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A b s t r a c t

A multiresolution analysis of digital gray-level images is presented.
A gray-level multi-scale framework is determined from two main as-

sumptions: the gray scale is binary at the ¯nest spatial resolution, and
the gray levels of composed regions are obtained additively. In order

to interrelate the gray-level histograms of the same image at di®erent
resolutions, probabilistic linear models are developed, which are then

applied for estimation. Linear-optimization theory is used as a way of
constructing such models. A general procedure for image processing

is sketched, based on gray-level estimation. A versatile algorithm for
nonlinear ¯ltering is derived. Some examples of prospective applica-
tions are given.
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I I N T R O D U C T I O N

I .1 B A C K G R O U N D

D u rin g th e la st d e c a d e th e re h a s b ee n a c o n sid e ra b le su rg e o f in tere st in m u l-

tire so lu tio n a n a ly sis fo r im a g e p ro c e ssin g . P y ra m id m eth o d s, fo r ex a m p le,

h a v e co m m a n d e d co n sid era b le a tten tio n [1 , 2 , 3 , 5 , 6 , 7 , 8 , 2 0 ]. T h e m u l-

tire so lu tio n c o n c ep t itself h a s b e en w o rk e d o u t fro m se v e ra l p o in ts o f v ie w

[9 , 1 0 , 2 2 ].

T h e p re sen t a u th o rs h a v e b e en w o rk in g fo r a fe w y e a rs in a p a rtic u la r

lin e o f re se a rch w ith in th e ¯ e ld o f m u ltire so lu tio n a n a ly sis o f d ig ita l im a g e s

[1 2 , 1 8 , 1 9 ]. A p p lic a tio n s in im a g e p ro ce ssin g , n a m ely n o n lin e a r ¯ lte rin g , a re

b e g in n in g to b e d ev elo p e d [1 5 ]. F o r th e sa k e o f c o n v e n ie n c e th e m a in b o d y

o f th ese id e a s is in c lu d ed w ith in th e p a p e r.
D ig ita l g ra y -lev e l im a g e s a re g en e ra lly d esc rib e d a n d p ro c e sse d w ith th e

sa m e g ra y sc a le , ty p ic a lly 2 5 6 -ra n g ed , fo r a ll reso lu tio n s. T h is is b e ca u se

b o th th e o re tic a n d c o m p u ta tio n a l tre a tm e n ts a re e a sie r a n d th e d escrip tio n
is m o re u n ifo rm , w h ile in p ra c tice th e re is n o n ee d to ch a n g e th e sc a le . S o m e -
tim e s, h o w e v e r, th e o rig in a l sce n e h a s a lrea d y a d isc rete , e v en b in a ry , se t o f
g ra y lev els. F o r e x a m p le , c o h ere n tly -im a g e d ro u g h su rfa c e s w ith sp e ck les, a s
w e ll a s p rin te d im a g e s, a re c a se s in w h ich th e im a g e is b in a ry a t a sp a tia l

re so lu tio n ¯ n e e n o u g h . B u t, b ec a u se o f e ith er th e e q u ip m en t b e in g u se d , o r
th e a d ju stin g p a ra m e te rs, o r a n y o th er co n d itio n s o f o b serv a tio n , a n im a g e
a t a co a rse r sp a tia l re so lu tio n is o b ta in e d . M a n y d i® ere n t g ra y le v e ls ca n
th e n b e d istin g u ish e d , d ep en d in g o n th e n u m b e r o f b la ck a n d w h ite p ix e ls
in clu d e d in th e m in im u m re g io n o b se rv e d . T h u s, th e o rig in a l b in a ry g ra y
sc a le m u st b e ex p a n d ed u p to a le v e l d e term in ed b y th e sp a tia l re so lu tio n

u se d to o b serv e th e sc en e .

T h e b a sic c o n c e rn o f th e p resen t p a p e r is to d e riv e rela tio n sh ip s fo r d ig i-

ta l g ra y -le v e l im a g es d e sc rib ed a t d i® e re n t sp a tia l re so lu tio n s w ith d i® e ren t
c o rre sp o n d in g d iscre te g ra y sca le s. In o th e r w o rd s, a fra m e w o rk o f sp a tia l
re so lu tio n s n e a r fro m th a t o f th e b in a ry g ra y sc a le is se le cte d , w h e re a s th e

c o m m o n fra m ew o rk is fa r fro m it. T h e p re se n t a u th o rs h a v e a lrea d y ex p lo re d

th is su b jec t. C e rta in rela tio n sh ip s b etw e en th e en tro p ie s o f th e g ra y -lev el h is-
to g ra m s o f a g iv e n im a g e a t d i® e re n t re so lu tio n s h a v e a lre a d y b e en stu d ie d

[1 9 ]. T h e in te re st o f th is stu d y lie s in th e fa ct th a t th e S h a n n o n en tro p y
o f th e h isto g ra m is a m e a su re o f th e in fo rm a tio n c o n v e y e d b y th e im a g e
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(w h e n c o n sid e red a s a m e ssa g e ) u n d er c e rta in a ssu m p tio n s. A lso , th e p ro b -

lem s c o n c e rn in g th e e stim a tio n o f th e h isto g ra m a t a g iv en reso lu tio n fro m

th e h isto g ra m a t a c o a rser re so lu tio n h a v e b ee n a d d resse d p rev io u sly b y th e

p re se n t a u th o rs [1 3 , 1 4 ].

I .2 C O N T E N T O F T H E P A P E R

In S ec tio n II w e ¯ rst in tro d u ce th e in terd e p e n d e n c e b etw e en th e g ra y -lev el

h isto g ra m s a t d i® e re n t re so lu tio n s. T h en , th e p ro b a b ilistic h isto g ra m e stim a -

tio n is fo rm a liz ed b y m e a n s o f lin e a r m o d e ls, w h ich a re sp e c ī c to c la sse s o f

im a g e s. B o th e lem e n ta l a n d co m p o se d lin ea r m o d e ls a re esta b lish e d . S ec tio n

III sh o w s h o w lin e a r m o d e ls c a n b e o b ta in e d b y so lv in g lin e a r o p tim iz a tio n

p ro b le m s, u sin g a p p ro p ria te c o n stra in ts. S o lu tio n s fo r so m e g en era l p ro b -

lem s a re illu stra te d . T w o in te re stin g c a se s in p a rtic u la r a re p o sed : o n e fo r
a n o n -e lem e n ta l m o d el lea d in g to th e h y p e rg e o m etric m o d e l; a n o th e r fo r a
n o n lin ea r o p tim iza tio n p ro b lem | th a t o f m a x im iz in g th e re su ltin g e n tro p y.
S e ctio n IV d e a ls w ith th e su b je c t o f n o n lin ea r p ro c e ssin g fro m th o se m o d e ls
o f e stim a tio n a n d a p p lie s th e th e o ry to d e sig n a lg o rith m s fo r im a g e p ro ce ss-

in g . F in a lly, ex a m p les o f ¯ lterin g a n d su p erre so lu tio n o p era tio n s a re o ® e red .

I .3 D E F I N I T I O N S A N D N O T A T I O N S

W h e n a su rfa c e is o b se rv e d , a n im a g e is o b ta in e d . T h e sp a tia l re so lu tio n

o f th is im a g e is g iv e n b y th e size o f th e sm a lle st o b se rv a b le re g io n o n th e
su rfa ce . If a sec o n d im a g e o f th e sa m e su rfa c e c a n b e o b ta in ed w ith a ¯ n e r
re so lu tio n , th e n th e o ld m in im u m d eta ils c a n b e d ec o m p o se d in to n e w sm a lle r
o b serv a b le reg io n s. O b v io u sly th is d e co m p o sitio n m a y n o t a lw a y s b e d o n e

w ith in a n e x a c t n u m b e r o f reg io n s, b u t th is ca n b e m a d e p o ssib le b y se lec tin g

th e a p p ro p ria te re so lu tio n s. T h u s, w e se le c t th ese re so lu tio n s in o rd er to h a v e
a se q u e n c e o f siz es in p o w e rs o f tw o .

T h e term p ixel is u sed h e re a s th e u n it fo r m e a su rin g th e siz e o f th e

re g io n s. A lth o u g h th e a c tu a l size is m e rely a m a tte r o f su ita b ility in ¯ x in g

a u n it, it is b e tte r to th in k o f th e p ix e l a s th e m in im u m reg io n a t th e ¯ n e st

re so lu tio n .

T h e n o ta tio n c o n ce rn in g sp a tia l reso lu tio n is:

m = 0 ; 1 ; 2 ; : : : th e re so lu tio n in d e x (fro m ¯ n e to co a rse )
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m -re g io n th e m in im u m o b se rv a b le re g io n a t re so lu tio n m .

mR = 2 th e size in p ix els o f e v e ry m -reg io n .m

R 0m0r = q u o tien t e ith e r o f size s o r to ta l n u m b e r o f re g io n s fo r th e p a irm ;m R m 0(m ; m ).

B ec a u se p ix e ls a re d e ¯ n e d a s b la ck o r w h ite , th e g ra y -le v e l sc a le is b in a ry

a t th is ¯ n est reso lu tio n . S in c e reg io n s a re c o m p o se d o f p ix e ls, th e g ra y lev el

o f a re g io n is its n u m b er o f b la ck p ix e ls. T h is a c tu a lly is eq u iv a len t to

th e n a tu ra l a ssu m p tio n o f g ra y -le v e l a d d itivity w h e n c o m p o sin g re g io n s, a s it

h a p p e n s in th e p h y sic a l d o m a in fo r th e in te n sity in a n o n co h e ren t in te g ra tio n .

T h e re fo re b o th th e g ra y sc a le a n d th e g ra y -lev e l re so lu tio n d e p e n d o n th e

sp a tia l re so lu tio n , so th a t a n o n -n o rm a lize d g ra y sc a le is u se d .

T h e n o ta tio n c o n ce rn in g th e g ra y -le v e l reso lu tio n is:

K = f 0 ; 1 ; : : : ; R g th e g ra y sca le a t reso lu tio n m .m m

k 2 K th e g ra y le v el o f a n m -reg io n , g iv e n b y th e n u m b er o f b la ckm

p ix e ls in clu d e d .

(m ; k )-re g io n a n m -reg io n w ith a g ra y lev el e q u a l to k .

