THE STANDARD MODEL (PART I) EXERCISES
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Exercise 1: Covariant derivative

Defining the covariant derivative and the gauge fields by
Dy =0, —igW,, W,=T,W;
prove that the term ¥YIPY is invariant under gauge transformations:

Y—UY, U=exp{-iT,0"(x)}

W, — UW, U — é(ayu)u+

Exercise 2: Non abelian gauge transformations

The Yang-Mills Lagrangian is
1 o~
Ly = =5 Te { W W |
where
Wy = T,Ws, = D,W, — DW, = 0,W, — o, W, —ig[W,, W,], W, = T,W¢
and T, are the N generators of a Lie group with algebra [T,, Ty| = ifyp. Tc -

i) Check that under a gauge transformation of the fields:
W, — UW,U" — é(ayu)u+ , U= exp{—iT,0"}
the Ww transforms as
Wy = UW, U
and therefore Ly is gauge invariant.

ii) Check that one may write

1
Lym = — EWZVW”/F‘V

that contains kinetic terms and cubic and quartic interactions among the gauge fields.
iii) Check that
Wi, = 0, Wi — 9, W3 + g faprc Wi WS
iv) Check that under infinitesimal gauge transformations:

1
Wi = Wi — fa, WO — gayeﬂ
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Exercise 3: Feynman rules of general non-Abelian gauge theories

Obtain the Feynman rules for cubic and quartic self-interactions among gauge fields in a
general non-Abelian gauge theory, as well as those for the interactions of Faddeev-Popov
ghosts with gauge fields:

p.d A b

Exercise 4: Faddeev-Popov ghosts and gauge invariance

Consider the 1-loop self-energy diagrams for non-Abelian gauge theories in the figure.
Calculate the diagrams in the ‘t Hooft-Feynman gauge and show that the sum does not
have the tensor structure g,,,k* — k,k, required by the gauge invariance of the theory unless
diagram (c) involving ghost fields is included.

= (b) ©

Hint: Take Feynman rules from previous excercise and use dimensional regularization. It is
convenient to use the Passarino-Veltman tensor decomposition of loop integrals:

i _ e dPq {1, Qs Gplv}
W{BO' Bur Bk = 1 / (2m)P g%(q +k)?

where By = A, + finite

A
BV = kyBl , B = —76 + finite

k> A
BVV = gw/Boo + kkaBn , By = _ﬁAe + finite, Bi; = ?e + finite

with A; = 2/e —y+In4mr and D = 4 — €. You may check that the ultraviolet divergent
part has the expected structure or find the final result in terms of scalar integrals, that for
massless fields read:

1 k? D

By =—zBy, By = —mBo , Bui= iD=

By .
5 0

Do not forget a symmetry factor (1/2) in front of (a) and (b), and a factor (—1) in (c).
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Exercise 5: Propagator of a massive vector boson field

Consider the Proca Lagrangian of a massive vector boson field

1 1
L=— FuF"+ EMZA;,A" , with F, = 09,4, — 9,4, .

Show that the propagator of A, is

- i kyky
D) = o 3p 5 {‘gﬂv * W]

Exercise 6: Propagator of a massive gauge field

Consider the U(1) gauge invariant Lagrangian £ with gauge fixing Lgp:

1
L= = FuF" + (Dugp)' (D'p) — 12" ¢ — A(¢7¢)°

1 : .
Lor = _Z(aVAV —IMax)*, with D, =0,+ieA,, Fu,=0,A, —0dA,

where M4 = ev after spontaneous symmetry breaking (4> < 0, A > 0) when the complex
scalar field ¢ acquires a VEV and is parameterized by

0(0) = Z=lo+ o) +ix(0)], g = —Ac?

Show that the propagators of ¢, x and the gauge field A, are respectively

N _ 1 : 2 2 2
D(P(k) = m with M‘P = —2‘11 = 2Av

i ~ i

_ K.k
DXk)= ————— Dyk)=—o—o—— |0+ (1—F)—
®=e—ag e Dw® kz—Mi—HS[ S+ g)kZ—gMg]

Exercise 7: The conjugate Higgs doublet

_ (023 +
Show that ® = i, ®* = <¢ _> transforms under SU(2) like ® = <q5>0 , with ¢~ =

(¢7)*. What are the weak isospins, hypercharges and electric charges of ¢°, ¢**, ¢, ¢ =2
Hint: Use the property of Pauli matrices: 07" = —0,0;03.

Exercise 8: Lagrangian and Feynman rules of the Standard Model

Try to reproduce the Lagrangian and the corresponding Feynman rules of as many Stan-
dard Model interactions as you can. Of particular interest/difficulty are [VVV] and [VVVV].
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Exercise 9: ete™ — ff

Check that the differential and total cross-sections in the CM system for eTe™ — ff (f # e)
in the SM at tree level are:

2
j—g = Nfa_‘Bf{ {1 +cos” 0 + (1 — p) sin® 9} Gi(s) +2(B3 — 1) Ga(s) + 2B cos 6 G3(S)}
2
o(s) = NI == o By [3—BHGi(s) =3(1—BHIGals)| , By = /1 —4m3/s
with
Gi(s) = Q7QF +2QeQsvevRexz(s) + (v +a7) (vF + a7) [xz(s)
Ga(s) = (v; + a7)af|xz(s)
Gs(s) = 2Q.QfacarRexz(s) + 4vevfaeaf]7(2(s)|2
xz(s) = s - , Ng =1 (3) for f = lepton (quark)

Exercise 10: Z pole observables at tree level

Show that

(@ T(ff)=T(Z— ff)= N{“g/lz (vjzf—l—ajzf) , N/ =1(3) for f = lepton (quark)

['(ete )I'(had)

(b)  Ohaa =127

M2r2
o(cos® > 0) —o(cosf < 0) 3 , 2vsar
App = CAr, with A, = =270
© P8 o(cosf > 0) + o(cosf < 0) 4/ Wit 2f szf + aj%

Exercise 11: Higgs partial decay widths at tree level

Show that
am2\ >
(a) [(H— ff) = N/ GFZ:/I/I_{ jzf <1 f) , Nl=1 (3) for f = lepton (quark)
My
GrM?, 4M2 4M3,  12M;
b) T(H—WHW")= spf 1- <1 Ve M4W>
T H H
3 4M? 4M2 12M%
(H — zz) = ZFMi 1——2( ——Niz Afz>
1671/2 My My



