7 11(WG, x) = H;NG(x), foralli > 0 andx € ObG = WG.

Therefore, for a 2-cat-groupoi@as in the proposition, we have

moBC = noWWNC
= the set of components of the simplicial group®d\vC
= the set of components of the bisimplicial groupai@
= the set of components of the groupdifl 1C (= C)
= moC.
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Furthermore, for any objeate ObC andi > 0,
i+1(BC, x) = i1 (WWNC, x) = Hi(NWNC(x)) = H; (C(x)) = mi41(C, x),
since NWAC(x) =C(x). O

Proposition 8.5. Suppose thaX is a simplicial set. Then the unit of the adjunctign X —
B P X induces a bijection

70X = moBPX
and, for any vertex € X, isomorphisms

(X, x) Em;(BPX,x), i=123.

Proof. By [10, Theorem 3.3] and Proposition 7.1, both natural maps- WGX and
GX — WDecGX are weak homotopy equivalences. Hence it suffices to prove that the
unit bisimplicial groupoid map : DecGX — N p DecG X induces bijections

7oWW DecGX = mgW WA p DecG X, (30)
7i(WWDecGX,x) Zm(WWNpDecGX,x), i=1273, xeXo. (31)

The bijection (30) is easy to prove. Note that the s¢#% W DecG X coincides with the
set of components of the groupoid QaGG X = G3X while oW WA p DecGX coin-
cides with the set of components of the groupaid 1 DecGX = G3X/~. Since the
projection functor to the quotient groupaid 1: G3X — G3X/~ induces a bijection on
the corresponding sets of path components, the bijection (30) follows.

The proof of the isomorphisms (31) is rather hard and some preliminary work is needed.
To begin with, hereafter we will writé& to denote the simplicial groupoi@d X andC to
denote the 2-cat-groupojd DecG. Thus,C = (C, Cy, Cy, si, th, Sy, ty), WhereC = Gz/~
is the groupoid with the same objects@svhose arrowga] € C(x, y) are bihomotopy
classes of arrowa € G(x, y). So that, forx, 8 € Gz, we have[a] = [8] whenever there
is a pair(a, b) € G4 x G4 such that(a, b) :a ~ 8, which means that the equalities below
hold.

doa = sodoa, dob = so2d2 g3, dia=«, dsb =g, doa = dab.
Furthermore, the wide subgroupoi@s, C, € C have arrows

Ci(x,y) ={ls00], 0 € Ga(x, y)},

Cy(x,y) ={ls20], 0 € Ga(x, )},
and the functorsy,, t, : C — Cj, ands,, t, : C — C, are respectively given by

splor] = [sodoer], tple] = [sod1a], svlor] = [s2d2a], ty[a] = [s2d3r].

_Next we shall show a handy description of the group chain compl&e$ =
NWNC(x) (see (28))x € Xo, and, to do that, we first observe the existence of the fol-
lowing identity on object groupoid isomorphisms:
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(@) Cn,NCy =Gy, by the functor : [a] — didoa.
(b) Cp = G x4, Gy, by the functorgy, : [a] — (didow, dodoar). Here, we are writing

G1 xq; Gy for the pullback groupoid 061 -2 Go <2 G.

() Cy =G1 x4y Gy, by the functowp, : [a] — (dodoc, didoar).

(d) C =Gz x4, Go/~, by the functor® : [a] > [doc, d3]. Here,G2 x4, G2/~ denotes
the quotient of the pullback groupoid, x4, G2 by the congruence- defined on it
by (o, 7) ~ (¢, ¢’) if and only if there exists a pair of arrow®, ) € Gz x4; G3
satisfyingdoa = sodoo, doB = sodot, dia =0, dif =1, doa =0’ anddzB =1'. In
such a case we writer, 8): (o,1) ~ (¢/, ') and alsdo, t] = [0’, T'].