F ig u re 1 illu stra tes a ll th ese c o n ce p ts.
0B ec a u se o f th e g ra y -le v e l a d d itiv ity , fo r a ll m -reg io n s co m p o se d o f a

10p a rtitio n c o n sistin g o f r d isjo in t m -reg io n s , w ith g ra y le v e ls k ; i =m ;m i

01 ; : : : ; r m ;m
r 0m ;mX0 0k = k ; m > m :i

i= 1

B y c o u n tin g th e n u m b e r o f m -re g io n s fo r e a ch g ra y le v el th ro u g h o u t th e

im a g e , rela tive frequ en cies o f g ra y le v e ls re su lt. T h e y c o n stitu te th e m -
h istogra m o f th e im a g e . W e sh a ll re p re sen t it b y a p ro b a b ility d istrib u tio n .
R e la te d n o ta tio n s a re :

N ; N n u m b er o f (m ; k )-reg io n s, m -reg io n s, in th e w h o le im a g e .m ;k m

N m ;kP = re la tiv e fre q u en cy o f g ra y lev el k , ta k e n a s a p ro b a b ility.m ;k N m

P = f P g th e g ra y -le v e l m -h isto g ra m .m m ;k k 2K m

1 The notation about resolutions and gray levels has been slightly changed in this paper
with respect to others from the same authors, to improve the readability.
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I I H I S T O G R A M E S T I M A T I O N

T h e tw o su b jec ts p resen te d h e re | th e in te rd e p e n d e n ce b e tw e e n h isto g ra m s

o f th e sa m e im a g e a t d i® e ren t re so lu tio n s a n d th e estim a tio n o f o n e h is-

to g ra m fro m th e o th er| , a re c o n c ep tu a lly d istin c t, b u t fo rm a liz ed b y th e

sa m e re la tio n sh ip .

I I .1 H I S T O G R A M I N T E R D E P E N D E N C E

0 0 0L e t u s co n sid e r tw o ¯ x ed reso lu tio n s m ; m w ith m < m . L e t P b e th em
0 0m -h isto g ra m o f a n y im a g e g iv en a t reso lu tio n m . E v e n if w e c a n n o t o b ta in

th e sa m e im a g e a t th e ¯ n e r reso lu tio n m , it m a y b e still p o ssib le to in fe r

so m e th in g a b o u t its m -h isto g ra m . T h e a v e ra g e g ra y le v e l o f th e im a g e m u st
o b v io u sly b e a n in v a ria n t v a lu e in o rd e r to a ch iev e c o m p a tib ility b e tw e e n
th e co rresp o n d in g h isto g ra m s w h e n w e ch a n g e th e re so lu tio n . T h is is n o t

su ± c ie n t, h o w ev er, fo r d ete rm in in g u n iq u e ly th e m -h isto g ra m . T h u s, th e
in te rd e p e n d e n ce b etw ee n h isto g ra m s a t d i® e re n t re so lu tio n s is o f k e y in tere st.
In p a rtic u la r, th e re la tio n sh ip s [1 1 ]

X 0 0 0 0P = Q (m ; k jm ; k )P ; (k 2 K ) (1 )m ;k m ;k m
0k 2K 0m

0 0a n sw er in a c e rta in w a y th e in te rd ep e n d en ce q u e stio n . H e re , Q (m ; k jm ; k )

sta n d s fo r th e p ro p o rtio n o f th e (m ; k )-re g io n s w ith re sp e c t to th e n u m -
0 0b e r o f m -re g io n s, a ll w ith in th e (m ; k )-re g io n s. E a ch term in th e su m o f

(1 ) c le a rly rep re se n ts th e p ro p o rtio n o f th e (m ; k )-re g io n s co m in g fro m th e
0 0(m ; k )-re g io n s. In m a trix n o ta tio n :

0 0P = Q P (2 )m m ;m m

0 0w h e re Q sta n d s fo r th e (R + 1 ) £ (R + 1 ) m a trixm ;m m m

0 10 0 0 0Q (m ; 0 jm ; 0 ) Q (m ; 0 jm ; 1 ) ¢ ¢ ¢ Q (m ; 0 jm ; R )mB C0 0 0 0Q (m ; 1 jm ; 0 ) Q (m ; 1 jm ; 1 ) ¢ ¢ ¢ Q (m ; 1 jm ; R )B CmB C0Q = (3 )m ;m . . .B C. . .@ A. . .
0 0 0 0Q (m ; R jm ; 0 ) Q (m ; R jm ; 1 ) ¢ ¢ ¢ Q (m ; R jm ; R )m m m m

T h e p ro p o rtio n s Q c a n b e u se d to d e¯ n e a cla ss o f im a ges a s b e in g th e se t
0o f im a g e s w ith th e sa m e m a trix Q . T h e se t o f a ll im a g es c a n b e d iv id e dm ;m
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in to c la sse s in th is w a y. T h is cla ssī ca tio n p ro c ed u re o f im a g es p e rm its u s
0to sta te th a t w h e n w e h a v e a m a trix Q a risin g fro m a g iv e n re a l im a g e,m ;m

th e n w e h a v e a rep re se n ta tio n fo r a sp ec ī c c la ss o f im a g es, in c lu d in g th e o n e

g iv e n , a n d a ll th o se th a t d i® er in o n ly c erta in sp a tia l p e rm u ta tio n s o f p ix e ls

a n d reg io n s.

I I .2 T H E L I N E A R M O D E L O F E S T I M A T I O N

0 0If o n ly P a n d Q o f a n im a g e a re k n o w n , th en its u n k n o w n m -h isto g ra mm m ;m

c a n b e o b ta in ed fro m th e rela tio n sh ip s (2 ), w h ere th e Q 's ta k e o n a w id e r

p ro b a b ilistic m ea n in g th a n m e rely b e in g th o u g h t o f a s fre q u e n cie s. In fa c t

th e y c a n b e o b ta in e d [1 8 ] w ith o u t co u n tin g re g io n s in th e im a g e | th a t is,

fro m ce rta in p rio r in fo rm a tio n a b o u t eith e r th e im a g e o r, b e tte r still, its c la ss.
0A cc o rd in g to (2 ), Q e x p re sses o u r k n o w le d g e a b o u t a c la ss o f im a g e s fro mm ;m

th e sta n d p o in t o f th e h isto g ra m in te rd e p e n d e n ce . In th is se n se , th e m a trix
0Q w ill b e c a lled a lin ea r m od el o f d epen d en ce | d u e to th e lin ea rity o fm ;m

0 0(1 )| , o f w h ich th e e le m en ts Q (m ; k jm ; k ) a re co n d itio n a l p ro b a b ilitie s.
T h e cla ss to w h ich a g iv e n im a g e b e lo n g s m a y b e u n k n o w n (th e im a g e

0c a n b e o b ta in a b le o n ly a t re so lu tio n m , n o t m ). N ev erth e less, if it c a n b e
0a ssig n e d to a c e rta in m o d e l Q , th e n th e m -h isto g ra m c a n b e e stim a ted b ym ;m

0(2 ), w h e re Q is n o w c o n sid e re d a s a lin ea r m od el o f estim a tio n . A g o o dm ;m

e stim a tio n re lies e x clu siv e ly o n a g o o d m o d e l, i.e . a g o o d a p p ro x im a tio n o f
th e a c tu a l set o f c o n d itio n a l p ro b a b ilitie s fo r th e p ro p er cla ss o f im a g es.

C r it e r ia fo r s e t t in g u p m o d e ls

A k e y m a tte r is h o w to ¯ n d th e p ro p e r m o d e l fo r a sp e cī c k in d o f p ro b le m ,

n o t fo r a p a rtic u la r im a g e . T w o d i® e ren t a p p ro a ch e s m a y b e fo llo w e d , th e

th e o re tic a l a n d th e e m p iric a l o n e. In th e ¯ rst, th e m o d e l is d e te rm in e d fro m
th e p ro b le m a t h a n d b y th e g e n era l a n d a p p ro p ria te fe a tu re s, w h ich u su a lly
re fer to th e c la ss o f im a g e s fo r th e m o d e l to b e a p p lie d . In th e em p iric a l

a p p ro a ch , a set o f im a g es a re co n sid ere d a s a cla ss b a sed o n th e ir lo o k o r

o th e r in fo rm a tio n ; th e n , th ey a re ta k e n a s a tra in in g se t a n d p ro c essed to
g e t th e c o rre sp o n d in g e m p irica l m o d e l. S o m e w o rk h a s b e en p u b lish e d b y

th e p rese n t a u th o rs [1 9 ] a b o u t th e th e o re tic a l a p p ro a ch ; th e e m p irica l o n e,
w h ile b ein g still a m a tte r o f a n o n g o in g re se a rch , w ill n o t b e trea ted h ere .

6



T h e th e o re tic a l c rite rio n to b e sa tis¯ e d b y a d e sire d m o d el m a y b e sp e c -

ī ed a t th re e d i® e ren t le v e ls:

T h e c o lu m n le v e l: A c rite rio n is sta b lish e d se p a ra tely fo r e a ch co lu m n o f
0 0e a ch m a trix (k ; m ; m g iv e n ).

0T h e m a t r ix le v e l: A c rite rio n is ta b lish e d fo r e a ch m a trix (m ; m g iv en ),

th e sa m e fo r a ll its c o lu m n s.

T h e g e n e r a l le v e l: A u n iq u e c rite rio n sh o u ld b e sa tis¯ ed fo r a ll co lu m n s a t

a ll p a irs o f reso lu tio n . O n e ex a m p le w ill b e sh o w n in S ec tio n II.2 .1

a s th e h y pergeo m etric m o d e l, w h ich sa tis¯ e s th e eq u ip ro b a b ilistic

c o m p o sitio n a ssu m p tio n . A t th is le v e l, th e tra n sitivity b e tw e e n
0m a tric e s Q is a d e sira b le p ro p e rty.m ;m

E x c ep t fo r th e fo llo w in g p a ra g ra p h , th e re st o f th is sec tio n a n d th e m a in
b o d y o f th e n e x t refe r to th e co lu m n le v e l.

I I .2 .1 N o n -c o n s is t e n t m o d e ls .

It is p o ssib le to c o n sid e r n o n -c o n siste n t m o d e ls a s a e x te n sio n o f th e th e -
o ry o f lin e a r m o d e ls, th e m a in u se fo r w h ich m ig h t b e to d e sig n p ro c essin g
a lg o rith m s, in ste a d o f m e rely e stim a tin g h isto g ra m s. H e re w e la y o u t a g e n -
e ra liz ed th e o ry .

0A gen era l lin ea r m od el ta k e s th e fo rm (2 ), in w h ich P is th e h isto g ra mm

o f a n in p u t im a g e , I , w h ile P is th e h isto g ra m o f a n o u tp u t im a g e , I .IN m O U T

0 0T h e c a se m = m is a llo w ed a s w e ll a s th e c a se m > m . A g e n era l lin e a r
0m o d e l is in te n d e d to estim a te P fro m P .m m

In th is co n te x t, if th e c o n stra in t I = I is im p o sed , th e n w e h a v eIN O U T

c o n siste n t m o d els ju st a s th ey a re stu d ied in th is p a p e r. D e p e n d in g o n th e

im p o se d rela tio n sh ip b e tw e e n I a n d I , d i® ere n t th e o rie s w ill e m e rg eIN O U T

c o n c ern in g lin e a r m o d els.

E le m e n t a l m o d e ls

0 0 0 0F o r a g iv e n p a ir o f reso lu tio n s (m ; m ); m < m , a n d fo r a ¯ x ed k 2 K , th em
0th 0c o rre sp o n d in g k co lu m n o f th e (m ; m )-m a trix in (3 ) e x p resses th e a v era g e

0 0p ro p o rtio n s o f th e (m ; k )-re g io n s w ith in th e (m ; k )-re g io n s, w h ich ca n b e
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c o m p o sed o f m -reg io n s in a ll p o ssib le w a y s. L e t a n im a g e b e th o u g h t a s h a v -
0 0in g a ll th e (m ; k )-re g io n s d iv id ed in to (m ; k )-re g io n s in th e sa m e w a y . T h e

sim p le m o d e l a sso c ia ted w ith th is sp ec ia l im a g e w ill b e c a lle d a n elem en ta l
m od el. W e sh a ll stu d y th e se , k e e p in g in m in d th a t th e g en e ra l situ a tio n is

a c tu a lly a m ix tu re o f e lem e n ta l m o d e ls. M o re sp e cī c a lly , w e sh a ll p ro v e th a t
0 0th e p ro b a b ility d istrib u tio n f Q (m ; k jm ; k )g in th e g e n e ra l c a se is a lin -k 2Km

e a r c o n v ex c o m b in a tio n o f a ll th e p ro b a b ility d istrib u tio n s, e a ch a sso cia te d

to a ¯ x e d c o m p o sitio n .

T h e n u m b e r o f d i® ere n t c o m p o sitio n s, g iv en b y c o m b in a to ria l re la tio n -

sh ip s, h a s b e en re ferre d to a s co m po sitio n s w ith co n stra in ts [2 1 ]; th is is th e
0 0n u m b er o f w a y s a p o sitiv e in te g e r k c a n b e o b ta in e d a s th e su m o f r m ;m

in te g e rs o f th e fo rm k 2 K :m

h i0k Ã ! Ã !R + 1m 0X 0 0r k + r ¡ 1 ¡ j (R + 1 )m ;m m ;m m0 0 j© (m ; m ; k ) = (¡ 1 ) :
0j r ¡ 1m ;mj = 0

L et u s c o n sid e r a p a rticu la r co m p o sitio n

0k = k + k + ¢ ¢ ¢ + k ; (k 2 K 8 j ); (4 )1 2 r j m0m ;m

o f w h ich th e a sso cia te d p ro b a b ility d istrib u tio n is

n k0 0Q (m ; k jm ; k ) = ; (k 2 K );m
0r m ;m

w h e re n d e n o te s th e n u m b er o f o c c u rren c e s o f in teg er k in (4 ). A ll th ek

0p ro b a b ilitie s a re m u ltip le s o f 1 =r , a n d th e m o d e l th u s co n stru c ted is a nm ;m

e le m en ta l m o d el.

C o m p o s e d m o d e ls

0 0R e tu rn in g to th e g en era l c a se , a ssu m e th a t a ll th e (m ; k )-re g io n s in th e

g iv e n im a g e h a v e b ee n ex a m in e d , a n d th a t th e w a y s in w h ich th e se reg io n s
0 0a re c o m p o sed b y m -reg io n s h a v e b e e n o rd e re d fro m 1 to © (m ; m ; k ). L et ¸ i

0 0 thb e th e p ro p o rtio n o f (m ; k )-reg io n s d iv id ed a c c o rd in g to th e i c o m p o sitio n ,
0 0a n d let f Q (m ; k jm ; k )g b e th e a sso c ia ted p ro b a b ility d istrib u tio n . T h e n , fo ri

0 0th e su b set o f (m ; k )-re g io n s o f th e im a g e a n d th e c la ss o f im a g e s re p resen te d
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b y th is su b se t, w e ¯ n d th e fo llo w in g c o m p o se d m o d el:

0 0© (m ;m ;k )X0 0 0 0Q (m ; k jm ; k ) = ¸ Q (m ; k jm ; k ); (k 2 K )i i m

i= 1

th a t is
0 0 0 0© (m ;m ;k ) © (m ;m ;k )X X

Q = ¸ Q ; (0 · ¸ · 1 ); ¸ = 1 ; (5 )i i i i

i= 1 i= 1

w h ich is a lin e a r co n v e x co m b in a tio n o f th e e le m e n ta l m o d e ls Q .i
0 0B ec a u se © (m ; m ; k ) is a ¯ n ite n u m b e r, w e h a v e th e fo llo w in g p ro p e rty :

0 0\ fo r a n y lin ea r m od el, th e p ro ba bility d istribu tio n f Q (m ; k jm ; k )g is a po in t
R + 1mbelo n gin g to th e co n vex po ly h ed ro n gen era ted in th e spa ce R by th e el-

0 0© (m ;m ;k )0 0em en ta l p ro ba bility d istribu tio n s f Q (m ; k jm ; k )g , ea ch o n e a ssoci-i i= 1

a ted to a ¯ xed co m po sitio n (4 )" .

T h e n e u t r a l m o d e l

A s w e h a v e see n a b o v e (S e c tio n II.2 ), c o m p o se d m o d e ls c a n b e b u ilt u p a s
lin e a r co n v e x co m b in a tio n s fro m e le m en ta l m o d e ls. A lth o u g h th e se m o d e ls
d o n o t p ro p e rly o p tim ize a n y lin e a r o b jec tiv e fu n c tio n , th e y c a n b e o f in te re st
fo r c e rta in situ a tio n s. A n ex a m p le is sh o w n b e lo w .

T a k in g in to a c c o u n t th a t m a n y d i® e re n t a rra n g e m en ts o f b in a ry p ix e ls
0 0m a y lea d to th e sa m e c o m p o sitio n o f a n (m ; k )-re g io n w ith m -reg io n s, it

is n a tu ra l to ch o o se th e set o f w eig h ts f ¸ g in (5 ) a s th e set o f n o rm a liz e diP
n u m b ers f C = C g o f a rra n g e m e n ts p o ssib le fo r e a ch c o m p o sitio n i. T h isi i

thc o m b in a to ria l p ro b le m is e a sy to so lv e . L et Q b e th e i ele m e n ta l m o d eli
0 0 th 0(1 · i · © (m ; m ; k )), w h ich c o rre sp o n d s to th e i c o m p o sitio n k = k +1

k + ¢ ¢ ¢ + k . L e t C b e th e n u m b e r o f p ix e l a rra n g e m e n ts m a k in g u p th is2 r i

c o m p o sitio n . T h is n u m b e r is

µ ¶n ikY0r ! Rm ;m mYC =i
kn !ik k 2Km

k 2K m

thw h e re n sta n d s fo r th e n u m b e r o f o c cu rre n c e s o f te rm k in th e i c o m p o -ik

sitio n .
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T h u s, b y c o m p o sin g a m o d e l v ia a lin e a r c o n v e x c o m b in a tio n w ith co e f-P
¯ c ie n ts ¸ = C = C , w e o b ta in th e m o d el [1 1 ]i i i

³ ´³ ´0 0k R ¡ k0m 0m < mk R ¡ km0 0 ³ ´Q (m ; k jm ; k ) = ; ; (6 )0 0R 0 m a x f0 ;R ¡ R + k g· k · m in fk ;R gm 0m mm
R m

w h ich is th e w e ll-k n o w n h ypergeo m etric d istribu tio n .

T h e fo llo w in g c o m m en ts a re re le v a n t to th e h y p erg eo m e tric so lu tio n :

1 . T h e h y p e rg e o m e tric m o d el (F ig . 3 e) is sim ila r to th e lo w -c o n tra st o n e

in F ig . 3 a , a lth o u g h th e ¯ rst o n e is n o t a s clo sely g ro u p e d . T h u s, it
0is a n o th e r c o n serv a tiv e m o d e l. Its m a trix h a s th e sa m e su m (R +m

1 )=(R + 1 ) in a ll ro w s, a n d th ere fo re lea d s to a u n ifo rm m -h isto g ra mm
0sta rtin g fro m a u n ifo rm m -h isto g ra m .

2 . S u ch a so lu tio n is o b ta in ed b y a ssig n in g a w e ig h t to ea ch e le m en ta l
d istrib u tio n a s g iv e n b y th e n u m b e r o f a rra n g e m e n ts p ro v id in g th e
c o rre sp o n d in g co m p o sitio n . H e n c e, w e a re a ssu m in g th a t a ll th e a r-

0 0ra n gem en ts o f th e p ixels in th e (m ; k )-regio n s a re equ a lly p ro ba ble.

T h is is th e m o st u n b ia se d h y p o th e sis w h e n n o th in g is k n o w n a b o u t
0th e m -h isto g ra m (ex c e p t th a t it m u st a lso c o ex ist w ith th e in p u t m -

h isto g ra m ), in a cc o rd a n c e w ith th e M a x im u m -E n tro p y P rin c ip le .

I I I L I N E A R M O D E L S A S S O L U T I O N

O F O P T I M I Z A T I O N P R O B L E M S

T h is sec tio n d e v e lo p e s a m e th o d to o b ta in lin e a r m o d e ls v e rify in g ce rta in
id ea l co n d itio n s. T h e se th e o re tic m o d e ls c a n b e a p p lie d w h e n d e a lin g w ith

im a g e s sa tisfy in g th e sa m e c o n d itio n s (o r n e a r fro m th e m ). In th e se q u el
0w e co n sid er a g iv e n e n v iro n m e n t (m ; m ), th a t is, a ¯ x e d p a ir o f reso lu tio n s

0 0(m ; m ) w ith m < m .

P a ra m u ch a s a p lic a c io n e s p ra c tic a s, n o h a y q u e tra g a rse esto , p ero p a ra
c ie rto s a n a lisis te o rico s, esta se cc io n tie n e u n in te res in trin sec o , y su im p o r-
ta n c ia re sid e en q u e sim p lī c a n o ta b lem e n te la b u sq u ed a d e m o d e lo s te o ric o s.