Proof of isomorphisr{a). It is easy to see thap is a well defined functor. Thap is

injective, follows from the fact that for any] € C, N C,, the equality{a] = [sos1d1doe]

holds. In effect, iffa] € C, N C,, then we can writ¢a ] = [sgo ] = [s27] for certaino, t €

G». By choosing(a, b): soo ~ s2t, any bihomotopy, we obtailsisgo, sodob): sgo ~

sodps2t and thereforda] = [sos1dot] = [sos1didoa]. Since, for anyw € G1, we have
¢[sos1w] = w, the functorg is surjective.

Proof of isomorphisn{b). That ¢, is well defined is easily seen. To prove thgt is

injective, let us suppose tha,[soo] = ¢ [sot], for certaino, T € Go. Then,dioc = dit

anddyo = dat and a straightforward verification shows that we have the bihomotopy
(51500, 50((520) (s10) " (s17)(507) "(500))): 00 ~ s0T-

Therefore,[soo] = [sot] and ¢y, is injective. The functokp, is surjective, since for any
(v, w) € G1 x4, G1 We havegy [so((s1w) (sow) "L (sov))] = (v, w).

Proof of isomorphisnfc). This is parallel to the given proof of the isomorphism (b).

Proof of isomorphism(d). The functor @ is well defined, since, if(a,b): o« =~ 8,
then (dsa, daa): (doa, d3a) ~ (d2f, d3B). That @ is injective follows from the fact that
if (y,8): (doa,dsx) ~ (d2B,dsp), for certaina, 8 € G3, then there is a bihomotopy
(a,b): a =~ B, defined by

a = (s100) (s151do) ~L(s1s1d300) (s152d30) "2 (538) (528) "L (s27),
b = (s30) (s152d20) " (s10) (5200) "L (528) (s18) L (s152d3B) (s38)
(s39)(s2y) " H(528)(518) "L (s17).

Finally, we see that® is surjective, since for anyo,t] € G2 x4, G2/~ we have
®[(s27)(517) " (s10)] = [0, T].

We now return to the proof of isomorphisms (31). ket Xo be any fixed vertex of the
simplicial setX. Then, by taking into account the above isomorphisms (a)—(d), one easily
checks that the group chain compli@g) = NWA/C(x) is described as

Cay= 0= 0 o) =2 Ei(x) 5 Co(x) — 0,

where
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Co(x) = G1(x),

C1(x) ={(v, w) € G1(x) xgy G1(x) | dov = 11},

Co(x) ={lo, 7] € G2(x) xa, G2(x)/~ | doo = 1y = d10 = dpt},
31 (v, w) = w, d2[o, T] = (di7, 1y).

Thus,7; (WWNp DecG, x) = H;_1C(x), fori > 1
On the other hand, if we write ) = NW DecG(x), then

N(x) = - - — Na(x) -2 No(x) =2 N1(x) -2 No(x) — O,
where

No(x) = G1(x),

Ni(x) ={(0, 1) € Ga(x) xg G2(x) | dot = L},

N2(x) = {(a, B, ¥) € G3(x) xay G3(x) Xa, G3(x) | dof = 1 = doy = doa = d1y},
N3(x) = {(a, b, c,d) € Ga(x) x4, Ga(x) x4, Ga(x) x43 Ga(x) | dob = 1, = doc =
dod = doa = dic = did = dza = d3b = dad},

e 01(0, 1) =doo, 02(, B, y) = (d3a, d3B), 03(a, b, ¢, d) = (daa, dab, dsc).

Thus,; (WW DecG, x) = H;_1N(x), fori > 1
Since the unit bisimplicial groupoid map: DecG — N DecG induces the chain
complex map

NGx) - - ——= Na(x) —2= Np(x) — 2= Ny (x) —2= No(x) 0

ul l/ uzi uli uol

) 0 Cox) — 2=y (x) — 2> Co(x) —=0
given by

uo(w) = w, u1(o, t) = (dro, dro), uz(a, B,v) =[d2B, d3fl,

we are now ready to complete the proof of the proposition, that is, to prove that the homol-
ogy mapsu, : HiN(x) — H;C(x) are isomorphisms for & i < 2. The proof is naturally
divided into five parts.