A s d e m o n stra ted a b o v e, e v e ry c o lu m n o f a lin ea r m o d e l (3 ) is a p o in t

b e lo n g in g to a c e rta in c o n v ex p o ly h e d ro n . T h is su g g e sts th e p o ssib ility o f
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se a rch in g fo r su ch a c o lu m n b y o p tim iz in g a g iv e n lin e a r fu n ctio n o f th e
0 0 0 0p ro b a b ility d istrib u tio n f Q (m ; k jm ; k )g , fo r th e p ro p er k 2 K . Inmk 2K m

o th e r w o rd s, w e a re so lv in g lin e a r o p tim iza tio n p ro b le m s (L O P 's) in o rd e r

to ¯ n d lin e a r m o d e ls to m a tch so m e k in d o f c rite rio n o f o p tim a lity. T h is

p ro b le m ca n b e p o sed a s fo llo w s:

0 0L in e a r O p t im iz a t io n P r o b le m ( L O P ) : L et m , m a n d k be ¯ xed . G iven
a lin ea r fu n ctio n o f th e m -p ro ba bility d istribu tio n

' = ' (p ; p ; : : : ; p ) = ® p + ® p + ¢ ¢ ¢ + ® p ; (7 )0 1 R m0 1 R 0 1 Rm m

w h ere th e ® a re rea l n u m bers, ¯ n d f p ; p ; : : : ; p g m a xim izin g ' , su bjectk 0 1 R m

to th e (lin ea r) co n stra in ts given by th e co n vex po ly h ed ro n a ssocia ted to th e
0 0en viro n m en t (m ; m ; k ).

T o b e lo n g to th e c o n v ex p o ly h e d ro n im p lie s a se t o f c o n stra in ts, in c lu d in g
b e in g a p ro b a b ility d istrib u tio n , a v o id in g c erta in im p o ssib ilitie s (p = 0 ifk

0 00k > k o r if R ¡ k > R ¡ k ), a n d p re se rv in g th e a v e ra g e g ra y lev elm mX
R0 0 0 min (m ; k )-reg io n s ( k p = k ); th e se c o n stra in ts, h o w e v e r, a re n o tk R 0m

k 2K m

e n o u g h to d e te rm in e th e p o ly h e d ro n (a stu d y o f c o n sisten c y c a n b e se e n in
[1 1 ]).

S in c e th e so lu tio n fo r th is L O P w ill in a n y c a se b e a p ro p e r v e rte x o f th e

p o ly h e d ro n , th a t is, a n ele m e n ta l m o d e l, it is p o ssib le to p u t fo rw a rd a n o th e r
p ro p e rty : a ll th e p in th e so lu tio n a re ra tio n a l n u m b ers su ch a sk

n k
p =k 0r m ;m

w h e re th e n a re in teg ers. T h is co m e s fro m c o n sid e rin g th a t ele m e n ta l m o d e lsk
0 0a rise fro m ¯ x e d c o m p o sitio n s o f (m ; k )-re g io n s w ith m -re g io n s.

B ec a u se so m e o b je c tiv e fu n c tio n s ' ca n h a v e h e lp fu l m e a n in g s, it is u sefu l
to stu d y u n iso lv e n c y (e x iste n c e a n d u n iq u en e ss o f a so lu tio n ) o f th e L O P fo r

so m e k in d s o f o b jec tiv e fu n c tio n s.

I I I .1 U N I S O L V E N C Y O F T H E L O P F O R

S O M E O B J E C T I V E F U N C T I O N S

G iv e n a n o b jec tiv e fu n c tio n ' , th e a sso c ia te d L O P d o e s n o t g e n e ra lly h a v e
a sin g le so lu tio n , sin c e th is m a y b e a fu ll ed g e, fa ce o r h y p e rfa c e o f th e
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p o ly h e d ro n . It m a y see m n e ce ssa ry to stu d y e a ch se p a ra te o b je ctiv e fu n c tio n

to rea ch a co n clu sio n c o n c ern in g th e u n iso lv en c y o f th e L O P . It is p o ssib le,

h o w e v e r, to sta te so m e th e o re tic resu lts fo r u n iso lv e n c y, w h ich h o ld fo r ce rta in

se ts o f o b je ctiv e fu n c tio n s w ith a c o m m o n ch a ra c te ristic .
0 0 0 0L et m a n d m b e tw o ¯ x e d re so lu tio n le v e ls (m < m ) a n d le t k 2 K m

0 0b e a g iv en g ra y le v e l (0 · k · R ). L e t ' b e a n o b je c tiv e fu n c tio n g iv e nm

b y its co e ± c ien ts a c co rd in g to (7 ).
thS e q u e n c e s . ' h a s a [ -co n vex, p la n e o r \ -co n vex se q u en c e in its k term

(1 · k · R ¡ 1 ), w h e n th e q u a n tity ® ¡ 2 ® + ® is p o sitiv e , z e ro , o rm k ¡ 1 k k + 1

n e g a tiv e , re sp e c tiv ely.

L et u s sa y th a t a n o b je c tiv e fu n ctio n is to ta lly [ -co n vex, p la n e o r \ -
co n vex w h en it h a s [ -c o n v ex , p la n e o r \ -c o n v e x se q u e n c e s, resp e ctiv e ly, in

a ll its term s fro m k = 1 to k = R ¡ 1 (se e F ig . 2 a ,b ,c ).m

0 0 0I n t e r c h a n g e s . L et u s c o n sid e r a n (m ; k )-reg io n c o m p o se d o f r m -m ;m

re g io n s, a n d h a v in g a g iv e n d istrib u tio n o f (e lem e n ta l) b la ck a n d w h ite p ix -
e ls. A n in terch a n ge co n sists o f sele ctin g tw o p ix els, a b la ck o n e a n d a w h ite

0 0o n e , in th e (m ; k )-re g io n , a n d in te rch a n g in g th eir p o sitio n s. W e stu d y in -
0te rch a n g e s in v o lv in g d i® e re n t m -re g io n s in sid e th e sa m e m -reg io n , b e ca u se

su ch in te rch a n g e s m o d ify th e g ra y le v e ls o f th ese m -reg io n s. B e lo w , w e sh a ll
sp ea k o n ly a b o u t th is k in d o f in te rch a n g e .

A n in te rch a n g e w ill b e k n o w n a s a sm oo th in g in terch a n ge (S M I) w h e n th e
a b so lu te d i® ere n c e o f g ra y lev els o f th e in v o lv ed m -re g io n s is sm a lle r a fte r
th e in te rch a n g e, a n d it w ill b e c a lle d a sh a rpen in g in terch a n ge (S H I) w h e n

th is d i® e re n ce is g rea ter.
0 0A n y in terch a n g e w ith in a n (m ; k )-reg io n w ill le a v e its g ra y le v e l (a n d

0th u s th e m -h isto g ra m o f th e im a g e ) u n ch a n g ed , b u t th e m -h isto g ra m m a y
d i® e r. N o w w e sh a ll a n a ly z e th e e® e cts o f a n in terch a n g e o n th e v a lu e o f a n
o b je ctiv e fu n c tio n .

I I I .2 R E S U L T S F O R T O T A L L Y C O N V E X

O B J E C T I V E F U N C T I O N S

0 0T h e o r e m 1 L et u s co n sid er a n in terch a n ge w ith in a n (m ; k )-regio n fro m
a given im a ge. L et ' be a n o bjective fu n ctio n , th e va lu es o f w h ich o n th e

0m -h istogra m o f th e m -regio n a re ' a n d ' , respectively, befo re a n d a fterB A

in terch a n gin g. T h u s w e h a ve th e fo llo w in g resu lts (se e F ig . 2 , a , b a n d c ):
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If ' is a n d th e in terch a n ge is th en
T o ta lly p la n e a n y ' = 'A B

T o ta lly \ -co n vex S M I ' > 'A B

T o ta lly \ -co n vex S H I ' < 'A B

T o ta lly [ -co n vex S M I ' < 'A B

T o ta lly [ -co n vex S H I ' > 'A B

P r o o f. O n ly th e se c o n d c a se is p ro v ed (' to ta lly \ -co n v e x a n d S M I), th e

re m a in in g c a ses b e in g c o m p le te ly a n a lo g o u s. L e t f p ; p ; : : : ; p g b e th e0 1 R m0m -h isto g ra m o f th e m -re g io n | c o n sid ere d itse lf a s a n im a g e | b efo re in te r-

ch a n g in g . W e h a v e ' = ® p + ® p + ¢ ¢ ¢+ ® p . L e t k a n d k (k < k )0 1 R 1 2 1 2B 0 1 m R m

b e th e g ra y le v e ls o f th e m -re g io n s in v o lv ed in th e in te rch a n g e . A S M I is p o s-

sib le o n ly if k + 1 · k ¡ 1 . A fte r in te rch a n g in g , k h a s in c rea se d b y 1 , a n d1 2 1

k h a s d ec re a se d b y 1 . T h u s, th e n ew m -h isto g ra m f q ; q ; : : : ; q g sh o w s2 0 1 R m

so m e a lte ra tio n s w ith resp e ct to th e p re v io u s o n e:

q = p ¡ !k k1 1

q = p + !k + 1 k + 11 1

q = p + !k ¡ 1 k ¡ 12 2

q = p ¡ !k k2 2

w h e n k + 1 < k ¡ 1 ; a n d1 2

q = p ¡ !k k1 1

q = q = p + 2 !k + 1 k ¡ 1 k + 11 2 1

q = p ¡ !k k2 2

1w h e n k + 1 = k ¡ 1 , w h e re ! = .1 2 r 0m ;m

T h e n w e h a v e ' = ® q + ¢ ¢ ¢ + ® q . If w e su b tra c t a n d sim p lify,0 R mA 0 R m

th e n

' ¡ ' = ! (¡ ® + ® + ® ¡ ® );k k + 1 k ¡ 1 kA B 1 1 2 2

w h ich is a strictly p o sitiv e q u a n tity . In fa ct, th e ca se k + 1 = k ¡ 1 is triv ia l,1 2

sin c e if k = k + 1 = k ¡ 1 th en w e h a v e1 2

! (¡ ® + 2 ® ¡ ® ) > 0 ;k ¡ 1 k k + 1
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a n d th e re m a in in g ca se s a re so lv e d b y tw ic e a d d in g a n d su b tra c tin g a ll th e

in te rm ed ia te c o e± c ie n ts

h
' ¡ ' = ! (¡ ® + 2 ® ¡ ® )k k + 1 k + 21 1 1A B

+ (¡ ® + 2 ® ¡ ® )k + 1 k + 2 k + 31 1 1

...

+ (¡ ® + 2 ® ¡ ® )k ¡ 3 k ¡ 2 k ¡ 12 2 2 i
+ (¡ ® + 2 ® ¡ ® )k ¡ 2 k ¡ 1 k2 2 2

w h e re a ll q u a n tities in p a re n th eses a re strictly p o sitiv e .

T h e fo llo w in g th e o re tic re su lt e sta b lish e s th e u n iso lv en cy o f L O P fo r to -

ta lly [ - a n d \ -c o n v e x o b je c tiv e fu n c tio n s. T o ta lly p la n e fu n c tio n s a re n o t o f
in te re st b e ca u se th ey d o n o t v a ry w h e n m a k in g in terch a n g es, a n d th ere fo re

c a n n o t b e o p tim iz ed (a ll p o in ts in th e p o ly h e d ro n a re a so lu tio n o f th e L O P ).

T h e o r e m 2 If ' is a to ta lly [ - o r \ -co n vex o bjective fu n ctio n , th en th e
L O P h a s o n ly o n e so lu tio n . M o re exp licitly :

A : If ' is to ta lly \ -co n vex, th e so lu tio n o f th e L O P is th e elem en ta l m od el
0 0co rrespo n d in g to a ¯ xed co m po sitio n fo r a ll (m ; k )-regio n s in su ch a

w a y th a t a ll m -regio n s h a ve th e sa m e gra y level o r, a t m o st, tw o co n -
secu tive gra y levels.

B : If ' is to ta lly [ -co n vex, th e so lu tio n o f th e L O P is th e elem en ta l m od el
0 0co rrespo n d in g to a ¯ xed co m po sitio n o f a ll (m ; k )-regio n s in su ch a

w a y th a t a ll m -regio n s h a ve a n extrem e gra y level (k = 0 o r k = R ),m
0 0excep t fo r, a t m o st, o n e m -regio n in ea ch (m ; k )-regio n .

P r o o f.

A : A c c o rd in g to th e o re m 1 , e v e ry S M I ca u se s a n in c re a se in a n y \ -c o n v e x

o b je ctiv e fu n ctio n . T h e o p tim u m so lu tio n m u st th e refo re c o rre sp o n d

to a c o m p o sitio n w h ich a llo w s n o S M I w h a tso e v e r. E v e ry co m p o sitio n
d i® e ren t fro m th e o n e e x p resse d m u st h a v e a t lea st tw o m -re g io n s w ith

n o n -co n se c u tiv e g ra y lev els, a n d th is situ a tio n a lw a y s en a b les u s to
m a k e S M I's.
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B : S im ila rly , e v e ry co m p o sitio n d i® e ren t fro m th e o n e ex p re sse d m u st h a v e

a t le a st tw o m -reg io n s w ith n o n -e x tre m e g ra y lev els (b etw e en 1 a n d

R ¡ 1 ), a n d th is situ a tio n a lw a y s e n a b les u s to m a k e S H I's.m

E x a m p les o f lin e a r m o d els fo r to ta lly \ -co n v ex a n d [ -c o n v e x o b je ctiv e

fu n c tio n s c a n b e se e n in S e ctio n III.5 .

T h e a b o v e re su lts in d ic a te th a t th e so lu tio n o b ta in ed u p o n o p tim iz in g a

to ta lly \ -c o n v e x o r [ -c o n v ex o b je c tiv e fu n c tio n ' d o es n o t ch a n g e w h en w e

a d d a n y to ta lly p la n e fu n ctio n to ' . T h is is tru e d e sp ite th e fa c t th a t th is

a d d itio n ca n ea sily m o v e th e p o sitio n o f th e g rea test c o e± c ie n t o f ' . O u r

c o n c lu sio n is th a t th e so lu tio n s o f th e se tw o L O P 's d ep e n d o n o n ly th e sh a p e

(c o n v e x ity ) o f th e se q u e n c es o f c o e± c ie n ts o f th e o b je ctiv e fu n c tio n a n d n o t

o n th e slo p e o f th e m . B o th so lu tio n s w ill b e stu d ied in m o re d eta il in S ec tio n

III.5 .

I I I .3 R E S U L T S F O R P A R T I A L L Y C O N V E X

O B J E C T I V E F U N C T I O N S

W h e n w e co n sid e r n o n -to ta lly \ - o r [ -co n v e x o b jec tiv e fu n c tio n s w e ¯ n d

th a t it is still p o ssib le to esta b lish so m e resu lts c o n c ern in g th e u n iso lv en c y
o f L O P , a s sh o w n b e lo w .

T h e o r e m 3 L et ' be a n o bjective fu n ctio n w ith [ -co n vex sequ en ces in term s
1 ; 2 ; : : : ; k ¡ 1 a n d k + 1 ; : : : ; R ¡ 1 , a n d w ith a n \ -co n vex sequ en ce in term0 0 m

k . L et u s a ssu m e th a t th e sequ en ce o f coe± cien ts ® ; ® ; : : : ; ® is strictly0 0 1 k ¡ 10

in crea sin g, w h ile th e sequ en ce ® ; : : : ; ® is strictly d ecrea sin g (se e F ig u rek + 1 R m0

2 -d ). T h en , th e L O P is u n iso lven t, its so lu tio n co rrespo n d in g to o n e o f th e
fo llo w in g m u tu a lly in co m pa tible co m po sitio n s:

0 0A : th e gra y level o f a ll m -regio n s in th e sa m e (m ; k )-regio n is equ a l to 0 o r
k , excep t, a t m o st, o n e w ith a n in term ed ia te gra y level (0 < k < k ),0 0

o r

0 0B : th e gra y level o f a ll m -regio n s in th e sa m e (m ; k )-regio n is equ a l to k 0

o r R , excep t, a t m o st, o n e w ith a n in term ed ia te gra y level (k < k <m 0

R ).m
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P r o o f. C a se s A a n d B a re m u tu a lly in c o m p a tib le (e x ce p t fo r th e triv ia l

c a se o f a ll g ra y le v e ls b ein g e q u a l to k ) b e c a u se th e a v e ra g e g ra y le v e l o f0

m -re g io n s is strictly sm a lle r th a n k in ca se A , w h ile it is stric tly g rea ter th a n0

k in c a se B .0

A n y c o m p o sitio n o th er th a n th e a b o v e tw o m u st fu l̄ l a t le a st o n e o f th e

fo llo w in g c o n d itio n s:

² it m u st h a v e a t lea st tw o m -re g io n s w ith g ra y lev els b etw ee n 1 a n d

k ¡ 1 . In th is ca se it is p o ssib le to m a k e a S H I, th u s in c rea sin g th e0

v a lu e o f ' .

² it m u st h a v e a t lea st tw o m -reg io n s w ith g ra y le v e ls b e tw e e n k + 1 a n d0

R ¡ 1 , w ith sa m e resu lt a s a b o v e.m

² it m u st h a v e a t le a st o n e m -re g io n w ith a g ra y le v e l b e tw ee n 0 a n d
k ¡ 1 , a n d a n o th er o n e w ith a g ra y lev el b e tw e e n k + 1 a n d R . T h is0 0 m

c a se a llo w s u s to m a k e a S M I, th u s a g a in in cre a sin g ' .

A n e x a m p le o f a lin ea r m o d el fo r th is p ro b le m ca n b e see n in S ec tio n
III.5 .

C u rio u sly , a sim ila r re su lt fo r tw ice \ -co n v ex fu n c tio n s (\ -c o n v e x se -
q u en ce s in 1 ; : : : ; k ¡ 1 a n d k + 1 ; : : : ; R ¡ 1 ; [ -co n v e x seq u e n c e in k ,0 0 m 0

strictly d e c rea sin g seq u e n c e in 0 ; : : : ; k a n d stric tly in c re a sin g se q u en c e in0

k ; : : : ; R ; se e F ig . 2 -e ) c a n n o t b e esta b lish e d w ith o u t sp e cify in g a d d itio n a l0 m

in fo rm a tio n a b o u t th e c o e ± c ie n ts ® o f th e o b je c tiv e fu n c tio n . O n e o p tim u mk

so lu tio n fo r th is c a se m u st fu l̄ l a ll o f th e fo llo w in g c o n d itio n s:

0 0² a ll m -re g io n s (in sid e (m ; k )-re g io n s) w ith g ra y le v e ls b e tw e en 0 a n d k 0

m u st h a v e th e sa m e g ra y le v el o r, a t m o st, tw o co n se cu tiv e g ra y lev e ls.

² th e sa m e c o n d itio n fo r a ll m -re g io n s w ith g ra y le v e ls b e tw e e n k a n d0

R .m

0 0² o n e (m ; k )-re g io n c a n n o t sim u lta n e o u sly h a v e a n m -re g io n w ith a g ra y

le v el b etw ee n 1 a n d k a n d a n o th er w ith a g ra y lev el b e tw e en k a n d0 0

R ¡ 1 . (C o n seq u e n tly , th is c o n d itio n ex c lu d es th e p o ssib ility o f h a v in gm

tw o o r m o re m -re g io n s w ith a g ra y lev el e q u a l to k ).0
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R e a so n in g sim ila r to th a t fo r th e p re v io u s re su lt le a d s u s to co n clu d e

th a t th ese th ree c o n d itio n s a re n e ed ed ; th e fa ilu re o f o n e o r m o re m a k e s a n

in te rch a n g e p o ssib le (S M I fo r th e ¯ rst a n d se co n d c o n d itio n s, S H I fo r th e

th ird o n e ), a llo w in g a n in c re a se o f ' .

H o w ev er, th e c o n d itio n s e x p resse d d o n o t le a d u s to a sin g le m o d e l b u t

ra th e r to tw o m o d e ls, w h ich a re g e n e ra lly d i® e ren t a n d n o t m u tu a lly e x c lu -

siv e :

A : o n ly g ra y le v e ls a p p ea r 0 ; k a n d k + 1 , w ith k > k .0

B : o n ly g ra y le v e ls a p p ea r R ; k a n d k ¡ 1 , w ith k < k .m 0

0 0F o r e x a m p le , le t u s ¯ x th e v a lu es m = 3 ; m = 5 ; k = 5 ; k = 4 (R =0 m
00 08 ); R = 3 2 ; r = 4 ) so th a t ev ery m -re g io n is co m p o se d o f 4 m -re g io n s.m m ;m

S o lu tio n A co rresp o n d s to th e c o m p o sitio n 0 + 0 + 0 + 5 , i.e. th re e w h ite m -
re g io n s a n d o n e w ith g ra y le v e l 5 . S o lu tio n B c o rre sp o n d s to th e co m p o sitio n
1 + 1 + 1 + 2 , i.e . th re e m -re g io n s w ith g ra y le v e l 1 a n d o n e w ith g ra y lev el
2 (n o b la ck m -reg io n ). T h e re sp e c tiv e m -h isto g ra m s a re

n o
3 1P = ; 0 ; 0 ; 0 ; 0 ; ; 0 ; 0 ; 0A 4 4n o

3 1P = 0 ; ; ; 0 ; 0 ; 0 ; 0 ; 0 ; 0 :B 4 4

N o w let u s c o n sid e r th e fo llo w in g th re e o b je ctiv e fu n c tio n s:

' = 1 0 p + 9 p + 7 :0 p + 4 p + 0 p + 4 p + 7 :0 p + 9 p + 1 0 p1 0 1 2 3 4 5 6 7 8