(1) ux:HoN(x) — HoC(x) is an isomorphismin effect, note that the homomorphism
u1:N1(x) —> Cl(x) is surjective, since, given an(y, w) eCl(x) we have((siw)(sow) !
(sov), s1v) € N1(x) andu1((s1w)(sow) L(sov), s1v) = (v, w). Therefore, the result fol-
lows sinceup = idg, (x)-

(2) us: HIN(x) — chN(x) is surjective Any element in Kerd; is of the form(v, 1,),
for somev € G1(x) such thatipv = 1, = dyv. For any suchiv, 1,), we see that the element
(sov, s1v) belongs to Keb1 and it satisfies that; (sov, s1v) = (v, 1,). Thus, the restricted
homomorphismuq : Kera; — Kerd, is surjective, whence the induced homomorphism in
homology is also surjective.

(3) uy: HIN(x) — H1C(x) is injective.If we suppose thato, 7) € Kero; is an ele-
ment such thatii(o, ) = d2[c”, 7], for some[o’, 7'] € Ca(x), then we haveo, 1) =
d2(c, B, y), where(w, 8, y) € Na(x) is defined by
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o = (520)(s10) " (s00) (s07") (5007,
B = (s27)(s17) "H(s10"),
y = (s27)(s27') " (s20”).

(4) us: HoN(x) — HZCN(x) is surjectiveLet [0, 7] € Kerd, = HZCN(x) be any element.
The triple ((soo) (sor) 7%, (s10) (s17) %, (s20)(s27) 1) represents an element of the group
Kerd, and itis mapped by, to the elementot 1, 1,] of HoC(x). Then, the result follows
sincelot 1, 1,] = [0, 7]. Indeed, we havé(s10)(s17) L(s27), s27): (o771, 1) ~ (o, 7).

(5) us: HoN(x) — HoC(x) is injective Let [, B, y] denote the homology class in
HoN(x) of an elementc, 8, y) € Kerdp, and suppose thétr, 8, y] € Keru,. Then, ob-
serve thala, B, y) = 93(a, b, ¢, d)(sod1rt, s1d1, s2drc), where

a = (s3) (s3sodrc) " (s2s0d10r) (s200) " (s100) (s000) 7,
b = (s3B)(sas1d1) " (s2s1d100)(s28) 7,
c = (s3y)(s3s2d100) *(s251d100) (s28) ™,
d = (s3y)(s3s2d1ct)(s3s1drr) (s3p) L,

and thus that the equalify, 8, y] = [sod1a, s1d1ex, s2drct] holds. Now, this element be-
longs to the kernel ofi, : HoN(x) — H2C(x), that is,[d1a, 1] = [1,, 1], which means

that there is(¢’, ) € Gz x4, G3 such that(e’, g'): (1, 1y) ~ (d1a, 1,). But then, the

equality

(sodrcx, s1dier, spdia) = d3(a’, b', ', d'),

where
d' = (sos2d1) (s0a) L(s0p), b = (s1s2d10)(s10¢)) " H(s18),
¢ = (s252d10) (520") " L(s28"),  d = (s3sad1a)(s30") " L(s3p"),

shows thafa, 8, ] is the zero homology class.
Hence the proof of Proposition 8.5 is completel
We are now ready to prove the main result in this section:

Proof of Theorem 8.3. From Proposition 8.4, it follows that a 2-cat-groupoid morphism
f:C — C'is a weak equivalence if and only if the induced simplicial n&f) : BC —

BC(C’ is a weak equivalence. K is any simplicial set such that; (X, x) =0foralli >4
and all base point € Xg, then Proposition 8.5 implies that the unit of the adjunction
u'y : X — BPX is a weak equivalence. Furthermore, for any 2-cat-grougoitie counit
ve:PBC — C is a weak equivalence of 2-cat-groupoids, from the adjunction equality
B(v;) u'y, =idpc. Finally, suppose that : X — Y is any simplicial map between sim-
plicial setsX, Y such thatr; (X, x) =0=m;(Y, y) for all i > 4 and base points € Xp,

y € Yo. Then, from the natural commutativi§ P (f)u’y = u', f, it follows that f is a
weak equivalence if and only if the inducéd f): PX — PY is a weak equivalence of
2-cat-groupoids. O
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