' = 1 0 p + 9 p + 7 :1 p + 4 p + 0 p + 4 p + 7 :1 p + 9 p + 1 0 p2 0 1 2 3 4 5 6 7 8

' = 1 0 p + 9 p + 6 :9 p + 4 p + 0 p + 4 p + 6 :9 p + 9 p + 1 0 p :3 0 1 2 3 4 5 6 7 8

B o th fu n c tio n s v e rify th e sp e cī e d c o n d itio n s. T h u s w e h a v e :

' (P ) = 8 :5 = ' (P );A B1 1

' (P ) = 8 :5 < ' (P ) = 8 :5 2 5A B2 2

' (P ) = 8 :5 > ' (P ) = 8 :4 7 5A B3 3

F o r ' th e L O P d o e s n o t h a v e a sin g le so lu tio n , w h e re a s th e o n ly so lu tio n1

fo r ' is d i® ere n t fro m th a t fo r ' .2 3
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I I I .4 O V E R A L L O P T I M I Z A T I O N

In p ra c tic e , to ¯ n d lin ea r m o d e ls a s a so lu tio n o f lin ea r o p tim iza tio n p ro b lem s,

w e m u st rea lize th a t o n e su ch p ro b le m a p p e a rs in ea ch c o lu m n o f th e m o d e l.
0T h e re fo re a n o b je c tiv e fu n c tio n m u st b e g iv e n fo r e a ch g ra y le v e l k , th u s

p ro v id in g a set o f fu n c tio n s to o p tim iz e f ' ; ' ; : : : ; ' g . If w e m u ltip ly0 1 R 0m

0 0thth e m a trix o f a lin e a r m o d el b y a d eg e n era te m -h isto g ra m in th e k term
0th0P = f 0 ; 0 ; : : : ; 0 ; 1 ; 0 ; : : : ; 0 g , th en th e resu ltin g P is a co p y o f th e km m

c o lu m n o f th e m a trix . T h u s, o p tim iz in g a g iv en o b je ctiv e fu n ctio n ' o n th e0k
0thk c o lu m n o f th e m o d e l is eq u iv a len t to o p tim iz in g it o n th e m -h isto g ra m

0 0c o rre sp o n d in g to a k -d eg en e ra te m -h isto g ra m .
0 0E v ery m -h isto g ra m P is c le a rly a lin ea r c o n v ex co m b in a tio n o f d eg e n -m

0e ra te m -h isto g ra m s. A s a resu lt o f th e lin e a rity o f (1 ), th e m -h isto g ra m P ,m

0p ro d u c ed b y a g iv en P , is th e re fo re th e sa m e lin e a r c o n v e x c o m b in a tio nm
0o f th e resp e ctiv e m -h isto g ra m s p ro d u ce d b y d e g e n e ra te m -h isto g ra m s. In

sh o rt, if w e a p p ly th e m o d e l w h ich o p tim iz es f ' ; ' ; : : : ; ' g to a g iv e n0 1 R 0m0 0 0 0in p u t m -h isto g ra m P = f P ; : : : ; P g , th e n , sin ce lin e a r m o d els p re -m m ;0 m ;R 0m

se rv e lin e a r c o n v e x co m b in a tio n s, th e resu ltin g m -h isto g ra m is th e o n e th a t
o p tim iz e s th e c o m b in e d o b je c tiv e fu n ctio n :

X
0 0' = P ' :0m ;k k

0k 2K 0m

0A n a tu ra l a ssu m p tio n is th a t a ll m -re g io n s in a g iv en im a g e (o b ey in g th e

m o d e l) a re c o m p o se d o f m -re g io n s, a lw a y s fo llo w in g a c o m m o n c rite rio n , a s
0sta ted b y L ev el 2 o n S e ctio n II.2 . T h e re fo re , a t its o w n g ra y le v e l k , e v ery

' m u st co n v ey th e sa m e ch a ra cte ristic o f th e h isto g ra m .0k

L et u s c o n sid e r th e p a rtic u la r c a se in w h ich a ll th e o b jec tiv e fu n c tio n s

in th e se t a re id en tica lly e q u a l. T h e co m b in e d o b je c tiv e fu n c tio n is a lso th e

sa m e , a n d th e re fo re P o p tim iz e s a n o b je ctiv e fu n ctio n ' , w h ich d o e s n o tm
00d e p e n d o n P . In o th er w o rd s, it is p o ssib le, reg a rd less o f th e in c o m in g m -m

h isto g ra m , to ¯ x a n o vera ll c rite rio n , o r o b jec tiv e fu n c tio n , fo r m -h isto g ra m s
re su ltin g fro m th e m o d e l. In th is c a se a ll c o lu m n s o f th e m o d e l sim u lta n e o u sly

a n d in d ep en d en tly o p tim ize th e o b je c tiv e fu n ctio n .

W e sh a ll sp e a k g e n e ra lly a b o u t pa rtia l o p tim iza tio n w h e n th e ' v a lu e s0k

a re n o t a ll e q u a l. In th is c a se, ev ery re su ltin g m -h isto g ra m o p tim ize s a n
0o b je ctiv e fu n c tio n w h ich d ep en d s o n th e in c o m in g m -h isto g ra m . T h e in te r-

p re ta tio n o f th e c o m b in e d o b je ctiv e fu n c tio n is n o t a lw a y s stra ig h tfo rw a rd .
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I I I .5 E X A M P L E S O F O P T I M I Z A T I O N

0A ll o f th e e x a m p le s in th is se c tio n w e re so lv e d fo r v a lu es m = 4 ; m = 6 .
0T h u s ev ery m -reg io n is c o m p o se d o f fo u r m -re g io n s.

E x a m p le 1 : T o t a lly \ -c o n v e x o b je c t iv e fu n c t io n

T h is e x a m p le sh o w s a m o d el m a tch in g th e id ea o f lo w co n tra st in a n im a g e

o b ta in e d a t re so lu tio n m .

W e c a n u n d e rsta n d th a t a n m -h isto g ra m in d ic a te s lo w c o n tra st w h e n

its p ro b a b ility d istrib u tio n f p g is v e ry clo sely g ro u p e d . A n o b je ctiv ek k 2K m

fu n c tio n in lin e w ith th is id ea m u st o u tw e ig h th e c lo se ly g ro u p ed g ra y le v e ls

a g a in st th e sp a rse o n es, a s is tru e o f ev ery to ta lly \ -c o n v ex o b je c tiv e fu n ctio n .
0T h e c o m p o sitio n o f ea ch m -re g io n w ith m -reg io n s o b e y s th e fo llo w in g

b e h a v io r (b y g ra y lev e ls):

0 = 0 + 0 + 0 + 0 4 = 1 + 1 + 1 + 1 8 = 2 + 2 + 2 + 2
1 = 0 + 0 + 0 + 1 5 = 1 + 1 + 1 + 2 9 = 2 + 2 + 2 + 3
2 = 0 + 0 + 1 + 1 6 = 1 + 1 + 2 + 2 1 0 = 2 + 2 + 3 + 3
3 = 0 + 1 + 1 + 1 7 = 1 + 2 + 2 + 2 1 1 = 2 + 3 + 3 + 3 etc .

T h is h a p p en s in su ch a w a y th a t e ith er o n ly o n e g ra y le v e l o r tw o c o n se c -
u tiv e g ra y le v e ls a p p e a r in e v e ry c o m p o sitio n . W e c a ll it m o d e l B a rb itra rily.
F ig u re 3 a sh o w s a 3 D -g ra p h o f th e m o d e l m a trix . In th is ¯ g u re a n d th e

0fo llo w in g o n e s, d ep th rep re se n ts th e g ra y le v e l k , a n d lin e s fro m left to rig h t
c o rre sp o n d to th e co lu m n s o f th e m o d el.

In th is ex a m p le th e so lu tio n d o e s n o t d ep en d u p o n th e ¯ x e d v a lu e s o f th e
c o e ± cie n ts o f e a ch o b je c tiv e fu n ctio n , b u t o n ly o n its to ta l \ -c o n v e x ity . T h is
fa c t a ssu re s th a t th e so lu tio n fo r th is p ro b le m is e x a c tly th e sa m e , w h eth e r

w e p o se a n o v era ll p ro b le m (w ith a m a x im u m c o e± c ie n t o n m id d le lev el

R = 2 fo r a ll c a ses) o r a p a rtia l p ro b lem (w ith a m a x im u m c o e ± cie n t o n a nm
0 0a v e ra g e g ra y lev el k R =R fo r e a ch c a se ). A n a ttem p t to re¯ n e th e o v era llm m

o p tim iz a tio n p ro b le m b y g iv in g sp ec ī c o b je c tiv e fu n c tio n s fo r e a ch g ra y lev el
0k d id n o t le a d u s to a n y so lu tio n d i® ere n t fro m th a t o f th e o v e ra ll c a se. T h e

o n ly d e term in in g fa cto r in b o th p ro b lem s h a s b e e n th a t a ll c o e ± cien ts in th e

o b je ctiv e fu n c tio n s a re in \ -c o n v e x se q u e n ce s.
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E x a m p le 2 : T o t a lly [ -c o n v e x o b je c t iv e fu n c t io n .

T h is c a se is c o m p lete ly a n a lo g o u s to th e p rev io u s o n e . T h e co m p o sitio n
0o f e v e ry m -re g io n w ith m -reg io n s is m a d e in su ch a w a y th a t o n ly b la ck

0a n d w h ite m -re g io n s a p p e a r e x ce p t, a t m o st, o n e in e a ch m -reg io n . S o m e

c o m p o sitio n s a re

0 = 0 + 0 + 0 + 0 3 = 0 + 0 + 0 + 3 3 2 = 0 + 0 + 1 6 + 1 6
..1 = 0 + 0 + 0 + 1 . 3 3 = 0 + 1 + 1 6 + 1 6

2 = 0 + 0 + 0 + 2 3 1 = 0 + 0 + 1 5 + 1 6 e tc .

W e c a ll it m o d e l Z . F ig u re 3 b sh o w s a 3 D -g ra p h o f th e m a trix o f th e

m o d e l.

A ll c o m m e n ts in th e p rev io u s e x a m p le h o ld g o o d fo r th is o n e ; p a rtia l a n d
o v e ra ll p ro b le m s a re e q u iv a le n t a n d th e so lu tio n is th e sa m e .

E x a m p le 3 : D o u b le [ -c o n v e x o b je c t iv e fu n c t io n .

F ig u re 3 c sh o w s th e m a trix fo r th e so lu tio n o f th e o v e ra ll p ro b le m , w h e re th e
m a x im u m c o e ± c ie n t is a t th e m id d le g ra y lev el k = R = 2 . W e c a ll it m o d el0 m

Y .
F ig u re 3 d sh o w s th e m a trix co rresp o n d in g to th e so lu tio n fo r th e p a rtia l

0p ro b le m , w h e re th e m a x im u m c o e ± c ie n t fo r ea ch k is a t th e a v e ra g e g ra y
0 0lev el k = hk i = k R =R . W e c a ll it m o d e l L .0 m m

C o m m e n t s .

T h e g ra p h ic rep re se n ta tio n in th e a b o v e ¯ g u res a n d th e m a th e m a tica l c o m -
p u ta tio n (n o t g iv en ) o f th e m a trix e lem e n ts fo r a ll th e ex a m p les g iv e so m e
in fo rm a tio n a b o u t th e fea tu res o f th e e stim a te d P h isto g ra m s.m

F o r ex a m p le , th e g ra p h fo r m o d e l B a p p e a rs to b e d ia g o n a l-lik e . T h u s,

th e estim a te d k g ra y le v e l is sim ila r (u p o n n o rm a liz a tio n ) to th a t o f th e p re -
0v io u s k g ra y le v e l; th is m o d e l c a n b e ca lled \ co n se rv a tiv e " in th e se n se th a t

0it p re se rv e s th e p a tte rn o f th e in p u t m -h isto g ra m | fo r e x a m p le , it p ro v id e s
0a p p ro x im a te ly th e u n ifo rm m -h isto g ra m fro m th e u n ifo rm m -h isto g ra m . O n

0thth e o th er h a n d , sin c e e a ch o f its k co lu m n s p ro d u ce s, a t m o st, tw o c o n se c -
u tiv e k g ra y le v e ls, it c a n a lso b e c o n sid e red b e in g a lo w -co n tra st m o d e l.

2 0



M o d el Y le a d s to m -h isto g ra m s w ith b a sic a lly th ree k v a lu es: 0 , R a n dm

R = 2 . T h is m o d e l sh o u ld b e a p p ro p ria te fo r e stim a tio n s in lo w -co n tra stm

a n d m id d le-g ra y -le v el im a g e s, sin c e th e m -h isto g ra m h a s a n o v e restim a te d

m id d le -g ra y lev e l.

F in a lly , e x trem e g ra y le v e ls a re fa v o red a s m u ch a s p o ssib le in m o d el Z ,

a n d th u s sh o u ld e ® e ctiv e ly m o d e l h ig h -co n tra st im a g e s.

T h e te rm \ c o n tra st" a s u sed a b o v e refe rs to th e m -re g io n , sig n ify in g so m e -

th in g q u ite d i® e re n t fro m c o n tra st in sig n a l p ro c e ssin g , w h ich a lso im p lie s
0ch a n g e s in k g ra y le v e l.

I V A P P L I C A T I O N S I N I M A G E

P R O C E S S I N G

A lth o u g h th e p resen t w o rk is m a in ly fo cu sed o n th e th e o re tica l a n a ly sis o f th e
p ro b a b ilistic m o d e ls o f e stim a tio n , w e sh a ll n o w e x a m in e so m e a p p lica tio n s
o f th e se m o d els in im a g e p ro ce ssin g . T h e g ra y -v a lu e e stim a tio n (n o t th e

h isto g ra m ) fo r th e re g io n s in th e im a g e a t a c e rta in reso lu tio n is p erfo rm e d
o n th e b a sis o f th e o b se rv a tio n s o f th e g ra y v a lu e s o f th e sa m e im a g e a t a
c o a rser re so lu tio n . U sefu l a lg o rith m s a re o b ta in ed fo r p rep ro c e ssin g (¯ lterin g ,
sm o o th in g , en h a n c em e n t, e tc.), w h ich a re a d a p ta b le to th e c la ss o f im a g e s
a t h a n d . A ll o f th e se m u ltireso lu tio n m e th o d s clea rly h a v e tw o fe a tu re s in
c o m m o n : 1 , th e im a g e to p ro ce ss is n o t w ell d e¯ n e d , b e ca u se it is e ith e r n o ise

d e g ra d ed , o r n o t o b ta in a b le a t th e d e sire d re so lu tio n in th e p h y sic a l sy ste m ;
2 , th ese m e th o d s in v o lv e tech n iq u e s b a se d o n m a n ip u la tin g w in d o w s a ro u n d
th e re g io n to b e e stim a ted .

I V .1 M E T H O D S A N D A L G O R I T H M S

N o w w e sh a ll e x a m in e a p ro c essin g m e th o d w ith lin e a r m o d e ls. L e t B b e th ei
0 thn u m b er o f o b serv ed m -re g io n s c o n ta in in g th e i m -re g io n , a n d le t u s d e n o te

th e ir g ra y lev e ls b y k ; 1 · j · B (if a ll th e p o ssib le tra n sla tio n s o f m o d u leij i

0R h a v e b ee n d o n e, th e n B = r fo r e v e ry i). F o r e a ch o n e o f th e se Bm i m ;m i

0 thm -reg io n s, a n e w g ra y lev e l k is a ssig n e d to th e i m -reg io n , g iv e n b y aij

c en tra l v a lu e (ty p ic a lly th e m ea n , th e m o d e o r th e m ed ia n ) o f th e p ro b a b il-
0ity d istrib u tio n f Q (m ; k jm ; k )g , a c c o rd in g to th e p ro p e rly u sed m o d elij k 2K m
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0Q . T h is co m p u ta tio n co n stitu tes th e ¯ rst sta g e in th e p ro ce ss. T h em ;m

se c o n d sta g e co n sists o f ta k in g a g a in a ce n tra l v a lu e , th is tim e fo r th e se t
B 0if k g o f c e n tra l v a lu e s o b ta in e d in th e ¯ rst sta g e fro m th e o b se rv e d m -ij j = 1

re g io n s. In th is w a y u p to n in e c ro ss-stra te g y o p tio n s fo r c o m p u ta tio n sh o u ld

h a v e b ee n o b ta in e d . W e c a n u se a n o rd er sta tistic , a p a rt fro m th e m ed ia n ,

fo r a n e v e n g rea ter v a riety o f stra te g ies in o rd e r to a ch ie v e a g iv e n g o a l.

T h e a b o v e p ro ce d u re s ca n g en e ra lly b e v iew e d a s n o n lin e a r ¯ lte rs. T h e

p a rtic u la r a p p lic a tio n to a g iv e n im a g e m a y b e p re p ro ce ssin g , resto ra tio n ,

g ra y -le v e l sm o o th in g , e d g e sh a rp e n in g , a n d o th e rs. W h e n ¯ lterin g o u t n o ise

fro m im a g e s, th e p a rtic u la r stra teg y m ea n + m e d ia n resem b le s th e w ell-k n o w n

m ed ia n ¯ lters, sin c e b o th u se w in d o w a n d e stim a tio n b y th e m e d ia n . T h e

g e n e ra l p ro c e d u re o ® e rs m a n y o p tio n s a n d p a ra m e ters, d e p e n d in g o n th e
0o p era tio n : m a in ly th e tw o -sta g e stra teg y, th e p a ir (m ; m ) o f re so lu tio n s,

a n d th e m o d e l ca n b e se t u p . T h e p a rtic u la r p ro p e rtie s o f th ese n e w ¯ lte rs
a re c u rre n tly in v estig a ted b y th e p resen t a u th o rs.

T h e ¯ lte r o p e ra tio n d e sc rib e d a b o v e c a n b e a p p lie d fo r tw o p ra ctica l situ -
a tio n s w h ich d i® e r fro m e a ch o th e r in th e w a y th e y la ck relia b le in fo rm a tio n .

0In th e ¯ rst situ a tio n , th e im a g e ca n b e o b ta in e d ju st a t reso lu tio n m , w h ile

it is re q u ire d a t reso lu tio n m . T h u s, th e g ra y le v el o f th e m -re g io n s sh o u ld
b e estim a te d . T h e id ea is to su p p ly th e la ck o f in fo rm a tio n w ith a n e x tra

0n u m b er o f o b se rv a tio n s a t reso lu tio n m . T h e p ro ce d u re m u st re su lt in a n
0m -im a g e fro m a set o f m -im a g e s c o m in g fro m th e o rig in a l o n e b y d i® e re n t,

slig h tly -sc ro lle d v iew s. T h is m e th o d m a y b e c a lle d su perreso lu tio n . In th e

se c o n d p ra ctica l situ a tio n , th e la ck o f in fo rm a tio n co m e s fro m th e p re sen ce
o f n o ise in th e im a g e , w h ich is o b ta in ed a t th e d e sire d re so lu tio n . T h e ¯ lte r
o p era tio n n o w m a p s a n im a g e in to a n o th er o n e a t th e sa m e re so lu tio n w ith

im p ro v ed q u a lity.

I V .2 E X A M P L E S

T h e ¯ rst e x a m p le co n c ern s th e su perreso lu tio n o p era tio n . T h e a lg o rith m
0w o rk s o n 1 6 v iew s o f th e p ic tu re a t reso lu tio n m = 1 2 , o b ta in e d b y sh iftin g

0th e o b serv a tio n sy ste m b y R -sh a p ed ju m p s in ea ch step .m

F ig u re 4 sh o w s a c o m p u te r-sim u la te d e x a m p le . T h e \ v ie w s" a re o b ta in e d
0b y a d d in g th e g ra y lev els o f th e m -re g io n s w ith in th e (sim u la ted ) m -w in d o w s

o f th e im a g e . A sin g le sa m p le o f th is set o f v ie w s is p re sen te d in p a rt a .

P a rts b; c sh o w th e re su lts a fter 1 a n d 2 p ro c e ssin g ite ra tio n s, resp e c tiv e ly.
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M ed ia n + m e d ia n stra te g y a n d m o d el B h a v e b e e n u sed . T h e sec o n d itera -

tio n d o e s n o t im p ro v e th e resu lt in th is e x a m p le, w h ile th e b lu rrin g e ® ec t is

in cre a sed .

It is w o rth y o f n o te th a t th e a b o v e a lg o rith m c a n a lso w o rk b y ra n d o m ly

sh iftin g th e o b serv a tio n w in d o w , in ste a d o f re g u la rly, k e ep in g th e ju m p siz e in

th e a v e ra g e . T h e re su lt c a n b e so m e w h a t w o rse, a lth o u g h it m a y b e b a la n c e d

w ith a g re a te r a m o u n t o f v ie w s.

T h e sec o n d e x a m p le sh o w s so m e c a ses o f ¯ lte rin g a sy n th etic im a g e , co r-

ru p te d b y im p u lsiv e n o ise in o rd er to d isp la y th e a b ility o f th e m o d e l-b a se d

a lg o rith m s to rem o v e it. T h e ¯ lte r o p e ra tio n is illu stra ted in F ig u re 5 . P a rts

a ; b sh o w th e o rig in a l a n d n o isy (1 5 % o f im p u lsiv e n o ise ) im a g es. P a rts c ; d ; e

p re se n ts th e resu lts o b ta in e d w ith m o d e ls B ; Y ; Z . P a rts f ; g ; h sh o w th e

re su lts a fte r th ree p a sse s o f th e ¯ lte rin g a lg o rith m w ith th e sa m e m o d e ls a s

b e fo re . F in a lly , p a rts i; j; k sh o w a d i® e ren t o rig in a l, n o isy a n d ¯ lte red im a g e
b y u sin g m o d e l B . M ed ia n + m e d ia n stra teg y h a s b e e n u se d th ro u g h o u t.

T h e th ird e x a m p le is a n o th e r ca se o f re m o v in g im p u lsiv e n o ise . T h e ¯ l-
te r o p e ra tio n is sh o w n in F ig u re 6 , in w h ich th e o rig in a l, th e n o isy so u rce
to p ro c e ss a n d th e re su lts w ith th e stra teg ie s a n d m o d e ls a s in d ica ted , a re

p re se n te d in p a rts a ; b ; c ; d . L a rg e d i® e ren ce s c a n b e a p p re cia te d , d ep en d -
in g o n th e stra te g y u se d ; o n ly th e tw o stra te g ie s w ith th e b e st re su lts h a v e
b e e n ca rrie d o u t. O n th e o th e r h a n d , th e m o d e l stro n g ly d ete rm in e s th e
p e rfo rm a n c e ; th e g iv en p ic tu re c a lls fo r m o d el Z b e ca u se o f its h ig h c o n tra st.

S o m e re m a rk s a b o u t a p p lic a tio n s sh o u ld b e m a d e a b o u t th e d esc rib e d

e x a m p le s.

1 . T h e re su lts a re stro n g ly d e p en d in g u p o n th e u se d m o d e l, a s e x p ec te d

fro m th e ir th eo retic a l c o n stru c tio n . W h ile m o d e l B (co n se rv a tiv e ) p re -

se rv e s th e g ra y le v e ls, m o d e l Z in c rea se s th e co n tra st a n d m o d e l Y

b ia se s to w a rd th e m id d le g ra y .

2 . M o d e l Z p e rfo rm s th e b e st in rem o v in g th e im p u lsiv e n o ise in im a g e s
w ith h ig h c o n tra st, sin c e e d g e s b etw ee n sim ila r lig h t (o r d a rk ) le v e ls
a re lo st.

3 . A lth o u g h m ed ia n + m e d ia n stra te g y is th e m o st u se fu l, m o d e + m o d e
h a s sh o w n to a ch ie v e b e tter re su lts fo r ¯ lterin g a b in a ry y e t stro n g ly

c o rru p te d im a g e (F ig u re 6 ).
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4 . W h e n u sin g m o d e l B , a few ite ra tio n s ¯ lte r o u t th e im p u lsiv e n o ise fu r-

th e r, b u t in c re a se th e b lu rrin g e ® e c t in th e su p erre so lu tio n o p e ra tio n .

C O N C L U S I O N S

T h e in terd e p en d e n c e o f g ra y -lev el h isto g ra m s in a m u ltire so lu tio n fra m e w o rk

h a s b e e n stu d ie d fo r d ig ita l im a g e s, in w h ich g ra y -v a lu e a d d itiv ity is in v o lv e d

w h e n c o m p o sin g reg io n s. P ro b a b ilistic lin e a r m o d e ls fo r th is in te rd ep e n d en ce

h a v e b e e n d e v elo p ed , w h ich a re a p p lie d to e stim a te h isto g ra m s. B y d e ¯ n in g

th e ele m e n ta l m o d e ls a n d ta k in g th em a s a b a sis, th e sp a c e o f th e c o n sisten t

m o d e ls is g e n e ra te d . L in e a r-o p tim iz a tio n m eth o d s a re th en u se d fo r d esig n -

in g m o d els, a c c o rd in g to th e p rio r in fo rm a tio n a v a ila b le a b o u t th e p ro p e r

c la ss o f im a g e s.

A p p lic a tio n s o f th e se m o d els in im a g e p ro c e ssin g a re p resen te d in th e
g e n e ra l fra m ew o rk o f n o n lin e a r ¯ lterin g , sh o w in g th e h ig h v ersa tility o f th e
p ro ce d u re s. T h e tw o -sta g e , m o d el-b a sed , o rd e r-sta tistic ¯ lte r h a s re c eiv e d
p a rtic u la r a tte n tio n , e sp ec ia lly th e m e d ia n ty p e. S o m e ex a m p les a re sh o w n .

F in a lly , th is a n a ly sis ca n b e ex te n d e d to sig n a ls o th er th a n 2 -D im a g e s,

p ro v id e d th a t th e a d d itiv ity o f th e sig n a l v a lu e s is m a in ta in e d th ro u g h o u t th e
m u ltire so lu tio n re la tio n sh ip s. A p p lic a tio n s c o u ld a lso b e e x ten d ed to m a n y
o th e r ¯ eld s, su ch a s tex tu re a n a ly sis, seg m e n ta tio n , fe a tu re e x tra c tio n a n d
sta tistic a l p a tte rn re co g n itio n .

A c k n o w le d g e m e n t s

W e th a n k J u a n F ra n c isc o G ¶o m e z -L o p e ra fo r c o lla b o ra tin g in th e p re p a ra tio n

o f th e ex p e rim e n ts.
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[2 1 ] T A K A C S ,L . C o m bin a to rics, H a n d b o o k o f S t a t is t ic s 4 , P .R . K rish n a -

ia h & P .K . S e n (E d s.), N o rth -H o lla n d S c ie n c e P u b lish ers, A m sterd a m ,

1 9 8 4 , 1 2 3 -1 7 3 .

[2 2 ] W O N G ,A .K .C ., V O G E L ,M .A . R eso lu tio n -d epen d en t in fo rm a tio n m ea -
su res fo r im a ge a n a lysis, T r a n s . I E E E o n S y s t e m s , M a n a n d C y -

b e r n e t ic s S M C -7 , 1 , J a n . 1 9 7 7 .
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F O O T N O T E S (¯ rst p a g e )

J o s¶e M a rt¶³n e z -A ro z a is w ith th e D e p a rtm en t o f A p p lie d M a th e m a tic s, U n i-

v e rsity o f G ra n a d a , 1 8 0 7 1 G ra n a d a , S p a in . T e l. 5 8 2 4 3 1 9 2 , F a x 5 8 2 4 3 2

8 6 , e-m a il J A M A R T I N E Z @ u g r . e s .

R a m ¶o n R o m ¶a n -R o ld ¶a n is w ith th e D e p a rtm en t o f A p p lie d P h y sic s, U n iv e r-

sity o f G ra n a d a , 1 8 0 7 1 G ra n a d a , S p a in . T e l. 5 8 2 4 3 2 2 2 , F a x 5 8 2 4 3 2 1 4 ,

e -m a il R R O M A N @ u g r . e s ; IE E E L o g N u m b er 1 0 0 9 3 4 9 .

T h is w o rk is su p p o rte d in p a rt b y th e C .I.C .Y .T . u n d e r R e se a rch G ra n t

T IC 9 1 -0 6 4 6 . ddddddddddddddddttt ¾ (a )ddddddddddddddddttttddddddddddddddddttttddddddddddddddddtttt ¾ (b )ddddddddddddddddttttddddddddddddddddttttddddddddddddddddttttttttttttttttttttddddddddddddddddtttttttttttttttttttt¾ (c )ddddddddddddddddttttddddddddddddddddttttddddddddddddddddttttddddddddddddddddtttt ¾ (d )ddddddddddddddddttttddddddddddddddddttttddddddddddddddddtttddddddddddddddddtt
F ig u re 1 : (a ) a b la ck p ix el; (b ) a 4 -reg io n in w h ich th e g ra y le v e l is 1 2 , i.e., a
(4 ,1 2 )-re g io n ); (c ) a 4 -re g io n p a rtitio n ed in to fo u r 2 -re g io n s; (d ) a (4 ,0 )-reg io n

p a rtitio n e d in to tw o (3 ,0 )-re g io n s.

F ig u re 2 : S e q u e n ce o f co e ± c ien ts ® fo r a n o b jec tiv e fu n c tio n ' : (a ), to ta lly
p la n e ; (b ), to ta lly [ -c o n v ex ; (c ), to ta lly \ -co n v e x ; (d ), d o u b le [ -c o n v e x ; (e ),
d o u b le \ -co n v ex .
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F ig u re 3 : 3 -D rep rese n ta tio n o f th e m a trix e le m e n ts fo r m o d el: (a ), c o n -

se rv a tiv e B ; (b ), h ig h -c o n tra st Z ; (c ), o v era ll lo w -c o n tra st Y ; (d ), p a rtia l

lo w -c o n tra st L ; (e ), h y p e rg e o m e tric H .

0F ig u re 4 : A n ex a m p le o f su p e rre so lu tio n fro m m = 1 2 to m = 8 , w ith m o d el
B a n d m ed ia n + m e d ia n stra te g y . (a ), a sa m p le a m o n g 1 6 o f th e o rig in a l

im a g e ; (b ), re su lt a fte r 1 ite ra tio n ; (c ), resu lt a fter 2 itera tio n s.

0F ig u re 5 : E x a m p le s o f ¯ lterin g o u t im p u lsiv e n o ise fro m m = 8 to m = 4 .

(a ), o rig in a l p ic tu re (fo r c o m p a riso n o n ly ); (b ), d a m a g e d p ictu re w ith 1 5 %

im p u lsiv e n o ise (th e so u rc e ); (c ; d ; e ), re su lts a fter 1 ite ra tio n w ith stra te g y

m ed ia n + m e d ia n , u sin g m o d els B ,Y ,Z , resp e ctiv e ly ; (f ; g ; h ), sa m e a s (c ; d ; e ),

a fte r 3 ite ra tio n s; (i), o rig in a l p ic tu re (fo r co m p a riso n o n ly ); (j ), d a m a g e d
p ictu re w ith 1 5 % im p u lsiv e n o ise (th e so u rc e); (k ), re su lt a fte r 1 ite ra tio n

w ith stra teg y m e d ia n + m ed ia n , u sin g m o d e l B .
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0F ig u re 6 : A n e x a m p le o f ¯ lterin g o u t im p u lsiv e n o ise fro m m = 8 to m = 2 .
(a ), o rig in a l p ic tu re; (b ), d a m a g ed p ictu re w ith 9 0 % im p u lsiv e n o ise (th e
so u rce ). (c ), re su lt b y u sin g m o d e l Z , m o d e+ m o d e stra te g y ; (d ), resu lt b y
u sin g m o d e l Z , m e d ia n + m e d ia n stra teg y .
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